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1 TRAFNIER TSR

% Q& R PRIES

SAhEE, TSRS AT 1 [B] R

min{f(x) | x € Q}

(1.1)



&IMERMS: MENAITERENSEE RERLE

AILUIER 2 e€Q, (v—x%)'Vo(z*) >0, Vel

% V0(r) SR F(o), S

e Q, (x—z)' F(z*) >0, Vre
EBE T A FRFRER .

EHEIRANE, R VI(2) A, V20(z) —EXMR. M —RT DA
ZX, E=EE F(o) BMERY, F(2) B9 Jacobian B~ —EXTFR.

FEF B FEFRIZTER.
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HIBERARFHF =T IR T FH—1 513

min{f(x)|lr € X}, z*e X, 0(x) —0(z*) >0, Ve X;

min{ f(z)|lx € X}, 2*e X, (r—z*)IVf(z*) >0, Vzedl.

FEMOREEMEFRGREEERR, SE—ENS FHYS[ZE:

Lemma 1 Let X' C R" be a closed convex set, 0(x) and f () be convex func-
tions and f () is differentiable. Assume that the solution set of the minimization
problem min{f(x) + f(x) |x € X'} is nonempty. Then,

" =argmin{f(z) + f(z)|z € X} (1.2a)

if and only if

v e X, O(x) —0(z*) + (x — ") Vf(z*) >0, Vx e X. (1.2b)
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B (z) RrARE, Ac R be |
R, X C R AL H Lagrange ¢
HEEMNE X xR _ERY o

L(z,\) = 0(x)

FFR A Lagrange i

|

BT IR

ZE&M AR AN ILE] /R i
min{f(x) | Ar =b, x € X'}, (1.3) 3

FMEAROMUR RS RIE

2r N Saddle point

—\'(Az —b). Y

IMR—3F (z*, \*) HE
Lyerm (27, A) < L(2™,X") < Lyex (2, 7).

REE X x R LS. EMNFNENX

:E,*

)\*

arg min{L(x, \*) |x € X},
argmax{L(x*,\) |\ € A}.

}_



FHBIERSIIE, 58

z* e X, 0(x)—0(x*) + (x — )T (—ATXN*) >0, VaxeX,
A e A, (A= X)T(Axz* —b) >0, VAeA.

EA S s —M X BRI

w* € Q, O(x) —0(z*) + (w—w) F(w*) >0, YweQ,
H

x — AT\
w = , F(w) = and 2 =2X x R™.
A Ax —b

EBEHTNET F2EBN. HERER
(u=v)" (F(u)=F(v)) 20.  XEBRAE (uv-0v)" (F(u) - Fv)) =0
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WA oEETFEMAROEAKEE 5 FHNTESFAFA

SN EF A Bkt S B A RO L a] @
min{fy(x) + 62(y) | Ar+ By =0b, x € X,y € V}, (1.4)
B K7, RIMEFHEHEATLLRTHR— NS AFN:

w* € Q, Ou) —0u*) + (w—w) Flw*) >0, YweQ,
H

x — AT\
u(aj)7 w = (7 , F(w): —BT)\ 9

A\ Az + By — b

O(u) =601(x)+02(y) and Q=X x)Y xR™.
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ENMAoBERETFEMAROMELEE 5 FHNTESTFAFA

min{6,(z)+02(y) +60s(z) | Ar+By+Cz=b, x € X,y Y,z € Z},
B KA DA, JRMEFHEEATARTIE—T T AF:
w* € Q, Ou) —0u*) + (w—w)Fw*) >0, YweQ,
Hen

) (=) [ A )

T
u = Y , W = Z , F(’U}): —gTi\ )
2 \ A \ Az + By +Cz—b)
A

O(u) =601(x)+02(y) +03(2z) and Q=X x)YxZxR".




2 BI— M THERNEET {EMFEMN(1997-2007)
21 A LAERBRNESRE, FRBNBMT A A?

{110 ADMM, 5F AR RF M BHEINERMRT S
AER, 20 FENBIBEFRXIF OB . KiBME S A Do) RaER F
WHANEZERXRERR. KA ADMM 733, M 1997 & 4 BFFIGH.

% f(x), g(y) BRIEEF EHRAFTSIAERER

w e Q, (u—u)'Fu*) >0 V ueQ,

x f(x)
u = , F(u)= 7
(y) " (9(@)

Q=A{(z,y)|lr e X,y € Y, Ax + By = b}.
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AERBTE], MBI AREEANNIRREE. ETRREMM
2, BRI Z2HMNNERETEMEAFERIEEAN, REA
USRS EF AR R BB EMRIZBE B EE,

11 ADMM NE—B X E operations
i 07 HFIRTE  9SHEkE  [oearch

ER Operations Research Letters 23 (1998) 151-161

ELSEVI

Some convergence properties of a method of multipliers for
linearly constrained monotone variational inequalities

Bingsheng He?, Hai Yang® *

a Department of Mathematics, Nanjing University, Nanjing, 210093, People’s Republic of China
YDepartment of Civil Engineering, The Hong Kong University of Science & Technology, Clear Water Bay, Kowloon, Hong Kong,
People’s Republic of China

Received 1 June 1997; received in revised form 1 July 1998
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KRR BENT 7 AZFI XA ADMM &

Step 1. NERTERY (7, \¥) &, K1 " € X, &S

(' — ka)T(f(asz’l) —ATIF — B(AZMT 1 ByF — b)]) >0, Va' € X.

