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f’aﬁ'ﬁé‘]%ﬂ@lﬁﬁﬂtfﬂ%ﬂ' X— TR 8 B2 SR A RS AL a)

min {f(x) |z € Q}

MBEEE Hd Q @R PROHE, FHRiIZE QO ERE R 5 SSIH.
ARE—HPRELRR, BEARAMORLEBESFN T RKESAFR

VI(Q, V) z°e€Q, (z—2")'Vf(z*)>0, Ve

HfE. X—VIREHRE R DR W ARE AN TR X, SN ER B R
B f(z), REXMBERN v, BEIRMHE V/(v). WHREARIBEK S REEREIA.
TREEZENRE T BirRBETE REBFRBEETEIER AL

i o BTHRER VI(Q, V) BR. BT 7 = Polz — AV f(2)] € Q, EIltAR
FEEPAFANEXERF—TERITFN

(FI1) (2 —2*)T BV f(x*) > 0.
BTz & - pVf(z) £ Q BT, «° € Q RIBFFWELRMR B
(FI2) (Z— )" ([z — BV f(z)] - Z) > 0.




1 AR aRE A
R WARE SRR Pola” — AV F(2")]) BRI z°. 2" e Q" o 2 ="
IREESERH | —MNMEARH o(oF, 7°) BIETHTER VI(Q, F) BIiR
EEERH MRE > 0, F5

k

p(x®,i%) > o)z" — &"|°, HEBE o, i") =0 e " =3"

(1.1)

BFE | RERE G EE, ORHKHEFISERE («F - 7°), EHE

|

(" — 2T G(&" — &%) > (2", "), Va* € Q*. (1.2)

~

EFWAEEE | 2895 1.1) B (2, 5%) > 6||2" — 7°|? &G

p(z",2%) > S (l2" = &°[|& + 7lla® = 2"|°), (7 >0). (1.3)

N | —

WAVGEM (1.2) F1 (1.3) iHER, ALKl 1 HERAR

e = 2f — (F - 7" = 2", (1.4)



FEEFNA R REV X, FRJ9 Primary Method (F]15 75 7%).

1.1 X WARE A
O ZIRMBAL, RAITEE—FE AN EERLFLK
{ (& —x*)' B(Hz* +¢) >0 (FI1)

(& —a") (x - B(Hz + )] —%) >0 (FI2)
=i, XErEr « € R", BB

{(z—2") = (¢ -2} {(z - 2) - BH(z —2")} > 0
B ERXF HHIEE,
(¢ —2")" (I + BH)(z — &) > ||l= — Z|*. (1.1)

REESERHEIE o2, 2") = ||2" — 27||*. R (3° — o) RARMEE
R 5|l — 2 |Fry s T 2 CBITHERSEL 2 G = 1 + SH, #=(1.2) IR

(2" — 2T G(a" — i) > o(a*,7"), Va* € Q.



XBERNRFWBEE L, EREFEMERAES ||2° — 272 PR ERE

TBE. LA
(o) =z" — a(z" — &)
EEFRBT K o WFERE 85 o HXNEET A HEE
d(a) = [lz" — 2"(|& — lz(a) — 2”&
FIB 1.1 B
da) = [z"—2"||g —[la" —2" — a(=" - 2")||&

> 2alla” - 7" - o’|lz" — 276
HAEE] 0(a) H—D TR, ZREH ¢().
q(a) = 2alja” — "] — o®[|z" — &" &
8 q(o) EBIRRAHY
ar, = [|% = 2% /||l=" — &" ||
AR

2" = xk — ’ya;’;(xk; — ik)a v E (072)

(1.2)



FEEE SRR AR B P SRR {2} R

k+1 * (12 k * (12 * k ~kn2
=2 (e < N2 — 2 (s — ¥ (2 = Y)aglla” — 7. (1.8)

BRAanER, ERFY {5} £ G = (I + BH)- R T EIREWYE. T x ik
WHE (I + BH)- R T 4sr & %, FiFRY RIS W3Rk (5] —ARIR K, 2n1ATiEEY
& HHY B BB ESLE E =2 TR K.

