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The context of this lecture is based on the publications [6]
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�5�å�à`z¯K

ù�ù�¦)�¯K´

min{θ(x) | Ax = b (or Ax ≥ b) x ∈ X}

Ù¥ θ(x)´à¼ê, A ∈ <m×n, b ∈ <m, X ´ <n¥�4à8

é?¿�½� r > 0Ú a ∈ <n,Ï�·�b�f¯K

min {θ(x) + r
2‖x− a‖

2 |x ∈ X}

�¦)´{ü�.

8� ò�5�å�à`z¯K=�¤üNC©Ø�ª,2^gN'�{,

)¤aqu PPA��K�.·�¿Ø�¦�K�XêÝ
Qé¡�½,��

3S�¥Ñk (uk − ũk)TQ(uk − ũk) ≥ τ‖uk − ũk‖2.Äutµ PPA�Â 

�{´�aýÿ¨���{,�)ýÿ:Ñ^tµ PPA�{.
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1 ���555���åååààà`̀̀zzz¯̄̄KKK��� PPA���{{{

1.1 ���555���åååààà`̀̀zzz¯̄̄KKK���üüüNNNCCC©©©ØØØ���ªªª

�5�å�à`z¯K

min{θ(x) | Ax = b (or Ax ≥ b) x ∈ X} (1.1)

� Lagrange¼ê´½Â3 X × Λþ�

L(x, λ) = θ(x)− λT (Ax− b),

Ù¥

Λ =

 <m, for the equality constraints Ax = b,

<m+ , for the inequality constraints Ax ≥ b.

� (x∗, λ∗)´ Lagrange¼ê���Q:,Bk

Lλ∈Λ(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗).
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¦ Lagrange¼ê���Q:�du¦ (x∗, λ∗)¦Ù÷v: x∗ ∈ X , θ(x)−θ(x∗)+(x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X ,

λ∗ ∈ Λ, (λ− λ∗)T (Ax∗ − b) ≥ 0, ∀λ ∈ Λ.
(1.2)

�é{`,¦ Lagrange¼ê�Q:�du¦)·ÜC©Ø�ª

VI(Ω, F, θ) u∗ ∈ Ω, θ(x)−θ(x∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (1.3a)

�),Ù¥

u =

 x

λ

 , F (u) =

 −ATλ

Ax− b

 (1.3b)

Ú

Ω = X × Λ. (1.3c)

5¿� θ(x)´à¼ê,d	 (1.3b)¥��f F ´��üN�.

···���ÏÏÏLLL¦¦¦)))���AAA���···ÜÜÜüüüNNNCCC©©©ØØØ���ªªª555¦¦¦)))���555���ååå���ààà`̀̀zzz¯̄̄KKK.
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1.2 H-���eee��� PPA���{{{ÚÚÚtttµµµ PPA���ÂÂÂ   ���{{{

�C:�{ (PPA)´¦)·ÜüNC©Ø�ª���²;�{.^�C:

�{¦)¯K (1.3),é�½� uk ∈ ΩÚ r > 0, k-gS�´¦ ũk ∈ Ω,¦�

θ(x)− θ(x̃k) + (u− ũk)T
{
F (ũk) + r(ũk − uk)

}
≥ 0, ∀u ∈ Ω. (1.4)

·�� γ ∈ [1, 2),^úª uk+1 = uk − γ(uk − ũk)�)e��S�:.S�

{uk}÷v'Xª

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)‖uk − ũk‖2.

é)8 Ω∗,�{�)�S� {uk}´ FejérüN�.ù
3c�ù®²k0�.

��¦) PPAf¯K (1.4)��5`´�Ø��.�¦)�à`z¯K (1.1)

�d�C©Ø�ª (1.3),þ�ùJÑ� Customized PPA�{�f¯K´

ũk ∈ Ω, θ(x)−θ(x̃k)+(u−ũk)T {F (ũk)+H(ũk−uk)} ≥ 0, ∀u ∈ Ω, (1.5)

Ù¥

H =

(
rIn −AT

−A sIm

)
.
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5¿��?Ø�`z¯K�d�C©Ø�ª (1.2)�äN(� (� (1.3b)ª),

fC©Ø�ª (1.5)B´¦ (x̃k, λ̃k) ∈ Ω,¦�é�� (x, λ) ∈ Ω,Ñk

θ(x)− θ(x̃k) +

x− x̃k
λ− λ̃k

T 
−AT λ̃k
Ax̃k − b


+

 r(x̃k − xk)−AT (λ̃k − λk)

−A(x̃k − xk) + s(λ̃k − λk)

 ≥ 0, ∀(x, λ) ∈ Ω. (1.6)

þªe�Ü©¥��� x̃k�±�K,¯K (1.6)���tµ¤

λ̃k ∈ Λ, (λ− λ̃k)T {(Axk − b) + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

ù� λ̃k�±ÏL λ̃k = PΛ[λk − 1
s
(Axk − b)] ���Ñ.k
 λ̃k ,ÏL¦)

4�z¯K

min
{
θ(x) +

r

2

∥∥x− [xk +
1

r
AT (2λ̃k − λk)

]∥∥2 ∣∣x ∈ X} (1.7)

��� x̃k÷v (1.6)�þ�Ü©.Ï� (1.7)¥� λ̃k�´®��,4�z¯K

(1.7)�a.�âb�´N´¦)�.^úª uk+1 = uk − γ(uk − ũk) �)
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�S�S� {uk}÷v

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H − γ(2− γ)‖uk − ũk‖2H .

`�.,ù�H-�e� PPA�{,�´é²;� PPAtµ����Â �{.

