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The context of this lecture is based on the publication [11]
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1 Convex optimization problem with m-blocks

We consider the linearly constrained convex optimization with m separable operators

min
{ m∑
i=1

θi(xi)
∣∣ m∑
i=1

Aixi = b, xi ∈ Xi
}
. (1.1)

Its Lagrange function is

L(x1, . . . , xm, λ) =

m∑
i=1

θi(xi)− λT (

m∑
i=1

Aixi − b), (1.2)

which is defined on

Ω := X1 ×X2 × · · · × Xm ×<l.

Let
(
x∗1, x

∗
2, . . . , x

∗
m, λ

∗) be a saddle point of the Lagrange function (1.2). Then we have

Lλ∈<l(x
∗
1, x
∗
2, · · · , x∗m, λ) ≤ L(x∗1, x

∗
2, · · · , x∗m, λ∗)

≤ Lxi∈Xi (i=1,...,m)(x1, x2, . . . , xm, λ
∗).

It is evident that finding a saddle point of L(x1, x2, . . . , xm, λ) is equivalent to finding
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w∗ = (x∗1, x
∗
2, ..., x

∗
m, λ

∗) ∈ Ω, such that

θ1(x1)− θ1(x∗1) + (x1 − x∗1)T {−AT1 λ∗} ≥ 0,

θ2(x2)− θ2(x∗2) + (x2 − x∗2)T {−AT2 λ∗} ≥ 0,
...
...

θm(xm)− θm(x∗m) + (xm − x∗m)T {−ATmλ∗} ≥ 0,

(λ− λ∗)T (
∑m
i=1Aix

∗
i − b) ≥ 0,

(1.3)

for all w = (x1, x2, · · · , xm, λ) ∈ Ω. More compactly, (1.3) can be written into the

following VI:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀ w ∈ Ω, (1.4a)

where

θ(x) =

m∑
i=1

θi(xi),
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w =



x1

x2
...

xm

λ


and F (w) =



−AT1 λ

−AT2 λ
...

−ATmλ∑m
i=1Aixi − b


. (1.4b)

Note that the operator F (w) defined in (1.4b) is an affine operator of and its matrix is

skew-symmetric, thus, we have

(w − w̃)T
(
F (w)− F (w̃)

)
≡ 0, ∀w, w̃. (1.5)

Since we have assumed that the solution set of (1.1) is not empty, the solution set of (1.4),

denoted by Ω∗, is also nonempty.

In addition to the notation of w = (x1, x2, · · · , xm, λ), we also use the following

notation:

v = (x2, · · · , xm, λ).

Moreover, we define

V∗ = {(x∗2, . . . , x∗m, λ∗) | (x∗1, x∗2, . . . , x∗m, λ∗) ∈ Ω∗}.
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The augmented Lagrangian function of the problem (1.1) is

Lβ(x1, . . . , xm, λ) = L(x1, . . . , xm, λ) +
β

2
‖
∑m
i=1Aixi − b‖

2. (1.6)

Now, we are in the stage to describe the direct extension of ADMM to the problem (1.1).

Direct Extension of ADMM Start with given (xk2 , . . . , x
k
m, λ

k),

xk+1
1 = arg min

{
Lβ(x1, x

k
2 , x

k
3 , . . . , x

k
m, λ

k)
∣∣ x1 ∈ X1

}
;

xk+1
2 = arg min

{
Lβ(xk+1

1 , x2, x
k
3 , . . . , x

k
m, λ

k)
∣∣ x2 ∈ X2

}
;

...

xk+1
i = arg min

{
Lβ(xk+1

1 , . . . , xk+1
i−1 , xi, x

k
i+1, . . . , x

k
m, λ

k)
∣∣ xi ∈ Xi};

...

xk+1
m = arg min

{
Lβ(xk+1

1 , . . . , xk+1
m−1, xm, λ

k)
∣∣ xm ∈ Xm};

λk+1 = λk − β
(∑m

i=1Aix
k+1
i − b

)
.