BiEtLin W HRE L = WESE T S RNRR T EE

|

o — 2" — &
F (@R )T+ BH) (2 — 3

XTRER v € (0,1), FHAMER BIFELEZNMIEE 6 £15

(z* — T (BH) (2" — &%) < v||z” — 7", (1.10)

kHQ
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XAEFHANTB AL (1.7) PEITSHIEY
ve =1/az, Bt 1<yw<l+rv<2
ERR (1.7) B A
" = 7 = Pola® — B(HZ" + o). (1.11)
XHEMIEFAAREELERRITE—RBRR B EFEES REHETE).
£8) FFMyar =1, m <1+vAR " ="' #®E

k+1

%2 k %2 k k412
|z = 2" (v pmy < 2™ — 2" {rypm) — A= w)ll2™ =2 (1.12)

& KH#E min{tz' Hx + ¢z} FIRIEREER

|Ha" +c|®
(Hxk +c¢)TH(Hz* +¢)

k41 k SD k SD
" =" —ap P (Hz" + ¢), an’ =

HQ=R"B R\ 1.11) M (.10 B

" =" — B(Hz" + ¢) M B<wvai”.



Lk, 5] RS K (1.10) IR L0 1) BE T HE TNEESEYS
T 2K #mangin, S\ ek g T ARG ZTRMUEE, I6REE NN T
SRR L NSO AXLEGEKBRARLD XIS RSEE
IR NEERE. BX L, SRR NEEHNELRE T, WEIRERF S AHMHELL
BEENRELRES. 5558 THAGIFRIEIE.

#HE LG I i 36 0] B A A4 Hessian %Ef& = Hilbert 2BP%, B[ :

1 . .
H:{hij}a th:Z+]_17 7’:17”'777’; ]:1,”',77/.
0] 73 A A A (ZE B0 43 3 A A 100 2l 500. [E A Hilbert $FERERY A RER, B 1%
RN o ERBINTEBE 1WEE, AES c=—Hs" BRABELXE

EERE. RS, BRNOIEFEEE. c M —cHUEVIBEE. XERBAR
BHUENZ || Ha® + ¢||/|Hx® + || < 1077, " 1-3 FHIFIE T EAE )
. ARGEY @Em s k) EFARYEEE TRE R B n RR
D) EAAR, r /LG B F. r = 1 B, B HwRIR NEE.

VLRI 5 RAMERRER T TRV LiR$E:L, FETHENIET Dai #1 Yuan [2]
REIFRIE FFERN P KT E—N/NTF 1 WEAFSINIRICERIZE L.



2= 1. FIIRmEE o

= 0, R E e BT r BFRVIEAORE

n= 0.1 0.3 0.5 0.7 0.8 0.9 0.95 0.99 1.00 1.20
100 2863 1346 853 627 582 437 565 1201 13169 22695
200 3283 1398 923 804 541 669 898 1178 14655 21083
300 3497 1323 856 739 720 568 619 1545 17467 24027
500 3642 1351 1023 773 667 578 836 2024 17757 22750
MiEEE 2° = 0, EREREFHEIRE (|2 — 2*||/[|2° — 2*|| = 3.0e — 3

F=2 IEEE 20 = ¢, FRAARL YT BF r FHHERIRE
n= 0.1 0.3 0.5 0.7 0.8 0.9 0.95 0.99 1.0 1.2

100 2129 1034 544 424 302 438 568 919 5527 9667

200 1880 808 568 482 372 339 446 713 6625 11023

300 1852 1002 741 531 610 452 450 917 6631 10235

500 2059 939 568 573 379 547 558 874 7739 11269

IAEE 2° = ¢, EREREFFHEIIRE (|27 — =*||/||2° — 2*|| = 1.8¢ — 3

%= 8. FiaEE «°

—c, ERARNREIHE BT r FETHIERIRE

n= 0.1 0.3 0.5 0.7 0.8 0.9 0.95 0.99 1.0 1.2
100 2545 1221 666 591 498 482 638 1581 14442 20380
200 2826 990 874 470 526 455 578 841 15222 18892
300 2891 1299 918 738 549 571 608 2552 18762 21208
500 3158 1769 909 678 506 512 678 1240 17512 19790
MEEE 2° = —c, ERERAFFIIEIHRE ||2* — 2*||/||2° — ™| = 3.8e — 3



1.2 ETF FI2 Bt LRI W Es TR

A EALIEIRE min{f(z) |z € Q} EBFAEFERVI(Q, V) FMN. H
T = Polr — BV f()]
M AR MR, AT LUSE]
(& —a")" ([z — BVf(z)] — &) > 0.
FEHAANFAELMEZEZHPHEZNEARLFN. BULLATLUES
(F—a") (z—%)> (2 —2") BVf(z)
= (z—2") BVf(z) - (x—F) BV (2). (1.13)

HTBELIRMEIER, B

(x—2") ' Vf(x) > f(x)— f(z") = (2 —2) V(&) + (f(&) - f(z7)). (1.14)
L (1.14) K\ (1.13) BRI, MXTER BT « € R™, #B

(& —2") (x — &) > =Bz — &) (V(z) - V(&)
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715
(x—z") (x—F) > [lo —&|° — Bz — )" (Vf(z) = VF(E).  (1.15)
HI1EX
oz, %) = |l — &||* — Bz — &) (Vf(z) — V(7)). (1.16)

{Ri% V f 2 Lipschitz B4R, X T—NHER v € (0,1), 2RTELKHA Armijo
FANMEFi#ITELL, (158 5V f B Lipschitz E8A KT v, B

BIVf(z) = V@) < vl -2
RS, HEER
(z—a") (2= 7) > oz, ) > (1 - v)|lz — 7.

