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1 Optimization problem and VI

1.1 Differential convex optimization in Form of VI

Let {2 C K", we consider the convex minimization problem

min{ f(x) | z € Q}. (1.1)

What is the first-order optimal condition ? '

¥ € Q) & z* € ()and any feasible direction is not a descent one.

Optimal condition in variational inequality form '

o Sy(z*) ={s e R" | sTVf(z*) <0} = Setofthe descent directions.

o Si(x*) ={seR" | s=x—2a* z €} = Setoffeasible directions.

*eQ* & 2*eQ and S¢(z*)NSy(z*) = 0.

FEFIELLFE LT ENZ: FrERTHREESABE EAGE



The optimal condition can be presented in a variational inequality (VI) form:

e Q, (x—2)'Vf(z*)>0, Vre. (1.2)

HQ = R" REEEE (z—2") ARBIEGWRABTRE. TARMUEM L IUHE VS (™) =0.

Substituting V f (:1:) with an operator I’ (from " into itself), we get a classical VI.

/ r e The dash vectors are
infeasible directions

< . > o

0 V() AN
\_ o

Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

fy) = f(z) + Vf(z)(y — )
flx) > fly)+ Vi) z—y)

We say the gradient Vf of the convex function f is a monotone operator.

thus (= — )" (Vf(z) — Vf(y)) > 0.
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z* € argmin{f(z)|lr € X} & z" € X, O(x) —0(z*) >0, VxedX;

r* € argmin{f(z)|lrc X} & 2*c X, (z—2")'Vf(z*)>0, Vzc X.

FEMNOMEEREFGEEERR, BERGE—ENE TEASIE:

EHE1 Let XY C R" be a closed convex set, 0(x) and f(x) be convex func-
tions and f(x) is differentiable. Assume that the solution set of the minimization
problem min{f(x) + f(x) |x € X'} is nonempty. Then,

r* € argmin{f(z) + f(x) |x € X'} (1.3a)

if and only if ZO L R E B R AT ey £t
v e X, 0(x) —0(z*) + (xr — ") Vf(z*) >0, Yo € X. (1.3Db)

I 1M LeIRE (1.3a) X T F M ST AF (1.3b).



1.2 Linear constrained convex optimization and VI

We consider the linearly constrained convex

optimization problem
min{f(u) | Au=5b, u e U}. (1.4)
The Lagrangian function of the problem (1.4) is

L(u,\) = 0(u) — X" (Au —b), (15)

which is defined on U x R™.

A pair of (u*, \*) is called a saddle point of the Lagrange function (1.5), if
(u*, A\*) e U x R™, and

L(u*, ) < L(u*, \*) < L(u, A"), Y(u,\) €U x ®™.

A% LIk fR1S Lagrange ER BV SR 5.




The above inequalities can be written as

uw* €U, Lu,\*)—Lu*\)>0, VYuel, (1.6a)
A eR™ L(u*,\")— L(u",A\) >0, VAXeR™. (1.6b)

According to the definition of L(u, )\) (see(1.5)), it follows from (1.6a) that
w e, O(u) —0u*) + (u—u)'(=ATN) >0, Yueld. (1.7)
Similarly, from (1.6b), we have
MeR™ (A= )T (Au* —b) >0, Ve R (1.8)
Writing (1.7) and (1.8) together, we get the following variational inequality:

w* €U, O(u) —0(u*)+ (u—u ) (-ATX*) >0, Vuel,
A e R™ (A= X)T(Au* —b) >0, VIeER™

Using a more compact form, the saddle-point can be characterized as the solution



of the following VI:
w* € Q, Ou) —0u*) + (w—w)'Fw*)>0, Ywe, (1.9a)

where

T
w:(u), F(w):( A)\) and Q=UXxR". (1.9b)
Au — b

Setting w = (u, A*) and w = (u*, \) in (1.9), we get (1.7) and (1.8),

respectively. Because F' is an affine operator and

e - (55 (3) - ()

The matrix is skew-symmetric, we have

HMELRAVCIALIE)RE (1.4), 3 T REZDAF (1.9).
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Two block separable convex optimization I

We consider the following structured separable convex optimization
min{6,(z) + 02(y) | Ar+ By =b, x € X,y € V}. (1.10)