(1.7)

There is counter example [3], it is not necessary convergent for the problem with m ≥ 3.
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2 ADMM + Prox-Parallel Splitting ALM

The following splitting method does not need correction. Its k-th iteration begins

with given vk = (xk2 , . . . , x
k
m, λ

k), and obtain vk+1 via the following

procedure:

xk+1
1 = arg min

{
Lβ(x1, x

k
2 , x

k
3 , . . . , x

k
m, λ

k)
∣∣ x1 ∈ X1

}
;

for i = 2, . . . ,m, do :

xk+1
i = arg min

xi∈Xi

{Lβ(xk+1
1 , xk2 . . . , x

k
i−1, xi, x

k
i+1, . . . , x

k
m, λ

k)

+ τβ
2 ‖Ai(xi − x

k
i )‖2

}
;

λk+1 = λk − β
(∑m

i=1Aix
k+1
i − b

)
(2.1)

• The x2 . . . xm-subproblems are solved in a parallel manner.

• To ensure the convergence, in the xi-subproblem, i = 2, . . . ,m, an

extra proximal term τβ
2 ‖Ai(xi − x

k
i )‖2 is necessary.
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An equivalent recursion of (2.1) µ = τ + 1 and τ is given in (2.1).



xk+1
1 = arg min

{
Lβ(x1, x

k
2 , x

k
3 , . . . , x

k
m, λ

k)
∣∣ x1 ∈ X1

}
;

λk+
1
2 = λk − β

(
A1x

k+1
1 +

∑m
i=2Aix

k
i − b

)
;

for i = 2, . . . ,m, do :

xk+1
i = arg min

θi(xi)− (λk+
1
2 )TAixi

+µβ
2 ‖Ai(xi − x

k
i )‖2

∣∣∣∣∣ xi ∈ Xi
 ;

λk+1 = λk − β
(∑m

i=1Aix
k+1
i − b

)
(2.2)

The method (2.2) is proposed in IMA Numerical Analysis [11]:

• B. He, M. Tao and X. Yuan, A splitting method for separable convex

programming. IMA J. Numerical Analysis, 31(2015), 394-426.
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Equivalence of (2.1) and (2.2)

It needs only to check the optimization conditions of their xi-subproblems for

i = 2, . . . ,m. Note that the optimal condition of the xi-subproblem of (2.1) is

xk+1
i ∈ Xi, θi(xi)− θi(xk+1

i ) + (xi − xk+1
i )T

{
−ATi λk+

+βATi
[
(A1x

k+1
1 +

∑m
j=2Ajx

k
j − b) +Ai(x

k+1
i − xki )

]
+τβATiAi(x

k+1
i − xki )

}
≥ 0.

for all xi ∈ Xi. By using

λk+
1
2 = λk − β

(
A1x

k+1
1 +

∑m
j=2Ajx

k
j − b

)
; (2.3)

it can be written as

xk+1
i ∈ Xi, θi(xi)− θi(xk+1

i ) + (xi − xk+1
i )T

{
−ATi λk+

1
2

+βATiAi(x
k+1
i − xki ) + τβATiAi(x

k+1
i − xki )

}
≥ 0.
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and consequently

xk+1
i ∈ Xi, θi(xi)− θi(xk+1

i ) + (xi − xk+1
i )T

{
−ATi λk+

1
2

+(1 + τ)βATiAi(x
k+1
i − xki )

}
≥ 0, ∀ xi ∈ Xi. (2.4)

Setting µ = 1 + τ , (2.4) is the optimal condition of the xi-subproblem of (2.2) !

Notice that the subproblems in (2.2) are

xk+1
1 = arg min{θ1(x1) + β

2 ‖A1x1 + (
∑m
i=2Aix

k
i − b)− 1

βλ
k |x1 ∈ X1}

and

xk+1
i = arg min{θi(xi) + µβ

2 ‖Ai(xi − x
k
i )− 1

µβλ
k+ 1

2 ‖2 |xi ∈ Xi},

for i = 2, . . . ,m. We assume that the above problems are not difficult to solve.

The convergence analysis is under the assumption µ ≥ m − 1. In the next

section, Section 3, we prove the convergence of Algorithm (2.2). In Section 4,

we present a prediction-correction method which uses the output of (2.2) as the

predictor, and the new iterate is updated by a simple correction.
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3 Convergence Analysis for the algorithm (2.2)
We use (2.2) to analyze the convergence and assume that µ ≥ m− 1.

