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{ü�å�à`z¯K ù�ù?Ø{ü�å��à`z¯K

min {f(x) | x ∈ Ω}

�FÝ�{,Ù¥ Ω´<n¥�à48,¿b�� Ωþ�ÝK´N´¢y�.

31�ù¥Ò®²J�,{ü�å��à`z¯K�du¦C©Ø�ª

VI(Ω,∇f) x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω

�).ù�ù�ÝKFÝ�{,©O´Â �{Úeü�{,ÑØ�^�¼ê

� f(x),��é�½� x,UJø∇f(x).Â �{�yS�:�)8�C.

eü�{KÛ¹
8I¼ê�eü,¦+8I¼ê�3O�L§¥lØÑy.

� x∗´C©Ø�ª VI(Ω,∇f)�).du x̃ = PΩ[x− β∇f(x)] ∈ Ω,Ïd�

âC©Ø�ª�½Âk1��Ä�Ø�ª

(FI1) (x̃− x∗)Tβ∇f(x∗) ≥ 0.

du x̃ ´ x− β∇f(x) 3 Ω þ�ÝK, x∗ ∈ Ω,�âÝK�Ä�5�, k

(FI2) (x̃− x∗)T
(
[x− β∇f(x)]− x̃

)
≥ 0.
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1 ààà`̀̀zzz���ÝÝÝKKKÂÂÂ   ���{{{
ÝKÂ �{dÝK PΩ[xk − β∇f(xk)]�� x̃k . xk ∈ Ω∗ ⇔ xk = x̃k .

Ø�Ýþ¼ê ���K¼ê ϕ(xk, x̃k)¡�C©Ø�ª VI(Ω, F )�Ø

�Ýþ¼ê,XJk δ > 0,¦�

ϕ(xk, x̃k) ≥ δ‖xk − x̃k‖2, ¿� ϕ(xk, x̃k) = 0 ⇔ xk = x̃k. (1.1)

k|�� �Ý
G�½,à`z�k|��Ñ´ (xk − x̃k),§÷v

(xk − x∗)TG(xk − x̃k) ≥ ϕ(xk, x̃k), ∀x∗ ∈ Ω∗. (1.2)

Ð�Â �{ �Äò (1.1)¥� ϕ(xk, x̃k) ≥ δ‖xk − x̃k‖2U¤^�

ϕ(xk, x̃k) ≥ 1

2

(
‖xk − x̃k‖2G + τ‖xk − x̃k‖2

)
, (τ > 0). (1.3)

·�ò^� (1.2)Ú (1.3)÷v�,^Ú�� 1�S�úª

xk+1 = xk − (xk − x̃k) = x̃k, (1.4)
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�)#S�:��{,¡� Primary Method (Ð��{).

1.1 ààà���ggg`̀̀zzz���ÝÝÝKKKÂÂÂ   ���{{{

éà�g`z,·�ò1�Ú1��Ä�Ø�ª (x̃− x∗)Tβ(Hx∗ + c) ≥ 0 (FI1)

(x̃− x∗)T
(
[x− β(Hx+ c)]− x̃

)
≥ 0 (FI2)

�\,é¤k� x ∈ <n,Ñk

{(x− x∗)− (x− x̃)}T {(x− x̃)− βH(x− x∗)} ≥ 0

dþªÚH ��½,

(x− x∗)T (I + βH)(x− x̃) ≥ ‖x− x̃‖2. (1.1)

Ø�Ýþ¼êÒ´ ϕ(xk, x̃k) = ‖xk − x̃k‖2.þª`² (x̃k − xk)´��ål

¼ê 1
2
‖x− x∗‖2(I+βH)3 xk?�eü��.PG = I + βH ,Ò´(1.2)�/ª

(xk − x∗)TG(xk − x̃k) ≥ ϕ(xk, x̃k), ∀x∗ ∈ Ω∗.
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ùp�Ä�ÝKÂ �{,�¦§�)�S�:¦� ‖xk − x∗‖2Gî�üN
eü.±

x(α) = xk − α(xk − x̃k) (1.2)

�)�6uÚ� α�#S�:.�	� α�'�ål²� áþ

ϑ(α) = ‖xk − x∗‖2G − ‖x(α)− x∗‖2G. (1.3)

|^ (1.1)Òk

ϑ(α) = ‖xk − x∗‖2G − ‖xk − x∗ − α(xk − x̃k)‖2G
≥ 2α‖xk − x̃k‖2 − α2‖xk − x̃k‖2G. (1.4)

·��� ϑ(α)���e.!�g¼ê q(α),

q(α) = 2α‖xk − x̃k‖2 − α2‖xk − x̃k‖2G. (1.5)

¦ q(α)��4��

α∗k = ‖xk − x̃k‖2/‖xk − x̃k‖2G. (1.6)

^S�ª

xk+1 = xk − γα∗k(xk − x̃k), γ ∈ (0, 2) (1.7)
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�)#�S�: xk+1.ù��S�S� {xk}÷v

‖xk+1 − x∗‖2(I+βH) ≤ ‖xk − x∗‖2(I+βH) − γ(2− γ)α∗k‖xk − x̃k‖2. (1.8)

�é{`,S�S� {xk}3G = (I + βH)-�e�)8Â .'uà�g`

z3(I + βH)-�eÂ ��{,��[��ë�©z [5].��`5,XÛÀ�

·�� βéÂñ�ÝK�é�.

gN'ÝKÂ �{ = �¿ á
Ú����eü{

5¿�3G = (I + βH)�, /�`Ú�0

α∗k =
‖xk − x̃k‖2

(xk − x̃k)T (I + βH)(xk − x̃k)
. (1.9)

é�½� ν ∈ (0, 1),·�¦^gN'{KÀ� β¦�

(xk − x̃k)T (βH)(xk − x̃k) ≤ ν‖xk − x̃k‖2, (1.10)

�\ (1.9)Bk

α∗k ≥
1

1 + ν
>

1

2
.
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ù¦�·�k�U3 (1.7)¥Ä�/�

γk = 1/α∗k, Ïd 1 < γk ≤ 1 + ν < 2.

