
···ÚÚÚ¦¦¦fff���OOO������{{{20ccc
ÛÛÛ ]]] )))

H��E�ÆêÆX H®�ÆêÆX

E-mail: hebma@nju.edu.cn Homepage: maths.nju.edu.cn/˜hebma

I[g,�ÆÄ7(1OÒ: 11471156)]Ï�8

ÁÁÁ���. 1997 c, �Ï�ä©Û�¡�¯Kr·Ú?¦f�O��{ (ADMM) �ïÄ+�. C 10 c

5, ��^5¦)C©Ø�ª� ADMM 3`zO�¥�2�æ^, K��5��. �©o(·� 20

c53 ADMM �¡�ó�, AO´C 10 c ADMM 3à`z©�Â �{�¡�?Ð. ÎnÌ�

(J, `�59�ó. ©Ù|^C©Ø�ª�/ªïÄà`z� ADMM a�{, Ø9�¤k�{Ñ

UB\��{ü�ýÿ-��Ú�µe. 3Ú�µeey²�{�Â 5�AO{ü. ÏÖ, k|u


) ADMM a�{�Vm. c[�Ö, �NÒÝº
�â¢S¯KI��E©��{�Ä�E|.

���2/w�, ADMM a�{
gO2.�KF¦f{(ALM) Ú�C:(PPA)�{, §�´Bu

|^¯K��©l(�, ¿vk�ØALMÚPPA����{�k�":.

'''���ccc. à`z, üNC©Ø�ª, ¦f�O��{, Â 5�, O(1/t) Âñ�Ç, Ú�µe

MSC (2010) ÌÌÌKKK©©©aaa. 90C25, 90C30, 90C33.

1 ÚÚÚóóó

`å·�¦f�O��{ (ADMM) ïÄ, �<)²{�k�½'X. Äk, ·é`za,�, 


u©z��·Ïm/í2`À{�©è03·[�{¢���Ê9�w. ©�(å¡Ep�·

þ
�Æ, uÛ�k) 1980 c3H®�Ær,'u`À{ÚêÆA^��w, ±9H®�ÆÛ

RÐk)3IS`z.�Æâ/ , û½
·ÀJ�`z��;���.

f`À{��w¦·Ã�, y¢)¹¥�êÆ¯Kp, ¼ê��vkwªL�ª. uk)í2

�`À{Ò´¦��ü¸¼ê4�:��^¼ê���^¼ê���{. 3`z+�, �Ð·9

%uC©Ø�ª�ïÄ, ´Ï�§´£ã²ï¯K�Ø%óä, �±^5)º+n�Æ¥��


¯K. duÉ�cuk)í2`À{�K�, 3C©Ø�ª�¦)�{¥, ·Ì�é�^¼ê�

��{a,�, �åuïÄ�^¼ê���{. 3ïÄ ADMM �c, ·�Ì�ó�´¦)üN

C©Ø�ª�ÝKÂ �{ [11, 12, 13, 16]. �5C©Ø�ª�ÝKÂ �{ [11, 12] �¤õA

^�Åì<�$Ä5yÚ¢���¥ [5, 9, 35, 38]. du [11] uLu 1994 c, [12] ¥£ã�{

�úªIÒ´(4) -(7), ù
�{3¥ì�Æ�Ü�ß�K|2011c±5�20õ�Ø©±9;Í

[39] ¥©O¡� 94 LVI Ú E47. |^ [13, 16] ¥¦)��5C©Ø�ªÝKÂ �{, ¥��É

ÇñèåÆïÄ¤�Æö¤õ)û�
ñèó§¯K [40, 41]. ó§.Uz���U)û¦�¯

K��{, Ñ¬AOp,.

�Ï�ä©Û [28] ¥�êÆ¯K  8(�C©Ø�ª. �l�E�Æ�
°�Çl·uL

�Ø© [42] ��·tC©Ø�ª�{ïÄ, ��· 1997 c��l���¯. �Ö
�
�Ïï

Ä�©z [28, 29] ±�, ·�m©
ADMM¦)C©Ø�ª�ïÄ. C 10 c5, ADMM �2�

A^u¦)��©l(��à`z¯K, ¤
9��K, �-u
·�?�Ú�ïÄ,�.

�©§2 0����üNC©Ø�ªÚà`zéA�C©Ø�ª. §3 £�·�l1997 cm©

�1�� 10 c� ADMM ó�. §4 �²^ ADMM ¦)©l(�à`z�nd. §5 Ú §6 ©O
0��C 10 c ADMM a�{3¦)ü�Úõ��©l�f¯Kþ�Ì�?Ð. §7 3Ú�µe
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e�Ñ ADMM a�{�Ì�Âñ5��{üy². §8 �y²;� ADMM 9Ù (§5 Ú §6 J�
�) Ì�?ÐÑ�±B\Ú�µe. ��, ·�nã�eù
ïÄ�(Ø�N¬.

2 üüüNNNCCC©©©ØØØ���ªªª

`z´��/í�A^êÆ, ��$. �©=��ý��£´~£5�, ùpØ\y²��Ún.

ÚÚÚnnn 2.1. � X ⊂ <n ´4à8, θ(x) Ú ϕ(x) Ñ´ <n → < �à¼ê. XJ ϕ(x) ��¿�

min{θ(x) + ϕ(x) |x ∈ X} k), @o

x̃ ∈ arg min{θ(x) + ϕ(x) |x ∈ X} (2.1a)

�¿©7�^�´

x̃ ∈ X , θ(x)− θ(x̃) + (x− x̃)T∇ϕ(x̃) ≥ 0, ∀x ∈ X . (2.1b)

éy²a,��Öö��±ë�·Ì�þ1n��w [44] �1�Ü©.

2.1 ²²²;;;���(((���...üüüNNNCCC©©©ØØØ���ªªª

� U ⊂ <n ´��4à8, T (u) ´l <n �g�����f, C©Ø�ª¯K´¦

u∗ ∈ U , (u− u∗)TT (u∗) ≥ 0, ∀u ∈ U . (2.2)

�âC©Ø�ªÚÝK�§�'X (�[14]¥�½n1), u∗ ´ÝK�§

u = PU [u− βT (u)] (2.3)

�), Ù¥ β > 0 ´?¿~ê. (2.2) Ú (2.3) ��d5��eã.

'

&

$

%
HH

HH
HH

H
HH

HY

� r
PΩ[u∗ − βT (u∗)]u∗

- u∗ − βT (u∗)

u ∈ Ω

T (u∗)

U

XJéáu U (½ö <n) � u Ú ũ Ñk

(u− ũ)T (T (u)− T (ũ)) ≥ 0,

Ò` T ´ U (½ö <n) þ�üN�f. 3C©Ø�ª (2.2) ¥, =¦ T (u) ��, ·��Ø�¦

Ùä�'(Jacobian)Ý
 ∇T (·) é¡. bX ∇T (·) ´é¡Ý
, @o T (u) ∈ <n �±w�´��
��¼ê ϕ(u) : <n → < �FÝ, ∇T (·) ∈ <n×n ´ ϕ(·) �°Ú(Hessian)Ý
. �é{`, C©

Ø�ª (2.2) �¹
��`z¯K, ��KØ´.
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�Ï�ä©Û¥���C©Ø�ª

u∗ ∈ U , (u− u∗)TT (u∗) ≥ 0, ∀u ∈ U (2.4a)

¥, u, T (u), U   kXe��©l(�, Ù¥,

u =

(
x

y

)
, T (u) =

(
f(x)

g(y)

)
, (2.4b)

f(x), g(y) ©O´l <n1 Ú <n2 �g��üN�f;

U = {(x, y) |Ax+By = b, x ∈ X , y ∈ Y}, (2.4c)

Ù¥ A ∈ <m×n1 , B ∈ <m×n2 , b ∈ <m, X ⊂ <n1 ,Y ⊂ <n2 ´{ü4à8. é (2.4c) ¥��5�

å Ax+By = b Ú?.�KF¦f λ, ¯K (2.4) Ò=�¤

w∗ ∈ Ω, (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (2.5a)

Ù¥

w =

 x

y

λ

 , u =

(
x

y

)
, F (w) =

 f(x)−ATλ
g(y)−BTλ

Ax+By − b

 , (2.5b)

Ú Ω = X × Y × <m. du f(x), g(y) ´üN�, ùp� F (w) �´üN�.

2.2 ������555���åååààà`̀̀zzz¯̄̄KKK���ddd���CCC©©©ØØØ���ªªª

� U ⊂ <n ´4à8, θ(·) : <n → < ´à¼ê, A ∈ <m×n, b ∈ <m. ·��Ä�5�å�à`z

¯K

min{θ(u) | Au = b, u ∈ U}. (2.6)

§�.�KF(Lagrange)¼ê´½Â3 X × <m þ�

L(u, λ) = θ(u)− λT (Au− b).

XJ�é (u∗, λ∗) ∈ U × <m ÷v

Lλ∈<m(u∗, λ) ≤ L(u∗, λ∗) ≤ Lu∈U (u, λ∗),

Ò¡§� Lagrange ¼ê�Q:. þª�m5Ò´{
u∗ ∈ U , L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U ,
λ∗ ∈ <m, L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀ λ ∈ <m.

�âÚn 2.1, Q:��dL�ª´e¡�üNC©Ø�ª:{
u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U ,
λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m.

(2.7)

�¤;n�/ªÒ´

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.8a)
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Ù¥

w =

(
u

λ

)
, F (w) =

(
−ATλ
Au− b

)
, Ω = U × <m. (2.8b)

l (2.8)� (2.7), ��éÙ¥?¿� w ∈ Ω©O� w = (u, λ∗)Ú w = (u∗, λ). C©Ø�ª (2.5)

Ú (2.8) �)8, Ñ^ Ω∗ L«. 3C©Ø�ªµeeïÄà`z��{, Ò�^�¼ê��{¦

�gà¼ê�4�, ¬�5é���B. ù«*:, ����5�õ�@� [3].