þãH-�e PPA�{f¯K (1.6)¥�ëê r, s�÷v rs > ‖ATA‖,Ý

H â´�½�,ùâ�y�{Âñ.k��O ‖ATA‖¿ØN´,L���O

��u�K���,¬K�oNÂñ�Ý.ù�ùÁã)ûù
¯K.

1.3 tttµµµ^̂̂���eee PPAÂÂÂ   ���{{{

Idea of the Relaxed PPA �¦)C©Ø�ª (1.3),31 k-gS�¥,²;�

PPA´�¦ (x̃k, λ̃k) ∈ Ω¦�

θ(x)− θ(x̃k) +

x− x̃k
λ− λ̃k

T
−AT λ̃k
Ax̃k − b

+

r(x̃k − xk)

s(λ̃k − λk)

 ≥ 0, (x, λ) ∈ Ω.

(1.8)

Ï�þ¡�fC©Ø�ª�þeüÜ©Ñ¹k��� x̃kÚ λ̃k ,��¦)�
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��Ø�.XJòþ�Ü©¥� λ̃ktµ¤ λk ,KC¤¦ (x̃k, λ̃k) ∈ Ω¦�

θ(x)− θ(x̃k) +

x− x̃k
λ− λ̃k

T
−ATλk
Ax̃k − b

+

r(x̃k − xk)

s(λ̃k − λk)

 ≥ 0, (x, λ) ∈ Ω.

(1.9)

·�rf¯K (1.9)¡�tµ� PPA (Relaxed PPA).tµ±��¯K (1.9)´N

´¦)�.Äk (1.9)�þ� (Primal)Ü©�±ÏL¦)4�z¯K

min
{
θ(x) +

r

2

∥∥x− [xk +
1

r
ATλk

]∥∥2 ∣∣x ∈ X}
��.�âb�^�,ù´��N´¦)�¯K.k
 x̃k , (1.9)�e� (Dual)

Ü©¥�¦���e λ̃k ,§�êÆ/ª´

λ̃k ∈ Λ, (λ− λ̃k)T {(Ax̃k − b) + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ.

�âC©Ø�ªÚÝK�'X, λ̃k�±ÏL

λ̃k = PΛ[λk − 1

s
(Ax̃k − b)]
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���Ñ.·�r (1.9)�¤:

(x̃k, λ̃k) ∈ Ω, θ(x)− θ(x̃k) +

x− x̃k
λ− λ̃k

T 
−AT λ̃k
Ax̃k − b


+

r(x̃k − xk)

0

+

AT (λ̃k − λk)

s(λ̃k − λk)

 ≥ 0, ∀(x, λ) ∈ Ω.

§�;n/ª´

ũk ∈ Ω, θ(x)−θ(x̃k)+(u−ũk)T {F (ũk)+Q(ũk−uk)} ≥ 0, ∀u ∈ Ω, (1.10)

Ù¥Ý


Q =

(
rIn AT

0 sIm

)
´�é¡�.�é{`,ù��u�: (½ýÿ:) ũk = (x̃k, λ̃k)´ÏLé²

;� PPAf¯Ktµ¦��.du (1.10)¥Ø
 F (ũk)	Ò´Q(ũk − uk),

��±rddïá�Â �{¡�Äu�5�C:�� PPAÂ �{.Âñ

y²��ë�©z[6].
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·�rd (1.10)¥�)�: ũk¡�ýÿ:.ò (1.10)¥?¿� u�� u∗,Ò

U��

(ũk − u∗)TQ(uk − ũk) ≥ 0.

?
��

(uk − u∗)TQ(uk − ũk) ≥ (uk − ũk)TQ(uk − ũk).

�� (1.10)¥�Ý
Q÷v

QT +Q =

(
2rIn AT

A 2sIm

)
� 0,

Ò�±�EÂ �{.dþª��,� rs > 1
4
‖ATA‖�, QT +QÒ�½.ù

�^�w,'c�ùH-�e� PPA�{éëê r, s�¦ rs > ‖ATA‖5�
°t.ù´·�ù�ùUY Relaxed PPAïÄ�nd.

3Ú�µee��Ä é�½� uk ,·�)¤ ũk ∈ Ω¦� (1.10)¤á,Ù¥

Q´��Ý
.·�¿Ø�¦Qé¡,��¦�3�� τ > 0,¦�

(uk − ũk)TQ(uk − ũk) ≥ τ‖uk − ũk‖2, ∀ k ≥ 0.

þã^�3QT +Q�½��½¤á.
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2 Primal-Dualtttµµµ PPAÂÂÂ   ���{{{

^tµ PPAUk x̃k (primal)� λ̃k (dual)�^S)¤ýÿ: ũk = (x̃k, λ̃k),,

��E�Â �{,¡�ÄuPrimal-Dualtµ PPA�Â �{ (Primal-dual

relaxed PPA based contraction method).

2.1 Primal-Dual)))¤¤¤ýýýÿÿÿ:::

Primal–Dual Method)¤ýÿ: é�½� (xk, λk)Ú r > 0,ÏL¦)

min
{
θ(x) +

r

2

∥∥x− [xk +
1

r
ATλk

]∥∥2 ∣∣x ∈ X} (2.1a)

�� Primalýÿ: x̃k .2À�·�� s > 0¿^

λ̃k = PΛ[λk − 1

s
(Ax̃k − b)] (2.1b)

)¤ Dualýÿ: λ̃k (XÛÀ� s > 0�3�¡?Ø).
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5¿�^ (2.1a))¤� Primalýÿ: x̃k÷v

x̃k ∈ X , θ(x)− θ(x̃k) + (x− x̃k)T {r(x̃k − xk)−ATλk} ≥ 0, ∀x ∈ X . (2.2)

ò (2.1b)U�¤ λ̃k = PΛ{λ̃k − [(λ̃k − λk) + 1
s
(Ax̃k − b)]},Kk

λ̃k ∈ Λ, (λ− λ̃k)T {(Ax̃k − b) + s(λ̃k − λk)} ≥ 0, ∀λ ∈ Λ. (2.3)

r (2.2)Ú (2.3)�3�å,k

(x̃k, λ̃k) ∈ Ω, θ(x)− θ(x̃k) +

x− x̃k
λ− λ̃k

T 
−AT λ̃k
Ax̃k − b


+

r(x̃k − xk)

0

+

AT (λ̃k − λk)

s(λ̃k − λk)

 ≥ 0, ∀(x, λ) ∈ Ω.