B (1.16) EXEI o(x, ) BREFH 1.1), EFH i =1—-v > 0. BEERKRKIET
HUHRRE, B

' =2 —qaj(a" - 2Y),
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PEEFTAIA R = o, Hoep

p(x", 3")

[l — &[>

ap = v € (0,2).

SRS (oF)
2" = 2|* < l2® — 27 = 9 (2 = Vage(®, &),
B (e, 7) > (1 - o)z — &) AL —HHES

k * 12 k * 12 2 k ~k2
2" — 2] <z — 2| — v (2 = (1 —v)?la” — &7

BARRX—TRHEXIE I EINLL A I

e B.S. He, L.Z. Liao, and X. Wang, Proximal-like contraction methods for monotone
variational inequalities in a unified framework |: Effective quadruplet and primary
methods, Comput. Optim. Appl., 51, 649-679, 2012

e B.S. He, L.Z. Liao, and X. Wang, Proximal-like contraction methods for monotone
variational inequalities in a unified framework II: General methods and numerical
experiments, Comput. Optim. Appl. 51, 681-708, 2012
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2 Projected Gradient Descent (PDG) method for
nonlinear convex optimization
The findings on projection and contraction method for solving the quadratic

programming also contribute to solving the following differentiable convex

optimization problem.

Let {2 be a convex closed set in R™. The problem concerted in this subsection is
to find £* € (), such that

(z —2*) g(x*) >0, Vaeq, (2.1)

where g(x) is a mapping from R™ into itself. We assume that g(x) is the gradient
of a certain convex function, say f(x), however, f(x) is not provided. Only for

given x, g(x) is observable (sometimes with costly expenses).

-13



In other words, (2.1) is equivalent to the following convex optimization problem
min {f(x) | z € Q}. (2.2)

We call (3.2) an oracle convex optimization problem, because only the gradien-

t information g(x) can be used for solving (3.2). For x* € €0*, we assume
f(x*) > —o0.

In addition, we also assume that g(x) is Lipschitz continuous, i.e., there exists a
constant L > 0 such that

lg(z) —g(y)|| < L||lz —y||, Vx,yeR™ (2.3)

We require that g(x) is Lipschitz continuous while it does not need to know the
value of L in (2.3).

- 14



The methods presented in this section do not involve the value of f(x), but they

can guarantee that f(.rk) is strict monotonically decreasing, hence they belong to

the descending methods.

2.1 Steepest descent method for convex programming

Single step projected gradient method.

Step k. (kK > 0) Set
P = Py [:zjk — Bkg(xk)], (2.4a)

where the step size 3. satisfies the following condition:

(a% —F T (g(ak) — g(aF ) < — ot — 22 2ap)

= B

Note that the condition (2.4b) automatically holds when 5, < v/L, where L is

-15



the Lipschitz modulus of g(x). The reason is

(2% — 2" B (g(2*) — g(a 1))
< b =2 BRL|2” — 2T < vl — 2R TP

2.2 Global convergence of the proposed method

In the following, we show an important lemma by using the basic properties of the
projection and convex function.

Lemma 2.1 For given % let 11 be generated by (2.4a). If the step-size [}
satisfies (2.4b), then we have

(z — 2" ™HT g(2F) > B—lk(a: — T (gh — R v e Q,  (25)

and

> (x — 2P THT 2k — 2T — ||z — 282, Ve e Q. (2.6)

-16



k+1

Proof. Note that 21! is the projection of [2¥ — 81 g(x"*)] on £2. Using the

projection’s property, (x — Po(2))1 (2 — Pa(z)) < 0, Vx € €, we have
(z — 2" ™THT{[2* — Brg(z™)] — 2T} <0, Ve,
It follows that
(x — 2" Brg(a®) > (x — 2T (@ — 2™, Vae, (@7

and the first assertion (2.5) is proved. Using the convexity of f , we have

fx) > f(a®) + (x —2*) " g(a"), (2.8)
and
f@®) = )+ (@ =M g
= J@) + (@F = aF )T ()
—(:Ek xk+1)T(g(CI}k) . g(xk—l—l))
> @)+ (@ - M Tg(ak) — ek - 22 (29