S�ª (1.7)Ò¤�

xk+1 = x̃k = PΩ[xk − β(Hxk + c)]. (1.11)

ù��¦�k�UzÚS��O��g8I¼ê�FÝ(Ý
��þ�¦).

3 (1.8)¥|^ γkα
∗
k = 1, γk ≤ 1 + ν±9 x̃k = xk+1Òk

‖xk+1 − x∗‖2(I+βH) ≤ ‖xk − x∗‖2(I+βH) − (1− ν)‖xk − xk+1‖2. (1.12)

♣¦) min{ 1
2
xTHx+ cTx}���eü{´

xk+1 = xk − αSDk (Hxk + c), αSDk =
‖Hxk + c‖2

(Hxk + c)TH(Hxk + c)
.

� Ω = <n�,�â (1.11)Ú (1.10)k

xk+1 = xk − β(Hxk + c) Ú β ≤ ναSDk .
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Ïd, [5]¥ÎÜ^� (1.10)�ÝKÂ �{(1.11)��uò��eü{�¿ 

á
Ú�.�é{`,âd�O�¦)Ã�åà�g`z��{,T´ �


Ú����eü{.·�Qú%^ù
�{¦)Ã�åà�g5y�J¬'

��eü{��.¯¢þ,é��eü{�¿ áÚ�,Âñ�Çk-<J±

�&�êþ?Jp.ÖöN´^e¡�~f5�y.

ê�Á� Á�¯K¥� HessianÝ
´ HilbertÝ
,=µ

H = {hij}, hij =
1

i+ j − 1
, i = 1, · · · , n; j = 1, · · · , n.

¯K�5�(�ê)©Oll 100� 500.Ï� HilbertÝ
�^�é�,·�ò

�`) x∗�½�z�©þÑ´ 1��þ,,�- c = −Hx∗,2^FÝa�
{�¦).Á�¥,·�©Oò"�þ! cÚ−c��Ð©�þ.ùpæ^�

ÊÅOK´‖Hxk + c‖/‖Hx0 + c‖ ≤ 10−7.L 1–3©O�Ñ
3ØÓ¯K5

�!ØÓ *( ~½*Ü)ÏfÚØÓÐ©�þe�S�gê.Ù¥ nL«

¯K5�, rL« *Ïf. r = 1�,Ò´��eü{.

ÐÚ�Á�(JØ�)Ø
·��þãú%,Ó��<y
 DaiÚ Yuan [2]

J��ò��eü{�Ú�¦þ���u 1�Ïf¬\¯Âñ�(Ø.
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L 1.Ð©�þ x0 = 0,¦^ØÓ *Ïf r��S�gê

n= 0.1 0.3 0.5 0.7 0.8 0.9 0.95 0.99 1.00 1.20

100 2863 1346 853 627 582 437 565 1201 13169 22695
200 3283 1398 923 804 541 669 898 1178 14655 21083
300 3497 1323 856 739 720 568 619 1545 17467 24027
500 3642 1351 1023 773 667 578 836 2024 17757 22750

Ð©�þ x0 = 0,S�(å�²þ�éØ� ‖xk − x∗‖/‖x0 − x∗‖ = 3.0e− 3

L 2.Ð©�þ x0 = c,¦^ØÓ *Ïf r��S�gê

n= 0.1 0.3 0.5 0.7 0.8 0.9 0.95 0.99 1.0 1.2

100 2129 1034 544 424 302 438 568 919 5527 9667
200 1880 808 568 482 372 339 446 713 6625 11023
300 1852 1002 741 531 610 452 450 917 6631 10235
500 2059 939 568 573 379 547 558 874 7739 11269

Ð©�þ x0 = c,S�(å�²þ�éØ� ‖xk − x∗‖/‖x0 − x∗‖ = 1.8e− 3

L 3.Ð©�þ x0 = −c,¦^ØÓ *Ïf r��S�gê

n= 0.1 0.3 0.5 0.7 0.8 0.9 0.95 0.99 1.0 1.2

100 2545 1221 666 591 498 482 638 1581 14442 20380
200 2826 990 874 470 526 455 578 841 15222 18892
300 2891 1299 918 738 549 571 608 2552 18762 21208
500 3158 1769 909 678 506 512 678 1240 17512 19790

Ð©�þ x0 = −c,S�(å�²þ�éØ� ‖xk − x∗‖/‖x0 − x∗‖ = 3.8e− 3
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1.2 ÄÄÄuuu FI2���������555ààà`̀̀zzz���ÝÝÝKKKÂÂÂ   ���{{{

��à`z¯K min{f(x) |x ∈ Ω} �C©Ø�ª VI(Ω,∇f)�d.d

x̃ = PΩ[x− β∇f(x)]

ÚÝK�Ä�5�,�±��

(x̃− x∗)T
(
[x− β∇f(x)]− x̃

)
≥ 0.