Step 2. HEBH (1, A7), KRG " e Y, 17

(v — yk“)T(g(yk“) — B'[\" - B(Az"" + By — b)]) >0, Yy €.

Step 3. #X1E Lagrange 7 A
)\k—l—l _ )\k o 5(Axk+1 4+ Byk—l—l o b)
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JOURNAL OF OPTIMIZATION THEORY AND APPLICATIONS: Vol. 106, No. 2, pp. 337-356, AUGUST 2000

— A

SIEEIEZF 2 EHE-

EER

123 e BV L A N 245 Boyd MH"BF*FH HY
Alternating Direction Method with

Self-Adaptive Penalty Parameters for
Monotone Variational Inequalities'

B. S. HE,” H. Yang,” anD S. L. WanG?

Communicated by R. Glowinski
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X 3 EE E >I<I

Strategy S3. { B} is a self-adaptive variable,
Bl + 7o), if ¥ = P [x" = (f (") = A" < wl|4x" + By* = b,
Beii =1 B/ +10), if pllx" =P [x" = (f(x") = 4"2)]|| > | 4x" + By - b,

B, otherwise.

In any cases, if B, 1# B, then

Brei1=0+7)Br or Prir= ﬁk/(l + Tg).

o XEHLRIANWNSIRE, FEKE 0 HIEE.
o IMNAREENTIZH 6, MEXATISHFI {6}

o XERMTISHIFS {5} HIBVHELAEN,
iz 8 = FA TR EI%T ADMM B AR EEAISERMETTMR

o MEEERBBEMOMHR! REEME? FEHE
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O FR{72002 EEFRE MP IXE K
SEEhpEELC, L ERNE—EL HpES

Math. Program., Ser. A 92: 103-118 (2002)

Digital Object Identifier (DOI) 10.1007/s101070100280

Bingsheng He - Li-Zhi Liao - Deren Han - Hai Yang

A new inexact alternating directions method for
monotone variational inequalities

Received: January 4, 2000 / Accepted: October 2001
Published online February 14, 2002 — © Springer-Verlag 2002

Abstract. The alternating directions method (ADM) is an effective method for solving a class of variational
inequalities (VI) when the proximal and penalty parameters in sub-VI problems are properly selected. In this
paper, we propose a new ADM method which needs to solve two strongly monotone sub-VI problems in each
iteration approximately and allows the parameters to vary from iteration to iteration. The convergence of the
proposed ADM method is proved under quite mild assumptions and flexible parameter conditions.

Key words. variational inequality — alternating directions method — inexact method




A variational inequality problem is to find a vector u™* € 2 such that
u—uHTFu*) >0, Vueq, (1.1)

where €2 is a nonempty closed convex subset of R”, and F is a mapping from R" into
itself. In this paper, we consider the VI problem with the following structure:

_ (X _ (™)
u—(y), F(u)—(g(y)), (1.2)

Q={x,ylxe X, vye), Ax+ By = b}, (1.3)

o MIBLL 2||Ax + By — b||? h S EIiLL 1| Az + By — b|% & H.
o MMERIE =I5, FFH— A REFHEN, (£15F 0] R 1F A Sk iz,

o NiEHENRMERIER, FEZEH—1DXTAFARGIE, FIH
Eix 53, FRIREN—T LA

e REMMERLMUMFUNRIE. TRLIIEFHERENN, REHK
HMEREEREARAE JCM 2006 FISCEF LI . WL [14].
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ADMM KRN O] 0 BEE FRIZ M 2R L4 o] & I

min{6,(z) + 02(y) | Ar+ By =b, x € X,y € YV} (2.1)

IB]&R (2.1) BIET Lagrange R 2
Ls(w,y,A) = 91(95)+92(y)—AT(A:HBy—b)JrgIIAw+By—bll2- (22)

Hh 3> 02F#. The convergence time seriously depend on 3 !