3 1997- 2007 cccmmm���OOO������{{{���¡¡¡���ÌÌÌ���óóó���

é�Ï�ä©Û¥�C©Ø�ª (2.4) ¥��ª�å Ax+By − b = 0 Ú\ Lagrange ¦f��

C©Ø�ª/ª� (2.5). w,, (2.5) q�e¡�¯K�d:

w∗ ∈ Ω, (w − w∗)TF(w∗) ≥ 0, ∀w ∈ Ω. (3.1a)

Ù¥

w =

 x

y

λ

 , u =

(
x

y

)
, F(w) =

 f(x)−ATλ+ βAT (Ax+By − b)
g(y)−BTλ+ βBT (Ax+By − b)

Ax+By − b

 , (3.1b)

β > 0 ´�½�vëê.

¦)C©Ø�ª (2.5) �¦¦¦fff���OOO������{{{ (ADMM) [8] Xúu^tµ©���ª¦) (3.1).

§� k ÚS�l�½� vk = (yk, zk) m©, k¦� x-fC©Ø�ª

x ∈ X , (x′ − x)T
{
f(x)−ATλk + βAT (Ax+Byk − b)

}
≥ 0, ∀x′ ∈ X , (3.2a)

�) xk+1. ,�|^®�� xk+1 Ú λk, ¦� y-fC©Ø�ª

y ∈ Y, (y′ − y)T
{
g(y)−BTλk + βBT (Axk+1 +By − b)

}
≥ 0, ∀ y′ ∈ Y, (3.2b)

�) yk+1. ��ÏL

λk+1 = λk − β(Axk+1 +Byk+1 − b) (3.2c)

�# Lagrange ¦f. Ï� k-ÚS�k
 (yk, λk) Ò�±m©, ·�r w = (x, y, λ) ¥� (y, λ)

¡�ØØØ%%%CCCþþþ, 
 x ¡�¥¥¥mmmCCCþþþ. k�©z [8] �# Lagrange ¦f^

λk+1 = λk − γβ(Axk+1 +Byk+1 − b),

Ù¥ γ ∈ (0, 1+
√

5
2 ). ��5`, ·�ïÆ� γ ∈ [1, 1.5).

3.1 lll���½½½������555���åååvvvÏÏÏfff���üüüNNN���vvvÏÏÏfffSSS���

¦f�O��{ (3.2) �Âñ�Ýéëê β �À�'�¯a, L�ÚL�Ñ¬î­K�Âñ�

Ý. ½N´Év¼ê{�K�, Nagurney 3 [29] ¥ïÆ, ^��üNþ,�S� {βk} �O�½
� β > 0. ·�|^C©Ø�ªíþ©Û, é {βk} üNþ,ÚüNeü(k.)�ü«ØÓ�¹,

y²
�{�Âñ5 [22], ù´·� 1997 cÝv, 1998 cuL�'u�O��{�1��©Ù.
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�âC©Ø�ªÚÝK�§�'X (�(2.2) Ú (2.3)), �O��{ (3.2) � k ÚS��f¯

K (3.2a) Ú (3.2b) ��u¦ xk+1 Ú yk+1, §�©O´ÝK�§

x = PX
{
x− 1

r
[f(x)−ATλk + βAT (Ax+Byk − b)]

}
(3.3a)

Ú

y = PY
{
y − 1

s
[g(y)−BTλk + βBT (Axk+1 +By − b

)
]} (3.3b)

�), Ù¥ r > 0, s > 0 ´?¿�~ê. du�ªü>Ñk��Cþ, ·�¡��ÛªÝK�§.

3.2 lll���½½½������555���åååvvvÏÏÏfff���gggNNN'''���vvvÏÏÏfffSSS���

ªÄ, ·�¿Ø��Ð©� β0 ��L��´L�. æ^ (3.2) ¦)Ø� β � þN�´ eN.

ÏLé�©ÚéóüÜ©íþ�'�, �â²ï��n, ·�u2000cuL3 JOTA �'u�O

��{�©Ù [23], Äk�Ñ
S�L§¥gÄN� {βk} �gN'OK. ù�{K�2�æ^,

d"4�Æ Boyd �Ç3¦��ADMMnã©Ù [1] ¥��0�, ¿3¦��¦)ì [10] ¥æ

^
ù�{K. �C10 c, �X�O��{�A^�5�2, ù�{K��¶Ý��5�p. l

Google êâw, Ø© [23] uL�c 10 cÚ� 8 c��Ú^©O´ 20 Ú 180. ­��Ï´�O

��{3�5�DÕ`z¥k
�5�É<�'5�A^.

3.3 ØØØ°°°(((¦¦¦)))fff¯̄̄KKK������OOO������{{{

2002 c, ·�3 MP u
��'u�O��{�©Ù[17]. éf¯K (3.2a) Ú (3.2b) ©O\þ

�C:�

R(x− xk) Ú S(y − yk),

Ù¥ R, S ´�½Ý
. ù�, k ÚS�Òl�½� wk = (xk, yk, λk) m©, \þ�C:��

(3.2a) Ú (3.2b), ¦�� xk+1 Ú yk+1 ©O´

x ∈ X , (x′ − x)T
{
f(x)−ATλk + βAT (Ax+Byk − b) +R(x− xk)

}
≥ 0, ∀x′ ∈ X , (3.4a)

Ú

y ∈ Y, (y′ − y)T
(
g(y)−BTλk + βBT (Axk+1 +By − b

)
+ S(y − yk) ≥ 0, ∀ y′ ∈ Y (3.4b)

�). du R, S �½, f¯K (3.4a) Ú (3.4b) Ò¤
rüNC©Ø�ª
�±Cq¦). ·�

�5�¿g´��¤ýÿ-���{. �kæ���, f¯K�¦)°Ýâ�±ü$. ,
, "v

<�¦·�Ø^��. Ïd (3.4a) Ú (3.4b) �Ø°() xk+1 Ú yk+1 I�÷v

‖xk+1 − x̃k+1‖ ≤ νk Ú ‖yk+1 − ỹk+1‖ ≤ νk, (3.5)

Ù¥ x̃k+1, ỹk+1 ©O´ (3.4a) Ú (3.4b) �ý), �Kê� {νk} ��\ (
∑∞

k=0 νk < +∞).

du (3.4a) Ú (3.4b) �ý) x̃k+1, ỹk+1 ´Ø�U���, qI��â

f(x) + (βATA+R)x Ú g(y) + (βBTB + S)y

�rüNÏf, �Ñ ‖xk+1 − x̃k+1‖ ���þ.¼ê. äN`5, bX f(x) + (βATA+R)x �r

üNÏf´ r, @oé α ≥ r−1, ¬k

‖xk+1 − x̃k+1‖2 ≤ 2α
(
E[X ,αfk](x

k+1)
)T
fk(x

k+1)− ‖E[X ,αfk](x
k+1)‖2, (3.6)
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Ù¥

E[X ,αfk](x) = x− PX [x− αfk(x)],

Ú

fk(x) = f(x)−ATλk + βAT (Ax+Byk − b) +R(x− xk).

�é{`, 3Cq¦)�L§¥, é��� xk+1, ��y

2α
(
E[X ,αfk](x

k+1)
)T
fk(x

k+1)− ‖E[X ,αfk](x
k+1)‖2 ≤ ν2

k

´Ä÷v, ùw,´��æ��. d	,
∑∞

k=0 νk < +∞ 3O�¥�"y��¿Â. +n�Æ¥�

¯K, f(x) Ú g(y) �vk)ÛL�ª, ©Ù¥�vkUìù�nØþ�1��{�Ñ�~.

3.4 NNN´́́¢¢¢111������OOO������{{{

ýÿ-��´ê�O���«Ä��{. ¦)C©Ø�ª (2.2) �ÝKÂ �{ [11, 12, 13] ´�


;.�ýÿ���{. 3 [17] ¥vk¢y�ýÿ-��¿ã, 3 [18] ¥��
¢y.

bX (3.4) ¥� R = rI, S = sI, xk+1 Úyk+1 ÒC¤¯K

x ∈ X , (x′ − x)T
{
f(x)−ATλk + βAT(Ax+Byk − b) + r(x− xk)

}
≥ 0, ∀x′ ∈ X ,

Ú

y ∈ Y, (y′ − y)T
{
g(y)−BTλk + βBT(Axk+1 +By − b

)
+ s(y − yk)} ≥ 0, ∀ y′ ∈ Y

�). 2�âC©Ø�ªÚÝK�§�'X(�c¡�(2.2)Ú(2.3)), Ò��

xk+1 = PX
{
xk − 1

r
[f(xk+1)−ATλk + βAT (Axk+1 +Byk − b)]

}
, (3.7a)

Ú

yk+1 = PY
{
yk − 1

s
[g(yk+1)−BTλk + βBT (Axk+1 +Byk+1 − b

)
]} (3.7b)

du (3.7a) ��müàÑk�¦� xk+1 ((3.7b) ��müàÑk�¦� yk+1), ¦)ù
f¯K

��´kJÝ�. ��BBr (3.7) màÿ��¡� xk+1 Ú yk+1 ©O^ xk Ú yk ��O, ¢y

å5Ò�~N´, �´�yÂñÒk¯K. ·�±ù«�{5ïáýÿ-���¦f�O��{.

é�½� wk = (xk, yk, λk), rÏL

x̃k = PX
{
xk − 1

r
[f(xk)−ATλk + βAT (Axk +Byk − b)]

}
, (3.8a)

ỹk = PY
{
yk − 1

s
[g(yk)−BTλk + βBT (Ax̃k +Byk − b

)
]} (3.8b)

Ú

λ̃k = λk − β(Ax̃k +Bỹk − b). (3.8c)

���: w̃k = (x̃k, ỹk, λ̃k) �¤ýÿ:, Ù¥� r, s > 0 ´·�À�~ê, ¦�

‖ξkx‖ ≤ νr‖xk − x̃k‖, ξkx = f(xk)− f(x̃k) + βATA(xk − x̃k), (3.9a)

Ú

‖ξky‖ ≤ νs‖yk − ỹk‖, ξky = g(yk)− g(ỹk) + βBTB(yk − ỹk), (3.9b)
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U
¤á, ùp ν = 0.9 ∈ (0, 1). 5¿� (3.8a) Ú (3.8b) ´®��þ3{ü8Üþ�ÝK, (3.9)

¥^�´�éØ�, � f(x) Ú g(y) Lipschitz ëY�, ù´�±���.