þ¡�Ø�ªÙ¢Ò´1�ù¥�1��Ä�Ø�ª.âd�±í�

(x̃− x∗)T (x− x̃) ≥ (x̃− x∗)Tβ∇f(x)

= (x− x∗)Tβ∇f(x)− (x− x̃)Tβ∇f(x). (1.13)

,âà¼ê�5�,k

(x−x∗)T∇f(x) ≥ f(x)− f(x∗) ≥ (x− x̃)T∇f(x̃) + (f(x̃)− f(x∗)). (1.14)

± (1.14)�\ (1.13)�mà,Ké¤k� x ∈ <n,Ñk

(x̃− x∗)T (x− x̃) ≥ −β(x− x̃)T (∇f(x)−∇f(x̃)).
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dþª�

(x− x∗)T (x− x̃) ≥ ‖x− x̃‖2 − β(x− x̃)T (∇f(x)−∇f(x̃)). (1.15)

·�½Â

ϕ(x, x̃) = ‖x− x̃‖2 − β(x− x̃)T (∇f(x)−∇f(x̃)). (1.16)

b�∇f ´ LipschitzëY�.éu��(½� ν ∈ (0, 1),o�±æ^ Armijo

Eâé�f?1N',¦� β∇f � Lipschitz~êØ�u ν,k

β‖∇f(x)−∇f(x̃)‖ ≤ ν‖x− x̃‖

ª¤á.ù�Bk

(x− x∗)T (x− x̃) ≥ ϕ(x, x̃) ≥ (1− ν)‖x− x̃‖2.

d (1.16)½Â� ϕ(x, x̃)÷v^� (1.1),Ù¥� δ = 1− ν > 0.�Äî¼�e

�Â �{,d

xk+1 = xk − γα∗k(xk − x̃k),



X - 12

�)#�S�: xk+1,Ù¥

α∗k =
ϕ(xk, x̃k)

‖xk − x̃k‖2 , γ ∈ (0, 2).

S�S� {xk}Ò÷v

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − γ(2− γ)α∗kϕ(xk, x̃k).

d ϕ(x, x̃) ≥ (1− ν)‖x− x̃‖2�±?�Úí�

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − γ(2− γ)(1− ν)2‖xk − x̃k‖2.

k'ù�!��'Ø©Úê�Á���:

• B.S. He, L.Z. Liao, and X. Wang, Proximal-like contraction methods for monotone

variational inequalities in a unified framework I: Effective quadruplet and primary

methods, Comput. Optim. Appl., 51, 649-679, 2012

• B.S. He, L.Z. Liao, and X. Wang, Proximal-like contraction methods for monotone

variational inequalities in a unified framework II: General methods and numerical

experiments, Comput. Optim. Appl. 51, 681-708, 2012
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2 Projected Gradient Descent (PDG) method for

nonlinear convex optimization

The findings on projection and contraction method for solving the quadratic

programming also contribute to solving the following differentiable convex

optimization problem.

Let Ω be a convex closed set in Rn. The problem concerted in this subsection is

to find x∗ ∈ Ω, such that

(x− x∗)T g(x∗) ≥ 0, ∀ x ∈ Ω, (2.1)

where g(x) is a mapping from Rn into itself. We assume that g(x) is the gradient

of a certain convex function, say f(x), however, f(x) is not provided. Only for

given x, g(x) is observable (sometimes with costly expenses).
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In other words, (2.1) is equivalent to the following convex optimization problem

min {f(x) | x ∈ Ω}. (2.2)

We call (3.2) an oracle convex optimization problem, because only the gradien-

t information g(x) can be used for solving (3.2). For x∗ ∈ Ω∗, we assume

f(x∗) > −∞.

In addition, we also assume that g(x) is Lipschitz continuous, i.e., there exists a

constant L > 0 such that

‖g(x)− g(y)‖ ≤ L‖x− y‖, ∀x, y ∈ <n. (2.3)

We require that g(x) is Lipschitz continuous while it does not need to know the

value of L in (2.3).
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The methods presented in this section do not involve the value of f(x), but they

can guarantee that f(xk) is strict monotonically decreasing, hence they belong to

the descending methods.

2.1 Steepest descent method for convex programming

Single step projected gradient method.

Step k. (k ≥ 0) Set

xk+1 = PΩ[xk − βkg(xk)], (2.4a)

where the step size βk satisfies the following condition:

(xk − xk+1)T (g(xk)− g(xk+1)) ≤ ν

βk
‖xk − xk+1‖2. (2.4b)

Note that the condition (2.4b) automatically holds when βk ≤ ν/L, where L is
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the Lipschitz modulus of g(x). The reason is

(xk − xk+1)Tβk(g(xk)− g(xk+1))

≤ ‖xk − xk+1‖ · βkL‖xk − xk+1‖ ≤ ν‖xk − xk+1‖2.

2.2 Global convergence of the proposed method
In the following, we show an important lemma by using the basic properties of the

projection and convex function.

Lemma 2.1 For given xk, let xk+1 be generated by (2.4a). If the step-size βk
satisfies (2.4b), then we have

(x− xk+1)T g(xk) ≥ 1
βk

(x− xk+1)T (xk − xk+1), ∀x ∈ Ω, (2.5)

and

βk(f(x)− f(xk+1))

≥ (x− xk+1)T (xk − xk+1)− ν‖xk − xk+1‖2, ∀x ∈ Ω. (2.6)
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Proof. Note that xk+1 is the projection of [xk − βkg(xk)] on Ω. Using the

projection’s property, (x− PΩ(z))T (z − PΩ(z)) ≤ 0, ∀x ∈ Ω, we have

(x− xk+1)T {[xk − βkg(xk)]− xk+1} ≤ 0, ∀x ∈ Ω.