-17



The last “ > ” is due to (2.4b). From (2.8) and (2.9), we get

f(@) = fath)
> f(z®) + (z — a*) g(2")

Il
s
|
S

X
_|_
—_
<
=
S

=
|

| =
)
X
S

X
_|_
_=
o
™
S

Substituting (2.5) in (2.10), we obtain

1 1%
—(:C . gjkz—l—l)T(xk L :Ek—H) 7 kE xk+1H27

Bk B I

and the second assertion of this lemma is proved. [

flz) = f(a™h) >

The following theorem shows that the projected gradient method (2.4) is a descent

method whose objective function value { f (")} is monotonically decreasing.

-18



Theorem 2.1 Let {xk} be the sequence generated by the single step projected
gradient method (2.4). Then, we have

P < flak) — Sk - i, 211)

and

Proof. Setting x = ¥ in (2.6) in Lemma 2.1, we obtain the assertion (2.11)
immediately. Next, setting £ = =™ in (2.6), we have

Br(f(a") = f(z"*1))

Z (:13* L xk—l—l) (ZEk . ZCk—H) . Vka . xk+1H27



and thus
(xk _ m*)T(ajk _ xk—|—1)
> (L=v)llz® — a2 + Be(f(2") — f(").
Using the above inequality, we get
R &
(xk ) — (xk _ xk—l—l)HZ

ZEk . x*HQ o 2<£Bk . gj*)T<gjk . ij_H) + ||£Ck . ZCk—HHQ

< la® =2 =201 = v) 2" - 2P
=28 (f(&") = f(a")) + [la® — 2|2
= [lz* —2"|* = (1 - 2v)[|2" — 22
=2B,(f(2") = f(z)).
This completes the proof of the assertion (2.12). ]

Directly from (2.12), it follows the following corollary:

-20



Corollary 2.1 Let {azk} be the sequence generated by the single step projected

gradient method (2.4). Ifv < %, we have ||z" T — 2*||? < ||z% — 2*||2, forany

x* € ()*. The generated sequence {ZE‘k} Is in a compact set.

2.3 Convergence rate of the proposed method

Below we show that the iteration-complexity of the single projected gradient
method is O(1/k). For the convenience, we assume [ = S.

Theorem 2.2 Let {xk} be generated by the single step projected gradient method
(2.4). Then, we have

2kB(f(z") — f(z*))

k—1
< l2° — z*|2 — Z(@ — o) 4 21(1 — u)) |zt — 212, (2.13)
[=0

- 21



Proof. First, it follows from (2.12) that, for any ™ € 2* and all [ > 0, we have

28(f(2") = f(=")) = [l =™ = [’ — 2™ P+ (1-20) |2 =%

Summing the above inequality over [ = 0, ...,k — 1, we obtain
k—1
26(kf(z") = Y f+h))
[=0

'V

k—1
o —a*|? = [la® — 2|2 + > (1 = 2v) |2’ — 222,14
[=0

It follows from (2.11) that
261(f(x) = f(z"1)) = 20(1 = v) ||’ — "2,
which can be rewritten as

26(1f(a') — (1 + 1) @) + fa) = 20(1 — )2’ — 212

-22



Summing the above inequality over [ = 0, ..., k — 1, it follows that

zﬁ§j@f — (D) + f) > 23%1 v)lla! =P,

which simplifies to

k—1

25(—kf(xk)+z l+1) Z2l1—1/\|x A2 (2.15)

=0
Adding (2.14) and (2.15), we get

2kB(f(x*) — f(a"))

k—1
> e =2t Y (- 2w) + 21— w) )2 - 2t
[=0

which implies (2.13) and the theorem is proved. [l

From (2.13) follows directly the following theorem.

-23



Theorem 2.3 Let {a:k} be generated by the single step projected gradient method.
Ifv < , then we have
lz° — =*||?

2k

f(@®) = f(a*) <

(2.16)

and thus the iteration-complexity of this method is O(1/k).

What is about for any € (0.5, 1) ? For such v, we define
p(v) = argmin{l |l > Ois ainteger, (1 —2v) + 2[(1 — v) > 0}. (2.17)
Forany v € (0.5, 1), p(v) is finite number. For example,we have

v="| 09 | 08 | o7 | (0507
p(l/):‘ 4 ‘ 2 ‘ 1 ‘ 1

Since the term Z;@g ((1 —2v) 4+ 2(1 — 1/)) |zt — 2! 1|2 is positive, it

- 24



follows from Theorem 2.2 (see(2.13)) that

p(v)—1

2kB(f(*) = (")) < a"=a*|P= D ((1-2v)+20(1—)) 2! ="+

[=0

The last inequality implies that  limy_, oo (f(2*) — f(z*)) = 0.
The iteration-complexity of this method is O(1/k) for any v € (0, 1).

