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�Ä����5�ª�åà`z¯K

min{θ(x) | Ax = b, x ∈ X}, (1.1)

Ù¥ θ(x)´à¼ê, A ∈ <m×n, b ∈ <m, X ´ <n¥�4à8.à`z¯K

(1.1)� Lagrange¼ê´½Â3 X × <mþ�

L(x, λ) = θ(x)− λT (Ax− b).

P Λ = <m,� (x∗, λ∗)´ Lagrange¼ê���Q:,Bk

Lλ∈Λ(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗).

¦ Lagrange¼ê���Q:�du¦ (x∗, λ∗)¦Ù÷v: x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X ,

λ∗ ∈ Λ, (λ− λ∗)T (Ax∗ − b) ≥ 0, ∀λ ∈ Λ,
(1.2)
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u =

 x

λ

 , F (u) =

 −ATλ
Ax− b

 Ú Ω = X × Λ, (1.3)

¦) (1.1)��u¦)C©Ø�ª

VI(Ω, F ) u∗ ∈ Ω, θ(x)− θ(x∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω. (1.4)

5¿�, (1.3)¥����f F ´üN�.

é�½�~ê s > 0,½Â3 Ω = X × <mþ�

LA(x, λ) = θ(x)− λT (Ax− b) +
1

2s
‖Ax− b‖2

´ (1.1)�O2 Lagrange¼ê.O2Lagrange¦f{ [1, 8, 11]´¦�ª�å`

z¯K�ék���{��,éd, [10]¥1 17Ùk�[Øã.

¦þã�ª�åà`z¯K�²;O2 Lagrange¦f{ (Augmented
Lagrangian Method)� k-ÚS�,´l�½� λkÑu,¦

xk+1 = Argmin{LA(x, λk) |x ∈ X},
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λk+1 = λk − 1

s
(Axk+1 − b)

��#�S�:.

� Ω∗´ VI(Ω, F ) �)8Ü.��ÄÂ �{I�,·�P

Λ∗ = {λ∗ ∈ Λ | (x∗, λ∗) ∈ Ω∗}.

XJ^²;�O2 Lagrange�{¦)¯K (1.1),é?¿�½� b ∈ <m,·�

b�f¯K

min {θ(x) + 1
2s‖Ax− b‖

2 |x ∈ X}

´N´¦)�.ÄK�{,æ^ÄutµO2 Lagrange�Â �{.ù�,I

�b�é?¿�½� a ∈ <n,¯K

min {θ(x) + r
2‖x− a‖

2 |x ∈ X}

�)´N´¦��.
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·�¡½Â3 Ω = X × <mþ�

LA(x, λ) = θ(x)− λT (Ax− b) +
1

2s
‖Ax− b‖2

��ª�å�¯K min{θ(x) | Ax = b, x ∈ X} �O2 Lagrange¼ê.±

e´O2 Lagrange¦f{�µe§§l�½� λkm©.

�ª�å¯K�O2 Lagrange¦f{µe é�½� λk ,k¦

x̃k = Argmin{θ(x) + 1
2s
‖(Ax− b)− sλk‖2 | x ∈ X}, (2.1a)

,�-

λ̃k = λk − 1
s
(Ax̃k − b). (2.1b)

²;�O2 Lagrange¦f{± λk+1 = λ̃k �¤�gS�.
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λk+1 = λk − γ(λk − λ̃k), γ ∈ (0, 2) (2.2)

)¤#�S�:.d (2.1a))¤� x̃k ∈ X ÷v

θ(x)− θ(x̃k) + (x− x̃k)T {−ATλk + 1
s
AT (Ax̃k − b)} ≥ 0, ∀x ∈ X .

ò (2.1b)¥� λ̃k = λk − 1
s
(Ax̃k − b) �\þªÒk

x̃k ∈ X , θ(x)− θ(x̃k) + (x− x̃k)T
(
−AT λ̃k

)
≥ 0, ∀x ∈ X . (2.3)

r (2.3)Ú (2.1b)|Ü3�å,Ò´ ũk = (x̃k, λ̃k) ∈ Ω,¿�

θ(x)− θ(x̃k) +

x− x̃k
λ− λ̃k

T
 −AT λ̃k
Ax̃k − b

+

 0

s(λ̃k − λk)

 ≥ 0, ∀u ∈ Ω.