It follows that

(x− xk+1)Tβkg(xk) ≥ (x− xk+1)T (xk − xk+1), ∀x ∈ Ω, (2.7)

and the first assertion (2.5) is proved. Using the convexity of f , we have

f(x) ≥ f(xk) + (x− xk)T g(xk), (2.8)

and

f(xk) ≥ f(xk+1) + (xk − xk+1)T g(xk+1)

= f(xk+1) + (xk − xk+1)T g(xk)

−(xk − xk+1)T
(
g(xk)− g(xk+1)

)
≥ f(xk+1) + (xk − xk+1)T g(xk)− ν

βk
‖xk − xk+1‖2. (2.9)
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The last “ ≥ ” is due to (2.4b). From (2.8) and (2.9), we get

f(x)− f(xk+1)

≥ f(xk) + (x− xk)T g(xk)

−
{
f(xk) + (xk+1 − xk)T g(xk) +

ν

βk
‖xk − xk+1‖2

}
= (x− xk+1)T g(xk)− ν

βk
‖xk − xk+1‖2. (2.10)

Substituting (2.5) in (2.10), we obtain

f(x)− f(xk+1) ≥ 1

βk
(x− xk+1)T (xk − xk+1)− ν

βk
‖xk − xk+1‖2,

and the second assertion of this lemma is proved. 2

The following theorem shows that the projected gradient method (2.4) is a descent

method whose objective function value {f(xk)} is monotonically decreasing.
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Theorem 2.1 Let {xk} be the sequence generated by the single step projected

gradient method (2.4). Then, we have

f(xk+1) ≤ f(xk)− 1− ν
βk
‖xk − xk+1‖2, (2.11)

and

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − (1− 2ν)‖xk − xk+1‖2

−2βk(f(xk+1)− f(x∗)). (2.12)

Proof. Setting x = xk in (2.6) in Lemma 2.1, we obtain the assertion (2.11)

immediately. Next, setting x = x∗ in (2.6), we have

βk(f(x∗)− f(xk+1))

≥ (x∗ − xk+1)T (xk − xk+1)− ν‖xk − xk+1‖2,
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and thus

(xk − x∗)T (xk − xk+1)

≥ (1− ν)‖xk − xk+1‖2 + βk(f(xk+1)− f(x∗)).

Using the above inequality, we get

‖xk+1 − x∗‖2

= ‖(xk − x∗)− (xk − xk+1)‖2

= ‖xk − x∗‖2 − 2(xk − x∗)T (xk − xk+1) + ‖xk − xk+1‖2

≤ ‖xk − x∗‖2 − 2(1− ν)‖xk − xk+1‖2

−2βk(f(xk+1)− f(x∗)) + ‖xk − xk+1‖2

= ‖xk − x∗‖2 − (1− 2ν)‖xk − xk+1‖2

−2βk(f(xk+1)− f(x∗)).

This completes the proof of the assertion (2.12). 2

Directly from (2.12), it follows the following corollaryµ
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Corollary 2.1 Let {xk} be the sequence generated by the single step projected

gradient method (2.4). If ν ≤ 1
2 , we have ‖xk+1− x∗‖2 < ‖xk − x∗‖2, for any

x∗ ∈ Ω∗. The generated sequence {xk} is in a compact set.

2.3 Convergence rate of the proposed method

Below we show that the iteration-complexity of the single projected gradient

method is O(1/k). For the convenience, we assume βk ≡ β.

Theorem 2.2 Let {xk} be generated by the single step projected gradient method

(2.4). Then, we have

2kβ(f(xk)− f(x∗))

≤ ‖x0 − x∗‖2 −
k−1∑
l=0

(
(1− 2ν) + 2l(1− ν)

)
‖xl − xl+1‖2. (2.13)
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Proof. First, it follows from (2.12) that, for any x∗ ∈ Ω∗ and all l ≥ 0, we have

2β(f(x∗)−f(xl+1)) ≥ ‖xl+1−x∗‖2−‖xl−x∗‖2+(1−2ν)‖xl−xl+1‖2.

Summing the above inequality over l = 0, . . . , k − 1, we obtain

2β
(
kf(x∗)−

k−1∑
l=0

f(xl+1)
)

≥ ‖xk − x∗‖2 − ‖x0 − x∗‖2 +

k−1∑
l=0

(1− 2ν)‖xl − xl+1‖2.(2.14)

It follows from (2.11) that

2βl
(
f(xl)− f(xl+1)

)
≥ 2l(1− ν)‖xl − xl+1‖2,

which can be rewritten as

2β
(
lf(xl)− (l + 1)f(xl+1) + f(xl+1)

)
≥ 2l(1− ν)‖xl − xl+1‖2.
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Summing the above inequality over l = 0, . . . , k − 1, it follows that

2β

k−1∑
l=0

(
lf(xl)−(l+1)f(xl+1)+f(xl+1)

)
≥
k−1∑
l=0

2l(1−ν)‖xl−xl+1‖2,

which simplifies to

2β
(
−kf(xk) +

k−1∑
l=0

f(xl+1)
)
≥
k−1∑
l=0

2l(1− ν)‖xl − xl+1‖2. (2.15)

Adding (2.14) and (2.15), we get

2kβ
(
f(x∗)− f(xk)

)
≥ −‖x0 − x∗‖2 +

k−1∑
l=0

(
(1− 2ν) + 2l(1− ν)

)
‖xl − xl+1‖2,

which implies (2.13) and the theorem is proved. 2

From (2.13) follows directly the following theorem.
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Theorem 2.3 Let {xk} be generated by the single step projected gradient method.
If ν ≤ 1

2 , then we have

f(xk)− f(x∗) ≤
‖x0 − x∗‖2

2kβ
, (2.16)

and thus the iteration-complexity of this method is O(1/k).