§�;n/ª´

ũk ∈ Ω, θ(x)−θ(x̃k)+(u− ũk)T {F (ũk)+Q(ũk−uk)} ≥ 0, ∀u ∈ Ω, (2.4)
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Ù¥Ý
Q (éAu Primal-Dual�{)¤ýÿ:�Q,k��P¤QPD )

QPD =

 rIn AT

0 sIm

 , (2.5)

´�é¡�.

XJ (2.4)¥�Ý
Q´é¡�½�,ù�)¤ýÿ: ũk��{Ò´ PPA�

{.duùp�Q´�é¡Ý
,Uì [6]¥�`{,ùp� Relaxed PPA´�

�5�C:�� PPA.

± u∗O� (2.4)¥� u ∈ Ω,���

(ũk − u∗)TQ(uk − ũk) ≥ θ(x̃k)− θ(x∗) + (ũk − u∗)TF (ũk). (2.6)

Ï� ũk ∈ Ω¿� u∗´ VI(Ω, F )�),�â·ÜC©Ø�ª (1.3)�½Â,k

θ(x̃k)− θ(x∗) + (ũk − u∗)TF (u∗) ≥ 0.

du F ´üN�f,Ïdk

(ũk − u∗)TF (ũk) ≥ (ũk − u∗)TF (u∗).
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�âþ¡��'Xª�� (2.6)�mà�K.·�½Â

ϕ(uk, ũk) = (uk − ũk)TQ(uk − ũk). (2.7)

d (2.6)�mà�K��e¡�'�Ø�ª

(uk − u∗)TQ(uk − ũk) ≥ ϕ(uk, ũk), ∀ u∗ ∈ Ω∗. (2.8)

ù�!¥�Â �{,Ñ´Äu�þ (uk − ũk)��{.,
,·�¿Ø��

^ (uk − ũk),
´^

d(uk, ũk) = M(uk − ũk) (2.9)

��Ï���,Ù¥

M = D−1Q, (2.10)

Ý
Qd (2.5)�Ñ,Ý


D =

 rIn 0

0 sIm

 . (2.11)
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�âù
½Â,·�k

M =

 In
1
r
AT

0 Im

 ,

´é�Ü©�ü 
�þn�©¬Ý
.'Xª (2.7)Ú (2.8)�±�¤�d�

ϕ(uk, ũk) = (uk − ũk)TDM(uk − ũk). (2.12)

Ú

〈D(uk − u∗),M(uk − ũk)〉 ≥ ϕ(uk, ũk), ∀ u∗ ∈ Ω∗. (2.13)

2.2 ÐÐÐ������ÂÂÂ   ���{{{

The Primary Contraction Methods (Ð��Â �{)´�^(½����ü 

Ú��Â �{.

The Primary Contraction Methods é�½� ukÚd (2.1))¤� ũk ,·�^

uk+1 = uk −M(uk − ũk) (2.14)

)¤#�S�:.3^ (2.1))¤� ũk�L§¥,æ^ Armijo{K,�±��
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é�½� r > 0Ú ν ∈ (0, 1),À� s¦�

1

r
‖AT (λk − λ̃k)‖2 ≤ ν

(
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

)
. (2.15)

AO� s��¦ srν ≥ ‖ATA‖�,^� (2.15)g,¤á.

·��ÄD-�e�Â �{.�âS�úª (2.14)k

‖uk − u∗‖2D − ‖uk+1 − u∗‖2D
= ‖uk − u∗‖2D − ‖(uk − u∗)−M(uk − ũk)‖2D
= 2(uk − u∗)TDM(uk − ũk)− ‖M(uk − ũk)‖2D.

éþªmà� (uk − u∗)TDM(uk − ũk)¦^ (2.12)–(2.13),·�k

‖uk − u∗‖2D − ‖uk+1 − u∗‖2D
≥ 2(uk − ũk)TDM(uk − ũk)−‖M(uk − ũk)‖2D. (2.16)
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5¿� (2.16)�mà�u

2(uk − ũk)TDM(uk − ũk)−‖M(uk − ũk)‖2D
= (uk − ũk)T

[
MTD +DM −MTDM

]
(uk − ũk). (2.17)

|^Ý
'XDM = Q,k

MTD +DM −MTDM = QT +Q−QTM.

²L{üO�Òk

MTD +DM −MTDM = QT +Q−QTM.

=

 2rIn AT

A 2sIm

−
 rIn 0

A sIm

 In
1
r
AT

0 Im


=

 rIn 0

0 sIm − 1
r
AAT

 .
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Ïd,

2(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D

= ‖uk − ũk‖2D −
1

r
‖AT (λk − λ̃k)‖2. (2.18)

3^� (2.15)÷v��¹e,l (2.18)ª��

2(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D
≥ (1− ν)

(
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

)
. (2.19)

± (2.19)�\ (2.16),Òke¡�½nµ

Theorem 2.1 3Äu Primal-Dualtµ PPA�Â �{¥,XJ�)ýÿ:�

^� (2.15)¤á,KdÐ�Â �{ (2.14))¤�S� {uk = (xk, λk)}÷v

‖uk+1 − u∗‖2D ≤ ‖uk − u∗‖2D − (1− ν)‖uk − ũk‖2D. (2.20)