AZE HF ML Alternating Direction Method of Multipliers (ADMM)

B EE ADMM BY kRERZ2MNEER (y*, \F) TG
(k1 = Argmin{Ls(z, y*, \F) |z € X},
Yt = Argmin{Lg (21, y, A¥) |y € VI, (2.3)

)\k—i—l — )\k _ 5(A$k+1 e Byk—l—l _ b)

7\

\
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SR =

y

\

2"l = Argmin{60y (z) — 2T ATNF + 5| Az + By* — b))% |z € &},

Ykl = Argmin{fs(y) — yT BTk + gHA:UkJrl + By —b||? |y € YV},

Ae+L — \E B(Axkz—i—l i Byk—l—l _ b)

P = 0 y-FRESAIERSE HETEPAFN

/\

y

\

SRS X, 0i(x)— (91(513k+1>—|—
t(z — FHT (—ATA’“ — BAT (Ag"+t 4 ByF — b)) >0, Vo € X.

ey, ba(y) - 02(y")+

>\k+1 — >\k . B(Axk—l—l i Byk—i—l . b)
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22 BRI FINFHEEUN—TISHEEFERBALLEN
Z& A EERNIL{E: Stanford X% Boyd igEHAY S| F

FABIEEELAEN, # Boyd BRI A— 1 EEM AWML,

Foundations and Trends® in
Machine Learning
Vol. 3, No. 1 (2010) 1-122

© 2011 S. Boyd, N. Parikh, E. Chu, B. Peleato n.w

and J. Eckstein
DOI: 10.1561/2200000016 the essence of knowledge

Distributed Optimization and Statistical
Learning via the Alternating Direction
Method of Multipliers

By Stephen Boyd, Neal Parikh, Eric Chu,
Borja Peleato and Jonathan Eckstein
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Boyd FHEXRILXHIE 20 TTH 1 E:

A simple scheme that often works well is (see, e.g., [96, 169]):

.
TR [P > s |2
pkz-i—l — < pk/,]_decr if HSkHQ > MHrkHQ (313)

ok otherwise,

\

where p > 1, 7 > 1, and 79 > 1 are parameters. Typical choices
might be p =10 and 7 = 79¢" = 2. The idea behind this penalty
parameter update is to try to keep the primal and dual residual norms
within a factor of y of one another as they both converge to zero.

Boyd FiX R iL X HIRB 5T S5 SLH:

[96] B. S. He, H. Yaﬁg, and S. L. Wang, “Alternating direction method with self-
adaptive penalty parameters for monotone variational inequalities,” Journal

of Optimization Theory and Applications, vol. 106, no. 2, no. 2, pp. 337-356,
2000.

[169] S. L. Wang and L. Z. Liao, “Decomposition method with a variable parameter
for a class of monotone variational inequality problems,” Journal of Optimiza-
tion Theory and Applications, vol. 109, no. 2, no. 2, pp. 415429, 2001.
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4 HIB3E K Boyd HEFIFH ADMM F 4 7 — N AL HISK AR ES.
NBIXPNKRIESZRISCE, 1E R 2017 F  (Journal of Machine
Learning Research) HIZE—m L E.

Journal of Machine Learning Research 18 (2017) 1-5 Submitted 9/15; Revised 10/16; Published 2/17

SnapVX: A Network-Based Convex Optimization Solver

David Hallac* HALLAC@QSTANFORD.EDU
Christopher Wong! CRWONG@CS.STANFORD.EDU
Steven Diamond! DIAMOND@CS.STANFORD.EDU
Abhijit Sharang’ ABHISG@QCS.STANFORD.EDU
Rok Sosiéf ROKQCS.STANFORD.EDU
Stephen Boyd* BOYD@STANFORD.EDU
Jure Leskovec’ JUREQCS.STANFORD.EDU

o WEHR (Abstract) g%, ETF ADMM, e B3 K RS FhAS
[5] B2 FE 4ouis B9 A BY (A 14 [a) R
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o L Erii, ADMM BYUTEIBT BRI T 3028 p BOIZER (FATHISC
ZE—MA 8 FT/R) . KIE p ATLAKA AT 2000 EXEFHIHUE.

e ADMM p-update - The convergence time of ADMM depends on the value of the
penalty parameter p (Nishihara et al., 2015), as it affects the tradeoff between primal
and dual convergence, both of which need to be obtained for the overall problem to be
solved. SnapVX users are not only able to select the value of p (it defaults to p = 1), but
can also define a function to update p after each iteration based on the primal and dual
residual values (He et al., 2000; Fougner and Boyd, 2015).

o MEFHAABRST S SRR,

B. He, H. Yang, and S. Wang. Alternating direction method with self-adaptive penalty
parameters for monotone variational inequalities. Journal of Optimization Theory and
Applications, 106(2):337-356, 2000.

P. Huber. Robust estimation of a location parameter. The Annals of Mathematical Statistics,
35(1):73-101, 1964.

B FREERBEMER, BiIUE# maths.nju.edu.cn/ hebma
FRINHN (M FRIFT AN EFRNNAEEL) BIE+—B
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MREEANUE, FJRERYICIRREMPE ?

iy R
min{0; (z) + 62(y) | Az + By =b, z € X,y € Y}
FEfRRE T E—NKT 0 EH r LUSE AT E)
min{7(61(x) +62(y)) | Axr+ By =b, x € X,y € YV} (2.4)
Z. EHERVEIERAIES Lagrange BREIE

Lrp(,5.3) = 701 (2) +02(4)) ~\T (At By—b)+ 5 || Awt By b

The convergence time depend on 7 and (3 !