��ýÿ:±�, 2^��úª

(������úúúªªª-I) wk+1 = wk − αkd(wk, w̃k, ξk) (3.10)

�)#�S�:. ùp���d

d(wk, w̃k, ξk) = (wk − w̃k)−G−1
k ξk,

�Ñ, Ù¥

Gk =

 rI 0 0

0 sI + βBTB 0

0 0 1
β I

 , ξk =

 ξkx
ξky
0

 .

Ú�KÏL

αk = γ · (λk − λ̃k)TB(yk − ỹk) + (wk − w̃k)TGkd(wk, w̃k, ξk)

‖d(wk, w̃k, ξk)‖2Gk

, γ ∈ (0, 2),

�Ñ. AO/, � B �´ü Ý
�, ù� G ´©¬êþÝ
, ��±^��úª

(������úúúªªª-II) wk+1 = PΩ{wk − αkG−1
k q(wk, w̃k)} (3.11)

�)#�S�: wk+1. ��úª-II �Ú�Ú��úª-I �Ó, ��

q(wk, w̃k) = F (w̃k) + β(A,B, 0)TB(yk − ỹk).

�±ù����Ï´� G ´©¬êþÝ
, Ω = X × Y × <m �,

Argmin{1

2
‖w − [wk − αkG−1

k q(wk, w̃k)]‖2Gk
|w ∈ Ω}

= Argmin{1

2
‖w − [wk − αkG−1

k q(wk, w̃k)]‖2 |w ∈ Ω}

= PΩ{wk − αkG−1
k q(wk, w̃k)}.

ù��{Ø�¦ f(x) Ú g(y) k)ÛL�ª, ��¦é�½� xk Ú yk, ���A� f(xk) Ú

g(yk). [18] ¥±�
²;��Ï�ä©Û�¯K�~, ^þ¡��{�
ê�O�. ��¤ù�

Ø©, ·A/���c·�O�êÆ�ï1�¶��ÆÓÆaòèÜ�.

C©Ø�ª (2.4) ^5)º+n�Æ¥�¯K, ©z¥o´<�/�E�
�~. �,à`z

¯K��±=�¤��(�.C©Ø�ª(2.5), �é�¬�^¦)C©Ø�ª (��aJ¯K)

��{�¦)(Ù¥�a�éN´�) `z¯K. Ïd, ·�c 10 c� ADMM ïÄ, �é� 10

c
ó, m
�Þ, �ÄåØv, k
$�. 2000 c JOTA Ø© [23] ¥�gN'OK, Ú [18] ¥

�^¼ê��¦)�{, ¤
·�ù�ã ADMM ïÄ�Ì��z.

4 ^̂̂¦¦¦fff���OOO������{{{¦¦¦)))ààà`̀̀zzz¯̄̄KKK

-å·�?�ÚïÄ ADMM �´&E�Æ¥��
(�.`z¯K[36, 37]. kl��¯K

(2.6) !å, ¦)ù�¯K�üa²;�{´�gv¼ê�{(Quadratic Penalty Method) ÚO

2.�KF¦f{ (Augmented Lagrangian Method) [26, 31].
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• ¦)¯K (2.6) ����gggvvv¼¼¼êêê���{{{(QPM)� k-ÚS�´¦)f¯K

uk+1 = Argmin
{
θ(u) + βk

2 ‖Au− b‖
2
∣∣u ∈ U}, (4.1)

Ù¥ {βk} ´�½�üNþ,ª� +∞ �ê�. ¦)f¯K (4.1) ��± uk �Ð©:.

• ¦)¯K (2.6) �OOO222...���KKKFFF¦¦¦fff{{{(ALM)� k-ÚS�´l�½� λk m©, ÏL{
uk+1 = Argmin

{
θ(u)− (λk)T (Au− b) + β

2 ‖Au− b‖
2|u ∈ U

}
,

λk+1 = λk − β(Auk+1 − b).
(4.2)

¦�#�S�: wk+1 = (uk+1, λk+1), Ù¥ β > 0 ´�½�~ê.

5¿�, �Ñ (4.2) � u-f¯K8I¼ê¥�~ê�, k

Argmin
{
θ(u)− (λk)T (Au− b) + β

2 ‖Au− b‖
2
∣∣u ∈ U}

= Argmin
{
θ(u) + β

2 ‖Au− (b+
1

β
λk)‖2

∣∣u ∈ U}.
¦)¯K (2.6), O2.�KF¦f{ (4.2) Ú�gv¼ê{ (4.1) I�¦)�f¯KJÝ���

�. Nocedal Ú Wright �;Í [30] �1�ÔÙ`�é�Ù, O2.�KF¦f{�`u�gv

¼ê{. Ï~, ·�rgCþ u ÚéóCþ λ w�é��V�, �gv¼ê�{��Ä
gCþ

��, O2.�KF¦f{KÓ��9
éó��aÉ.

ã�­�¥��
¯K [34] �±8(���kü��©l�f�(�.à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (4.3)

ù��u3 (2.6) ¥, � n = n1 + n2, X ⊂ <n1 , Y ⊂ <n2 , U = X × Y. θ(u) = θ1(x) + θ2(y),

θ1(x) : <n1 → <, θ2(y) : <n2 → <. Ý
 A = (A,B), Ù¥A ∈ <m×n1 , B ∈ <m×n2 .

§2.2 �©Ûw�·�, ¦) (4.3) ��u¦)C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (4.4a)

Ù¥

w =

 x

y

λ

 , u =

(
x

y

)
, F (w) =

 −ATλ
−BTλ

Ax+By − b

 , (4.4b)

Ú

θ(u) = θ1(x) + θ2(y), Ω = X × Y × <m. (4.4c)

¯K (4.3) �O2 Lagrange ¼ê´

Lβ(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +
β

2
‖Ax+By − b‖2. (4.5)

é¯K (4.3), <�Äk�Ä��
²;��{. ���gggvvv¼¼¼êêê���{{{ÚÚÚOOO222...���KKKFFF¦¦¦fff{{{.

• �â (4.1), ¦)¯K (4.3) ��gv¼ê�{� k-ÚS�´

(xk+1, yk+1) = Argmin
{
θ1(x) + θ2(y) + βk

2 ‖Ax+By − b‖2
∣∣x ∈ X , y ∈ Y}. (4.6)
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• �â (4.2), ¦)¯K (4.3) �O2 Lagrange ¦f{� k-ÚS�´l�½� λk m©, ¦

�
(xk+1 , yk+1) = Argmin

{
θ1(x) + θ2(y)− (λk)T (Ax+By − b)

+β
2 ‖Ax+By − b‖2

∣∣∣∣∣ x ∈ Xy ∈ Y

}
,

λk+1 = λk − β(Axk+1 +Byk+1 − b).

(4.7)

|^O2 Lagrange ¼ê�L�ª (4.5), (4.7) ¥� (x, y)-f¯K�±�¤

(xk+1, yk+1) = Argmin
{
Lβ(x, y, λk) |x ∈ X , y ∈ Y}.

ùü«?n�ª, (4.7) `u (4.6). §��Ó�":´vk|^¯K��©l(�, ¦)ù
f

¯Kk�¬ÃleÃ.

tttµµµ


������gggvvv¼¼¼êêê���{{{ÚÚÚOOO222...���KKKFFF¦¦¦fff{{{. �é (4.6) Ú (4.7) ¥ (x, y)-f¯KJ)

��¹, �Äò (x, y) f¯KÏLtµ©m5�, ©O��e¡����OOO444���zzz���{{{ÚÚÚ¦¦¦fff���OOO���

���{{{.

• r¦)¯K (4.3) ��gv¼ê{ (4.6) ¥� βk ≡ β > 0 �½§¿ò�å¦)� (x, y) f

¯K©m¦), Ò��¤¢����OOO444���zzz���{{{ (AMA). §� k-ÚS�´l�½� yk m

©, ÏL  xk+1 = Argmin
{
θ1(x) + β

2 ‖Ax+Byk − b‖2
∣∣x ∈ X},

yk+1 = Argmin
{
θ2(y) + β

2 ‖Ax
k+1 +By − b‖2

∣∣y ∈ Y}, (4.8)

�� (xk+1, yk+1). �é{`, �O4�z�{¢Sþ´?n�©l(�.`z¯K (4.3)

�tµ
��gv¼ê�{.

• r¦)¯K (4.3) � ALM (4.7) ¥�å¦)� (x, y) f¯K©m¦), Ò��¤¢�¦¦¦fff

���OOO������{{{ (ADMM). §� k-ÚS�´l�½� (yk, λk) m©, ÏL
xk+1 = Argmin

{
θ1(x)− (λk)TAx+ β

2 ‖Ax+Byk − b‖2
∣∣x ∈ X},

yk+1 = Argmin
{
θ2(y)− (λk)TBy + β

2 ‖Ax
k+1 +By − b‖2

∣∣y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b).

(4.9)

�� (xk+1, yk+1, λk+1), �¤�gS�. �é{`, ¦f�O��{¢Sþ´?n�©l(

�.`z¯K (4.3) �tµ
�O2.�KF¦f{.

O2.�KF¦f{�`uv¼ê�{. é§�©Otµ±�, ¦f�O��{ (ADMM)

�AT`u�O4�z�{ (AMA). Äuù«�Ä, 2009 c 10 �þ°�ÆÌ��uÀ/«$

ÊÆ���ØÆ¬Ø�Sü·��¬�w��ÿ, ·Ò�w/&EEâ¥�à`z¯KÚ�O

��{¦)0, ���cÆö5¿�O��{. 1�c, �þÒk
 Boyd ¦�É�9,�'u

¦f�O��{�©Ù [1].