This is a special problem of (1.4) with

"= <m> U=XxY, A=(A B).
y

The Lagrangian function of the problem (1.10) is
The same analysis tells us that the saddle point is a solution of the following VI:

w' €Q, O(u) —0(u)+ (w—w) Fw) >0, YweQ (1.1)
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x
T
u( ), O(u) =01(z)+02(y), w=1 vy |, (1.12a)
Y A
— AT\
F(w) = — BT\ , and Q=X x)Y xR™. (1.12b)
Axz+ By — b

The affine operator F'(w) has the form

0 0 —AT x 0
Flw)=|0 0 —-BT T I
A B 0 A b

Again, due to the skew-symmetry, we have (w — @) (F(w) — F(w)) = 0.
AT B M ARORALIEIRE (1.10), IR T EHTFR (1.11)~(1.12).
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Convex optimization problem with three separable functions

min{f(x) +602(y) +03(z) | Ax+By+Cz=b,z € X,y )Y,z € Z},

is a special problem of (1.4) with three blocks. The Lagrangian function is
L& (x,y,2,A\) = 01(x) + 02(y) + 05(2) — \T(Ax + By + Cz — b).
The same analysis tells us that the saddle point is a solution of the following VI:
w* € Q, Ou) —0u*) + (w—w)'Flw*) >0, YweQ.

where 0(u) = 01 (x) + 02(y) + 03(2),

. X [ —a™ )
Yy — B\
w = . , U= Y , F(w) = _cT) )
A < \A:c—i—By—FCz—b)
and Q=X xIYxZxR".

REMELAROAURAREA H R AEE =, #RAE R T NIV E D A FR.




2 Proximal point algorithms and its Beyond

513 1 Let the vectors a,b € R™, H € R™*" be a positive definite matrix. If

bI'H(a — b) > 0, then we have 1z||2 = 2Tz, ||z||2, = 2THz.
10lI7 < llallzr — lla — bll%- (2.1)
The assertion follows from ||a||%; = [|b+ (a — b)||% > ||b||% + ||a — b||%.

2.1 Proximal point algorithms for convex optimization

Convex Optimization | Now, let us consider the simple convex optimization

min{f(z) + f(z) | z € X'}, (2.2)

where 6(x) and f(x) are convex but () is not necessary smooth, X is a closed

convex set. For solving (2.2), the k-th iteration of the proximal point algorithm (abbreviated

k+1

to PPA) [27, 29] begins with a given azk, offers the new iterate x via the recursion

shiEEEE | o = argmin{0(x) + f(x) + gux 2P|z e X} (23

12



F11is the optimal solution of (2.3), it follows from Theorem 1 that

0(z) — 0(z" ") +(z — "tH7T
(VI ") +r@™ =2} >0, Ve e X (2.4)

Since x

Setting x = 2™ in the above inequality, it follows that
(xk:—|—1 . CU*)TT(CUk o $k+1) 2 9($k+1) . ZE*) ($k+1 o CU*)TVf(ZCk+1).

(™) +
Because f isconvex, (2T — )TV f(2" 1) > (2"t — 2*)TV f(2*), it follows
that

0(z* 1) — 0(z") + (2" — )TV F(2* )
> 9" —0(z*) + (" — 2TV () >0

and consequently,

(" — 29T (2" — 2T > 0. (2.5)
Let a = 2" — 2* and b = 2" ™! — 2* and using Lemma 1, we obtain
PrPA B kMR | ||t — &*|? < ||2® — «*|)® — || — 2 1|?, (28

which is the nice convergence property of Proximal Point Algorithm.



We write the problem (2.2) and its PPA (2.3) in VI form

For the optimization problem (2.2) , namely, min{f0(z) + f(x)|z € X'},

the equivalent variational inequality form is
e X, 0(x) —0(z*) + (xr — ") Vf(z*) >0, Ve eX. (27
For solving the problem (2.2), the PPA is
2K = Argmin{0(z) + f(x) + gHa: —2F|? |z e A

variational inequality form of the k-th iteration of the PPA (see (2.4)) is:

"t e X, 0(x) — 02" + (z — 2PTHTVF(2F T

> (x — 2" 2k — 28 Ve e X, (2.8)

PPA #i3 kiE—&FI1Y (2.3), k15 (2.2) BI#E, RANZR T T AERIKES.

The solution of (2.8) is Proximal Point, it has the contraction property (2.6).