(2.4)

ò?¿� u∗ = (x∗, λ∗)�\þª¥� u ∈ Ω,¿|^ F (u)�L�ªÒk

(λ̃k − λ∗)T (λk − λ̃k) ≥ 1

s
{(ũk − u∗)TF (ũk) + θ(x̃k)− θ(x∗)}. (2.5)
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θ(x̃k)− θ(x∗) + (ũk − u∗)TF (u∗) ≥ 0,

í� (2.5)ª�mà�K.¤±k

(λk − λ∗)T (λk − λ̃k) ≥ ‖λk − λ̃k‖2, ∀λ∗ ∈ Λ∗. (2.6)

^ (2.2))¤#�S�: λk+1,3Â ¿Âe·�Ï~� γ ∈ [1, 2),�â (2.6)

��

‖λk+1 − λ∗‖2 = ‖(λk − λ∗)− γ(λk − λ̃k)‖2

= ‖λk − λ∗‖2 − 2γ(λk − λ∗)T (λk − λ̃k) + γ2‖λk − λ̃k‖2

≤ ‖λk − λ∗‖2 − γ(2− γ)‖λk − λ̃k‖2.

The sequence {λk} (dual variable) generated by Augmented Lagrangian Method

is Fejér monotone.

þã5�`²,O2 Lagrange¦f{´'uéóCþ λ� PPA�{.^Â 

�{�*:5�Ä¯K,S�ª (2.2)¥� γ�±3«m (0, 2)¥gdÀ�.3

¢SO�¥,·�ïÆ� γ ∈ [1.2, 1.8].
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3¢S¯K¥,°(¦)f¯K (2.1a)  ´s¤é��.·��´b��k

/qmin {θ(x) + r
2
‖x− a‖2 |x ∈ X}�¯K´N´¦)�.XJé (2.1a)¥

�8I¼ê\þ Proximal�
r

2
‖x− xk‖2, �?n�f¯KÒ¤�

min {θ(x) +
1

2s
‖(Ax− b)− sλk‖2 +

r

2
‖x− xk‖2 |x ∈ X}. (3.1)

2ò (3.1)¥�
1

2s
‖(Ax− b)− sλk‖2 3 xk?��5zCqÒ´

1

2s
‖(Axk − b)− sλk‖2 +

(1

s
AT [(Axk − b)− sλk]

)T
(x− xk).

é (3.1)¥��g��5z±�,f¯KÒC¤

min {θ(x) +
(1

s
AT [(Axk − b)− sλk]

)T
x+

r

2
‖x− xk‖2 |x ∈ X}. (3.2)

ÄuO2 Lagrange¦f{� PPA�{,�é (3.1)¥��g¼ê��5z?

n.zÚS�l�½� uk = (xk, λk)m©,)¤ ũk ∈ Ω.



VIII - 9

é�g¼ê�5z?n é�½� (xk, λk),k¦

x̃k = Argmin{θ(x)+
(1

s
AT [(Axk−b)−sλk]

)T
x+

r

2
‖x−xk‖2 |x ∈ X} (3.3a)

,�-

λ̃k = λk − 1

s
(Ax̃k − b). (3.3b)

·�UÚ�µe�	)¤�ýÿ: ũk .d (3.3a))¤� x̃k ∈ X ÷v

θ(x)−θ(x̃k)+(x−x̃k)T {−ATλk+
1

s
AT (Axk−b)+r(x̃k−xk)} ≥ 0, ∀x ∈ X .

ò (3.3b)¥� λ̃k = λk − 1
s
(Ax̃k − b) �\þªÒk x̃k ∈ X ,¿éx ∈ X ,k

θ(x)− θ(x̃k) + (x− x̃k)T
(
−AT λ̃k + (rIn −

1

s
ATA)(x̃k − xk)

)
≥ 0, (3.4)

r (3.4)Ú (3.3b)|Ü3�å,Ò´ ũk = (x̃k, λ̃k) ∈ Ω,¿é¤k� (x, λ) ∈ Ω,
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θ(x)−θ(x̃k)+

x− x̃k
λ− λ̃k

T
 −AT λ̃k
Ax̃k − b

+

(rIn − 1
s
ATA)(x̃k − xk)

s(λ̃k − λk)

 ≥ 0.

(3.5)

·�P

d(uk, ũk) =

(rIn − 1
s
ATA)(xk − x̃k)

s(λk − λ̃k)

 . (3.6)

¿|^ F (u)�L�ª,Òk

θ(x)− θ(x̃k) + (u− ũk)T (F (ũk)− d(uk, ũk)) ≥ 0, ∀u ∈ Ω. (3.7)

ò?¿� u∗ = (x∗, λ∗)�\þª¥� (x, λ) ∈ Ω,¿

(ũk − u∗)T d(uk, ũk) ≥ θ(x̃k)− θ(x∗) + (ũk − u∗)TF (ũk). (3.8)

|^ F �üN5Ú θ(x̃k)− θ(x∗) + (ũk − u∗)TF (u∗) ≥ 0,þªmà�K.?