½n 2.1´�yÐ�Â �{Âñ�'�Ø�ª.
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2.3 ���������ÂÂÂ   ���{{{

��Â �{Ó�^�½���M(uk − ũk),�ÏLO�Ú�(½e��

S�:.3D-��¿Âe,¦#�S�:�)8¦�UC�
.3^ (2.1))

¤� ũk�L§¥,æ^ Armijo{K,�±��

é�½� r > 0,À� s¦�

1

s
‖A(xk − x̃k)‖2 +

1

r
‖AT (λk − λ̃k)‖2

≤ 2
(
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

)
. (2.21)

AO� s��¦ sr ≥ 1
2
‖ATA‖�, ‖ATA‖ ≤ 2rs,

1

s
‖A(xk − x̃k)‖2 +

1

r
‖AT (λk − λ̃k)‖2

≤ 1

s
‖ATA‖ · ‖xk − x̃k‖2 +

1

r
‖AAT ‖ · ‖λk − λ̃k‖2,

^� (2.21)g,¤á.
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|^DÚM �L�ª±9 Cauchy-SchwarzØ�ª,·�k

ϕ(uk, ũk) = (uk − ũk)TDM(uk − ũk)

= ‖uk − ũk‖2D + (xk − x̃k)TAT (λk − λ̃k)

≥ r‖xk − x̃k‖2 − 1

2
‖xk − x̃k‖ · ‖AT (λk − λ̃k)‖

+s‖λk − λ̃k‖2 − 1

2
‖λk − λ̃k‖ · ‖A(xk − x̃k)‖

≥ r‖xk − x̃k‖2 − 1

4

{
r‖xk − x̃k‖2 +

1

r
‖AT (λk − λ̃k)‖2

}
+s‖λk − λ̃k‖2 − 1

4

{
s‖λk − λ̃k‖2 +

1

s
‖A(xk − x̃k)‖2

}
=

3

4

{
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

}
−1

4

{1

s
‖A(xk − x̃k)‖2 +

1

r
‖AT (λk − λ̃k)‖2

}
.

3^� (2.21)÷v��¹e,�âþªÒk

ϕ(uk, ũk) = (uk − ũk)TDM(uk − ũk) ≥ 1

4
‖uk − ũk‖2D. (2.22)
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The General Contraction Method I é�½� ukÚd (2.1))¤� ũk ,^

u(α) = uk − αM(uk − ũk) (2.23)

�)�6uÚ� α�S�:.é?¿�½� u∗ ∈ Ω∗,·�ò

ϑ(α) = ‖uk − u∗‖2D − ‖u(α)− u∗‖2D (2.24)

w¤´�gS��/?Úþ0,§´Ú� α�¼ê.|^ (2.23)Ú (2.24)¥

ϑ(α)�½Â,·�k

ϑ(α) = ‖uk − u∗‖2D − ‖(uk − u∗)− αM(uk − ũk)‖2D
= 2α(uk − u∗)TDM(uk − ũk)− α2‖M(uk − ũk)‖2D.

éþªmà� (uk − u∗)TDM(uk − ũk)¦^ (2.12)Ú (2.13),Òk

ϑ(α) ≥ q(α),

Ù¥

q(α) = 2α(uk − ũk)TDM(uk − ũk)−α2‖M(uk − ũk)‖2D. (2.25)
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Ó�,5¿� (2.25)¥� q(α)´ α��g¼ê,§3

α∗k =
(uk − ũk)TDM(uk − ũk)

‖M(uk − ũk)‖2D
=

(uk − ũk)TQ(uk − ũk)

(M(uk − ũk))TQ(uk − ũk)
(2.26)

���4��.

�^� (2.21)÷v�,é¤k� k ≥ 0,Ñk α∗ ≥ 1/6.

�â (2.26),�y²þã(Ø,��y²

6(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D ≥ 0. (2.27)

d (2.22),·�k

6(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D
≥ ‖uk − ũk‖2D + 2(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D.

2|^ (2.18),��

‖uk − ũk‖2D + 2(uk − ũk)TDM(uk − ũk)− ‖M(uk − ũk)‖2D

= 2‖uk − ũk‖2D −
1

r
‖AT (λk − λ̃k)‖2.
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�^� (2.21)÷v�þªmà�K, (2.27)¤á,Òk α∗k ≥ 1/6.

·���4�z ϑ(α) (� (2.24)),du§¹k�� u∗,·�Ø�®â4�z§

�e.¼ê q(α). 3¢SO�¥,·��

uk+1 = uk − γα∗kM(uk − ũk), (2.28)

�#�S�:,Ù¥ γ ∈ [1, 2)¡�tµÏf.

|^ ϑ(α) ≥ q(α),ò (2.25)¥� α��¤ γα∗,¿^ (2.26),Òk

‖uk+1 − u∗‖2D ≤ ‖uk − u∗‖2D − q(γα∗)

= ‖uk − u∗‖2D − γ(2− γ)α∗k(uk − ũk)TDM(uk − ũk).