Theorem 2.4 Let {xk} be generated by the single step projected gradient method,

then we have
. |2® — z*||* + D

(@) = fz*) < % , (2.18)
where
p(r)—1
D=-) (1-2v)+201-v)a’ -2
[=0

and p(v) is a finite integer defined in (2.17).

-25



Self-adaptive projected gradient descent method

Self-adaptive projected gradient descent method.
SetBy=1,u=0.5v=0.9,2° € Qand k = 0. Provide g(z").
Fork = 0,1, ..., if the stopping criterium is not satisfied, do
Step 1. % = Polz* — Brg(z")],
re = Billg(x®) — g(@")||/[|2" — 2.
while 7, > v
61@ = Bk b S 0.8/7%,
7% = Polz" — Brg(«")],
e = Brllg(z®) — g(@)||/ll2* — 2.
end(while)
ghtl = 7k
g(z") = g(").
If 7. <pu then f[p:= O *1.5, end(if)

Step2. Bryi1 =pPr and k=£k+1, gotoStep1.




Remark 2.1 Instead of the condition (2.4b), here we have
Brllg(z") — g(z* 1| < vlja® — 2.

Remark 2.2 Ifr;, < v, we direct take x¥11 = &, and g(z* 1) = g(z*) for
the next iteration. We call the method Self-adaptive single step projected gradient
method because it needs only once evaluation of the gradient g(mk) in each
iteration when adjusting the parameter 3}, is not necessary.

Remark 2.3 Ifr; > v, we adjust the parameter By, by B := Bi * 0.8 /7.
According to our limited numerical experiments, using the reduced 0y, the
condition r;. < v is satisfied.

Remark 2.4 Too small step size (3. will leads to slow convergence. Ifry < L,
we will enlarge the trial step size (3 for the by B, := B, * 1.5.

- 27



3 A5tFEelE ER—1 M

EABRDIRTHMEENWNA, AT E—i# 2 IRBINERIPRIE. RIEHS
B Mol kR L. EE R AN —EY 2 R R T R0 RE =, X7
FRERi=1,....m, j=1,...,n, EHIES:

SZ':

IZMEmAYEE « P RIREHE;

1ZMEmAEE j EREK;

M S; Bl D, I35 E;

ZEENEZRL S, NERME, s = Y7, viy;
SERETKM D, WRHEEE. 4, =Y., =iy
ZREHEFRM S; LBIREM;

ZEHEEERIM D, LBHEEM;

M S Bl D; IR G %R (BIFEEHEEEH);

BT ikt e iR B SR MA RIEMR S, MEEHEWRFIRER;
BT RRFEM—EMET KL D, AR EEZENR SN

-28



31 ZKEBBXMmEANWZE4Mo]E

TR, AT IRF, AR S; IR RiIEFHEMN S; Bl D; B 5228
(RS + yi + tiy) NNFEKREE D; SCHEEN SBRFAEROF (R + 2;5),
ZEERTEN S, REmEE D, tHEM. Rz, RIBAZFIE 2EES
RuJEE R ZEE, BE (R + yi + tiy) F (h] + z;) 1HEF. XMRENEE
FIAN T H B F &) #5 :

> h;-l +z5, ifxy; =0,

hi +yi +Lij (3.1)
:h?—l—zj, if ;5 > 0.

ERAUSREAEBAIER: EEN i=1,....mMji=1,...,n &BH
0<aziy L ((hf+yi+tiy)— (h)+2z))>0. (3.2)

BERIE S AHIRMN f (NEEEEBNEZHIRME s, BX; D; &H
HEM g RELEEHNBRZMHNEHEE 4, BX; M S; & D; ;IR ZMY
S5eflzBMXGE ;8% 3T y=0# z = 0 WEAMDFR (3.2), XEkF
[12] FRZ =S [EN A& 2 &7 3] B (Spatial Price Equilibrium Problem). B8 BYK R 2S
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BN &) RR A 55412, 8, 9] ERXTERE h°, h TN t URIERBE—EREXK.
H ai, bj, cij, &, ny, Gy AR,

hi(si) =& +aisi,  a; > 0; (3.3a)
h(d;) =n; —bidj, by > 0; (3.3b)
tij (331]) = Cij + Cijxij, Cij >0 (3.3¢)

BT, (3.2) Ml2— T B EXFRE&ME B AN, AT LAR K AR S 295R Ch — R ALK
RT3 3EK % [3). AESERRE TR, XAl ZH HiIARIE A 2 R IE B 1 TRERRY.