14
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2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the linearly constrained convex optimization is

characterized as a mixed monotone variational inequality:

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, YweN (29

v HEETE FEw BREXE w IIXNBETE M

PPA for VI (2.9) in H-norm (€ X)

For given w” and H > 0, find w**! such that

w*tt e Q, O(u) — 0 ) + (w — WY IF(wT) | dEsE

> (w— wNTH(w* —wh™), Yw e Q, (2.10)

k+1

w is called the proximal point of the k-th iteration for the problem (2.9).

"4 w* Tl is the solution of (2.9) if and only if w"* = w*T1 K



(210 B KMBEVICMPPAREMEX. HAILLZ@E S T RIER, 4
%Héﬁ'ﬁgmiﬁ . BERSBEARAENGFIHA: ATBEME
EHRIEEREM H, A RKE—L/ DB OO Lin) RS (2.10).

Setting w = w™ in (2.10), we obtain

(wk—l—l_w*)TH(wk_wk—l—l) > H(Uk“)—@(u*)—l—(wkﬂ—w*)TF(wkH).

Note that (see the structure of F'(w) in (1.9b))
(,wk+1 _ w*)TF(wk—i—l) _ (wk—l—l _ w*):r’]{;v(w*)7
and consequently (by using (2.9)) we obtain
(Wt —w*)TH (" — w"™) > 0 ) — 0(u*) + (" —w*)TF(w*) > 0.

Thus, we have
(W™ — w)TH (w® — w*th) > 0. (2.11)

1-16
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By setting @ = w® — w* and b = w*t! — w*,
the inequality (2.11) means that b*H (a — b) > 0.

By using Lemma 1, we obtain

[ —w|lfy < [lw” —wlly — [lw" —w" . @12)

We get the nice convergence property of Proximal Point Algorithm.

lw® — w2 < [k —w® |2 BIFSY {|lw” — wh | g} REBFHER.

A LR T AR, ZROREEME (BERLHAIN) LB AR H R a
BRMTOAEFN (V) BRBFNRIXR, L PPABIARE R HE 14 FR.




3 MERE-MERSHEAIIRTEFNBIELE R

We consider the min — max problem (e. g. E#& 41257 ROF Model [4, 30])

min, max,{®(z,y) = 61(z) —y Az — 02(y) |z € X,y € V}. (3.1)
Let (™, y™) be the solution of (3.1), then we have
e X, ®(z,y")—-P(z",y") >0, VoelX, (3.2a)
{ y ey, d",y")—P(x",y) >0, Vye. (3.2b)
Using the notation of ®(x, ), it can be written as
t* € X, O1(x) —01(z*) + (x — 2" (—ATy*) >0, VzeX,
{y* €Y, 0a(y) —02(y") + (y—y") (Az") >0, Vye.

Furthermore, it can be written as a variational inequality in the compact form:

w e, 0w —0u)+ (u—u)'Fu) >0, VueQ, (3.3)

1-18



3.1 XKWE#< IR JRIG-XI 5% & 86 A PDHG [33]
For given (z*, y*), PDHG [33] produces a pair of ("1, 5 T1): First,

" = argmin{®@(x, y*) + |z — M| |« € X},

and then we obtain ka via

k+1

S
y* T = argmax{® (2", y) — Slly = y°|I? |y € V}.

), =X x ).

(3.4b)

19



Ignoring the constant term in the objective function, the subproblems (3.4) are reduced to
" = argmin{0; (z) — z"ATy" + ol — |7 |z e XY, (3.5a)
{ " = argmin{fa(y) +y Az" + Sy — " |I* [y €V} (35D)
According to Theorem 1, the optimality condition of (3.5a) is "t e X and
01(z)—01 (" T+ (x—2"THT{—ATy " +r (" —2")} >0, Vo € X. (38)
Similarly, from (3.5b) we get y € ) and
O2(y) —O2(y" )+ (y— " ) {A" +5(y" T =y} >0, Yy e V. 37)
Combining (3.6) and (3.7), we have
T e Q, 0(u) — 0T + (uw —WFTHTF (W
> (v — " THTQW" — "), Yueq. (3.8)

where 2 = X X ) and

Q = rl, A is not symmetric
0 sln '

It does not be the PPA form (2.10), and we can not expect its convergence.