�âþ¡�Ø�ª,d α∗k ≥ 1/6Ú'Xª (2.22),Ò��e¡�½n

Theorem 2.2 3ÄuPrimal-Dualtµ PPA�Â �{¥,XJ�)ýÿ:�^

� (2.21)¤á,Kd��Â �{ (2.28))¤�S�{uk = (xk, λk)}÷v

‖uk+1 − u∗‖2D ≤ ‖uk − u∗‖2D −
γ(2− γ)

24
‖uk − ũk‖2D. (2.29)

S�S� {uk}´D-�e FejérüN�.
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The General Contraction Method II é�½� ukÚd (2.1))¤� ũk ,·

���±^

uk+1 = uk − γα∗kQ−TD(uk − ũk) (2.30)

)¤#�S�:,duÝ


Q−TD =
( 1

r
In 0

− 1
rs
A 1

s
Im

)( rIn 0

0 sIm

)
=
( In 0

− 1
s
A Im

)
�/ª´{ü�,�� (2.30)N´¢y,Ú�Kd

α∗k = (uk − ũk)TQ(uk − ũk)/‖uk − ũk‖2D, γ ∈ (0, 2)

�Ñ.d (2.22),�� α∗k ≥ 1/4.éH = QD−1QT ,|^ (2.12)Ú (2.13),Kk

‖uk+1 − u∗‖2H = ‖uk − u∗ − γα∗Q−TD(uk − ũk)‖2H
≤ ‖uk − u∗‖2H − 2γα∗k(uk − ũk)TQ(uk − ũk) + γ2(α∗k)2‖uk − ũk‖2D
= ‖uk − u∗‖2H − γ(2− γ)α∗k(uk − ũk)TQ(uk − ũk).

≤ ‖uk − u∗‖2H −
γ(2− γ)

16
‖uk − ũk‖2D.

du u∗´?¿�½�):,ù�)¤�S� {uk}3H-�e FejérüN�.
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3 Dual-Primaltttµµµ PPAÂÂÂ   ���{{{

ÏLé²;PPA (1.8)¥e�Ü©¥� x̃ktµ¤ xk�E Relaxed PPA.f¯K

(1.8)Ò{z¤¦ (x̃k, λ̃k) ∈ Ω,¦�é?¿� u = (x, λ) ∈ Ω,Ñk

θ(x)−θ(x̃k) +

x− x̃k
λ− λ̃k

T
−AT λ̃k
Axk − b

+

r(x̃k − xk)

s(λ̃k − λk)

 ≥ 0. (3.1)

tµ±��f¯K (3.1)´N´¦)�.Äké (3.1)�e� (Dual)Ü©,�â

C©Ø�ªÚÝK�'X, λ̃k�±ÏL

λ̃k = PΛ[λk − 1

s
(Axk − b)]

���Ñ.k
 λ̃k , (3.1)�þ� (Primal)Ü©¥�¦���e x̃k ,§�±ÏL

¦)4�z¯K

min
{
θ(x) +

r

2

∥∥x− [xk +
1

r
AT λ̃k

]∥∥2 ∣∣x ∈ X}
��.�âb�^�,ù´��N´¦)�¯K.
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^tµ PPAUk λ̃k (dual)� x̃k (primal)�^S)¤ýÿ: ũk = (x̃k, λ̃k),,

��E�Â �{,·�¡��ÄuDual-Primaltµ PPA�Â �{ (Dual -

primal relaxed PPA based contraction method).

3.1 Dual-Primal)))¤¤¤ýýýÿÿÿ:::

Dual–Primal Method)¤ýÿ: é�½� (xk, λk)Ú s > 0,d

λ̃k = PΛ{λk −
1

s
(Axk − b)} (3.2a)

)¤ Dualýÿ: λ̃k .,�À�·�� r > 0¿¦)

min
{
θ(x) +

r

2

∥∥x− [xk +
1

r
AT λ̃k

]∥∥2 ∣∣x ∈ X} (3.2b)

�� Primalýÿ: x̃k (XÛÀ� r > 0�3�¡?Ø).
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�âc¡�©Û (� (3.1)),d (3.2))¤�ýÿ: (x̃k, λ̃k)÷v

(x̃k, λ̃k) ∈ Ω, θ(x)− θ(x̃k) +

x− x̃k
λ− λ̃k

T 
−AT λ̃k
Ax̃k − b


+

 r(x̃k − xk)

−A(x̃k − xk)

+

 0

s(λ̃k − λk)

 ≥ 0, ∀(x, λ) ∈ Ω.

§�;n/ª´

ũk ∈ Ω, θ(x)−θ(x̃k)+(u− ũk)T {F (ũk)+Q(ũk−uk)} ≥ 0, ∀u ∈ Ω, (3.3)

Ù¥Ý
(éAu Dual-Primal�{)¤ýÿ:�Q,k��P¤QDP )

QDP =

 rIn 0

−A sIm

 , (3.4)

´�é¡�.aq/,�±��e¡�'�Ø�ª

(ũk − u∗)TQ(uk − ũk) ≥ 0, ∀ u∗ ∈ Ω∗. (3.5)
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æ^

M(uk − ũk), (Ù¥ M = D−1Q) (3.6)

��Ï���,Ù¥Ý
H X (2.14)�Ñ.�âù
½Â,·�k

M(uk − ũk) =

xk − x̃k
λk − λ̃k

+

 0 0

− 1
s
A 0

xk − x̃k
λk − λ̃k

 . (3.7)

Ó�k

(uk − u∗)TDM(uk − ũk) ≥ ϕ(uk, ũk), ∀ u∗ ∈ Ω∗, (3.8)

Ù¥

ϕ(uk, ũk) = (uk − ũk)TDM(uk − ũk). (3.9)

3.2 ÐÐÐ������ÂÂÂ   ���{{{

ùp�Â �{´�«ýÿ���{.Ð��Â �{ (Primary Contraction
Methods)´3À�(½����,���)#S�:��ü Ú���{.
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The Primary Contraction Methods é�½� ukÚd (3.2))¤� ũk ,·�^

uk+1 = uk −M(uk − ũk) (3.10)

)¤#�S�:.3^ (3.2))¤� ũk�L§¥,æ^ Armijo{K,�±��

é�½�s > 0Ú ν ∈ (0, 1),À� r¦�

1

s
‖A(xk − x̃k)‖2 ≤ ν

(
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

)
. (3.11)

AO� s��¦ srν ≥ ‖ATA‖�,^� (3.11)g,¤á.