What is about for any ν ∈ (0.5, 1) ? For such ν, we define

p(ν) = argmin{l | l ≥ 0 is a integer, (1− 2ν) + 2l(1− ν) ≥ 0}. (2.17)

For any ν ∈ (0.5, 1), p(ν) is finite number. For example,we have

ν = 0.9 0.8 0.7 (0.5, 0.7)

p(ν) = 4 2 1 1
.

Since the term
∑k−1
p(ν)

(
(1− 2ν) + 2l(1− ν)

)
‖xl − xl+1‖2 is positive, it
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follows from Theorem 2.2 (see(2.13)) that

2kβ(f(xk)−f(x∗)) ≤ ‖x0−x∗‖2−
p(ν)−1∑
l=0

(
(1−2ν)+2l(1−ν)

)
‖xl−xl+1‖2.

The last inequality implies that limk→∞(f(xk)− f(x∗)) = 0.

The iteration-complexity of this method is O(1/k) for any ν ∈ (0, 1).

Theorem 2.4 Let {xk} be generated by the single step projected gradient method,

then we have

f(xk)− f(x∗) ≤ ‖x
0 − x∗‖2 +D

2kβ
, (2.18)

where

D = −
p(ν)−1∑
l=0

(
(1− 2ν) + 2l(1− ν)

)
‖xl − xl+1‖2.

and p(ν) is a finite integer defined in (2.17).
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Self-adaptive projected gradient descent method

Self-adaptive projected gradient descent method.

Set β0 = 1, µ = 0.5, ν = 0.9, x0 ∈ Ω and k = 0. Provide g(x0).

For k = 0, 1, . . ., if the stopping criterium is not satisfied, do

Step 1. x̃k = PΩ[xk − βkg(xk)],

rk = βk‖g(xk)− g(x̃k)‖/‖xk − x̃k‖.
while rk > ν

βk := βk ∗ 0.8/rk,

x̃k = PΩ[xk − βkg(xk)],

rk = βk‖g(xk)− g(x̃k)‖/‖xk − x̃k‖.
end(while)

xk+1 = x̃k,

g(xk+1) = g(x̃k).

If rk ≤ µ then βk := βk ∗ 1.5, end(if)

Step 2. βk+1 = βk and k = k + 1, go to Step 1.
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Remark 2.1 Instead of the condition (2.4b), here we have

βk‖g(xk)− g(xk+1)‖ ≤ ν‖xk − xk+1‖.

Remark 2.2 If rk ≤ ν, we direct take xk+1 = x̃k, and g(xk+1) = g(x̃k) for

the next iteration. We call the method Self-adaptive single step projected gradient

method because it needs only once evaluation of the gradient g(xk) in each

iteration when adjusting the parameter βk is not necessary.

Remark 2.3 If rk > ν, we adjust the parameter βk by βk := βk ∗ 0.8/rk.

According to our limited numerical experiments, using the reduced βk, the

condition rk ≤ ν is satisfied.

Remark 2.4 Too small step size βk will leads to slow convergence. If rk ≤ µ,

we will enlarge the trial step size β for the by βk := βk ∗ 1.5.
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3 ²²²LLL²²²ïïï¯̄̄KKKþþþ���������AAA^̂̂
��üÚÝKFÝ{�A^,·�?Ø1�ù §2J���o]
!�æø�
pÖ¯K�¦)�{.Öö�±l1�ù� §2¥�Ð/
)¯K��µ.é

¤k� i = 1, . . . ,m, j = 1, . . . , n,¦^PÒµ

Si: T«û¬�1 i�]
/;

Dj : T«û¬�1 j�I¦/;

xij : l Si� Dj ��´þ;

si: ²Eö�3]
/ Si�oæ	þ, si =
∑n
j=1 xij ;

dj : ²Eö3I¦/ Dj �o�Èþ, dj =
∑m
i=1 xij ;

hsi : ²Eö3]
/ Si?�æ	d;

hdj : ²Eö3I¦/ Dj ?��Èd;

tij : l Si� Dj ��´¤^(�)$Ñ¤^)¶

yi: �?�;�]
LÝmæ
3]
/ Si�²Eö�Â�]
[;

zj : �?��æø�
3I¦/ Dj �²Eö�²EÖb.
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3.1 ²²²EEEöööJJJ¦¦¦|||ÃÃÃ������zzz���pppÖÖÖ¯̄̄KKK

w,,�
¼|,XJ Si?�æ	d!]
[9l Si� Dj ��´¤�

Ú (hsi + yi + tij)Ø�uI¦/ Dj ?��Èd��?Öb�Ú (hdj + zj),

²Eö´Ø¬l Siæ	û¬$� Dj �È�.��,�â�8�n,²Eö¬

¦�UO�²Eþ,�� (hsi + yi + tij)Ú (hdj + zj)��.ù«'X�êÆ

L�ª´e¡�²ï¯Kµ

hsi + yi + tij

 ≥ h
d
j + zj , if xij = 0,

= hdj + zj , if xij > 0 .
(3.1)

§�±�¤pÖ¯K�/ª:é?¿� i = 1, . . . ,mÚ j = 1, . . . , n,Ñk

0 ≤ xij ⊥
(
(hsi + yi + tij)− (hdj + zj)

)
≥ 0. (3.2)

Ï~b� Si?�æ	d fi=�²Eö�3T/�æ	þ sik'; Dj ?�

�Èd gj =�²Eö�$�T/��Èþ dj k';l Si� Dj ��´d=

�§��m��´þ xijk'.éu y = 0Ú z = 0�pÖ¯K (3.2),©z¥

[12]¡���md�²ï¯K (Spatial Price Equilibrium Problem).®k�¦)�
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md�²ï¯K��{[?, 8, 9]Ñé¼ê hs, hdÚ t�L�ªk�½��¦.