3.2 {RIPFIRMIRFE M LG R L5t F & i0)

FEISKEFED, @2 PREMN y > 01 2 > 0, BFAEXR “THEHF”
SUZEENRFEAZFRIBHRBENE (2,5, d), ERZ T AFINEG.2) BIFE.
®anEW, RElBNE R RAEENELERITRITAL. HRNBEE R E
BRE f, g 7t I—EMFRMAIEENRNEASRER, EBUEINEXT
KBTHRE y Mz s 5 d HTERKLEEZRBEAZRIPL LAY, ELLAT]
REM A fRIF ZIRANRIEMR LG, IR FTHFE A RIVEK RIFRIR A FIRIEFE
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EZ ", AIREHREMAENR/NMERERJ, BN EHEHEEXR

m
2 :Sgnax Z d:rinin.

S

i=1 j=1
FRBE BRIV E R EREA T F B R RIE
s < &M F d>d™", (3.4)

Bk, EEHERENZERE] S, BEXNEEEMEWHRIER v, RIPEIR,

SN AN BHIFEXRM D; B AEEEIN 2, MKS|IEEEEMELS. T
FMERN 2R F ARG RN 1B &M EE v+ € RT FmM4D
MhEE 2* € R, FEFHANGEHD (v, ) UREEE(HIL ~E R
Mi&FE )RR (3.2) B s* 1 d* 7HE

y* Z 0, gmax _ S* > 07 y*T(Smax o S*) _ O7 (3.5)

A
2 >0, d—d™™ >0, Z'(d"—d™M™) =0. (3.6)

- 31



u = ( Y ) M F(u) = ( Smax_sﬁo ) . (3.7)
z d(u) — d™"

RIFLA L4, B TRIIE S FTLAYVALE ok BR L T RIBS TN B % 1Ma] R

w>0, F(u)>0, u' F(u)=0. (3.8)
XERNMAAEERN Z2HRENAFAERY F HEAFRIENTRBEXHER
u >0 MEE F(u) WE AXARA BN EFHMNLR (3.4) BFIZ(E]
NS FEEIRE (3.2) FIXHBEIRE. FEBNXTEE i), b L) (E—ERNRIE
ETTIRER XN B 4Ma) 3R (3.8) HYME .
15354
Al SIEBR i=1,....m#Mji=1,....n, XGEM tij(z:;)) BEXFE 24/

HYAE R ER 2.

A2. hi F RS SRR si B d; F— B ASIEFI— B 2R R 4.

XENRIENIZIEERIERN. RESHETERMS, AR5 EREPKER
DAEWMER) FEAXRSEE MR/, FRMWRBNSE “RKEE”
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HIERERE) M E~FES, FRMAHEENSKE “BI55E” a8 mmbE
X, L BRI, BN E4MNa)E (3.8) PRIRIE K F(u) 2R EH Lipschitz
EELEHY.

3.3 XEREA B4 M EEIEKGE

STBRET ' 2 B FN Lipschitz FELERIFE TN B 4MoJRE (3.8), Ak E BHIEIENK
HFEFRAE F(u) BWEREE EERIMEE X (Extra-gradient Method) #1
4R E 3% (Projection and Contraction Method). {15 AIESE —i#FE =
HHELMTNA. T X—F1LRR N B4 o)d8, SEFRa)t 2 A3
RETHNTELTE v > 0 HREE F(v) XENEER.

AT E AR —XRBERFEZHE TR FIAMNEBERRYFEE, KPR
R EK T K R AE R R AT e D B F R BB R 3L

& STEEFTUNEREPZESERREEE SRR FW) M @) U
2 0" REBWEREZ AT R, £ 5, BEUEY, #1177 —RRIR o* MRS H
TN 2 RV R B M UM A2 16 5 AR 7 R R EE.
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34 #HEZHIFERLIFR

AR B R §4 PNBRVRDIREHEEE, KBIRIPRIRFIRIERLGHY
2% FEn) 3.8). AL, SHAEERN y € RT Mz € R}, FEENER—IR
18183 (3.2). AR BIER (3.2), 3%ZEB (3.3) PSR EN FE 1*, h? FAt. %
m=20 n=50.%i=1,....m Fj=1,...,n, B

a; € (1,2), b; € (1,2), Cij € (0.002,0.005),
& € (300, 400), n; € (600, 700), Ci; € (10,20),