20



3.2 Customized Proximal Point Algorithm-Classical Version
BE, HNMEXFMERNBIESEEZRA “RREEHNMESEZE" .

If we change the non-symmetric matrix () to a symmetric matrix A such that

0 rl, AT H rl, AT
— — — ,

then the variational inequality (3.8) will become the following desirable form:

O(u) —O(u ) + (u—u* T F (T + H(u T —u)} >0, vu e Q.

For this purpose, we need only to change (3.7) in PDHG, namely,

O2(y) — 02y ) + (y — " TH A" +s(y* T -y} >0, Vy e V.
to

O2(y) — O2(y" 1) + (v — " TH{ A" T 4 AT — o)
+s(y" Tt =y} >0, Vye .

O2(y) — 02(y" ) + (y —y" ) AR — 2" + 5" —y")} > 0. 69

21



Thus, for given (x*, y*), producing a proximal point (21, 3/*1) via (3.4a)
and (3.9) can be summarized as:

pFtl = argmin{@(w,yk) + g”:ﬂ — kaQ ‘ T € X}. (3.10a)

Thane— argmax{@([2azk+1 — xk],y) — %Hy — kaz} (3.10b)

By ignoring the constant term in the objective function, getting zF+ 1 from (3.10a)
is equivalent to obtaining 211 from

2" = argmin{6; (z) + ng — [2" + %ATyk] H2 |z e X}
The solution of (3.10b) is given by

1
Thane— argmin{é’g(y) + %Hy — [yk -+ gA(QCL‘k—H — xk)} H2 ’y € y}.

According to the assumption, there is no difficulty to solve (3.10a)-(3.10b).

22



In the case that rs > || ATA||, the matrix
rl, AT _ N o
H = is positive definite.
A sl,,

EH 2 The sequence {u”* = (z*,y*)} generated by the customized PPA
(3.10) satisfies

Huk+1 k+1

—ulf < Jlu® = = - WP (3.11)

For the minimization problem  min{f(x) | Az = b,z € X'},
the iterative scheme is

(

2" = argmin{6(z) + gHaz — [2" + %ATyk} H2 |z € X}. (3.12a)

1
\ Yt = yF — . [A(22" T — %) —b]. (3.12b)

23
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% solution point
initial iterate
final iterate

%  solution pt
B initial itere [ ]

final iterat

L1.75
-1.50
+1.25
+1.00 y
-0.75
-0.50

*  solution pc * solution point
B initial itere B initial iterate

final iterat final iterate
L 2.00
. r1.75
M- r1.50
L r1.25

-1 +1.00 ¥

L r0.75
+C r0.50
r0 r0.25
Lo r0.00

0.0 0.04

0.02 0.02
0.00
—0.02%2

0.00 g.25 050 g7

5 1.00 1.25
x1

Xfr=s=1,2,5,10, C-PPA F7 /XERU . SHGBK, 07 HART, WIS

1.50 1,75
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3.3 Simplicity recognition
Frame of VI is recognized by some Researcher in Image Science I

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization*

Thomas Pock Antonin Chambolle
Institute for Computer Graphics and Vision CMAP & CNRS
Graz University of Technology Ecole Polytechnique
pock@icg.tugraz.at antonin.chambolle@cmap.polytechnique.fr

e T. Pock and A. Chambolle, IEEE ICCV, 1762-1769, 2011

e A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem
with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.



preconditioned algorithm. In very recent work [10], it has
been shown that the iterates (2) can be written in form of a
proximal point algorithm [14], which greatly simplifies the
convergence analysis.

From the optimality conditions of the iterates (4) and the
convexity of G and F'™* it follows that for any (z,y) € X X
Y the iterates x**! and y* T satisfy

T — T !}'\f + J_ T rli'+ 1 T 'L‘._i_ l i 'L“
s | Fl Cepy M e o ]2,

(5)
where
r phtl B (‘?G(;z:;"*l) e KTykJrl
yk—}—l - 8F*(y"‘+1) - [(Ik—}—l
and . .
. T —K
M= [ Y 6)

It is easy to check, that the variational inequality (5) now
takes the form of a proximal point algorithm [10, 14, 16].

E# C-P i 3
HA189 PPA i
FE F K b 15 1L
T BTS2 HT

AR IRIAN A,
QB (6)
NHIEERE M %
FRIERE, 4 B
8189 PPA 753£.