��

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk). (3.9)
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éëê r, s��¦ é�½� s > 0, À� r¦

rs > ‖ATA‖. (3.10)

3þã^�e,Ý


G =

 rIn − 1
s
ATA 0

0 sIm

 , (3.11)

´�½�.|^ (3.6),Òk

d(uk, ũk) = G(uk − ũk). (3.12)

Ø�ª (3.9)Òz¤

(uk − u∗)TG(uk − ũk) ≥ ‖uk − ũk‖2G. (3.13)

��� uk+1 = ũk�#�S�:,Ò��G-�e� PPA�{.

ÄuO2 Lagrange¦f{� PPA�{
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uk+1 = uk − γ(uk − ũk), γ ∈ (0, 2) (3.14)

�)#�S�: uk+1,·���� γ ∈ [1, 2).|^ (3.13),S� {uk}÷v

‖uk+1 − u∗‖2G ≤ ‖uk − u∗‖2G − γ(2− γ)‖uk − ũk‖2G.

ù´�yÄuO2 Lagrange¦f{� PPA�{Âñ�'�Ø�ª.

¦^ù�!��{,ëê r, sI�÷v^� rs > ‖ATA‖ (� (3.10)).Ïd,·

Ü^5?n ‖ATA‖N´���¯K.

4 ÄÄÄuuuOOO222 Lagrange¦¦¦fff{{{���ÂÂÂ   ���{{{

ù�!�ÄuO2 Lagrange¦f{�Â �{,Ó�´�é (3.1)¥��g¼

ê��5z?n.zÚS�l�½� uk = (xk, λk)m©,�´± (3.3))¤

ũk ∈ Ω.dþ�!�©Û,·���

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk), (4.1)
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d(uk, ũk) =

 (rIn − 1
s
ATA)(xk − x̃k)

s(λk − λ̃k)

 (4.2)

·�P

H =

 rIn 0

0 sIm

 . (4.3)

¿�Ä^

M(uk − ũk) = H−1d(uk, ũk) (4.4)

��Ï���.ù�

M =

In − 1
rs
ATA 0

0 Im

 . (4.5)

·�¿Ø�¦M �½,ÏdØ2�¦ rs > ‖ATA‖,�ØU��ò ũk��#

�S�:.�é{`,ÄuO2 Lagrange¦f{�Â �{´�«ýÿ¨�

��{,± (3.3))¤� ũk ∈ Ω�´��ýÿ:.
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)¤ýÿ:�éëê r, s��¦ é�½� s > 0,�¦ r÷v

‖ATA(xk − x̃k)‖ ≤ rsν‖xk − x̃k‖, ν ∈ (0, 1). (4.6)

XJ^� rs > ‖ATA‖ (� (3.10))÷v,K^� (4.6)g,÷v.,
,ùp��

¦3O��zgS�¥�y^� (4.6)´Ä÷v.

·��ÄH �e�Â �{.5¿�Ø�ª (4.1)�±�¤

(uk − u∗)THM(uk − ũk) ≥ (uk − ũk)THM(uk − ũk), ∀u∗ ∈ Ω∗. (4.7)

Lemma 4.1 é�½� uk = (xk, λk),� ũk ∈ Ωd (3.3))¤.3^� (4.6)÷v

��¹e,·�k

(uk − ũk)THM(uk − ũk)

≥ 1

2

{
‖M(uk − ũk)‖2H + (1− ν2)‖uk − ũk‖2H

}
. (4.8)
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2(uk − ũk)THM(uk − ũk)− ‖d(uk, ũk)‖2H .

du

2(uk − ũk)THM(uk − ũk)− ‖M(uk − ũk)‖2H
=

(
2(uk − ũk)−M(uk − ũk)

)T
HM(uk − ũk). (4.9)

|^H Ú d(uk, ũk)�½Â(� (4.3)Ú (4.4)),éþª�mà?1?n,du

M(uk − ũk) =

 (In − 1
rs
ATA)(xk − x̃k)

(λk − λ̃k)


Ú

2(uk − ũk)−M(uk − ũk) =

 (In + 1
rs
ATA)(xk − x̃k)

(λk − λ̃k)

 .
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òù
�\ (4.9)�màÒ��

2(uk − ũk)THM(uk − ũk)− ‖M(uk − ũk)‖2H

= r
(
‖xk − x̃k‖2 − 1

r2s2
‖ATA(xk − x̃k)‖2

)
+ s‖λk − λ̃k‖2.