S VIR, B TIERE F B AR R A 2R F R ENTELF.
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30

m—

-

TR FEE iR (2007-2017)

e 2007-2008 &, B IELBEELESZHNFE TS AFN. R 2-31ME
FHIEATH ZEA0E Lagrange seF3% [11], B FUN-F IERIE L.

o 2009 T &, MIRFEMN

Rice BX&1EFrEIE, NMBTRHXERME

5% (Alternating Minimization Algorithm) 3K fiZ Bl {& AT 5] 83 .
o MNMA N BEFOIETIEB T ERERERZEMMLEE.
o &I Lagrange T EM T 50 K 75 7% (Nocedal & Wright [27]).
o HNAI D EE FO)RIAYIES ™ Lagrange FeF Atz & ADMM.
o HHEE, WEMFE ADMM 2 EFHHAR T .
o FIRMEIXFEMTR! (FEAANRMILFRBEAMMZHED

min {6, (x) + 02(y) | Ax+ By =05b, x € X, y € Y} (3.1)



Kgi)E (3.1) RIS R B G 7A

CARRETARE = Argmin{ 61 (z) + 62(y) + §||Aac + By — b||2‘a? ceX,ye )}

KR (3.1) BYIET Lagrange %?5&" METER N\ FFE

($k+1 yk-l—l) — Argmin {@1 (x) + 02(y) — ()\k)T(Aa: + By —b)|x € X}
| yey

+5|Az + By — b|?
Fa) e E e —HE, 18 Lagrange R FEM TSR 7%
%Iﬁlﬂ"lﬂﬁl BAEFR My WA DEE | REBATNEFE.

)\k—|—1 — )\k _ B(Ail?k—i_l T Byk—l—l _ b)
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KARIE)RR (3.1) RIS RIS R B 7 7 — X BEWR/IMETGE(AMA)

METER) o* A
gt =Argmin{ 01 (z) + 5| Az + By* — bH2‘x e X},

Yt =Argmin{02(y) + || Az + By — b|?|y € V1.

Ko (3.1) BIHAS RV Lagrange 3
MEER (v*, \*) F A
2t = Argmin{01 () — (A\*)" Az + 8| Az + By" — b||? |z € X},

e — ADMM

y* T = Argmin{02(y) — (\*)" By + £2||Az*"" + By — b|*|y € ¥},
)\k—l—l — )\k . B(A$k+1 i Byk—|—1 . b)

&G, 132 E A 7 (ADMM) iz KT 32 B /ME 5% (AMA)
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TRy YA [a] R RN 32 75 B K i

W B RIBSEN AASITH (SRS (TR (0. B PA

Z N TR X — RPN R BRI 8, 2380 1 % (a3 5%

198 It &7 &K G — /PR E AN) I LER =N, B2iUER, & S Br ) i i R
BB AT, T SRR AT, TTLL KA SRR SXEebiat T (et
e BRI — R RS, BAREAT, QSRR AR, 2 o5
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31 WSRFEHZMAEILER
IERR T & A AR A BN TAIEERE X TH O(1/t) Wasit

e B. S. He and X. M. Yuan, On the O(1/n) convergence rate of the Douglas -
Rachford alternating direction method, SIAM J. Numerical Analysis 50(2012),

700-709. & [ E X TR SRR,
weW and sup {0(d) —0(u) + (0 —w)' Fw)} <e
wED ()
o - T 1 0
O(us) —O0(u) + (w0 —w)* Fw) < 2ot 1) v —v°||5, Yw €

e B.S. He and X.M. Yuan, On non-ergodic convergence rate of Douglas -
Rachford alternating directions method of multipliers, Numerische
Mathematik, 130 (2015) 567-577. BB N TR SURER.
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ADMM

The alternating direction method of multipliers (ADMM) is an algorithm that solves
convex optimization problems by breaking them into smaller pieces, each of which are
then easier to handle. It has recently found wide application in a number of areas. On
this page, we provide a few links to to interesting applications and implementations of
the method, along with a few primary references.

ADMM is used in a large number of papers at this point, so it is impossible to be
comprehensive here. We only intend to highlight a few representative examples in
different areas. To keep the listing light, we have only listed more detailed bibliographic
information for papers that are not easy to find online; in any case, the information given
should be more than enough to track down the papers.