The optimal condition of the xi-subproblems of (2.2) can be written as
θ1(x1)− θ1(xk+1

1 ) + (x1 − xk+1
1 )T (−AT1 λk+

1
2 ) ≥ 0, ∀x1 ∈ X1;

θi(xi)− θi(xk+1
i ) + (xi − xk+1

i )T (−ATi λk+
1
2 )

≥ (xi − xk+1
i )TµβATi Ai(x

k
i − x

k+1
i ), ∀xi ∈ Xi; i = 2, . . . ,m.

(3.1)
Since

λk+
1
2 = λk − β

(
A1x

k+1
1 +

m∑
j=2

Ajx
k
j − b

)
and

λk+1 = λk − β
( m∑
i=1

Aix
k+1
i − b

)
,

we have

−λk+ 1
2 = −λk+1 + β

m∑
j=2

Aj(x
k
j − xk+1

j ). (3.2)
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Substituting (3.2) in (3.1), we get

θ1(x1)− θ1(xk+1
1 ) + (x1 − xk+1

1 )T (−AT1 λk+1 +AT1 pk)

≥ 0, ∀x1 ∈ X1;

θi(xi)− θi(xk+1
i ) + (xi − xk+1

i )T (−ATi λk+1 +ATi pk)

≥ (xi − xk+1
i )TµβATi Ai(x

k
i − x

k+1
i ),∀xi ∈ Xi;

i = 2, . . . ,m.

(3.3)

where

pk = β

m∑
j=2

Aj(x
k
j − xk+1

j ). (3.4)

Since ( m∑
i=1

Aix
k+1
i − b

)
= (1/β)(λk − λk+1),
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It can be written as

(λ− λk+1)T
( m∑
i=1

Aix
k+1
i − b

)
≥ (λ− λk+1)T (1/β)(λk − λk+1), (3.5)

for all λ ∈ <l.

Combining (3.3) and (3.5)

θ1(x1)− θ1(xk+1
1 ) + (x1 − xk+1

1 )T (−AT1 λk+1 +AT1 pk)

≥ 0, ∀x1 ∈ X1;

θi(xi)− θi(xk+1
i ) + (xi − xk+1

i )T (−ATi λk+1 +ATi pk)

≥ (xi − xk+1
i )TµβATi Ai(x

k
i − x

k+1
i ),∀xi ∈ Xi;

i = 2, . . . ,m.

(λ− λk+1)T
(∑m

i=1Aix
k+1
i − b

)
≥ (λ− λk+1)T (1/β)(λk − λk+1). ∀λ ∈ <l.

(3.6)
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By using the notations θ(x) and F (w), it follows from (3.6) that

θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1) + pTk
( m∑
i=1

Ai(xi − xk+1
i )

)
≥

m∑
i=2

(xi − xk+1
i )TµβATi Ai(x

k
i − xk+1

i )

+(λ− λk+1)T (1/β)(λk − λk+1), ∀w ∈ Ω.

Setting w = w∗ in the above inequality and by a manipulation, we get

m∑
i=2

(xk+1
i − x∗)TµβATi Ai(xki − xk+1

i ) + (λk+1 − λ∗)T 1

β
(λk − λk+1)

≥ θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (wk+1)

+ pTk
( m∑
i=1

Ai(x
k+1
i − x∗i )

)
(3.7)
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Now, we treat the right hand side of (3.7). Using (1.5) and the optimality, we have

θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (wk+1)

= θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

Because
∑m
i=1Aix

∗
i = b and

∑m
i=1Aix

k+1
i − b = 1

β (λk − λk+1),

using the definition of pk (see (3.4)), we get

pTk
( m∑
i=1

Ai(x
k+1
i − x∗)

)
= (λk − λk+1)T

m∑
j=2

Aj(x
k
j − xk+1

j ).

Substituting it in (3.7), we get

m∑
i=2

(xk+1
i − x∗)TµβATi Ai(xki − xk+1

i ) + (λk+1 − λ∗)T 1

β
(λk − λk+1)

≥ (λk − λk+1)T
m∑
j=2

Aj(x
k
j − xk+1

j ). (3.8)
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By denoting

vk =


xk2
...

xkm
λk

 and G =


µβAT2 A2

. . .