�½n 2.1aq,éÄuDual-Primaltµ PPA�Â �{,kXe�½nµ

Theorem 3.1 3ÄuDual-Primaltµ PPA�Â �{¥,XJ�)ýÿ:�^

� (3.11)¤á,KdÐ�Â �{ (3.10))¤�S� {uk = (xk, λk)}÷v

‖uk+1 − u∗‖2D ≤ ‖uk − u∗‖2D − (1− ν)‖uk − ũk‖2D. (3.12)

½n 3.1´�yÐ�Â �{Âñ�'�Ø�ª.
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3.3 ���������ÂÂÂ   ���{{{

��Â �{^Ó���½��M(uk − ũk),ÏLO�Ú�(½e��S

�:.3H-��¿Âe,¦#�S�:�)8¦�UC�
.

é�½� s > 0,À� r¦�

1

s
‖A(xk − x̃k)‖2 +

1

r
‖AT (λk − λ̃k)‖2

≤ 2
(
r‖xk − x̃k‖2 + s‖λk − λ̃k‖2

)
. (3.13)

ù´U
���.� s��¦ sr ≥ 1
2
‖ATA‖�,^� (3.13)g,¤á.

aq� (2.21)–(2.22)�©Û,3^� (3.13)÷v��¹e,k

ϕ(uk, ũk) = (uk − ũk)TDM(uk − ũk) ≥ 1

4
‖uk − ũk‖2D. (3.14)

���Â �{ I é�½� ukÚd (3.2))¤� ũk ,·��

uk+1 = uk − γα∗kM(uk − ũk), (3.15)
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�#�S�:,Ù¥

α∗k = (uk − ũk)TDM(uk − ũk)/‖M(uk − ũk)‖2D (3.16)

γ ∈ [1, 2)¡�tµÏf.Ó�,3^� (3.13)÷v�,¬k α∗k > 1/6.

Theorem 3.2 3ÄuDual-Primaltµ PPA�Â �{¥,XJ�)ýÿ:�^

� (3.13)¤á,KdÂ �{ (3.15))¤�S� {uk = (xk, λk)}÷v

‖uk+1 − u∗‖2D ≤ ‖uk − u∗‖2D −
γ(2− γ)

24
‖uk − ũk‖2D. (3.17)

Ó�,S�S� {uk}´D-�e FejérüN�,þª´y²Âñ�'�Ø�ª.

���Â �{ II Ó�,é�½� ukÚd (3.2))¤� ũk ,��±^

uk+1 = uk − γα∗kQ−TD(uk − ũk) (3.18)

)¤#�S�:,Ù¥ α∗k = ϕ(uk, ũk)/‖uk − ũk‖2D ,�H = QD−1QT ,Òk

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H −
γ(2− γ)

16
‖uk − ũk‖2D.

du u∗´?¿�½�):,ù�)¤�S� {uk}3H-�e FejérüN.
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4 êêê���OOO���

·�±1où¥Á���'5Ý
��ÚÝ
��z¯K��~f,

¿�c�ù� PPA�{'�O��J.·�æ^ÄuDual-Primalt
µ PPA�Â �{.

4.1 ���'''555ÝÝÝ


������¯̄̄KKK

�'5Ý
��¯K�êÆ/ª´

min{1

2
‖X − C‖2F | diag(X) = e, X ∈ Sn+}, (4.1)

31où� §4.1¥®²�
0�.^ z ∈ <n���ª�å diag(X) = e

� Lagrange¦f.·�^ (3.2))¤¯K (4.1)�ýÿ:,¯K (3.2b)´¦)

min{1

2
‖X − C‖2F +

r

2
‖X − [Xk +

1

r
diag(z̃k)]‖2F |X ∈ Sn+}. (4.2)

ù��ó�3c�ù� §4.1�
0�,¦ (x̃k, λ̃k)�Ì�ó�´� EIG©).
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Relaxed PPA-Primal method�´òc�ù Code 4.1 (Classical PPA)�1 (9)1�

A=(X0*r + C + diag(yt*2 -y0))/(1+r) U¤ A=(X0*r + C + diag(yt))/(1+r)

¿ò (12)1� y = y0 - EY U¤ y = y0 - (EY - diag(EX)/s).

Code 4.1. Relaxed PPA – Primal method rs = 1.01, s = 0.5

%%% RePPA (primal mothed) for calibrating correlation matrix %(1)

function RePPA_MP(n,C,r,s,tol); %(2)

X=eye(n); y=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; y0=y; k=k+1; %(7)

yt=y0 - (diag(X0)-ones(n,1))/s; EY=y0-yt; %(8)

A=(X0*r + C + diag(yt))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

ex=max(max(abs(EX))); ey=max(abs(EY)); stopc=max(ex,ey); %(11)

X=X0 - EX; y=y0 - (EY - diag(EX)/s; %(12)

end; % End of an Iteration %(13)

toc; TB = max(abs(diag(X-eye(n)))); %(14)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%

æ^ Relaxed-PPA-Prmal method� Classical-PPA methodO��J����.
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·�e¡'� Relaxed PPA – general Method�c�ù� Extended PPA

Method�O��Ç.

l Relaxed PPA – Primal Method� Relaxed PPA – general Method,Ù�O3:

• Code 4.2� Code 4.1�c 111���Ó.

• 3 Code 4.2¥,O\� 12–141´�
O�Ú�.

• Code 4.2¥�1 151�Ñ#�S�:,� Code 4.1¥�Ñ#S�:�1 11

1�',Ï����Ó,�´Ú�ØÓ. Code 4.1¥^�´ü Ú�. Code

4.2¥�Ú��^úª (3.16)O�.