Theory and variations

On the O(1/t) convergence rate of the Douglas-Rachford alternating direction method
B. He and X. Yuan, 2012

Fast alternating direction optimization methods
T. Goldstein, B. O'Donoghue, S. Setzer, and R. Baraniuk, 2012

Augmented Lagrangian and alternating direction methods for convex optimization: a tutorial
and some illustrative computational results

J. Eckstein, 2012
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BRT
2 2 2
Bly™ =) | _|| B -y | | B -y
)\k—|—1 A\ T )\k A\ )\k . )\k—|—1 7
H H H
=]
2 2
Bly™t —y* ) [ _ | Byt -y
)\k—l—l . )\k—|—2 o )\k . )\k—l—l
H

H
Ft A T RHEX T RUSIR R

5 PPA 7% FRIEFATERR AN BYFT1

2= MR
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3.2 4P S E A Lagrange e FAREIR Y R
rElﬁl':ﬂ:I‘EJE;I min{f(x) | v € X'}
PPA '%ﬁ;‘f. 2"t = Argmin{0(x) + ||z — 2*|]* | x € X'}

2R

o |2t — 2| <laf — 2?2t — 27,

o |zt =2t < |t — 2t

T+ gt = gF — y(aF — 2FT), v € (0,2).

HimfY o Z2AMAREIE (PPA) HURE.
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&ﬁtﬁtfﬁlil min{f(x) | Ax =b, v € X'}

# Lagrange B : Ls(z,\) = 0(x) — AT (Az — b) + 2| Az — b||%.

¥ Lagrange e ¥k (ALM)I

{ Rt = Argmin{Lg(z, \¥) | x € X'}
)\k—i—l — )\k _ ﬁ(ASEk—'_l _ b)

FEMR
N H)\k+1 . )\*HQ < H)\kz . )\*H2 . H)\k . )\kz+1||27

o |[ATFL—ARER < JIAR — AR

JiE 4R ML= My (X — M)y e (0,2).
Humfy AP 2 181 Lagrange RFIERVAR.

PPA F1ALM 7] AZEFR RS FRADMM GEARGER? ENEUER LLA! I
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3.3 FAANE TS ADMM /5358 () Kt

1. ADMM in sense of PPA 3z #)l5 3 4 i I}A (y*, \F) &

2k = Argmin{Ls(z, y*, \F) |z € X7},

§ ML = NF— B(AxFTL + Byf —b), (3.2a)
Uy = Agmin{La(a™F y, A [y € V3,

(

k+1l o ok Aok okt
J v = W T ey )
)\k—i—l — )\k . 7()\lc . )\k—l—l).
.\
XEB~yc(0,2). MES = 3R @20)HHEM LN Z2HE

SERYRTFERST (3.2a) FEERY. X 2 Bia)RR, X AFEE RS AN TR SR .

e X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point
algorithms revisit on the alternating direction method of
multipliers, Science China Math., 56 (2013), 2179-2186.
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2. Symmetric ADMM X FREV3ZE 75 [B15k I

JRIGZE o« My AR LERTFWN. TULEBCRAXIRIRZ B [EE.

Symmetric Alternating Direction Method of Multipliers is described as

(

Rt = Argmin{Ls(z, y*, \¥) |z € X},
Atz — Wk uB(Az 1 + By* — b),

y* 1t = Argmin{ L (z* 1y, \et3) |y € V],

A+l — \ets IUI/B(A:C]{—Fl 4+ Byk+1 —b).

\

wehre 1 € (0, 1) (usually x = 0.9).

e B.S. He, H. Liu, Z.R. Wang and X.M. Yuan, A strictly contractive
Peaceman- Rachford splitting method for convex programming,
SIAM Journal on Optimization 24(2014), 1011-1040.
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4 ZNA S ERE RO

FAA 3 MR EEFaYEIE A5
min{el(ib) +02(y) +03(2)|[Ax+ By+Cz=0b, x e X,y YV, z€ Z}. (41

XA ElRERYIEr Lagrange B2

Li(x,y,2,\) = 01(x)+0s (y)—|—93(z)—)\T(Aa:—|—By—|—Cz—b)—|—§ | Az+By+Cz—b||°.

[ zFT1 —  argmin {L5(x, 4", 2% A7) |z € XY,

< y"t = argmin {L3(a",y, 25 A [y € Y} (4.2)
= argmin {£3(zF Y, gL 2, AF) |z € Z},

AL = N = B(AsPT 4 Byt 4 O — b,

Xt m > 3, BIRHET RIS 5 [BAD REPRIEUAL.

e C. H. Chen, B. S. He, Y. Y. Ye and X. M. Yuan, The direct extension of ADMM
for multi-block convex minimization problems is not necessarily convergent,
Mathematical Programming, 155 (2016) 57-79.



& 2016 F 10 AhEEEFSETRES
RO T HEF=I RN ITIE, TR T —skEmaE =R Ee.

Work of Bingsheng He XEI/\K

« Convergent with two group of variables
* Not convergent with 3 or more.

A, EFRYUE, MiZREMt—ESEET(E
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« Convergent with two group of variables

» Not convergent with 3 or more.