3^� (4.6)÷v��¹e,lþª��

2(uk − ũk)THM(uk − ũk)−‖M(uk − ũk)‖2H
≥ (1− ν2)r‖xk − x̃k‖2 + s‖λk − λ̃k‖2. (4.10)

lþªêþ�� (4.8),Úny²�..

·��ÄH �e�Â �{.k�Ä�ü Ú��ÐÐÐ������ÂÂÂ   ���{{{.

Ð��Â �{ é�½� ukÚ^ (3.3))¤� ũk ,^

uk+1 = uk −M(uk − ũk) (4.11)

)¤#�S�:.dÝ
M �(� (4.5),æ^Ð�Â �{� λk+1 = λ̃k .
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�âS�úª (4.11)¿¦^ (4.1),Òk

‖uk − u∗‖2H − ‖uk+1 − u∗‖2H
= ‖uk − u∗‖2H − ‖(uk − u∗)−M(uk − ũk)‖2H
= 2(uk − u∗)THM(uk − ũk)− ‖M(uk − ũk)‖2H
≥ 2(uk − ũk)THM(uk − ũk)−‖M(uk − ũk)‖2H . (4.12)

±Ún 4.1�(Ø (4.8)�\ (4.12),Òke¡�½n:

Theorem 4.1 Let the condition (4.6) be satisfied. Then the sequence {uk = (xk, λk)}
generated by the elementary contraction method satisfies

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H − (1− ν2)‖uk − ũk‖2H . (4.13)

½n 4.1¥�Ø�ª (4.13)´�yÐ�Â �{Âñ�'�Ø�ª.

2�ÄÏLO�Ú�(½e��S�:����������ÂÂÂ   ���{{{.

���Â �{ é�½� ukÚ (3.3))¤� ũk ,^

u(α) = uk − αM(uk − ũk) (4.14)
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�)�6uÚ� α�S�:.Ó�,é?¿�½� u∗ ∈ Ω∗,·�½Â

ϑ(α) := ‖uk − u∗‖2H − ‖u(α)− u∗‖2H (4.15)

Ú

q(α) = 2α(uk − ũk)THM(uk − ũk)−α2‖M(uk − ũk)‖2H . (4.16)

|^ (4.14)Ú (4.15)¥ ϑ(α)�½Â±9 (4.1),�±y²

ϑ(α) ≥ q(α) (4.17)

Ó�,5¿� (4.16)¥� q(α) ´ α��g¼ê,§3

α∗ =
(uk − ũk)THM(uk − ũk)

‖M(uk − ũk)‖2H
(4.18)

���4��.l (4.8)ª�,3^� (4.6)÷v��¹e, α∗k ≥ 1/2.3¢SO

�¥,·��

uk+1 = uk − γα∗kM(uk − ũk), (4.19)
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�#�S�:,Ù¥ γ ∈ [1, 2)¡�tµÏf.d (4.15)Ú (4.17),k

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H − q(γα∗k)

≤ ‖uk − u∗‖2H − γ(2− γ)α∗k(uk − ũk)THM(uk − ũk). (4.20)

�âþª,d (4.8)Ú α∗k ≥ 1/2,��

Theorem 4.2 The sequence {uk = (xk, λk)} generated by the general contraction

method satisfies

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H −
γ(2− γ)(1− ν2)

4
‖uk − ũk‖2H . (4.21)

½n 4.2¥�Ø�ª (4.21)´�y��Â �{Âñ�'�Ø�ª.

d	,d (4.18), (4.20)Ú α∗k > 1/2,¬k

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H −
γ(2− γ)

4
‖M(uk − ũk)‖2H .
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5 &&&EEEEEEâââ+++���`̀̀zzz¯̄̄KKK¥¥¥���AAA^̂̂

·�^ù�ù §3��{¦)1où¥J���~.

5.1 ���'''555ÝÝÝ


 (Correlation Matrix)������¥¥¥���AAA^̂̂

é�½�é¡Ý
 C ,¦ F -�e� Cål�C��'5Ý
,ÙêÆL�ª

´

min
{1

2
‖X − C‖2F | diag(X) = e, X ∈ Sn+

}
, (5.1)

Ù¥ eL«z�©þÑ� 1� n-��þ, Sn+L« n× n��½I�8Ü.¯

K (5.1)´/X (1.1)��ª�åà`z¯K,Ù¥ ‖ATA‖ = 1.

·�^ z ∈ <n���ª�å diag(X) = e � Lagrange¦f.