5 CCC 10 ccc333¦¦¦fff���OOO������{{{���¡¡¡���ÌÌÌ���óóó���

�ÆO�¥k�þ�(�.`z¯K (4.3), ADMM ´¦)ù
¯K�Ð�{[1, 36, 37]. ³/c

Ï�ïÄÄ:, C 10 c5, ·�Ì��åuADMMa�{ïÄ. é¦)ü��f� ADMM, ·

�3�{U?ÚÂñ�Ç�¡�

ó�. ù�¡�Ì�(J, y²Ñ�±^�© §7 �Ú�µ
e, 3 §8.1 ¥éN´�y. �
1©�B, � A = [A,B] ½öA = [A,B,C] ��ÿ, ·�Ñb�

B Ú C �÷�.
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5.1 ADMM ���{{{þþþ���UUU???

ü��f¯K� ADMM �{U?, Ì�´JÑ
/PPA ¿Âe�±òÿ�¦f�O��{0

Ú/é¡�#¦f��O��{0.

5.1.1 PPA ¿¿¿ÂÂÂeeeòòòÿÿÿ���¦¦¦fff���OOO������{{{

(�.�©l�f�à`zÑ´¯K (2.6) �A~. �`¦) (4.3) �òÿ�¦f�O��{Ò

7Llà`z¯K (2.6) �O2.�KF¦f{`å. à`z¯K (2.6) �O2.�KF¼ê´

Lβ(u, λ) = θ(u)− λT (Au− b) +
β

2
‖Au− b‖2.

¦) (2.6) �O2.�KF¦f{� k-ÚS�, ´l�½� λk m©, ÏL{
uk+1 = Argmin{Lβ(u, λk) | u ∈ U}
λk+1 = λk − β(Auk+1 − b).

(5.1)

O2.�KF¦f{Âñ�Ì�5�´

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2. (5.2)

¯¢þ, O2.�KF¦f{ (5.1) ¥¦) u-f¯K�´�s�d�. XJò λ ?�Úòÿ, �

λk+1 := λk − γ(λk − λk+1), γ = 1.5 ∈ (0, 2)

  ¬JpÂñ�Ý, þªmà� λk+1 ´d (5.1) Jø�.

Q,¦f�O��{(ADMM)´lO2.�KF¦f{(ALM)tµ
5�, ALM �±òÿ

�5�ADMMUØU�k? �Y´²L·�UE��±k [2]. äN�{´ k-ÚS�l�½�

(yk, λk) m©, ò²;� ADMM (4.9) ¥¦) y-f¯KÚ�� λ �^S��, ÏL
xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},
λk+1 = λk − β(Axk+1 +Byk − b),
yk+1 = Argmin{Lβ(xk+1, y, λk+1) | y ∈ Y},

(5.3a)

��� wk+1 = (xk+1, yk+1, λk+1) ��ýÿ:, ,�{
yk+1 := yk − γ(yk − yk+1),

λk+1 := λk − γ(λk − λk+1).
£tµòÿ¤ (5.3b)

ùp γ ∈ (0, 2). D�Ò/:=0L« (5.3b)mà� (yk+1, λk+1)´d�{�c�Ü© (5.3a)�)

�. (5.3b) �àâ´e�ÚS�m©¤I�� (yk+1, λk+1). éõê¯K, ù�  U\¯Âñ.

5.1.2 ééé¡¡¡���###¦¦¦fff������OOO������{{{

¦) (4.3) �²;�¦f�O��{´ (4.9). l¯K (4.3) ��w, �©Cþ x Ú y ´²��,

3�{�Oþ²�é�f x Ú y f¯K, �´�g,ØL��Ä. Ïd·�æ^é¡��O��

{ [19]. §� k-ÚS�l�½� (yk, λk) m©, ÏL

xk+1 = Argmin{Lβ(x, yk, λk) |x ∈ X},

λk+ 1
2 = λk − µβ(Axk+1 +Byk − b),

yk+1 = Argmin{Lβ(xk+1, y, λk+ 1
2 ) | y ∈ Y},

λk+1 = λk+ 1
2 − µβ(Axk+1 +Byk+1 − b).

(5.4)
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��#�S�: wk+1 = (xk+1, yk+1, λk+1), Ù¥ µ ∈ (0, 1) (·�Ï~�µ = 0.9). � µ = 1 �,

�±ÞÑØÂñ��~.

5.2 ²²²;;;¦¦¦fff���OOO������{{{���ÂÂÂñññ���ÇÇÇ

nØ�¡, é²;�¦f�O��{, 3H{¿ÂeÚ:�¿Âey²
 O(1/t) �Âñ�Ç.

5.2.1 HHH{{{¿¿¿ÂÂÂeee��� O(1/t) ���SSS���EEE,,,555

�
y²�{�S�E,5, ·�I�éC©Ø�ª (2.8) �)8�#��x. dué (2.8) ¥

����f F Tk

(w − w∗)TF (w∗) = (w − w∗)TF (w),

C©Ø�ª¯K

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω,

Ú

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w) ≥ 0, ∀w ∈ Ω,

´�d�. ·�^�ö½ÂC©Ø�ª (2.8) �Cq). é�½� ε > 0, XJ w̃ ∈ Ω ÷v

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ −ε, ∀ w ∈ D(w̃), (5.5a)

Ù¥

D(w̃) = {w ∈ Ω | ‖w − w̃‖ ≤ 1}, (5.5b)

Ò��C©Ø�ª (2.8) � ε Cq). §�±�d/L«¤

w̃ ∈ Ω, sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ε. (5.6)

<�a,��´µé�½� ε > 0, ²Lõ�gS�, U
���� w̃ ∈ Ω, ¦� (5.6) ¤á.

é¦) (4.3) �²;�¦f�O��{ (4.9), b�S�l�½� v0 = (y0, λ0) m©, )¤S

�S� {wk} = {(xk, yk, λk)}. ·�ÏL

x̃k = xk+1, ỹk = yk+1 Ú λ̃k = λk − β(Axk+1 +Byk − b),

½Â
9ÏS� {w̃k}, 3 [24] ¥y²
 O(1/t) Âñ�ÇI��'�Ø�ª

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω,

Ù¥ t �?¿��ê, w̃t ´ w̃0, w̃1, . . . , w̃t ��â²þ, �=

w̃t =
1

t+ 1

t∑
k=0

w̃k, Ý
 H =

(
βBTB 0

0 1
β I

)
.

2012 cÐuL�ù�y²Âñ�Ç�©Ù[24], �ÌØ�. du ADMM 2É'5, T©ùAc

~3 SIAM ê�©Û�9:Ø©¥ü¶cÊ. ¥I�Æ�©z��¥%�ÆOþìè35�Æ

*	62017c112ò16ÏþúÙ�ÚOêâ, T©3¥IÆöu2012–2016 uL�êÆØ©¥

�Úªg�p, 39:Ø©¥ü¶1�.
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5.2.2 :::���¿¿¿ÂÂÂeeeÂÂÂñññ���ÇÇÇ���¡¡¡���(((JJJ

¦)¯K (4.3) �²;� ADMM (4.9) ´lO2.�KF¦f{tµ5�. O2.�KF¦f

{ (5.1) � k ÚS�l λk m©, �)�S�S� {λk} äkÂ 5� (5.2). ADMM (4.9) �

k-ÚS�l vk = (yk, λk) m©, �k�A�5�

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , Ù¥ H =

(
βBTB 0

0 1
β I

)
. (5.7)

ù�5�´ [22] ¥½n 1 �A~. ·�Ì�þX�ùÂ [45] �1 11 ù�Ñ
�{ü�y².

¦) (2.6) �O2.�KF¦f{ (5.1), ·��±r ‖λk − λk+1‖ ���w�Ø��Ýþ.

O2.�KF¦fØ
kÂ 5� (5.2) ±	, �kíþS� {‖λk − λk+1‖2} üNØO�5�,

�Ò´

‖λk − λk+1‖2 ≤ ‖λk−1 − λk‖2.

ADMM UÄkaq�5�? ·�3 [25] ¥y²


‖vk − vk+1‖2H ≤ ‖vk−1 − vk‖2H . (5.8)

ù´ ADMM k:�¿Âe�Âñ�Ç�'�Ø�ª. d (5.7) Ú (5.8)

‖vt − vt+1‖2H ≤
1

t+ 1

( t∑
k=0

‖vk − vk+1‖2H
)
≤ 1

t+ 1

( ∞∑
k=0

‖vk − vk+1‖2H
)
≤ 1

t+ 1
‖v0 − v∗‖2H .

ù
5�, ¦^�© §7 �Ú�µe, y²�\{ü.

6 õõõ������©©©lll���fff���ààà`̀̀zzz¯̄̄KKK

·�±n��©l�f�à`z¯K

min{θ1(x) + θ2(y) + θ3(z)|Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (6.1)

�~. ù��u3 (2.6) ¥, � n = n1 + n2 + n3, X ⊂ <n1 , Y ⊂ <n2 Z ⊂ <n3 , U = X × Y × Z.

θ(u) = θ1(x) + θ2(y) + θ3(z), θ1(x) : <n1 → <, θ2(y) : <n2 → <, θ3(z) : <n3 → <. Ý


A = (A,B,C), Ù¥A ∈ <m×n1 , B ∈ <m×n2 C ∈ <m×n3 . ù�¯K�.�KF¼ê´

L(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b).

¯K (6.1) Ó��±8(�C©Ø�ª¯K

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (6.2a)

Ù¥

w =


x

y

z

λ

 , u =

 x

y

z

 , F (w) =


−ATλ
−BTλ

−CTλ
Ax+By + Cz − b

 , (6.2b)

Ú

θ(u) = θ1(x) + θ2(y) + θ3(z), Ω = X × Y × Z × <m. (6.2c)
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�A�O2.�KF¼êP�(�ü��f�ÎÒk«O)

L3
β(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b) +

β

2
‖Ax+By + Cz − b‖2.

én��©l�f�à`z¯K, æ^��í2�¦f�O��{, k ÚS�´l�½�

vk = (yk, zk, λk) Ñu, ÏL
xk+1 = arg min

{
L3
β(x, yk, zk, λk)

∣∣ x ∈ X},
yk+1 = arg min

{
L3
β(xk+1, y, zk, λk)

∣∣ y ∈ Y},
zk+1 = arg min

{
L3
β(xk+1, yk+1, z, λk)

∣∣ z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(6.3)

¦�#�S�: wk+1 = (xk+1, yk+1, zk+1, λk+1). �Ý
 A, B, C ¥kü�´p�����ÿ,

�{ (6.1) ´Âñ� [4], Ï�ù��n�´b�, ¢Sþ��uü��f�¯K.