R T fEBIR A — L E NI EAR B3 (17E ADMM ZHE ) TIE
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HIEHEr ADMM: (143K 2016 Math.Progr. BI=/NE F(o)8a

min{6, (x) +02(y) +03(2)|Ax+ By+Cz=b, x € X,y € Y,z € Z}
HE—TEIFH, 01(2) =02(y) =05(2) =0, X =Y =Z =%
A=1[A,B,Cle R BNMNEFRHEME, b=0c R

LB —EARIIE MR GF, IERR T EREHET B9 ADMM F AT
XEMFEZHEAELHTHIENX.

EE®ERRAEIE: = PFEFRISEPREIRE P, Lt 2)REM

A=[AB,C] FEZLE—NE2ENENR B, A=[A B,I.

ERHET /Y ADMM &0 385X 741 58 T SEFRAY =N E RV [a] &,
B BUERA S, tgBELRA, Z5HRMNTOAHE ! !
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ZEA™ 18 B2 B 5 R -
o T FXEFEE (ADMM) &b3E (0]
min{f; (z) + 02(y)|Az + By =b, x € X,y € Y} =UEH.
o EFERLARIEMAZFRLIR, BT A
min{6 (z) + 02(y)|Ax + By < b, v € X,y € V}.
o BUR="EFHNERLRD)@
min{6;(x) + 02(y) + 0| Ax+ By+z=0b, c € X,y € Y,z > 0}

o HiZHE B ADMM A2 FE X Fo)En, A0 A=, BERE
AL BIERRUA S, g BEas ] !

ETF B AH, BN =AFEFHEEREE T —E£2EFEZE 5.
BAT T AEX BB A EREE ! X 5 ANIERE, R A ENFA!
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4.1 EITRERRY-FROMELIE 7 A
ST ENET NASEA H R

[ FThME | (G = arg min {E%(az,yk’,zk,)\k) x € X},
L, Y, 2 ) ¥ = argmin {L’%(wk,y, zk,)\k) (TS y},
e
EE‘;}%\E Z¢ = argmin {E%(mk,yk,z,)\k) z € Z},
| HFmS | (A = AP - B(AZF 4+ BgF + CZF —b).

z,y, z FIRIAEITT, KEH. XLy, v, 2 EFH )\, #IEERIE!
[
Yy

[EERE] " =w" —a(w® —a%), w=

oy
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B o ATLLET

p(wk, wk)

lwh —@* |3,

ap =vyag, v€(0,2), op=

L, Hep
[ BATA 0 00\ (AT
o 0 S8BT B 0 0 p BT (A B o)
| o 0 BCTC 0 oL I
\ 0 0 o ir) \o)
=X FRAE IE EREFE,
p(w®, @%) = |lw* —a" |

Lo AVT[A(F — 3%) + B(y® — i) + C(2F — %)) (4.3)



RERAZEHEN, HELSKRAZ—LEFHAIEE, A LIIER

M- 1E, RN REEZF BN ERESR. UM R 2
HidarEE, RIEFITTELK, TR v —w HM TSR 4.

SCE 2009 £ & F7E Computational Optimization and Applications.

e B.S. He, Parallel splitting augmented Lagrangian methods for
monotone structured variational inequalities, Computational
Optimization and Applications, 42, 195-212, 2009. X&3E

e Received: 22 April 2007
e Revised: 29 September 2007
e Published online: 6 November 2007

Eitt, AT LB MR ADMM 20 £ aiEEER—NT1E.
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WRTAHE o« HA P EER, AR (vF, 25 M) = (5T 27 0F)

gkt R ]k = arg min {ﬁg(ﬂfayk,zk,)\k) S X}a
#y, 2z 7] " i
Ef}j., EE%}?)\ f - argmln{ﬁﬁ('r » Y 7Z7)\ ) Z € Z},
Cwmams | A = A —B(4EF + ByF 4+ CzF - b).

y, z FIEJRSAT Y, XEH. S#EFELLEEHN )\ #FERIE!

MEEE] o = of —apob — ), w=

FERXBRERIE (v, 2,\), R TR—ZE KM (yF L 2L A,
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B o ATLUBE

k .~k
) . plw”,w")
Qp = Y, v € (0,2), o = ~
Hwk _wkHM
o, He
S8BT B 0 0
M = 0 BCTC 0
1
0 0 S1

X FRH IE ERE R,

p(w® ") = Jlw* — a3,

+2(AF — Xk)ﬂB(y’“ — ")+ C(2" = 2]
RERREGEN HESKAE—LEBEE, ALGER

9 _
2

IS =

o >



4.2 weHErE{XE ADMM 753

LA (4.2) 2HERD (yh L, 2R ) AT, B o € (0,1), RIEARA

yk—|—1 - yk B I _(BTB)—lBTO yk . yk—l—l »
k1 T Lk « 0 7 b k4 . (4.4)

AT AT—LIARREER (By T, C2 1 N, BINTREM

Byk—l—l - Byk . T -7 B<yk_yk—i—1)
oraant AR WerL 0 I C(zF — 2+ )

e B. S. He, M. Tao and X.M. Yuan, Alternating direction method
with Gaussian back substitution for separable convex

programming, SIAM Journal on Optimization 22(2012), 313-340.