A—ESEEPRIFENE. X+, A ER y Fl 2, REE(NEN/RE[CRE 3.2) 2
— MBI TR M B AME)RE, HE TTENHA 1000 BIFIES 2RI
ZRAK. XN RIZBEEENKER 0, AT §3 RABRI S EEKER.
FIRIPRIBFIRFEMR LS, D HIEL s™2 1 ™" ENSEI 150 F140. F
MNEXRFRBRRINBEEATE MR 70. HELL w° = 0 A¥E A BTFK
FRE AMA]RR (3.8) BRI LA || min{u”, F(u")}|| e fERIZREHN—FEE, T
ETRPAEIEE || min{u®, F(u")} o FRIEXRET, REFERFEER
EROREANAR RBE F(u) BIREL
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AR ZERIREIEFERRERORBFIER F(u) BIXE
REME | MBESE | RPWEEED | RPKEERD | REBER
ERO| R | ER | ERE | &R | ERB | &R | ERR

lelle Vv | o | s | e | w | mom | x| e
1 35 72 5 13 4 10 3 4
0.1 53 108 6 15 6 14 5 6
0.01 64 130 8 19 7 16 8 9
0.001 71 144 12 27 10 20 10 11

& HTRHETHUBNELLE 61, BURES, SMEE 7 A W He B AR
BRIERILFRER 2 XRBE G EEZ, BZHIHH, W R X
EESMER B 73 7RULS IR, SIS S 7 VA RYIE ROR AR F(u) BROREER LIRS
WHRE AR 6-7 15

& FERFWHEEZLT, KA d: BRENLERA d BRAYR—L.

& REBEEFTENERRY S WREZES, BB F(u) RIXE
EE R EA D —F L E. KX KR, HA—R F(u), S TEE—X
BUR. B, £ EREEP, B E AR E R SHY.

& HEDPAFNERBEHEZL ZXET F 2R ORBHEE.

-35



4 An accelerated two-steps P-G method

ET Nesterov [10] BU/EE, KA (1] RMURMOE, ATAfE— 1 R AR E RV IRIE

Bk XEEEEERFT (2"} WER, B4 K —NMEEFS {v*]).

A two-steps projected gradient method
Take B8 > 0,2' € R™. Sety' = 2', 3
Step k. (k > 1) With given (2, y*), let

where

= 1.

2" = Poly® — Brg(y®)],

where the step size Ok is chosen to satisfy

(y* — 2" (g(y") — (") < = 26 ly* — 2|2

(tk — 1) (xk—i—l B xk),

te+1

te+1 =

1+ /1 + 482
5 .

(4.1a)

(4.1b)

(4.1c)

(4.1d)
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The method is called two-steps projected gradient method because each iteration consists

of two steps. The k-th iteration begins with (azk, yk) the first step (4.1a) produces ghtl

and the second one (4.1c) updates yk“.
It is assumed that the positive sequence {3 } is non-increasing.

We show that the proposed two-steps projected gradient method is convergent with the
iteration-complexity O(1/k?). The proof is similar as those in [1].

Lemma 4.1 Let "1 pe given by (4.1a) and the step size condition (4.1b) be satisfied.
Then we have

28k (f(2)—f(@"T)) > [ly" —a" TP +2(2" T ") (v —2), V2 € Q. 42)

Proof. By setting k= yk and v =

l .
2
Therefore, substituting k= yk and v

1
Bi(f(x) — f(&"h) > (x — 2™ )" (y" — ") - §||y’“ — "%, Vo e Q.
The above inequality can be rewritten as (4.2) and the lemma is proved. [

To derive the iteration-complexity of the two-steps projected gradient method, we need to
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prove some properties of the corresponding sequence.

Lemma 4.2 The sequences {x"} and {y"} generated by the proposed two-steps
projected gradient method satisfy

2Bktivr — 2Bks1thyrvirn > U2 — (W, VE > 1, (4.3)
where vy := f(2"T1) — f(z*) and u® = tpa" Tt — (tp — 1)z* — z*.

F+1and © = z* we get

Proof. By using Lemma4.1fork+ 1,z = x
261{4—1 (f($k+1)_f(xk+2)) > Hyk—l—l_xk—FQH2_|_2(xk—|—2_yk:—|—1)T(yk:—|—1_ajk_|_1)7
and

251 (f(27) = F@2) = g — 2 P 22t -y )T (o).