µβATmAm
1
β I

 , (3.9)

we get the following assertion:

Lemma 3.1 Let vk+1 be generated by (2.2) from the given vector vk, then we

have

(vk − v∗)TG(vk − vk+1) ≥ ϕ(vk, vk+1), (3.10)

where

ϕ(vk, vk+1) = ‖vk − vk+1‖2G
+ (λk − λk+1)T

(∑m
i=2Ai(x

k
i − x

k+1
i )

)
. (3.11)
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Proof. Using the notations (3.9), the inequality (3.8) can be written as

(vk+1 − v∗)TG(vk − vk+1) ≥ (λk − λk+1)T
m∑
j=2

Aj(x
k
j − xk+1

j ).

Adding (vk − vk+1)TG(vk − vk+1) to the both sides of the above inequality,

we get the assertion directly. 2

Now we consider the profit of the k-th iteration. Using (3.10) and (3.11), we have

‖vk − v∗‖2G − ‖vk+1 − v∗‖2G
= ‖vk − v∗‖2G − ‖(vk − v∗)− (vk − vk+1)‖2G
= 2(vk − v∗)TG(vk − vk+1)− ‖vk − vk+1‖2G

≥ ‖vk − vk+1‖2G + 2(λk − λk+1)T
m∑
j=2

Aj(x
k
j − xk+1

j ). (3.12)

In the following is to show that, when µ > m− 1, there is a constant σ > 0,

such that the right hand side of (3.12) is greater than σ‖vk − vk+1‖2G .
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According to the definition of the matrix G, we have

‖vk − vk+1‖2G + 2(λk − λk+1)T
( m∑
i=2

Ai(x
k
i − xk+1

i )
)

=



√
βA2(xk2 − xk+1

2 )
√
βA3(xk3 − xk+1

3 )
...

√
βAm(xkm − xk+1

m )

(1/
√
β)(λk − λk+1)



T 

µIl 0 · · · 0 Il

0 µIl
. . .

...
...

...
. . .

. . . 0 Il

0 · · · 0 µIl Il

Il · · · Il Il Il




√
βA2(xk2 − xk+1

2 )
√
βA3(xk3 − xk+1

3 )
...

√
βAm(xkm − xk+1

m )

(1/
√
β)(λk − λk+1)


. (3.13)
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Notice that the block-wise matrix

µIl 0 · · · 0 Il

0 µIl
. . .

...
...

...
. . .

. . . 0 Il

0 · · · 0 µIl Il

Il · · · Il Il Il


in (3.13) have the same largest (resp. smallest) eigenvalues as the m×m
symmetric matrix

M =



µ 0 · · · 0 1

0 µ
. . .

...
...

...
. . .

. . . 0 1

0 · · · 0 µ 1

1 · · · 1 1 1


m×m

. (3.14)
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Lemma 3.2 For m ≥ 2, the m×m symmetric matrix M defined in (3.14) has

(m− 2) multiple eigenvalues

ν1 = ν2 = · · · = νm−2 = µ,

and another two eigenvalues

νm−1, νm =
1

2

[
(µ+ 1)±

√
(µ+ 1)2 + 4((m− 1)− µ)

]
.

Proof. Let e be a (m− 1)-vector whose each element equals 1. Thus

M =

 µIm−1 e

eT 1

 .

Without loss of generality, we assume that the eigenvectors of M have forms

z =

 y

0

 or z =

 y

1

 , where y ∈ <m−1.
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In the first case, we have  µy = νy,

eT y = 0.
(3.15)

It is clear that the (m− 1)-vectors

y1 =



1

0

0
...

0

−1


, y2 =



0

1

0
...

0

−1


· · · · · · ym−2 =



0

0
...

0

1

−1


are linear independent and satisfy (3.15) with ν = µ. Thus,

zi =

 yi

0

 , i = 1, . . . ,m− 2,



XIX - 21

are eigenvectors of M and the related eigenvalue

ν1 = ν2 = · · · = νm−2 = µ.

In the second case, zT = (yT , 1), we have µy + e = νy,

eT y + 1 = ν.
(3.16)

It follows from (3.16) that

(ν − µ)(ν − 1)− (m− 1) = 0,

and thus

νm−1, νm =
1

2

[
(µ+ 1)±

√
(µ+ 1)2 + 4((m− 1)− µ)

]
.

The lemma is proved. 2
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For µ ≥ 1, it is easy to verify that

νm =
(µ+ 1)−

√
(µ+ 1)2 + 4((m− 1)− µ)

2
(3.17)

is the smallest eigenvalue of M . For fixed µ > (m− 1), there is a σ such that

νm > σ. Together with (3.12) and (3.13), we have the following assetions:

Lemma 3.3 Let µ > m− 1 , then there is a σ > 0 such that

‖vk−vk+1‖2G+2(λk−λk+1)T
( m∑
i=2

Ai(x
k
i −xk+1

i )
)
≥ σ‖vk−vk+1‖2G, (3.18)

where G is defined in (3.9).