PPA���{{{¦¦¦)))¯̄̄KKK(5.1)

é�½� (Xk, zk),^ (3.3)�)(X̃k, z̃k):
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1. Finding X̃k which is the solution of the following minimization problem

min{1

2
‖X − C‖2F +

r

2
‖X − [Xk +

1

r
diag(zk+ 1

2 )]‖2F |X ∈ Sn+}, (5.2)

where

zk+ 1
2 = zk − 1

s
(diag(Xk)− e).

2. Setting

z̃k = zk − 1

s
(diag(X̃k)− e). (5.3)

fff¯̄̄KKK (5.2)¦¦¦)))���äääNNN���{{{:z��d¯K

min{1

2
‖X − 1

1 + r
[rXk + diag(zk+ 1

2 ) + C]‖2F |X ∈ Sn+}.

Ïd·����ÄXÛ¦)

X̃k = Argmin
{1

2
‖X −A‖2F |X ∈ Sn+

}
. (5.4)

¢Sþ,òé¡Ý
A�IOA��–A��þ©)

A = V ΛV T , Λ = diag(λ1, λ2, . . . , λn). (5.5)
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ÏL

X̃ = V Λ̃V T , Λ̃ = diag(λ̃1, λ̃2, . . . , λ̃n),

Ò�� X̃ ,Ù¥

λ̃j = max{0, λj}.

Ïd,zgS��Ì�ó�þ´� (5.5)¥�A�� (A��þ)©) .

ê�Á� �)¤Á�~f,���½é¡Ý
 C .

C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n)

ù��Ý
 C�é��3 (0, 2)�m,�é��3 (−1, 1)�m"

Code 7.a. Matlab code for Creating the test examples

clear; close all;

n = 1000; tol=1e-5; r=2.0; s=1.05/r; gamma=1.5;

rand(’state’,0); C=rand(n,n); C=(C’+C)-ones(n,n) + eye(n);
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Code 7.1. Matlab code of ALM based classical PPA

%%% Classical PPA for calibrating correlation matrix %(1)

function PPAC(n,C,r,s,tol) %(2)

X=eye(n); y=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; y0=y; k=k+1; %(7)

ya=y0 - (diag(X0)-ones(n,1))/s; %(8)

A=(X0*r + C + diag(ya))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

yt=y0 - (diag(XT)-ones(n,1))/s; EY=y0-yt %(11)

ex=max(max(abs(EX))); ey=max(abs(EY)); stopc=max(ex,ey); %(12)

X= XT; y=yt; %(13)

end; % End of an Iteration %(14)

toc; TB = max(abs(diag(X-eye(n)))); %(15)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%

� (5.5)¥�A�� (A��þ)©),3þã§S¥�1 (10)1^ Matlab¥�

�é [V,D]=eig(A)¢y�,ù´��O�þ�V 9n3�$�.

ò Classical PPAU¤ Extended PPA,��ò1 (13)1U�e.
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Code 7.2 Matlab code of ALM based extended PPA

%%% Extended PPA for calibrating correlation matrix %(1)

function PPAE(n,C,r,s,tol,gamma) %(2)

X=eye(n); y=zeros(n,1); tic; %% The initial iterate %(3)

stopc=1; k=0; %(4)

while (stopc>tol && k<=100) %% Beginning of an Iteration %(5)

if mod(k,20)==0 fprintf(’ k=%4d epsm=%9.3e \n’,k,stopc); end; %(6)

X0=X; y0=y; k=k+1; %(7)

ya=y0 - (diag(X0)-ones(n,1))/s; %(8)

A=(X0*r + C + diag(ya))/(1+r); %(9)

[V,D]=eig(A); D=max(0,D); XT=(V*D)*V’; EX=X0-XT; %(10)

yt=y0 - (diag(XT)-ones(n,1))/s; EY=y0-yt %(11)

ex=max(max(abs(EX))); ey=max(abs(EY)); stopc=max(ex,ey); %(12)

X=X0 - EX*gamma; y=y0- EY*gamma; %(13)

end; % End of an Iteration %(14)

toc; TB = max(abs(diag(X-eye(n)))); %(15)

fprintf(’ k=%4d epsm=%9.3e max|X_jj - 1|=%8.5f \n’,k,stopc,TB); %%

ü�ØÓ��{,§SÑé{ü,^Ø
A1.ü�§SØÓ�/�==´1

(13)1k
�O,� γ = 1.5��{�J%k²w�Jp"
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Ý
��¯K (5.1)–¦^ Matlab¥� eigf§S

n× n Matrix Classical PPA Extended PPA

n = No. It CPU Sec. No. It CPU Sec.

100 29 0.34 21 0.25
200 32 2.26 24 1.68
500 38 20.70 26 14.04
800 41 86.75 29 61.28

1000 47 182.82 30 117.08
2000 65 1696.50 41 1076.04

The extended PPA converges faster than the classical PPA.