6.1 nnn������fffØØØÂÂÂñññ���~~~fffÚÚÚ������ïïïÄÄÄ���­­­���¯̄̄KKK

��í2�¦f�O��{én�±þ�f�¯K, O��J���Ø�, �´�8�vk�

ÑÂñ5y². XJ�Þ�ØÂñ�~f, @�½l�{ü��5�§|XÃ. é (6.1), ·��

θ1(x) = θ2(y) = θ3(z) = 0, X = Y = Z = <,

A = [A,B,C] ∈ <3×3 ´��ÛÉÝ
, b = 0 ∈ <3.

¯^��í2� ADMM (6.3) S�¦)�5�§| Au = 0 ´Ä�½Âñ. ·�^�5�§| 1 1 1

1 1 2

1 2 2


 x

y

z

 =

 0

0

0

 ,

�k�
âdò��~f, y²
��í2� ADMM ¿ØÂñ. ,
, ù
~f�õ�´3n

Ø�¡k¿Â, Ï�¢S¯K¥ A = [A,B,C] ¿Ø´ù«/ª.

������UUUYYYïïïÄÄÄ���¯̄̄KKKÚÚÚßßß���. n��f�¢S¯K¥, �5�åÝ


A = [A,B,C] ¥,   ��k��´ü Ý
. =, A = [A,B, I].

��í2� ADMM ?nù«�bC¢S�n��f�¯K, Qvky²Âñ, �vkÞÑ�~,

�8·�u%Ø[! Þ�{ü�~f5`j:

• ¦f�O��{ (4.9) ?n¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} ´Âñ�.

• ò�ª�å�¤Ø�ª�å, ¯KÒC¤

min{θ1(x) + θ2(y)|Ax+By ≤ b, x ∈ X , y ∈ Y}.

• 2z¤n��f��ª�å¯KÒ´

min{θ1(x) + θ2(y) + 0 |Ax+By + z = b, x ∈ X , y ∈ Y, z ≥ 0}.

• ��í2�¦f�O��{ (6.3) ?nþ¡ù«¯K, ·�ß�´Âñ�, �´�8vky

²Âñ5. E,´��¢3�·��]Ô5¯K �
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6.2 ???nnnnnn������fff¯̄̄KKK��� ADMM aaa���{{{

3é��í2� ADMM (6.3) y²Ø
Âñ5��ÿ, ·�ÒXÃén��f�¯KJÑ�


?��{. ?��{��K´¦þ��UÄ, �± ADMM Ð¬5. AO´é¯KØ\?Û�	

^�, é²; ADMM ¥I�N'À�� β, Ø�?Û��. �é{, �é�{��ÄÃâ�

6.2.1 ÜÜÜ©©©²²²111©©©��� ALM ���ýýýÿÿÿ���������{{{

�
��C (6.3),·��´r x�¤¥mCþ,S�l vk = (yk, zk, λk)� vk+1 = (yk+1, zk+1, λk+1).

²1?n y, z-f¯K2�# λ. æ^
xk+1 = arg min

{
L3
β(x, yk, zk, λk)

∣∣ x ∈ X},
yk+1 = arg min

{
L3
β(xk+1, y, zk, λk)

∣∣ y ∈ Y},
zk+1 = arg min

{
L3
β(xk+1, yk, z, λk)

∣∣ z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b)

(6.4)

)¤�: (xk+1, yk+1, zk+1, λk+1) �¤ýÿ:. y, z f¯K²1
, �gd, �)âd�#� λ,

ÑI���. ��úª´

vk+1 := vk − α(vk − vk+1), α ∈ (0, 2−
√

2). (6.5)

�X`, ·��±� α = 0.55. 5¿� (6.5) mà vk+1 = (yk+1, zk+1, λk+1) ´d(6.4) Jø�.

�é{`, ùp���Ò´rr��/�0� vk+1  £.�:. ýÿ-��, ´·�lÝKÂ 

�{m©��{µe. ýÿ�´JøÂ ��, ���O�Ú�, �±(� ‖vk− v∗‖H eüÂ .

©Ù [15] 2009 cuL3 Computational Optimization and Applications. ´ 2007 cÝ�v.

Ïd, ��±w�·Ú ADMM 20 c¥c�q����ó�.

6.2.2 ���pppddd£££������ ADMM ���{{{

��í2�¦f�O��{ (6.3) én��f�¯KØU�yÂñ, ´Ï�§�?nk'Ø%C

þ� y Ú z-f¯KØú². æ�ÖÍ��{´ò (6.3) Jø� (yk+1, zk+1, λk+1) �¤ýÿ:, ,

��úª�  yk+1

zk+1

λk+1

 :=

 yk

zk

λk

− ν
I −(BTB)−1BTC 0

0 I 0

0 0 I


 yk − yk+1

zk − zk+1

λk − λk+1

 . (6.6)

Ù¥ ν ∈ (0, 1), mà� (yk+1, zk+1, λk+1) ´d (6.3) Jø�. ù��{uL3 [20]. �{´Øú

², Ò��éÖ, N�. ¯¢þ, ��±Ò^ (6.3) Jø� λk+1, �ÏL(
yk+1

zk+1

)
:=

(
yk

zk

)
− ν

(
I −(BTB)−1BTC

0 I

)(
yk − yk+1

zk − zk+1

)
. (6.7)

�� y Ú z (ÃI��λ). du�e�ÚS��I�O� (Byk+1, Czk+1, λk+1), ·����

'(6.7)�{ü� (
Byk+1

Czk+1

)
:=

(
Byk

Czk

)
− ν
(
I −I
0 I

)(
Byk −Byk+1

Czk − Czk+1

)
. (6.8)

k'Ú�µeeÂñ5�{üy²�±l·Ì���w [44] � §4 ¥é�.
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6.2.3 ÜÜÜ©©©²²²111¿¿¿\\\���KKK������ ADMM ���{{{

e¡��{� §6.2.1 ¥�{�Ó�´²1¦) y, z-f¯K, ØÓ�´Ø��?n, 
´�ùü�

f¯KýkÑ\��K�. �{�å5Ò´
xk+1 = arg min

{
L3
β(x, yk, zk, λk)

∣∣ x ∈ X},
yk+1 = arg min

{
L3
β(xk+1, y, zk, λk) + τ

2β‖B(y − yk)‖2
∣∣y ∈ Y},

zk+1 = arg min
{
L3
β(xk+1, yk, z, λk) + τ

2β‖C(z − zk)‖2
∣∣z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

Ù¥ τ > 1. þã�{��u

xk+1 = Argmin{θ1(x) + β
2 ‖Ax+Byk + Czk − b− 1

βλ
k‖2 |x ∈ X},

λk+ 1
2 = λk − β(Axk+1 +Byk + Czk − b)

yk+1 =Argmin{θ2(y)−(λk+ 1
2 )TBy + µβ

2 ‖B(y − yk)‖2 | y ∈ Y},

zk+1 =Argmin{θ3(z)−(λk+ 1
2 )TCz + µβ

2 ‖C(z − zk)‖2 | z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(6.9)

Ù¥ µ = τ + 1. ~X, �±� µ = 2.01. ùauL3 [21, 33] ��{g�´: 4 y Ú z �gd,

±�qØO���, @Ò^\�K�4§�Ø¬r���. [21] ¥��{� UCLA Osher �Ç�

�K|¤õ^5¦)ã�ü�¯K[6].

þ¡J���{Ñ��C:�{ PPA [27, 32] k'. ¤k� ADMM a©��{Ñ
uO2

Lagrange ¦f{. ADMM a�{�´éA^¥Ñy�
¢S¯Kk�Ð�O��J. �`�.,

��´���{.

7 ààà`̀̀zzz©©©���ÂÂÂ   ���{{{���ÚÚÚ���µµµeee

ïáà`z©�Â �{�Ú�µe, ´É¦)²;�üNC©Ø�ª (2.2) �ÝKÂ �{µ

e [16, 43] �éu. ¦)üNC©Ø�ª (2.2), é�½��c: uk Ú βk > 0, ·�|^ÝK

ũk = PΩ[uk − βkT (uk)] = arg min
{

1
2‖u− [uk − βkT (uk)]‖2 |u ∈ Ω

}
(7.1)

)¤��ýÿ: ũk. 3ÝK (7.1) ¥, ·�b�À�� βk ÷v

βk‖T (uk)− T (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1). (7.2)

du ũk ´4�z¯K min
{

1
2‖u− [uk − βkT (uk)]‖2 |u ∈ Ω

}
�), �âÚn 2.1, k

ũk ∈ Ω, (u− ũk)T {ũk − [uk − βkT (uk)]} ≥ 0, ∀u ∈ Ω.

þªü>Ñ\þ (u− ũk)Td(uk, ũk), Ù¥

d(uk, ũk) = (uk − ũk)− βk[T (uk)− T (ũk)], (7.3)

Ò��
·�I��± ũk �ýÿ:�ýÿúª

[ýýýÿÿÿ] ũk ∈ Ω, (u− ũk)TβkT (ũk) ≥ (u− ũk)Td(uk, ũk), ∀u ∈ Ω. (7.4)
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ò (7.4) ¥?¿� u ∈ Ω À¤ u∗, Ò��

(ũk − u∗)Td(uk, ũk) ≥ βk(ũk − u∗)TT (ũk). (7.5)

düN5, (ũk − u∗)TT (ũk) ≥ (ũk − u∗)TT (u∗). Ï� ũk ∈ Ω, �âC©Ø�ª�½Â (2.2),

(ũk − u∗)TT (u∗) ≥ 0, Ï
 (7.5) �mà�K. âd, ��êþ��

(uk − u∗)Td(uk, ũk) ≥ (uk − ũk)Td(uk, ũk). (7.6)

d d(uk, ũk) �L�ª (7.3) Úb� (7.2), |^ Cauchy-Schwarz Ø�ªB���

(uk − ũk)Td(uk, ũk) ≥ (1− ν)‖uk − ũk‖2.