Theorem 3.1 Let µ > m− 1 and {vk} be the sequence generated by (2.2),

then there is a σ > 0 such that

‖vk+1 − v∗‖2G ≤ ‖vk − v∗‖2G − σ‖vk − vk+1‖2G, ∀ v∗ ∈ V∗. (3.19)

where G is defined in (3.9).

The inequality (3.19) is is the key for convergence of the method (2.1) and (2.2).
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Implementation of the method for three block problems

For the problem with three separable operators

min{θ1(x) + θ2(y) + θ3(z)|Ax+By +Cz = b, x ∈ X , y ∈ Y, z ∈ Z},

we have

L3
β(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT(Ax+By + Cz − b)

+β
2 ‖Ax+By + Cz − b‖2.

For given vk = (yk, zk, λk), by using the method proposed in this subsection,

the new iterate vk+1 = (yk+1, zk+1, λk+1) is obtained via (τ ≥ 1) :
xk+1 = Argmin{L3

β(x, yk, zk, λk) |x ∈ X},
yk+1 = Argmin{L3

β(xk+1, y, zk, λk) + τβ
2 ‖B(y − yk)‖2 | y ∈ Y},

zk+1 = Argmin{L3
β(xk+1, yk, z, λk) + τβ

2 ‖C(z − zk)‖2 | z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(3.20)
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An equivalent recursion of (3.20) is

xk+1 = Argmin{L3
β(x, yk, zk, λk) |x ∈ X},

λk+
1
2 = λk − β(Axk+1 +Byk + Czk − b)

yk+1 =Argmin{θ2(y)−(λk+
1
2 )TBy + µβ

2 ‖B(y − yk)‖2 | y ∈ Y},
zk+1 =Argmin{θ3(z)−(λk+

1
2 )TCz + µβ

2 ‖C(z − zk)‖2 | z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(3.21)

where µ = τ + 1 ≥ 2. Implementation of (3.21) is via

xk+1 = Argmin{θ1(x) + β
2 ‖Ax+ [Byk + Czk − b− 1

βλ
k]‖2 |x ∈ X},

λk+
1
2 = λk − β(Axk+1 +Byk + Czk − b)

yk+1 =Argmin{θ2(y) + µβ
2 ‖By − [Byk + 1

µβλ
k+ 1

2 ]‖2 | y ∈ Y},
zk+1 =Argmin{θ3(z) + µβ

2 ‖Cz − [Czk + 1
µβλ

k+ 1
2 ]‖2 | z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).
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4 Method with the calculated stepsize
The iteration of the method (2.1) and/or (2.2) begin with vk = (xk2 , · · · , λk) and

finish with vk+1 = (xk+1
2 , · · ·xk+1

m , λk+1). In this section, we consider the

method with the calculated step-size. In practice, we use the output of (2.2) as a

predictor.

xk+1
1 = arg min

{
Lβ(x1, x

k
2 , x

k
3 , . . . , x

k
m, λ

k)
∣∣ x1 ∈ X1

}
;

λk+
1
2 = λk − β

(
A1x

k+1
1 +

∑m
i=2Aix

k
i − b

)
;

for i = 2, . . . ,m, do :

x̃ki = arg min

θi(xi)− (λk+
1
2 )TAixi

+µβ
2 ‖Ai(xi − x

k
i )‖2

∣∣∣∣∣ xi ∈ Xi
 ;

λ̃k = λk − β
(
A1x

k+1 +
∑m
i=2Aix̃

k
i − b

)
(4.1)

We only denote the output vk+1 = (xk+1
2 , · · ·xk+1

m , λk+1) generated from

(2.2) by using the new notations ṽk = (x̃k2 , · · · , x̃km, λ̃k). After getting ṽk, we
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offer thenew iterate vk+1 by vk+1 = vk − αk(vk − ṽk).

Algorithm 2: a prediction-correction splitting method for solving (1.1)

Step 1. Prediction step. From the given vk = (xk2 , · · · , xkm, λk), using (4.1) to

produce the predictor ṽk = (x̃k2 , · · · , x̃km, λ̃k).