It. No. of Extended PPA

It. No. of Classical PPA
≈ 65%.
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♣'u�'XêÝ
���§S3N�� Codes-07�©�Y“Ý
��”¥.

��$1 demo.m,Ñ\ nÒ�±
. Ù¥� ALM PPAC.mÚ ALM PPAE.m©O

´ Classical PPAÚ Extended PPA�f§S.

(¢,^ù�ù0�� PPA�{¦)�'Ý
Ý
��¯K,zÚS��Ì�

O�ó�þ´é��é¡Ý
^ Matlab¥�IOf§S� [V,D]=eig(A).XJ

U^ Kim TOH�� mexeig� [V,D]=mexeig(A), O��m��!�.

Ý
��¯K (5.1)–A��©)¦^ mexeig

n× n Matrix Classical PPA Extended PPA

n = No. It CPU Sec. No. It CPU Sec.

100 29 0.14 21 0.10
200 32 0.57 24 0.42
500 38 5.64 26 3.92
800 41 20.05 29 14.31
1000 47 41.82 30 27.10
2000 65 401.94 41 255.37
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5.2 ÝÝÝ


������zzz���¡¡¡���AAA^̂̂

�M ´��m× nÝ
, Π´Ý
����I8.

Π = {(ij) | i ∈ {1, 2, . . . ,m}, j ∈ {1, 2, . . . , n}}.

Ý
��z¯K´dÜ©&E¼��Ü&E.3·�(¢S¯Kä��)^�

e,�õêØ��&E�$�Ý
�±ÏL¦)tµ¯K

min{‖X‖∗ | Xij = Mij , (ij) ∈ Π} (5.6)

��°(¡E.Ù¥ ‖X‖∗L«Ý
X �ÛÉ��Ú.Ï~¡�Ý
X �Ø

�—Nuclear Norm.

¯K (5.6)´/X (1.1)��ª�åà`z¯K,Ù¥ ‖ATA‖ = 1.·�ò (5.6)

��ª�åP�XΠ = MΠ§¿^ Z ∈ <m×n���A� Lagrange¦f.

PPA���{{{¦¦¦)))¯̄̄KKK (5.6)

é�½� (Xk, Zk),^ (3.3)�)(X̃k, Z̃k):
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1. Finding X̃k which is the solution of the following linear variational inequality

min
{
‖X‖∗ +

r

2

∥∥X − [Xk +
1

r
Z
k+ 1

2
Π

]∥∥2

F

}
(5.7)

where

Z
k+ 1

2
Π = ZkΠ −

1

s
(Xk

Π −MΠ).

2. Updating Z̃k by

Z̃kΠ = ZkΠ −
1

s
(X̃k

Π −MΠ).

fff¯̄̄KKK (5.7)¦¦¦)))���äääNNN���{{{: �I�ÄXÛ¦)

X̃k = Argmin
{1

r
‖X‖∗ +

1

2
‖X −A‖2F

}
. (5.8)

·�òA� SVD©)

A = UΛV T ,

¿P

X̃ = U Λ̃V T . (5.9)
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5¿�
1

r
‖X̃‖∗ +

1

2
‖X̃ −A‖2F =

1

r
‖Λ̃‖∗ +

1

2
‖Λ̃− Λ‖2F .

ÏL

λ̃j = λj −min(λj ,
1

r
), (5.10)

ÒU��é�Ý
 Λ̃�é�� λ̃j ,�\ (5.9)Ò�� (5.8)�) X̃k .Ó�,z

gS��Ì�ó�þ´���Ý
� SVD©).

XJ± λÚ λ̃©OL«é�Ý
 ΛÚ Λ̃�é��)¤��þ,du λ´�K

�þ,'Xª (5.10)��±�¤ Shrinkage�/ª

λ̃ = λ− P
B

1/r
∞

[λ],

Ù¥B
1/r
∞ ´Ã¡�e�»� 1/r�/�0£��á�N¤.

(((ØØØ:ò�5�å�à`z¯K=�¤üNC©Ø�ª,2^ù�ù §3¥0
��ÄuO2 Lagrange¦f{� PPA�{¦),zgS�¥�¦)�f¯

K,ê��ê¥Ñk(½�¤Ù��{¦) !
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ê�Á� ê�Á�~f�g[2]

���� ra� n× n�gdÝ´ dra := ra(2n− ra).

)))¤¤¤ÁÁÁ���¯̄̄KKKµ

• k^pdÓ©Ù (Gaussian i.i.d)Õá)¤ü� n× ra�Ý
M1ÚM2,

,�-M = M1M
T
2 ,K n× nÝ
M ��� ra.