Ïd, Ø�ª (7.6) �mà��. þª�±w¤

∇
(1

2
‖u− u∗‖2H

)∣∣∣
u=uk

H−1d(uk, ũk) ≥ (uk − ũk)Td(uk, ũk).

ùL«, é?Û�N��½Ý
 H, H−1d(uk, ũk) ´��¼ê 1
2‖u − u

∗‖2H 3 uk ? H-�¿Â

e���þ,��. ·�^

7.1 CCC©©©ØØØ���ªªª///ªªªeee���ÚÚÚ���µµµeee

·��¦)�´üNC©Ø�ª (2.8). �
Âñ5y²��B, ·�r�{�zÚS�n)¤

(k�´©
¤) ýÿÚ��.

[ýýýÿÿÿ] �{� k-ÚS�l vk m©, ÏL¦)�
f¯K, �)�ýÿ: w̃k ∈ Ω, ¦�

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (7.7)

¤á. Ù¥ QT +Q �½.

Ïd, (7.7) ¥� Q(vk − ṽk) ��u (7.4) ¥� d(uk, ũk). d F �üN5, l (7.7) ��,

(ṽk − v∗)TQ(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)

≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0.

?
��,

(vk − v∗)TQ(vk − ṽk) ≥ (vk − ṽk)TQ(vk − ṽk) =
1

2
‖vk − ṽk‖(QT +Q).

duþªmà��, ��½Ý
 H, −H−1Q(vk − ṽk) Ò´��ål¼ê 1
2‖v − v

∗‖2H 3 vk ?

�eü��. P M = H−1Q.

[������] ·�^��úª

vk+1 = vk − αM(vk − ṽk), (7.8)

�)#�S�:.

Ï~, �{¥Ø´ýk�(½Ð H, 
´é®²k�(½ö´©
¤�)ýÿ-���{ (7.7)

Ú (7.8), u�e¡�^�´Ä÷v.
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ÂÂÂñññ555^̂̂��� éýÿ-��úª¥�Ý
 Q ÚM , ±9Ú� α, k

H = QM−1 � 0, (7.9a)

Ú

G = QT +Q− αMTHM � 0, (�� � 0). (7.9b)

7.2 ÚÚÚ���µµµeeeeee���ÂÂÂ   555���

·�é¦)C©Ø�ª (2.8) �ýÿ-���{ (7.7)-(7.8) 3^� (7.9) ¤á��¹ey²k'

Âñ5�.

½½½nnn 7.1. � {w̃k}, {vk} ´¦)C©Ø�ª (2.8) �ýÿ-���{ (7.7)-(7.8) )¤�S�. X

J^� (7.9) ¤á, @ok

α
(
θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

)
≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+
α

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (7.10)

yyy²²². |^ýÿ��úª (7.7)-(7.8), ·�k

α{θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)} ≥ (v − ṽk)TH(vk − vk+1), ∀w ∈ Ω. (7.11)

éþª�mà|^ð�ª

(a− b)TH(c− d) =
1

2
{‖a− d‖2H − ‖a− c‖2H}+

1

2
{‖c− b‖2H − ‖d− b‖2H},

¿- a = v, b = ṽk, c = vk Ú d = vk+1, Ò��

(v − ṽk)TH(vk − vk+1) =
1

2

(
‖v − vk+1‖2H−‖v − vk‖2H

)
+

1

2
(‖vk − ṽk‖2H−‖vk+1 − ṽk‖2H). (7.12)

é (7.12) ªmà�����, |^��úª, Òk

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
(7.9a)

= ‖vk − ṽk‖2H − ‖(vk − ṽk)− αM(vk − ṽk)‖2H
= 2α(vk − ṽk)THM(vk − ṽk)− α2(vk − ṽk)TMTHM(vk − ṽk)

= α(vk − ṽk)T (QT +Q− αMTHM)(vk − ṽk) (7.9b)
= α‖vk − ṽk‖2G. (7.13)

ò (7.12)Ú(7.13) �\ (7.11), ½n�(ØÒ��y². �

'uS�S� {vk}, ·�kXe�Â 5½n.

½½½nnn 7.2. � {w̃k}, {vk} ´¦)C©Ø�ª (2.8) �ýÿ-���{ (7.7)-(7.8) )¤�S�. X

J^� (7.9) ¤á, @ok

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (7.14)
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yyy²²². ò (7.10) ¥?¿� w ∈ Ω �� w∗, ·���

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ α‖vk − ṽk‖2G + 2α{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (7.15)

|^w∗��`5ÚF (w)�üN5, Òk

θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0

Ïd

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ α‖vk − ṽk‖2G.

½n�y. �

7.3 SSS���EEE,,,555

S�E,5�)H{¿Âe�S�E,5Ú:�¿Âe�S�E,5, ·�©O\±y².

7.3.1 HHH{{{¿¿¿ÂÂÂeeeSSS���EEE,,,555

½n 7.1 �´y²H{¿Â(Ergodic)S�E,5�Ä:. |^ F �üN5, k

(w − w̃k)TF (w) ≥ (w − w̃k)TF (w̃k).

òd�\ (7.10), (d���¦ G ��½) ÒU��

θ(u)−θ(ũk)+(w − w̃k)TF (w) +
1

2α
‖v − vk‖2H ≥

1

2α
‖v − vk+1‖2H , ∀w ∈ Ω. (7.16)

½½½nnn 7.3. � {w̃k}, {vk} ´¦)C©Ø�ª (2.8) �ýÿ-���{ (7.7)-(7.8) )¤�S�, ^

� (7.9) (d�G��¦��½) ¤á. P

w̃t =
1

t+ 1

t∑
k=0

w̃k. (7.17)

@o, é?¿���ê t > 0, w̃t ∈ Ω ¿

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2α(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω. (7.18)

yyy²²². w̃t ´ w̃0, w̃1, · · · , w̃t �à|Ü, Ïd w̃t ∈ Ω ´w,�. éØ�ª (7.16) U k = 0, 1, . . . , t

\\, ��

(t+ 1)θ(u)−
t∑

k=0

θ(ũk) +
(
(t+ 1)w −

t∑
k=0

w̃k
)T
F (w) +

1

2α
‖v − v0‖2H ≥ 0, ∀w ∈ Ω.

|^ w̃t �L�ª, ùÒ�±�¤

1

t+ 1

t∑
k=0

θ(ũk)− θ(u) + (w̃t − w)TF (w) ≤ 1

2α(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω. (7.19)

Ï� θ(u) ´à¼ê, �â

ũt =
1

t+ 1

t∑
k=0

ũk Òk θ(ũt) ≤
1

t+ 1

t∑
k=0

θ(ũk).

ò§�\ (7.19), ½n�(ØÒêþ��. �

18



7.3.2 :::���¿¿¿ÂÂÂeeeSSS���EEE,,,555

�y²:�¿Âe�S�E,5, ·��ky²��Ún.

ÚÚÚnnn 7.1. � {w̃k}, {vk} ´¦)C©Ø�ª (2.8) �ýÿ-���{ (7.7)-(7.8) )¤�S�, �

(7.9a) ¤á. @o, ·�k

(vk − ṽk)TMTHM [(vk − ṽk)− (vk+1 − ṽk+1)]

≥ 1

2α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q). (7.20)

yyy²²². Äk, 3 (7.7) ¥� w = w̃k+1, ·�k

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk). (7.21)

3 (7.7) ¥� k � k + 1, ¿- w = w̃k, ·�k

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1). (7.22)

ò (7.21) Ú (7.22) �\¿|^ F �üN5Ò��

(ṽk − ṽk+1)TQ[(vk − ṽk)− (vk+1 − ṽk+1)] ≥ 0.

�þª�üàÑ\þ

[(vk − ṽk)− (vk+1 − ṽk+1)]TQ[(vk − ṽk)− (vk+1 − ṽk+1)]

¿|^ vTQv = 1
2v

T (QT +Q)v, Òk

(vk − vk+1)TQ[(vk − ṽk)− (vk+1 − ṽk+1)] ≥ 1

2
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q).

ò�à� (vk − vk+1) U�¤ αM(vk − ṽk) ¿|^ Q = HM , ·���(7.20), Ún�y. �

·��Ð
y²�!'�½n�¤kO�.

½½½nnn 7.4. � {w̃k}, {vk} ´¦)C©Ø�ª (2.8) �ýÿ-���{ (7.7)-(7.8) )¤�S�, �

(7.9a) ¤á. @o, ·�k

‖M(vk+1 − ṽk+1)‖H ≤ ‖M(vk − ṽk)‖H , ∀ k > 0. (7.23)

yyy²²². ± a = M(vk − ṽk) Ú b = M(vk+1 − ṽk+1) �\ð�ª

‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H ,

·���

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H
= 2(vk − ṽk)TMTHM [(vk − ṽk)− (vk+1 − ṽk+1)]− ‖M [(vk − ṽk)− (vk+1 − ṽk+1)]‖2H .

é±þð�ªmà�1��¦^ (7.20) ¿|^ G �½Â, ����

‖M(vk − ṽk)‖2H − ‖M(vk+1 − ṽk+1)‖2H
≥ 1

α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q) − ‖M [(vk − ṽk)− (vk+1 − ṽk+1)]‖2H

=
1

α
‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G ≥ 0.

du G ��´��½�, ½n�y. �
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½½½nnn 7.5. � {w̃k}, {vk} ´¦)C©Ø�ª (2.8) �ýÿ-���{ (7.7)-(7.8) )¤�S�, �

(7.9b) ¥ G � 0. @o, é?Û��ê t > 0, ·�k

‖M(vt − ṽt)‖2H ≤
1

(t+ 1)c0
‖v0 − v∗‖2H . (7.24)

yyy²²². �Ý
 G � 0 �, �â (7.14), �3~ê c0, ¦�

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − c0‖M(vk − ṽk)‖2H , ∀v∗ ∈ V∗.