5y F - BRE AT HEGEA B
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4.3 ADMM + Prox-Parallel Splitting ALM

_ - i
el
Y, Z
N

xk—l—l

k+1

arg min {E%(x,yk,zk,Ak) ’ T € X}a

arg min {E%(wkﬂ,y,zk,)\k) ‘ y €V,
arg min {ﬁ%($k+1,ykazv/\k) ‘ Z < Z}v
\E B(Aaj]ﬁq 4+ Byk+1 1+ O k+1 _ b).

/

\

y, z FIEJRAT, SRR EMUS IR, 74 EA1R T STER N1 1E N5

2P = argmin { L3 (z, y*, 27, A¥) |z e X},

yFtt = argmin { £} (z", y, 28, NF) + Z8IB(y — v%)[1?|y € Y},
P = argmin { L3 (" yF, 2, NF) + ZB(|C(z — 27)|?|z € 2},
MHL = NP B(AzF+L - Byktl 4 CF L ).
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LR HBEERS T

y

2"+ = Argmin{01 (z) + 5| Az + By + C2" —b— $0*|? |z € &},
AT = AF — B(Az*T! + By + C2F — b)
1
§ Y =Argmin{fa(y) — (N 2)TBy + 2| By — v*)I1* |y € V3,

2P = Argmin{63(2) — (¥ 2)TCz + L2 C(z — 2M)||? | 2 € 2},

ML = \F — B(AzF Tt + Byt 4 O —b),

\

Heh oy > 2. 45080, AT RAER 4 = 2.01.

e B. He, M. Tao and X. Yuan, A splitting method for separable
convex programming. IMA J. Numerical Analysis, 31(2015),
394-426.

XBEH, XKL

ENI5, N B 2 RERBAIE.

- FLAN L
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This method is accepted by Osher’s research group'

e E. Esser, M. Mdller, S. Osher, G. Sapiro and J. Xin, A convex model for
non-negative matrix factorization and dimensionality reduction on physical
space, IEEE Trans. Imag. Process., 21(7), 3239-3252, 2012.

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 21, NO. 7, JULY 2012 3239

A Convex Model for Nonnegative Matrix
Factorization and Dimensionality
Reduction on Physical Space

Ernie Esser, Michael Méller, Stanley Osher, Guillermo Sapiro, Senior Member, IEEE, and Jack Xin

TEO,VIjnelgj,eeE C Z m]aX(TZaJ> + <RwO'C,w, T>

suchthat YT — X, =V — X.diag(e). (15)
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Since the convex functional for the extended model (15) is
slightly more complicated, it 1s convenient to use a variant of
ADMM that allows the functional to be split into more than
two parts. The method proposed by He ef al. in [34] is appro-
priate for this application. Again, introduce a new variable Z

Using the ADMM-like method in [34], a saddle point of the
augmented Lagrangian can be found by iteratively solving the
subproblems with parameters 6 > 0 and ¢ > 2, shown in the

tion refinement step. Due to the different algorithm used to solve
the extended model, there 1s an additional numerical parameter
1+, which for this application must be greater than two according
to [34]. We set i1 equal to 2.01. There are also model parame-




[33] E. Candes, X. L1, Y. Ma, and J. Wright, “Robust principal component
analysis,” 2009 [Online]. Available: http://arxiv.org/PS cache/arxiv/
pdf/0912/0912.3599v1.pdf

[34] B. He, M. Tao, and X. Yuan, “A splitting method for separate
convex programming with linking linear constraints,” Tech.
Rep., 2011 [Online]. Available: http://www.optimization-on-
line.org/DB_FILE/2010/06/ 2665.pdf

i B
o FHREINFZERMESMESFE L (PPA) BX.
o FTEH] (ADMM) K3 H X ERRETIES Lagrange 3R T%.

e ADMM 27532 R Ext R HIN— L SEPRe| B B EIF BT E R
R RIARK RE2—MAZE.

EFEIFER: PPAFIALM BEBRIIEL, ADMM #A !
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5 SHPGE
WETAFN
u €9, (u—u)"F(u*) >0, Yue
%ﬁﬁﬂﬁ%%@>oﬂ#%fiﬁwﬁwa

u” = Pg[uk — BF(uk)]

ARG —HESR

\'l

RIFIRFENERERE
(u — @)L BF(a") > (u—a®Td(®, a"), Yu e Q. (5.1)
S BIEEER (v — a¥)Td(u”, ak) > 6||uf — a*||?. 6 > 0 AEE

BIZXBHE2NTHRERBATTAFN:
w* e Q, Ou)—0u*)+ (w—w)'Flw) >0, VweN.