• �ÅÀ½M �m�����®���,ù
���eI8�Π.

OOO���(((JJJµ

• Ý
��z¯K�JÝ�'Çm/draÚm/n2Ñk'X.

• ©O^ Classical PPAÚ Extended PPA (γ = 1.5)?1O�.

• �½Ý
G (see (3.11))¥�ëê r, s©O� rs = 1.01Ú r = 0.005.

• ÊÅOKæ^�éØ� ‖Xk
Π −MΠ‖F /‖MΠ‖F ≤ 10−4.

·�^ γ = 1.5�Extended PPA¦),du KKT^� PrimalÜ©((3.5)�þ�
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Ü©)�Ø÷vþ´

(rIn −
1

s
ATA)(x̃k − xk).

éù�äN¯K, ‖ATA‖ = 1¿� rs ≈ 1,¤±·�u�

KKT-Violation := max{rmax
ij
|Xk

ij − X̃k
ij |}

¿3O�(J¥�Ñ.

O��m�6u^�o SVDf§S.·�©O�Ñ^ Matlab¥�IO SVD±

9 PROPACK-SVD�ØÓO��J.

♣Ý
��z�§S3N�� Codes-07�©�Y“Ý
��z”¥.��$1

demo.mÒ�±
. �éØÓ�/Á�,��3 demo.m¥^ %�·�ÀJ.

Ù¥� PPAC.mÚ PPAE.m©O´ Classical PPAÚ Extended PPA�f§S.
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Code 7.b. Creating the test examples of Matrix Completion

%% Creating the test examples of the matrix Completion problem %(1)

clear all; clc %(2)

maxIt=100; tol = 1e-4; %(3)

r=0.005; s=1.01/r; gamma=1.5; %(4)

n=200; ra = 10; oversampling = 5; %(5)

% n=1000; ra=100; oversampling = 3; %% Iteration No. 31 %(6)

% n=1000; ra=50; oversampling = 4; %% Iteration No. 36 %(7)

% n=1000; ra=10; oversampling = 6; %% Iteration No. 78 %(8)

%% Generating the test problem %(9)

rs = randseed; randn(’state’,rs); %(10)

M=randn(n,ra)*randn(ra,n); %% The matrix will be completed %(11)

df =ra*(n*2-ra); %% The freedom of the matrix %(12)

mo=oversampling; %(13)

m =min(mo*df,round(.99*n*n)); %% No. of the known elements %(14)

Omega= randsample(nˆ2,m); %% Define the subset Omega %(15)

fprintf(’Matrix: n=%4d Rank(M)=%3d Oversampling=%2d \n’,n,ra,mo);%(16)

·��éALM-based extended PPA�Ñ§S,e^ALM-based classical PPA,

��re¡�1(16)1U¤ X = XT 1(17)1U¤ Y(Omega) = YT(Omega)
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Code 7.3. ALM-based extended PPA for Matrix Completion Problem

function PPAE(n,r,s,M,Omega,maxIt,tol,gamma) % Ititial Process %%(1)

X=zeros(n); Y=zeros(n); YT=zeros(n); %(2)

nM0=norm(M(Omega),’fro’); eps=1; VioKKT=1; k=0; tic; %(3)

%% Minimum nuclear norm solution by PPA method %(4)

while (eps > tol && k<= maxIt) %(5)

if mod(k,5)==0 %(6)

fprintf(’It=%3d |X-M|/|M|=%9.2e VioKKT=%9.2e\n’,k,eps,VioKKT); end;%(7)

k=k+1; X0=X; Y0=Y; %(8)

Y(Omega)=Y0(Omega)-(X0(Omega)-M(Omega))/s; %(9)

A = X0 + Y/r; [U,D,V]=svd(A,0); %(10)

D=D-eye(n)/r; D=max(D,0); XT=(U*D)*V’; EX=X0-XT; %(11)

DXM=XT(Omega)-M(Omega); eps = norm(DXM,’fro’)/nM0; %(12)

YT(Omega)=Y0(Omega)-(XT(Omega)-M(Omega))/s; EY=Y0-YT; %(13)

VioKKT = max(max(abs(EX)))*r; %(14)

if (eps <= tol) gamma=1; end; %(15)

X = X0 - EX*gamma; %(16)

Y(Omega) = Y0(Omega) - EY(Omega)*gamma; %(17)

end; %(18)

fprintf(’It=%3d |X-M|/|M|=%9.2e Vi0KKT=%9.2e \n’,k,eps,VioKKT); %(19)

RelEr=norm((X-M),’fro’)/norm(M,’fro’); toc; %(20)

fprintf(’ Relative error = %9.2e Rank(X)=%3d \n’,RelEr,rank(X)); %(21)

fprintf(’ Violation of KKT Condition = %9.2e \n’,VioKKT); %(22)
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Ý
��z¯K:^ Matlab-SVD¦)(J

1000×1000 matrix ALM-based Classical PPA ALM-based Extended PPA

(rank, m
dr

, m
n2 )

No.