�XÒk
∞∑
k=0

c0‖M(vk − ṽk)‖2H ≤ ‖v0 − v∗‖2H , ∀ v∗ ∈ V∗. (7.25)

�â½n 7.4, S� {‖M(vk − ṽk)‖2H} ´üNØO�. ¤±, ·�k

(t+ 1)‖M(vt − ṽt)‖2H ≤
t∑

k=0

‖M(vk − ṽk)‖2H . (7.26)

l (7.25) Ú (7.26) �±���� (7.24), ½n�y. �

½n 7.5 `² ‖M(vt − ṽt)‖ ½ö‖vt − ṽt‖ k O(1/
√
t) �Âñ�Ç. 5¿�é��à¼ê

f(x), XJ x∗ ´4�:, du ∇f(x) = 0, Ïdk

f(x)− f(x∗) = ∇f(x∗)T (x− x∗) +O(‖x− x∗‖2) = O(‖x− x∗‖2).

Ïd��±w�8I¼ê�¿Âe� O(1/t) Âñ�Ç.

k'Ú�µeeÂñ5�{üy²�±l·Ì��1n��w [44] � §4 ¥é�. C©Ø�

ª´©Ûà`z©�Â �{�kåóä. 3C©Ø�ªµeeÂñ5y²�~{ü.

8 ^̂̂ÚÚÚ���µµµeee���yyyÂÂÂñññ555

ù�!�y²;� ADMM 9Ù §5 J��Ì�?Ð, ±9 §6 ¥�'un��f�¤k ADMM

a�{, Ñ�±B\ýÿ-���Ú�µe (7.7)-(7.8). �y
^� (7.9), �{Òk
 §7.2 ¥�

Â 5�Ú §7.3 ¥�S�E,5.

8.1 üüü������fff���¦¦¦fff���OOO������{{{999ÙÙÙUUU???

ü��f�²;� ADMM ´��{ (4.9). d	, ·��y §5.1.1 Ú §5.1.2 ¥0���{.

8.1.1 ²²²;;;������OOO������{{{

é²;��O��{, |^S�m©�½� (yk, λk) Ú (4.9) �)� xk+1 Ú yk+1, ÏL½Â

x̃k = xk+1, ỹk = yk+1, Ú λ̃k = λk − β(Axk+1 +Byk − b),

�±r�{/©
0¤ýÿ-���{. ýÿd
x̃k = Argmin

{
θ1(x)− (λk)TAx+ β

2 ‖Ax+Byk − b‖2
∣∣x ∈ X},

ỹk = Argmin
{
θ2(y)− (λk)TBy + β

2 ‖Ax̃
k +By − b‖2

∣∣y ∈ Y},
λ̃k = λk − β(Ax̃k +Byk − b).
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¢y, ��d

xk+1 = x̃k, yk+1 = ỹk, Ú λk+1 = λ̃k + βB(yk − ỹk)

�¤. �âÚn 2.1, ýÿ�±�¤ (7.7) �/ª, Ù¥

Q =

(
βBTB 0

−B 1
β I

)
.

duyk+1 = ỹk Ú λk+1 = λ̃k + βB(yk − ỹk) = λk − [−βB(yk − ỹk) + (λk − λ̃k)], ��úª�±
�¤ (7.8) �/ª, Ù¥

M =

(
I 0

−βB I

)
Ú α = 1.

dd��

H = QM−1 =

(
βBTB 0

0 1
β I

)
Ú G = QT +Q−MTHM =

(
0 0

0 1
β I

)
,

^� (7.9) ÷v. �,ùp G ´��½�, d�½n 7.2 ¥�(Ø�

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H −
1

β
‖λk − λ̃k‖2, ∀v∗ ∈ V∗.

,
, éu²;��O��{, ·�k (� [44])

1

β
‖λk − λ̃k‖2 ≥ 1

β
‖λk − λk+1‖2 + β‖B(yk − yk+1)‖2.

Ïd, |^Ý
 H �(�, Òk

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗.

|^½n 7.4 Ú��úª vk+1 = vk −M(vk − ṽk), �k

‖vk − vk+1‖2H ≤ ‖vk−1 − vk‖2H

ù�3 [25] ¥�Ì�(J, |^ §7 �Ú�µeÒ�~N´��.

8.1.2 PPA ¿¿¿ÂÂÂeeeòòòÿÿÿ���¦¦¦fff���OOO������{{{

é §5.1.1 ¥0�� PPA ¿Âeòÿ�¦f�O��{, ·�r (5.3a) Ú (5.3b) ©Ow�ýÿ

Ú��. òýÿ:P� w̃k = (x̃k, ỹk, λ̃k), ýÿ-��úªÒ©O´
x̃k = Argmin{Lβ(x, yk, λk) |x ∈ X},
λ̃k = λk − β(Ax̃k +Byk − b),
ỹk = Argmin{Lβ(x̃k, y, λ̃k) | y ∈ Y},

Ú

vk+1 = vk − α(vk − ṽk), α ∈ (0, 2).

�âÚn 2.1, ýÿ�±�¤ (7.7) �/ª, Ù¥

Q =

(
βBTB −BT

−B 1
β I

)
.
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��úª (7.8) ¥, M �ü Ý
, α ∈ (0, 2). dd��

H = Q Ú G = (2− α)Q.

du Q ´��½�, ^� (7.9) ÷v. ¤±, §5.1.1 ¥��{ÎÜ §7.1 ¥�Ú��ýÿ-��µe

(7.7)-(7.8) 9ÙÂñ5^� (7.9). �,ùp H = Q ´��½�, ¢SO�¿ØK�Âñ.

8.1.3 ééé¡¡¡���###¦¦¦fff������OOO������{{{

éu §5.1.2 ¥é¡�#¦f��O��{, |^S�m©�½� (yk, λk) Ú (5.4) �)� xk+1

Ú yk+1, ÏL½Â

x̃k = xk+1, ỹk = yk+1, Ú λ̃k = λk − β(Axk+1 +Byk − b),

ýÿÒ´ÏL
x̃k = Argmin

{
θ1(x)− (λk)TAx+ β

2 ‖Ax+Byk − b‖2
∣∣x ∈ X},

ỹk = Argmin
{
θ2(y)− [λ̃k + µ(λ̃k − λk)]TBy + β

2 ‖Ax̃
k +By − b‖2

∣∣y ∈ Y},
λ̃k = λk − β(Ax̃k +Byk − b),

¢y�. �âÚn 2.1, ýÿ�±�¤ (7.7) �/ª, Ù¥

Q =

(
βBTB −µBT

−B 1
β I

)
.

|^ vk+1 � vk Ú ṽk �'X, k

yk+1 = ỹk, Ú λk+1 = λk − [−µβB(yk − ỹk) + 2µ(λk − λ̃k)].

ù�Ò��u��úª (7.8) ¥� α = 1 Ú

M =

(
I 0

−µβB 2µI

)
.

dd��

H = QM−1 =

 (1− 1
2)βBTB −1

2B
T

−1
2B

1
2µβ I

 Ú G = (1− µ)

(
βBTB −BT

−B 2
β I

)
.

¤±, §5.1.2 ¥��{ÎÜ §7.1 ¥�Ú��ýÿ-��µe (7.7)-(7.8), ¿÷vÂñ5^� (7.9).

8.2 nnn������fff��� ADMM aaa���{{{

y3^ §7 ¥�Ú�µe�y §6.2 ¥0��¦)n��f¯K�n« ADMM a�{.
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8.2.1 ÜÜÜ©©©²²²111©©©��� ALM ���ýýýÿÿÿ���������{{{

¦)n��©l�fà`z (6.1), §6.2.1 ¥0�
Ü©²1©� ALM �ýÿ���{. rd

(6.4) )¤� (xk+1, yk+1, zk+1) À� (x̃k, ỹk, z̃k), ¿½Â

λ̃k = λk − β(Ax̃k +Byk + Czk − b).

ù�, ýÿ: (x̃k, ỹk, z̃k, λ̃k) Ò�±w¤keª)¤µ
x̃k = arg min

{
L3
β(x, yk, zk, λk)

∣∣ x ∈ X},
ỹk = arg min

{
L3
β(x̃k, y, zk, λk)

∣∣ y ∈ Y},
z̃k = arg min

{
L3
β(x̃k, yk, z, λk)

∣∣ z ∈ Z},
λ̃k = λk − β(Ax̃k +Byk + Czk − b).

|^Ún 2.1, ýÿ�±�¤Ú�µe¥� (7.7), Ù¥

Q =

 βBTB 0 0

0 βCTC 0

−B −C 1
β I

 . (8.1)

5¿�ù� (6.5) mà� vk+1 ¥,

yk+1 = ỹk, zk+1 = z̃k, Ú λk+1 = λ̃k + βB(yk − ỹk) + βC(yk − ỹk).

Ïd, |^ýÿ:, ��úª(6.5) Ò�±�¤ yk+1

zk+1

λk+1

 =

 yk

zk

λk

− α
 I 0 0

0 I 0

−βB −βC I


 yk − ỹk

zk − z̃k

λk − λ̃k

 .

�Ò´`, 3Ú�µe���úª (7.8) ¥

M =

 I 0 0

0 I 0

−βB −βC I

 . (8.2)

éù�� Q Ú M , �

H =

 βBTB 0 0

0 βCTC 0

0 0 1
β I

 ,

Òk HM = Q, `²Âñ5^� (7.9a) ÷v. {ü�Ý
$�Ò��

G = (QT +Q)− αMTHM = (QT +Q)− αMTQ

=


√
βBT 0 0

0
√
βCT 0

0 0 1√
β
I


 2(1− α)I −αI −(1− α)I

−αI 2(1− α)I −(1− α)I

−(1− α)I −(1− α)I (2− α)I



√
βB 0 0

0
√
βC 0

0 0 1√
β
I

 .
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N´�y, é¤k� α ∈ (0, 2−
√

2), Ý
 2(1− α) −α −(1− α)

−α 2(1− α) −(1− α)

−(1− α) −(1− α) (2− α)

 � 0.

Âñ5^� (7.9b) ÷v. ¤±, §6.2.1 ¥��{ÎÜ §7.1 ¥�Ú��ýÿ-��µe (7.7)-(7.8),

¿÷vÂñ5^� (7.9). ä� §7 ¥�¤kÂñ5�.