SRR, u= (1), w= (r.y.)), BOEBR v = (1, ))
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BIE K E— L TR, FFENTNS 0F € Q 25 (5.1) ZE0LHY

O(u) — 0(7") + (w — )T F(@F) > (v —*)TQ(v* — %), Vw € O,

(5.2)
R Had | QT +Q IEF'EI % 5.0 WRTFHESERA

(uw — a®)TBF(aF) > (u — a®)Td(u”, o), Yu € Q.

Et, (5.2) FHY Q(v* — %) HETF (5.1) FHI d(uF, @*). HTEHIEIEE,
FUMERTR T NFES @, BUEERERE H, 8 M = H1Q, (5.2) BRI RK

wF e Q, 0(u) — (T + (w — @F)TF(a")
> (v — ") HM (" — %), Vw e Q.

BAAREAR | 0" =0" - MO" 0", ] FEHRER S

\\\\\



ok e Q, 0(u) — 0(aF) + (w — @F)T F (k)
> (v — 0T H (v — 0P, Y € Q.

-, AT UUISEE] PPA BAEZEC

SN FNRLIE AP RIFERE Q F1 M, anER
H=QM !0, (5.3a)
ad=|

G=QT+Q—-MT"HM =0, (5.3b)
R WS, HFE RSB O(1/t) BIBSEERER.

—A™ it B E MR IE R I AT AR IR A R
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AIE 22 5 A= 2
SENAFERF, ERNNLEIR M LENHSSEE.

S OMIBER . R BRI — M B IE SR

(= b)(c —d)
- gl = =P + =02~ =7

ST PN

BEXERT, ERNREZN RS

o

FIAH EEAEFNALIE:
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X BRGE—HER TS RY & B UEBR AT LA BV E 71
maths.nju.edu.cn/ hebma BJ {My Talks) =
F=NRERY §4 BIRE].

M Thinkings:
- ];‘E:#

Mt HEATER AEXNLERIE 0=Tir100T]
R—IE RSN SRR R E
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M 2011 £, EoHE KEEBIXE, XZEFXZE, WX
¥, EBXE, IXE, XXKE, mAKE, LWEKXE, 5§
Bt EHEMRER, T AKRKE, ERAEFEREHIZBEHEE.

—

2012 455 . ATEHET A4 2= B A ) = LT 0 ADMM
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HEPAFANESTORU T REEEZNENITE.
AT AFIER TS IR = IFE B 2.
IOXEER B, IR R LA A KRR, HEESE
e 32 73 RAR R R PR AU M IERR £ R B 2.
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BIE: BEZE A=HEHUFNEN. ANARSHY
BRI EMS, BT LUEKE R S%—. @8, A
AREEREH %— BT BENZER.

o BKERSSE—, MR ITERENENRE X

KRR A RO, B RIEBEHEFE (ALM) 1L
TR G E, BatEMEIRAANERENE.

STAN D EBEFRZMEARMO LR, & R
B H3eF7% (ALM) FI5T R 505, et flF o ARk T 3k F
B HmEE (ADMM) FiRz B/ ML AL (AMA),

ANTE L BIEERXT ADMM 1&Fh Kty
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S AV oA

X5

ADMM N2 (1R LK. BT 10 &4

BT B E A, (FEFXT ADMM K5 ERINER L.,
= XTADMM 75 5% i — &£ B 1 B Y e gt FUERA — £

A =4 H
W F

= ZHIEILAAR, (RINERE.

, 1

HELE, XKB|TERIRTE y IFETE AN XF
EE T PPA & X TH) ADMM (Science in

1 45 21 6 7%
China, Mathematics, 2013);

LENFRET=E x My, FRKL
B2 FrELAY ADMM (SIAM Optimization, 2014).,
! FREVH{ERD, TTERINEAE.

BT E N, B

XERE, EIE




IBig b, FAERA T ADMM EiRAE X T (SIAM Nu-
merical Analysis, 2012) F1 = %1Z& X T~(Numer. Mathe-
matik, 2015) B9 O(1/t) BOSEIERZR. JERRER AN & 2.

ADMM B9 2 A, AIBRER|E=1MEFMZD
B FRURIZRHE .

FANEABEIERR “HEE 8RR SRR iE, &
1T —EE SN EF el ADMM K5 7E
(SIAM Optimization, 2012; IMA Numerical Analysis, 2015).

W E PR 2 FE R R T E el R .

73



BFERBAIN G H “BEEET B9ADMM FIEIE=1E
F )R A RIEWE” B945]F(Math. Progr., 2016),52FA:
o BN IEZNEFrI ADMM E5ERRE “ANE
B AMZIE” (SIAM Optimization, 2012) #0

o "BHEHABIEFEIE, miasminENIMEB K
Tl (IMA Numer. Analysis, 2015)

FRhg, FRESVIR, H EEE2SIER.

B SRR, EAEEMIE. XJLHE, £EEL

RN, EER(—L—DERNRHAE.
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