� ai, bj , cij , ξi, ηj , ζij �~ê,

hsi (si) = ξi + aisi, ai ≥ 0; (3.3a)

hdj (dj) = ηj − bjdj , bj ≥ 0; (3.3b)

tij(xij) = ζij + cijxij , cij ≥ 0 (3.3c)

�, (3.2)Ò´��üNé¡�5pÖ¯K,�±^¦)��K�åà�g5y

��{¦) [3].3¢S)¹¥,ù�¯K´d½|�â�8�ng1)û�.

3.2 ���ooo]]]


ÚÚÚ���æææøøø������²²²LLL²²²ïïï¯̄̄KKK

3y¢)¹¥,é(3.2)¥�½� y ≥ 0Ú z ≥ 0,²L5Æù�/Ã/�Ã0

¬4²Eö��â�8�né��A� (x, s, d),§´C©Ø�ª(3.2)�).

�é{`,�¯K�)�d²Eö�3²E¹Ä¥g1�Ñ.·�Ï~���

¼ê f, gÚ t��
5�
Ø��§��äNL�ª,U
*	��´ù�

�6u�½ yÚ z� s� d,du§´²Eö�â�8�n�Ñ�,ÏdØ�

U�9�o]
Ú�æø�.b�l�±YuÐ��¦#N���]
�Ñ
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þ´smax,��æø�
7I���øAþ´dmin,§��m÷v�N'X

m∑
i=1

smax
i ≥

n∑
j=1

dmin
j .

�UÜ��æ�²LÃã5�y

s ≤ smax Ú d ≥ dmin. (3.4)

äN`5§3LÝ9��]
/ SiÏLé²Eö�Â]
[ yi�o]
§

éøAØv�I¦/ Dj ÏL�²EöÖb zj 
áÚ²EöO\ø�.·�

�?ÖK´^êÆ�{�Ï�UÜ�é��`[Â�þ y∗ ∈ <m+ Ú�`Ö
b�þ z∗ ∈ <n+,¦�é·��Ñ� (y∗, z∗)±9²Eö�dd�)��m

d�²ï¯K (3.2)�)¥� s∗Ú d∗÷v

y∗ ≥ 0, smax − s∗ ≥ 0, y∗
T

(smax − s∗) = 0, (3.5)

Ú

z∗ ≥ 0, d∗ − dmin ≥ 0, z∗
T

(d∗ − dmin) = 0. (3.6)
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P

u =

 y

z

 Ú F (u) =

 smax − s(u)

d(u)− dmin

 . (3.7)

�â±þ©Û,·��?Ö�±8(�¦)±e�ÛªpÖ¯K

u ≥ 0, F (u) ≥ 0, uTF (u) = 0. (3.8)

ùp·�¤`�‘Ûª’´�·�Ø��¼ê F �wªL�ª
�Ué�½�

u ≥ 0*	� F (u)��.�©�ÛªpÖ¯K´�kN\�å (3.4)��m

d�²ï¯K (3.2)�éó¯K.e¡·�é¼ê tij , hsi Ú hdj ��½�b�

�?ØÛªpÖ¯K (3.8)�5�.

bbb���

A1. é?¿� i = 1, . . . ,mÚ j = 1, . . . , n,�´¤^ tij(xij)´�´þ xij

��~¼ê.

A2. hsi Ú hdj ©O´ siÚ dj ���î�OÚ��î�~¼ê.

ù��b�AT`´Ün�.�Ï´du�´P@,ü �´¤^(Ù¥�Ü

©�$Ñ¤^)Ø¬Ï�´þO\
~�,]
/�æ	d¬Ï/æ	þ0
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�O�(À�)
�)�öJp,I¦/��Èd¬�/�Àþ0�O\
ü

$.d±þ�b�,ÛªpÖ¯K (3.8)¥��þ¼ê F (u)´üNÚ Lipschitz

ëY�.

3.3 ¦¦¦)))ÛÛÛªªªpppÖÖÖ¯̄̄KKK���������SSS������{{{

éN� F ´üNÚ LipschitzëY�ÛªpÖ¯K (3.8),©z¥®k�3S�

L§¥�^� F (u)����{,Ì�´	FÝ{ (Extra-gradient Method)Ú

ÝKÂ �{ (Projection and Contraction Method).·�©O31�ùÚ1n

ù¥®²�
0�.éuù�!?Ø�ÛªpÖ¯K,¢S¯K���·�

Jø
éAugCþ u ≥ 0�¼ê� F (u)ù��&E.

duzN^�g¼ê�Ò�Ó�?1�g[ÂÚÖb�ü�N�§¢S¯

K�¦·�3¦)L§¥¦�U~�N^¼ê��gê.

♣ 5¿�ýÿL§¥��N^�g¼ê�,©ON^ F (uk)Ú F (ũk)±*

	 ũkUÄ��É�ýÿ:.3 βkÀ�·�,?1
�gÁ& ũkÒ��É�

ýÿ:��¹�KýÿL§TÐN^
�g¼ê�.
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3.4 ÐÐÐÚÚÚ���êêê���ÁÁÁ������¹¹¹

·�a,��´^ §4¥0��üÚÝKFÝ{,¦)�o]
Ú�æø��

²L²ï¯K (3.8).�d,é�½� y ∈ Rm+ Ú z ∈ Rn+,²Eö��)���

¯K (3.2).·�é�¯K (3.2),Uì (3.3)¥��ª½Â¼ê hs, hdÚ t.�

m = 20, n = 50.é i = 1, . . . ,m Új = 1, . . . , n,�

ai ∈ (1, 2), bj ∈ (1, 2), cij ∈ (0.002, 0.005),

ξi ∈ (300, 400), ηj ∈ (600, 700), ζij ∈ (10, 20),

��½��¥��Åê.ù�,é�½� yÚ z,²Eö�)��¯K (3.2)´

��üNé¡��5pÖ¯K,��uCþ�ê� 1000���K�å�à

�g5y.ù��Td²Eö�¦)�¯K,��^ §3¥0���{�¦).