Step 2. Correction step. The new iterate vk+1 = (xk+1
2 , · · ·xk+1

m , λk+1) is

updated via:

vk+1 = vk − αk(vk − ṽk), (4.2)

where

αk = γα∗k, γk ∈ (0, 2), α∗k =
ϕ(vk, ṽk)

‖vk − ṽk‖2G
(4.3)

and

ϕ(vk, ṽk) = ‖vk − ṽk‖2G + (λk − λ̃k)T
(∑m

i=2Ai(x
k
i − x̃ki )

)
. (4.4)

As we can see easily, Algorithm 1 (2.2) turns out to be a special case of Algorithm
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2 where γk ≡ 1/αk in (4.3). Thus, in the following, we prove the convergence for

Algorithm 2, from which the convergence of Algorithm 1 becomes trivial.

Since the ṽk in (4.1) is the same of vk+1 in Algorithm (2.2), similarly as in

Lemma 3.1, we have the following assertion directly.

Lemma 4.1 Let ṽk be generated by (4.1) from the given vector vk, then we have

(vk − v∗)TG(vk − ṽk) ≥ ϕ(vk, ṽk), (4.5)

where ϕ(vk, ṽk) is defined in (4.4).

Lemma 4.2 Under the assumption µ > m− 1, it holds that

ϕ(vk, ṽk) ≥ 1 + σ

2
‖vk − ṽk‖2G. (4.6)

Proof. According to the definition of ϕ(vk, ṽk) (see (4.4)) and the inequality
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(3.18) in Lemma 3.3, we have

2ϕ(vk, ṽk) = 2‖vk − ṽk‖2G + 2(λk − λ̃k)T
( m∑
i=2

Ai(x
k
i − x̃ki )

)
≥ (1 + σ)‖vk − ṽk‖2G,

and the assertion follows from the definitions of ϕ(vk, ṽk) and α∗k (see (4.3) and

(3.11)) directly. 2

For determinate the step size αk in (4.2), we define the step-size dependent new

iterate by

vk+1(α) = vk − α(vk − ṽk), (4.7)

In this way,

ϑ(α) = ‖vk − v∗‖2G − ‖vk+1(α)− v∗‖2G (4.8)

is the distance decrease functions in the k-th iteration by using updating form

(4.7). By defining

q(α) = 2αϕ(vk, ṽk)− α2‖vk − ṽk‖2G. (4.9)
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It follows from (4.7), (4.8) and (4.5) that

ϑ(α) = ‖vk − v∗‖2G − ‖vk − v∗ − α(vk − ṽk)‖2G
= 2α(vk − v∗)TG(vk − ṽk)− α2‖vk − ṽk‖2G
≥ 2αϕ(vk, ṽk)− α2‖vk − ṽk‖2G
= q(α). (4.10)

Note that q(α) is a quadratic function of α, it reaches its maximum at

α∗k =
ϕ(vk, ṽk)

‖vk − ṽk‖2G
, (4.11)

and this is just the same as defined in (4.3). Usually, in practical computation,

taking a relaxed factor γ > 1 is useful for fast convergence.

Theorem 4.1 Let {vk} be the sequence generated by Algorithm 2. We have

‖vk+1−v∗‖2G ≤ ‖vk−v∗‖2G−
γ(2− γ)

4
‖vk− ṽk‖2G, ∀ v∗ ∈ V∗. (4.12)
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Proof. It follows from (4.8) and (4.10) that

‖vk+1 − v∗‖2G ≤ ‖vk − v∗‖2G − q(γα∗k), ∀v∗ ∈ V∗. (4.13)

By using (4.9) and (4.11) we obtain

q(γα∗k) = 2γα∗kϕ(vk, ṽk)− (γα∗k)2‖vk − ṽk‖2G
= γ(2− γ)α∗kϕ(vk, ṽk). (4.14)

Since (see (4.6))

ϕ(vk, ṽk) >
1

2
‖vk − ṽk‖2G

and consequently (see (4.3)),

α∗k >
1

2
.

Thus, we have

α∗kϕ(vk, ṽk) ≥ 1

4
‖vk − ṽk‖2G.

Substituting it in (4.14), the proof of this theorem is complete. 2

Theorem 4.1 offers the key inequality for the convergence !
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