• �¦^ Relaxed PPA-Primal Method,I�÷v^� rs ≥ ‖ATA‖ (� (3.11)),

du ‖ATA‖ = 1,·�� rs = 1.01, s = 0.5.

• é¦^ Relaxed PPA-General Method,�I�÷v^� rs ≥ 1
2
‖ATA‖ (�

(3.13)),·�� rs = 0.65, s = 0.4.�éuÚ�� 1��{,ùp)¤ýÿ

:�,òëê sÚ rÑ¦þ��Ïf 0.8.
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Code 4.2 Relaxed PPA – general method rs = 0.65, s = 0.4

%%% RePPA_MG (general mothed)for calibrating correlation matrix %(1)

function RePPA_MG(n,C,r,s,tol,gamma) %(2)

X=eye(n); y=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; y0=y; k=k+1; %(7)

yt=y0 - (diag(X0)-ones(n,1))/s; EY=y0-yt; %(8)

A=(X0*r + C + diag(yt))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

ex=max(max(abs(EX))); ey=max(abs(EY)); stopc=max(ex,ey); %(11)

T1=EX(:)’*EX(:); T2=EY(:)’*EY(:); %(12)

dEX=diag(EX); T12 =EY’*dEX; T3=dEX’*dEX; %(13)

alpha=(T1*r + T2*s - T12)/(T1*r + T2*s - T12*2 + T3/s); %(14)

X=X0-EX*(alpha*gamma); y=y0-(EY-dEX/s)*(alpha*gamma); %(15)

end; % End of an Iteration %(16)

toc; TB = max(abs(diag(X-eye(n)))); %(17)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%
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Ý
��¯K (4.1)–¦^ Matlab¥� eigf§S

n× n Matrix Extended PPA Relaxed PPA

n = No. It CPU Sec. No. It CPU Sec.

100 22 0.24 22 0.24
200 25 1.42 22 1.24
500 27 11.66 22 9.62
800 29 50.47 23 39.77

1000 31 99.26 25 78.95
2000 41 883.76 33 713.36

♣ 'u�'XêÝ
���§S3N�� Codes-05�©�Y“Ý
��”

� MaT-EIG¥.��$1 demo.m,Ñ\ nÒ�±
.

Ù¥� PPAC.mÚ PPAG.m©O´ Classical PPAÚ Extended PPA�f§S.

RePPAMP.mÚ RePPAMG.m©O´ Relaxed PPA-Primal MethodÚ Relaxed PPA-

General Method�f§S.
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♣ XJU^ Kim TOH�� mexeig� [V,D] = mexeig(A),O��m��!

�.�A�§S3N�� Codes-05�©�Y“Ý
��”� Mex-EIG¥.

Ý
��¯K (4.1)–A��©)¦^ mexeig

n× n Matrix Extended PPA Relaxed PPA

n = No. It CPU Sec. No. It CPU Sec.

100 22 0.09 22 0.09
200 25 0.37 22 0.32
500 27 3.35 22 2.67
800 29 11.56 23 9.12
1000 31 22.58 25 18.20
2000 39 209.90 33 168.79

lO�¢�w,éÓ��¯K, Relaxed PPA-General Method�O��J'
Extended PPA�Ð.ùü��{)¤ýÿ:�ó�þ´�Ó�,�,^

Relaxed PPA-General MethodI�O�Ú�,Ï�O�Ú�´O(n2)�$�,

Relaxed PPA-General Methods¤��m�´k��ÌÝ�!�.
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4.2 ÝÝÝ


������zzz���¡¡¡���AAA^̂̂

Ý
��z¯K�Á�~f�c�ù� §4.2�Ó,�~5g [1].·��ò

Relaxed PPA-General Method� Extended PPA�'�.ùü��{)¤ýÿ

:�ó�þ´�Ó�.

♣ Ý
��z^ Matlab SVD �§S3N�� Codes-05 �©�Y Ý


��z–SVD-MaT ¥. ��$1 demo.m Ò�±
. �éØÓ�/Á�, �

�3 demo.m¥^ %�·�ÀJ.Ù¥� PPAGMaT.mÚ PPAMMaT.m©O´

Extended PPAÚ Relaxed PPA�f§S,þæ^ γ = 1.5.

XJ^ Matlab¥�IO SVD,éÓ�5��¯K,O��m�S�gê¤�

'.�,^ Relaxed PPA-General MethodI�O�Ú�,Ï�O�Ú�´

O(n2)�$�,ù3o�O�þ¥´�Øv��.·�òRelaxed PPA-General

Method¦)Ý
��z¯K�§S�� Code 4.3�3�¡.

^ Relaxed PPA-General method¦)Ý
��z¯K�c�ù� Code 4.3

(Extended PPA)��O´µò1 (10)1�
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A=X0 + (YT*2 -Y0)/r U¤ A = X0 + (YT)/r .

3 Code 4.3 (Extended PPA)1 (13)1±�\þn1O�Ú� α = γα∗.

¿ò Code 4.3 (Extended PPA)� (15)-(16)1U¤
y3� (18)-(19)1.

Ý
��z¯Kµ^ Matlab¥IOSVD¦)(J

Unknown n× n matrix M Extended PPA Relaxed PPA

n rank(ra) m/dra m/n2 #iters times(Sec.) #iters times(Sec.)

1000 10 6 0.12 77 867.82 56 629.67

1000 50 4 0.39 37 411.28 27 302.27

1000 100 3 0.58 31 362.58 29 305.93

Ïd,^ Relaxed PPA-General Methods¤��mk��ÌÝ�!�.