��o]
Ú�æø�,©O� smaxÚ dmin�z�©þþ� 150Ú 40.·

��¦)�Ûªéó¯K�Cþ�ê´ 70.O�± u0 = 0�Ð©:.du¦

)pÖ¯K (3.8)��±ò ‖min{uk, F (uk)}‖∞��Ø���«Ýþ,·�

3eL¥�Ñé°Ý ‖min{uk, F (uk)}‖∞ØÓ�¦�,ØÓ�{¤I��

S�gêÚN^¼ê� F (u)�gê.
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ØÓ�{��Ó�°Ý�¦�S�gêÚN^ F (u)�gê

Ø�°Ý 	FÝ�{ ÝKÂ �{D1 ÝKÂ �{D2 ÝKFÝ{

‖e(u)‖∞
S�

gê

N^F

Ýgê

S�

gê.

N^F

Ýgê

S�

gê

N^F

Ýgê

S�

gê

N^F

Ýgê

1 35 72 5 13 4 10 3 4

0.1 53 108 6 15 6 14 5 6

0.01 64 130 8 19 7 16 8 9

0.001 71 144 12 27 10 20 10 11

♣ duæ^
°z�N'�) βk�üÑ,	FÝ�{ÚÝKÂ �{�

zgS�A��N^ 2g¼ê�.Ò�31�,1nù©Û�,ÝKÂ �{

'	FÝ�{Âñ¯.	FÝ�{�S�gêÚN^ F (u)�gêÑ'ÝK

Â �{� 6–7�.

♣ 3ÝKÂ �{¥,æ^ d2���'æ^ d1���¯�
.

♣ ÝKFÝ{I��S�gê�ÝKÂ �{��,�N^ F (u)�gê

'ÝKÂ �{���±þ.¦)ùa¯K,N^�g F (u),��uN��g

�ü.Ïd,3þã�{¥,ÝKFÝ{�Ç´�p�.

♣ éC©Ø�ª¦^ÝKFÝ{,�¦�f F ´,�à¼ê�FÝ.
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4 An accelerated two-steps P-G method

Äu Nesterov [10]�g�,æ^ [1]aq��{,�±�E���^FÝ�¯�

�{.ùa�{3)¤S� {xk}�Ó�,�)¤��9ÏS� {yk}.

A two-steps projected gradient method

Take β > 0, x1 ∈ Rn. Set y1 = x1, t1 = 1.

Step k. (k ≥ 1) With given (xk, yk), let

xk+1 = PΩ[yk − βkg(yk)], (4.1a)

where the step size βk is chosen to satisfy

(yk − xk+1)T (g(yk)− g(xk+1)) ≤ 1

2βk
‖yk − xk+1‖2. (4.1b)

Set

yk+1 = xk+1 +
( tk − 1

tk+1

)(
xk+1 − xk

)
, (4.1c)

where

tk+1 =
1 +

√
1 + 4t2k
2

. (4.1d)
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The method is called two-steps projected gradient method because each iteration consists

of two steps. The k-th iteration begins with (xk, yk), the first step (4.1a) produces xk+1

and the second one (4.1c) updates yk+1.

It is assumed that the positive sequence {βk} is non-increasing.

We show that the proposed two-steps projected gradient method is convergent with the

iteration-complexity O(1/k2). The proof is similar as those in [1].

Lemma 4.1 Let xk+1 be given by (4.1a) and the step size condition (4.1b) be satisfied.

Then we have

2βk(f(x)−f(xk+1)) ≥ ‖yk−xk+1‖2+2(xk+1−yk)T (yk−x), ∀x ∈ Ω. (4.2)

Proof. By setting xk = yk and ν = 1
2

in (2.4a) and (2.4b), we get (4.1a) and (4.1b).

Therefore, substituting xk = yk and ν = 1
2

in (2.6), we get

βk(f(x)− f(xk+1)) ≥ (x− xk+1)T (yk − xk+1)− 1

2
‖yk − xk+1‖2, ∀x ∈ Ω.

The above inequality can be rewritten as (4.2) and the lemma is proved. 2

To derive the iteration-complexity of the two-steps projected gradient method, we need to
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prove some properties of the corresponding sequence.

Lemma 4.2 The sequences {xk} and {yk} generated by the proposed two-steps

projected gradient method satisfy

2βkt
2
kvk − 2βk+1t

2
k+1vk+1 ≥ ‖uk+1‖2 − ‖uk‖2, ∀k ≥ 1, (4.3)

where vk := f(xk+1)− f(x∗) and uk := tkx
k+1 − (tk − 1)xk − x∗.

Proof. By using Lemma 4.1 for k + 1, x = xk+1 and x = x∗ we get

2βk+1

(
f(xk+1)−f(xk+2)

)
≥ ‖yk+1−xk+2‖2+2(xk+2−yk+1)T (yk+1−xk+1),

and

2βk+1

(
f(x∗)− f(xk+2)

)
≥ ‖yk+1 − xk+2‖2 + 2(xk+2 − yk+1)T (yk+1 − x∗).