Using the definition of vg, we get

28141 (i —vk41) > |y =2 TP 42T P (T =212, (a9)

and

_2Bk—|—1vk—|—1 Z Hykz—l—l o xkz—l—QHQ + 2(1;* . yk—l—l)T(yk—l—l . $k+2). (45)
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To get a relation between v and vg1, we multiply (4.4) by (tx+1 — 1) and add it to (4.5):

2Bk+1 ((tk41 — )0k — thy1Vk+1)

Z tk+1||xk—|—2_ yk—|—1||2 + 2($k+2— yk+1)T(tk+1yk+1_ (tk-|—1 . 1)xk—|—1_ ZU*)

Multiplying the last inequality by ¢x+1 and using

ti =thi1 —teyr  (andthus thp1 = (14 /1 +4t2)/2 asin (4.1d)),

which yields
2Bnk+1 (thvr — tis1Vk41)
k k
>t (27 =y
+2tk_|_]_(33k+2 L yk+1)T(tk+1yk—|—1 L (tk_|_1 o 1)$k—|—1 o ZE*)
Applying the relation
la =0l +2(a = b)" (b —¢) = la—cl|* = [|b - ¢|’

to the right-hand side of the last inequality with

k42

k+1 k+1 *
a:=tgi1x 7, b:=tri1y ', c:= (tp41 — 1)z

+x,
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and using the fact QBkti’Uk > 25k+1tivk (since { Bk } is non-increasing), we get

281 th vk — 2B+ 1th11Vk+1
> ltppra™ = (b — D™ — 27|

Ntrra1y™ T = (eyr — DT — 27|12,
In order to write the above inequality in the form (4.3) with

ut =t = (tx — 1):13k — ",
we need only to set

tee1y" T = (tpgr — D™ — 2* = tpa™ — (¢ — 12" — 2.

From the last equality we obtain

tr — 1
yk:+1 _ okt ( k )(xk—l—l _ xk)
tk+1

This is just the form (4.1c) in the accelerated two-steps version of the projected gradient
method. [

To proceed the proof of the main theorem, we need the following Lemma 4.3 and Lemma
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4.4, which have also been considered in [1]. We omit their proofs as they are trivial.

Lemma 4.3 Let{ax} and {by } be positive sequences of reals satisfying
ar — AQk+1 Zbkz—l—l_bkz sz 1.
Then, ar < a1 + by forevery k > 1.

Lemma 4.4 The positive sequence {t}, } generated by

1+ /1 + 482
2

te+1 = , with ti =1

satisfies L1

tkz—%—,VkZL
Now, we are ready to show that the proposed two-steps projected gradient method is
convergent with the rate O(1/k?).

Theorem 4.1 Let {x"} and {y*} be generated by the proposed two-steps projected
gradient method. Then, for any k > 1, we have

2)|z" — 2|

N , Vz© e Q. (4.6)
k

f@®) = f(=*) <
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Proof. Let us define the quantities
ar = 2Bktive,  br = ||u”|>.
By using Lemma 4.2 and Lemma 4.3, we obtain
2B)thvr < a1+ bi,

which combined with the definition vg and ty, > (k + 1) /2 (by Lemma 4.4) yields

2(a1 + b1) 2(a1 + b1)
= Br(k +1)2 = Br+1(k+1)2

Since t1 = 1, and using the definition of ug given in Lemma 4.2, we have

F@"h) = fa*) =

a1 = 2B1tiv1 = 26101 = 261 (F(2°) — f(=7)), b1 = |[u’||® = ||l2° —2"|°.
Settingz = ™ and £ = 1 in (4.2), we have

281(f(2%) — (=) < 20y —2")'(y —2°) — |y —2°|°

. 1 * (12 2 * (12
=y =77 = flz7 — 27",
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Therefore, we have

ar+bi = 28:1(f(2%) = f(2") + ||l2° — "|°
1 %112 2 )2 2 112
< Ay —a7 |7 = fla” — 27" + |7 — 27|
= [la’ — 27",
Substituting it in (4.7), the assertion is proved. [

Based on Theorem 2.2, for obtaining an -optimal solution (denoted by ) in the sense that
f(z) — f(z™) < g, the number of iterations required by the proposed two-steps
projected gradient method is at most [C'/+/2 — 1] where C = 2||z' — z*||* /.

FEIRARNZE, XX —i# §5 PRI, HNFAREBAINMFEFRRIZESE REZ
E @) ERER D, EEZVHIIFRBENGEER, g(y®) Mgzt X B/ g(-)
MET §5 ey F(0). ELFREE A, () BSRBUEEZ RN AIER. tkob, (4.1b) ESK

k k T k k k k412
(y" — 2" )T (g(y") — g(=")) < g5 lly® — "%,

HEX {61} BIFNE XEFHT MBS EIEPHEHNAIFN (2.4b) TR B
S E AT R BRRIRE] {8, } BIATHERERNREITS.
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