8.2.2 ���pppddd£££������ ADMM ���{{{

¦)n��©l�fà`z (6.1), §6.2.2 ¥0�
�pd£�� ADMM �{. ·�rd��

í2� (6.3) )¤� xk+1, yk+1, zk+1 ©OÀ� x̃k, ỹk, z̃k, ¿½Â

λ̃k = λk − β(Ax̃k +Byk + Czk − b).

r w̃k = (x̃k, ỹk, z̃k, λ̃k) w�ýÿ:, §de¡�úª

x̃k = Argmin
{
θ1(x)− (λk)TAx+ β

2 ‖Ax+Byk + Czk − b‖2
∣∣x ∈ X},

ỹk = Argmin
{
θ2(y)− (λk)TBy + β

2 ‖Ax̃
k +By + Czk − b‖2

∣∣y ∈ Y},
z̃k = Argmin

{
θ3(z)− (λk)TCz + β

2 ‖Ax̃
k +Bỹk + Cz − b‖2

∣∣z ∈ Z},
λ̃k = λk − β(Ax̃k +Byk + Czk − b).

ù�, |^Ún 2.1, ýÿÒ�±�¤Ú�µe¥� (7.7) ª, Ù¥

Q =

 βBTB 0 0

βCTB βCTC 0

−B −C 1
β I

 .

|^ù��ýÿ:, ��� y Ú z �úª (6.7) (5¿ λk+1 Ú λ̃k �'X) Ò�±�¤ yk+1

zk+1

λk+1

 =

 yk

zk

λk

−
 νI −ν(BTB)−1BTC 0

0 νI 0

−βB −βC I


 yk − ỹk

zk − z̃k

λk − λ̃k

 .

�Ò´`, 3Ú�µe���úª (7.8) ¥

M =

 νI −ν(BTB)−1BTC 0

0 νI 0

−βB −βC I

 . (8.3)

éuÝ


H =


1
νβB

TB 1
νβB

TC 0

1
νβC

TB 1
νβ[CTC + CTB(BTB)−1BTC] 0

0 0 1
β I

 (8.4)
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�±�y H �½¿k HM = Q, ù`²Âñ5^� (7.9a) ÷v. d	,

G = (QT +Q)−MTHM = (QT +Q)−MTQ

=

 2βBTB βBTC −BT

βCTB 2βCTC −CT

−B −C 2
β I

−
 (1 + ν)βBTB βBTC −BT

βCTB (1 + ν)βCTC −CT

−B −C 1
β I


=

 (1− ν)βBTB 0 0

0 (1− ν)βCTC 0

0 0 1
β I

 .

du ν ∈ (0, 1), Ý
 G �½, Âñ5^� (7.9b) ÷v. ¤±, §6.2.2 ¥��{ÎÜ §7.1 ¥�Ú

��ýÿ-��µe (7.7)-(7.8), ¿÷vÂñ5^� (7.9).

8.2.3 ÜÜÜ©©©²²²111¿¿¿\\\���KKK������ ADMM ���{{{

é §6.2.3¥0��Ü©²1¿\�K��ADMM�{,·�r (6.9))¤� (xk+1, yk+1, zk+1, λk+ 1
2 )

À�ýÿ: (x̃k, ỹk, z̃k, λ̃k). ù�ýÿúªÒ¤�
x̃k = Argmin{θ1(x)− (λk)TAx+ β

2 ‖Ax+Byk + Czk − b‖2 |x ∈ X},
ỹk =Argmin{θ2(y)− (λ̃k)TBy + µβ

2 ‖B(y − yk)‖2 | y ∈ Y},
z̃k = Argmin{θ3(z)− (λ̃k)TCz + µβ

2 ‖C(z − zk)‖2 | z ∈ Z},
λ̃k = λk − β(Ax̃k +Byk + Czk − b).

(8.5)

ù�, |^Ún 2.1, ýÿÒ�±�¤Ú�µe¥� (7.7) ª, Ù¥

Q =

 µβBTB 0 0

0 µβCTC 0

−B −C 1
β I

 .

|^ù��ýÿ:, �� y Ú z �úª (5¿ λk+1 Ú λ̃k �'X) Ò�±�¤ yk+1

zk+1

λk+1

 =

 yk

zk

λk

−
 I 0 0

0 I 0

−βB −βC I


 yk − ỹk

zk − z̃k

λk − λ̃k

 .

�Ò´`, 3Ú�µe���úª (7.8) ¥

M =

 I 0 0

0 I 0

−βB −βC I

 . (8.6)

éuÝ


H =

 µβBTB 0 0

0 µβCTC 0

0 0 1
β I

 ,
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�±�y H �½¿k HM = Q. ù`²Âñ5^� (7.9a) ÷v. d	,

G = (QT +Q)−MTHM = (QT +Q)−MTQ

=

 2µβBTB 0 −BT

0 2µβCTC −CT

−B −C 2
β I

−
 (1 + µ)βBTB βBTC −BT

βCTB (1 + µ)βCTC −CT

−B −C 1
β I


=

 (µ− 1)βBTB −βBTC 0

−βCTB (µ− 1)βCTC 0

0 0 1
β I

 .

du µ > 2, Ý
 G �½, Âñ5^� (7.9b) ÷v. ¤±, §6.2.3 ¥��{ÎÜ §7.1 ¥�Ú��

ýÿ-��µe (7.7)-(7.8), ¿÷vÂñ5^� (7.9).

9 (((ØØØÚÚÚNNN¬¬¬

�©£�
·� 20 c53üNC©Ø�ªÚà`z�¡� ADMM a�{�ó�. |^��µ

e, Ú�
C 10 c3à`z� ADMM a�{�?Ð, g¤XÚ. A:´{ü�Ú�, ���ª,

�^Ì�. ·��&, �k{ü, ¦<â¬wÃ¦^; Ï�Ú�, gCâk{��É. J¦{ü�Ú

�, ´·�ïÄó��vØU��Ï.

¦)�5�åà`z, O2.�KF¦f{ (ALM) `uv¼ê�{, ·�r§)º�3“é

�©Cþ¦4���ÿ�9éóCþ�aÉ”. éü��©l�f��5�åà`z¯K, O2

.�KF¦f{ (ALM) Úv¼ê�{, tµ�©O¤
¦f�O��{ (ADMM) Ú�O4�

z�{ (AMA). ADMM `u AMA �ÎÃ¦¯.

ADMM Ø´·�JÑ5�. Ï��Ï�ä©Û�I¦Ú®k�10 õcC©Ø�ªÝKÂ 

�{�Ä:, ·�l 1997 cm©é ADMM ïÄ. �C 10 cuy ADMM 3(�.`zþk2

�A^, �+Æ)éADMM �{��
kd��U?Úy²�
­��nØ(J, Ò^n¤Ù.

�{þ, ��
�©Cþ y ÚéóCþ λ �gS, ?
��ÏI½�� PPA ¿Âe�

ADMM [2]. ²�é��©Cþ x Ú y, üg��éóCþ λ, Ò��é¡.� ADMM [19]. ù


�{, �nþUÕ4�, O�Ly�Ø�.

nØþ, ·�é ADMM 3H{¿Âe [24] Ú:�¿Âe [25] �Âñ�Ç�Ñ
y². |^

C©Ø�ªµe, ù
y²ÑØE,.

ADMM �2�A^, <�g,���n��fÚõ��f�¯Kí2. ·�3ØUy²/�

�í2��{0Âñ��ÿ, JÑ
�
?nõ��f¯K� ADMM a�{:

• /Øú²ÒéÖ��0��{ [20],

• /�g��?nf¯K,Ò7L\�K�\rg·!�0[21],

æ�ù
üÑ, Ããþ´7L�, Å�þ�´Ün�. du²;� ADMM (4.9) Âñ�Ýî­�

6uvëê β �ÀJ, ·�JÑ�^u¦)n��f¯K� ADMM a�{, �±
gdÀJ β.

½ö�±`, ù
?���{, ���Ý/�±
²; ADMM �`û¬5. ù 20 c� ADMM

a�{ïÄ{§, )¹ng��Ï, ¦�·��Ú�Úr���Ø�.
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��I��Ñ�, ADMM a�{Ø´)û��¯K��{. ADMM a�{´tµ
�.�

KF¦f{ (ALM), O2.�KF¦f{q´�5�åà`zéó¯K��C:�{ (PPA).

ADMM a�{�´|^
¯K��©l(�. PPA Ú ALM äk�ÄÏá?, ADMM a�{

E,¬k. XJ�OADMMa�{é¯K����	\�
�	�^�, @Ò�u3�ØrF

� PPA Ú ALM �þ2,\Kú. @��, w,Ø/þ�0, �Ø��¡�. Ï�±/·0�Ì,

´�
Bu`²ïÄ?Ð�59�ó. ·�ù
ïÄ, �Ãu¥Æ�ênÄ:ÚÕA�<)²{,

^���´ÊÏ��ÆêÆÚ���`z~£. ADMMa�{ù
'�XÚ�¤J, `²4<

rgC�´, é���gCUå·Ü��KAO­�.
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My 20 years research on alternating directions
method of multipliers

He BingSheng

Abstract My research on ADMM dates back to 1997 when I considered the problems from

traffic network analysis. Over the last 10 years, the ADMM based on variational inequalities is

widely used in optimization. This paper summarizes our research on ADMM over the last 20

years, particularly, the developments in splitting and contraction methods based on ADMM for

convex optimization over the last 10 years. We list the main results as well as the motivations.

Our analysis is based on the variational inequalities. All methods mentioned fall in a simple

unified prediction-correction framework, in which the convergence analysis is quite simple. A

through reading will acquaint you with the ADMM, while a more carefully reading may make

you familiar with the tricks on constructing splitting methods according to the problem you met.

We should notice that the ADMM originates from ALM and PPA, which are good at utilizing

the splitting structure. However, it also inherits the intrinsic shortcomings of these first order

methods.

Keywords Convex optimization, monotone variational inequality, alternating directions method

of multipliers, contractive properties, O(1/t) convergence rate, unified framework.
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