♣ 5¿�, [1]¥��{éùn�~f�S�gê©O´ 117, 114Ú 129 (See the first

three examples in Table 5.1 of [1], pp. 1974).¦���{zgS��Ì�ó�þ�´��g

SVD©),duæ^
Ø��©)Eâ, [1]¥!�
zg SVD©)�$1�m.·�N

^�´Matlab¥IOSVD,~�
S�gê,�vk!�o�$1�m.
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Code 4.3. Relaxed PPA for Matrix Completion Problem

function PPAE(n,r,s,M,Omega,maxIt,tol,gamma) % Ititial Process %%(1)

X=zeros(n); Y=zeros(n); YT=zeros(n); %(2)

nM0=norm(M(Omega),’fro’); eps=1; VioKKT=1; k=0; tic; %(3)

%% Minimum nuclear norm solution by PPA method %(4)

while (eps > tol && k<= maxIt) %(5)

if mod(k,5)==0 %(6)

fprintf(’It=%3d |X-M|/|M|=%9.2e VioKKT=%9.2e\n’,k,eps,VioKKT); end;%(7)

k=k+1; X0=X; Y0=Y; %(8)

YT(Omega)=Y0(Omega)-(X0(Omega)-M(Omega))/s; EY=Y-YT; %(9)

A = X0 + (YT)/r; [U,D,V]=svd(A,0); %(10)

D=D-eye(n)/r; D=max(D,0); XT=(U*D)*V’; EX=X-XT; %(11)

DXM=XT(Omega)-M(Omega); eps = norm(DXM,’fro’)/nM0; %(12)

VioKKT = max( max(max(abs(EX)))*r, max(max(abs(EY))) ); %(13)

T1=EX(:)’*EX(:); T2=EY(:)’*EY(:); %(14)

T12 = EY(:)’*EX(:); EXOm = EX(Omega); T3 = EXOm(:)’*EXOm(:); %(15)

alpha =(T1*r + T2*s - T12)*gamma/(T1*r + T2*s - T12*2 + T3/s); %(16)

if (eps <= tol) alpha=1; end; %(17)

X = X0 - EX*alpha; %(18)

Y(Omega) = Y0(Omega) - (EY(Omega) - EXOm/s)*alpha; %(19)

end %(20)

fprintf(’It=%3d |X-M|/|M|=%9.2e Vi0KKT=%9.2e \n’,k,eps,VioKKT); %(21)

RelEr=norm((X-M),’fro’)/norm(M,’fro’); toc; %(22)

fprintf(’ Relative error = %9.2e Rank(X)=%3d \n’,RelEr,rank(X)); %(23)

fprintf(’ Violation of KKT Condition = %9.2e \n’,VioKKT); %(24)
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4.3 Min-Max ¯̄̄KKKþþþ���AAA^̂̂

é1�ù §4.2¥J�^�C�4�?nã���
 [2]� min-max¯K,

minx∈X maxy∈Y Φ(x, y) := θ1(x)− yTAx− θ2(y). (4.3)

§�±=�¤�d�C©Ø�ª:¦ u∗ = (x∗, y∗) ∈ X × Y ,¦�

θ(u)− θ(u∗) +

 x− x∗

y − y∗

T −AT y∗
Ax∗

 ≥ 0, ∀(x, y) ∈ X × Y, (4.4)

Ù¥ θ(u) = θ1(x) + θ2(y).^ù�ù0�� Relaxed PPA�{�¦),é�

½� (xk, yk),�±ÏL

x̃k = Argmin{θ1(x)− xTAT yk +
r

2
‖x− xk‖2 |x ∈ X}. (4.5a)

ỹk = Argmin
{
θ2(y) + yTAx̃k +

s

2
‖y − yk‖2

∣∣ y ∈ Y}. (4.5b)

½ö
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ỹk = Argmin{θ2(y) + yTAxk +
s

2
‖y − yk‖2 | y ∈ Y}. (4.6a)

x̃k = Argmin
{
θ1(x)− xTAT ỹk +

r

2
‖x− xk‖2

∣∣x ∈ X}. (4.6b)

d (4.5))¤� (x̃k, ỹk) ∈ X × Y ,é��¦ (x, y) ∈ X × Y ,Ñk

θ(u)− θ(ũk) +

 x− x̃k

y − ỹk

T
 −AT yk

Ax̃k

+

r(x̃k − xk)

s(ỹk − yk)

 ≥ 0. (4.7)

d (4.6))¤� (x̃k, ỹk) ∈ X × Y ,é��¦ (x, y) ∈ X × Y ,Ñk

θ(u)− θ(ũk) +

 x− x̃k

y − ỹk

T
 −AT ỹk

Axk

+

r(x̃k − xk)

s(ỹk − yk)

 ≥ 0. (4.8)

ÃØ´ (4.7)�´ (4.8),Ñ�±�¤

ũk ∈ Ω, (u− ũk)T {F (ũk) +Q(ũk − uk)} ≥ 0, ∀ u ∈ Ω, (4.9)
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�/ª,¤ØÓ��´

Q =

 rIn AT

0 sIm

 Ú Q =

 rIn 0

−A sIm

 .

Ñ´� rs > 1
4
‖ATA‖�,Ý
QT +Q�½.·�ïÆ� rs ≈ 0.7‖ATA‖.

éd (2.11)½Â�Ý
D,#�S�:uk+1^S�ª

uk+1 = uk − γα∗kM(uk − ũk), γ ∈ [1, 2),

)¤(��� γ = 1.5).æ^

M = D−1Q, α∗k =
(uk − ũk)TQ(uk − ũk)

‖M(uk − ũk)‖2D
, (4.10)

)¤�S� {uk}3D-�e FejérüN;eæ^

M = Q−TD, α∗k =
(uk − ũk)TQ(uk − ũk)

‖uk − ũk‖2D
, (4.11)

)¤�S� {uk}K3H-�e FejérüN�(H = QD−1QT ).aq�(Ø�ë

��ù� §2.3Ú §3.3.^ùa�{¦)ã���
¯K�±ë� [8].
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