Using the definition of vk , we get

2βk+1(vk−vk+1) ≥ ‖yk+1−xk+2‖2 +2(xk+1−yk+1)T (yk+1−xk+2), (4.4)

and

−2βk+1vk+1 ≥ ‖yk+1 − xk+2‖2 + 2(x∗ − yk+1)T (yk+1 − xk+2). (4.5)
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To get a relation between vk and vk+1, we multiply (4.4) by (tk+1− 1) and add it to (4.5):

2βk+1

(
(tk+1 − 1)vk − tk+1vk+1

)
≥ tk+1‖xk+2− yk+1‖2 + 2(xk+2− yk+1)T

(
tk+1y

k+1− (tk+1 − 1)xk+1− x∗
)
.

Multiplying the last inequality by tk+1 and using

t2k = t2k+1 − tk+1

(
and thus tk+1 = (1 +

√
1 + 4t2k )/2 as in (4.1d)

)
,

which yields

2βk+1

(
t2kvk − t2k+1vk+1

)
≥ ‖tk+1(xk+2 − yk+1)‖2

+2tk+1(xk+2 − yk+1)T
(
tk+1y

k+1 − (tk+1 − 1)xk+1 − x∗
)
.

Applying the relation

‖a− b‖2 + 2(a− b)T (b− c) = ‖a− c‖2 − ‖b− c‖2

to the right-hand side of the last inequality with

a := tk+1x
k+2, b := tk+1y

k+1, c := (tk+1 − 1)xk+1 + x∗,
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and using the fact 2βkt
2
kvk ≥ 2βk+1t

2
kvk (since {βk} is non-increasing), we get

2βkt
2
kvk − 2βk+1t

2
k+1vk+1

≥ ‖tk+1x
k+2 − (tk+1 − 1)xk+1 − x∗‖2

−‖tk+1y
k+1 − (tk+1 − 1)xk+1 − x∗‖2.

In order to write the above inequality in the form (4.3) with

uk = tkx
k+1 − (tk − 1)xk − x∗,

we need only to set

tk+1y
k+1 − (tk+1 − 1)xk+1 − x∗ = tkx

k+1 − (tk − 1)xk − x∗.

From the last equality we obtain

yk+1 = xk+1 +
( tk − 1

tk+1

)
(xk+1 − xk).

This is just the form (4.1c) in the accelerated two-steps version of the projected gradient

method. 2

To proceed the proof of the main theorem, we need the following Lemma 4.3 and Lemma
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4.4, which have also been considered in [1]. We omit their proofs as they are trivial.

Lemma 4.3 Let {ak} and {bk} be positive sequences of reals satisfying

ak − ak+1 ≥ bk+1 − bk ∀ k ≥ 1.

Then, ak ≤ a1 + b1 for every k ≥ 1.

Lemma 4.4 The positive sequence {tk} generated by

tk+1 =
1 +

√
1 + 4t2k
2

, with t1 = 1

satisfies

tk ≥
k + 1

2
, ∀ k ≥ 1.

Now, we are ready to show that the proposed two-steps projected gradient method is

convergent with the rate O(1/k2).

Theorem 4.1 Let {xk} and {yk} be generated by the proposed two-steps projected

gradient method. Then, for any k ≥ 1, we have

f(xk)− f(x∗) ≤ 2‖x1 − x∗‖2

βkk2
, ∀x∗ ∈ Ω∗. (4.6)
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Proof. Let us define the quantities

ak := 2βkt
2
kvk, bk := ‖uk‖2.

By using Lemma 4.2 and Lemma 4.3, we obtain

2βkt
2
kvk ≤ a1 + b1,

which combined with the definition vk and tk ≥ (k + 1)/2 (by Lemma 4.4) yields

f(xk+1)− f(x∗) = vk ≤
2(a1 + b1)

βk(k + 1)2
≤ 2(a1 + b1)

βk+1(k + 1)2
. (4.7)

Since t1 = 1, and using the definition of uk given in Lemma 4.2, we have

a1 = 2β1t
2
1v1 = 2β1v1 = 2β1

(
f(x2)− f(x∗)

)
, b1 = ‖u1‖2 = ‖x2− x∗‖2.

Setting x = x∗ and k = 1 in (4.2), we have

2β1(f(x2)− f(x∗)) ≤ 2(y1 − x∗)T (y1 − x2)− ‖y1 − x2‖2

= ‖y1 − x∗‖2 − ‖x2 − x∗‖2.
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Therefore, we have

a1 + b1 = 2β1(f(x2)− f(x∗)) + ‖x2 − x∗‖2

≤ ‖y1 − x∗‖2 − ‖x2 − x∗‖2 + ‖x2 − x∗‖2

= ‖x1 − x∗‖2.

Substituting it in (4.7), the assertion is proved. 2

Based on Theorem 2.2, for obtaining an ε-optimal solution (denoted by x̃) in the sense that

f(x̃)− f(x∗) ≤ ε, the number of iterations required by the proposed two-steps

projected gradient method is at most dC/
√
ε− 1e where C = 2‖x1 − x∗‖2/β.

I�`²�´,éù�ù §5¥�¯K,·�¿ØJ�^ù�N¹¥�¯��{,�Ï´

3 (4.1)� k-gS�¥,I���^�ügFÝ�&E, g(yk)Ú g(xk+1).ùp� g(·)
��u §5¥� F (·).3¢S¯K¥, F (·)�¼�  ´�dØ��.d	, (4.1b)¥�¦

(yk − xk+1)T (g(yk)− g(xk+1)) ≤ 1
2βk
‖yk − xk+1‖2,

¿�¦ {βk}üNØO.ù
^��ØXüÚÝKFÝ{¥�A�^� (2.4b)°t.ü

ÚÝKFÝ{O�¢�`²�� {βk}üNØO¬¦ÂñCúNõ.
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