It.

CPU

Sec.

Relative

error

KKT-

Violation

No.

It.

CPU

Sec.

Relative

error

KKT-

Violation

(10, 6, 0.12) 85 989.84 9.62E-5 4.34E-6 77 899.40 9.32E-5 2.79E-6

(50, 4, 0.39) 43 491.35 1.46E-4 1.85E-5 37 425.24 1.21E-4 1.43E-5

(100, 3, 0.58) 36 394.68 1.72E-4 2.78E-5 31 363.04 1.55E-4 3.26E-5

♣ ^Matlab¥� SVD,��g SVD�s¤é�,oÑ��S�gê¤'~.

♣ ^ Extended PPA� Classical PPA�',A�Ø\�	�Kú,�Ç�´Jp 10%

±þ.Ïd,3?Û�¹e,·�ÑJ�^ Extended PPA.

♣ ^ PROPACK [9]¥� SVD,¯Nõ,oÑ�Ì��¯K5�k'.du·�Ì�é

S�gêa,�,·�==��^Matlab� SVD�(J,�Nþ¤I��f§S.oÑ

�Ì��¯K5�k'.

♣ 5¿�, Cai, Candès and Shen [2]��{éùn�~f�S�gê©O´ 117, 114

Ú129 (See the first three examples in Table 5.1 of [2], pp. 1974).�Kþ,zgS��Ì�ó�

þÑ´�g SVD©). [2]¥æ^Ø��©)Eâ,!�
o�$1�m.
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�:`² l18ù�1lù,·�Ì�ù�a Customized PPA�{,¦)

min{θ(x) |Ax = b, x ∈ X} (5.11)

ù��aà`z¯K.^5O��~f,ÑkA^�µ.^ Customized PPA�

{¦),kéØ��ê�(J.Ì��Ï´ù
¯K¥��5�å�Ý
A

�5�'�Ð (5¿� diag(X) = e Ú XΠ = MΠL«¤Ax = b�, A�

´��ÝKÝ
),\þù
¯K¥

min {θ(x) +
r

2
‖x− a‖2 |x ∈ X}

ù��f¯K´k¤Ù�{¦)�.

�´,�X R. Fletcher3¦�Í� Practical Methods of Optimization¥`�,

Indeed there is no general agreement on the best approach and
much research is still to be done.

­.þvk���{´é¤k�¯KÑ´�Ð�,·�ØU�"^ùAù0

���{�¦)/X (5.11)���à`z¯K,AO´<��E�JK.Ð3

�
kA^�µ�¯K,~~k§�AÏ(�,{ü��{k��Un�.



VIII - 36

References
[1] D. P. Bertsekas. Constrained Optimization and Lagrange Multiplier Methods. Academic Press, 1982.

[2] J. F. Cai, E. J. Candès and Z. W. Shen, A singular value thresholding algorithm for matrix completion, SIAM J.

Optim., 20, 1956-1982, 2010.

[3] B.S. He, A class of projection and contraction methods for monotone variational inequalities, Applied

Mathematics and Optimization, 35, 69-76, 1997.

[4] B.S. He, Inexact implicit methods for monotone general variational inequalities, Math. Program. Series A 86,

199-217, 1999.

[5] B. S. He, X. L. Fu and Z.K. Jiang, Proximal point algorithm using a linear proximal term, JOTA, 141, 209-239,

2009.

[6] B.S He and L-Z Liao, Improvements of some projection methods for monotone nonlinear variational inequalities,

JOTA, 112, 111-128, 2002

[7] B. S. He and M.-H. Xu, A general framework of contraction methods for monotone variational inequalities,

Pacific J. Optimization, 4, 195-212, 2008.

[8] M. R. Hestenes, Multiplier and gradient methods. Journal of Optimization Theory and Applications,4, 302-320,

1969.

[9] R. M. Larsen, Propackõsoftware for large and sparse svd calculation, http://sun.stanford.edu/rmunk/

PROPACK/, 2005.

[10] J. Nocedal and S.J. Wright, Numerical Optimization, Springer Verlag, 1999.

[11] M. J. D. Powell. A method for nonlinear constraints in minimization problems. In R. Fletcher, editor, Optimization.

Academic Press, 1969.