B, migEA
B TH 45 & /Y 1
T, FAEARA—
TE TSR AY.
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XF(6)INH 0 € (0,1) BY CP /37%, US4 7% BIERH, iI& 22— Open Problem.




[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
University Press, Princeton, New Jersey, 1962.

[10] B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation image restoration. Technical
report, Nanjing University, China, 2010.

Later, the Reference
[10] is published in
SIAM J. Imaging Sci-

ence [19].

Math. Program., Ser. A
DOI 10.1007/s10107-015-0957-3
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VI framework
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1 Introduction

In this work we revisit a first-order primal—dual algorithm which was introduced in [ 15,
26] and its accelerated variants which were studied in [5]. We derive new estimates
for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N) rate
of convergence (where N is the number of iterations), which also generalizes to non-

Algorithm 1: O(1/N) Non-linear primal—dual algorithm

e Input: Operator norm L := || K|, Lipschitz constant L ¢ of V f, and Bregman
distance functions Dy and D,.

e Initialization: Choose (x°, y) e X x Y, t,0 > 0

e Iterations: For each n > 0 let

"Ly = PDL o (x, y?, 26" — Xy (11)

The elegant interpretation in [ 16] shows that by writing the algorithm in this form

& 1ZCHIICHER [16] 214 3R1E SIAM J. Imaging Science E AN E.
B.S. He and X.M. Yuan, Convergence analysis of primal-dual algorithms for a saddle -point

problem: From contraction perspective, SIAM J. Imag. Science 5(2012), 119-149.

28



Proximal point form

2017F7H,FEA
B RXEHRFERD
— Bl EFEEXKE
e EfSmE
—NERESNE B
AR &= A3 A He
and Yuan 12 H H94R
Ik =3 (PPF), &b
I8 [E &R i) .
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L pmEELRSE
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University of Colorado Boulder Technical Report, Department of Applied Mathematics

The Chen-Teboulle algorithm is the proximal point algorithm

Stephen Becker *
November 22, 2011; posted August 13, 2019

Abstract

Werevisit the|Recent works such as [HY12] have proposed a very simple yet

on the step-size

powerful technique for analyzing optimization methods.

1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product (x,y) on H x H*. Instead of defining the norm to be the induced norm, we define the primal
norm as follows (and this induces the dual norm)

2y =z v, il = llyllv-: = Vg, V1) = V. y)y -

for any Hermitian positive definite V € B(H,H): we write this condition as V > 0. For finite dimensional
spaces ‘H. this means that V' is a positive definite matrix.

Jelly =




4 BREEEERRITIEREX

¥ % HARLH0 75 £ AT BUEE [12] PR,

RIBFORZIEEFREM 115 PPARIE.

The convex optimization problem,
min{f(x) | Ax =b, z € X}
is translated to the equivalent variational inequality :
w* € Q, O(z)—0(z*) + (w—w)'Flw*) >0, Yue, (4.1a)

where

x —AT)
w = , F(w) = and Q=X xR"™. (4.1b)
A Ax —b

31



4.1 PPA in Primal-Dual Order

PPA for the variational inequality (4.1) : Find w* T e Q, such that

0(z)—0(z" )+ (w—w"THTF (") > (w—w" T TH (" - ), Yw e Q,

(4.2a)
where
BATA +61, AT
H = 1 : (4.2b)
A —Im
p
The concrete formula of (4.2) is The underline part is F(wk+1):

Flw) — ( _ AT >
Ax — b
O(x) — 9(51:’““) + (x — wkH)T

4 {—ATN* + (BATA + 61,) (2T — z%) + AT(N* — \F)} > 0,

(AzFHt —b)  + AT —2F) + (/BN = X\F) =o0.
(4.3)

y

32



B 4.3) 7 “BUNE” TERAFAEBE-T, B=:

{ 0(z) — 0(z" ) + (z — 2" THT{—ATN* + (BATA + 61,,) (=" — 2¥)} > 0,
(A2z" " — 2" —b) + (1/B8)(\*T = )\F) =o0.

How to implement the prediction? ' To get w* which satisfies (4.3),

we need only use the following procedure: (Primal-Dual)
T € X},

(4.4)

(

0(x) — xTATNF
+38) Al — 2")|* + 3]z — 2*|2
\ AFFHL = \F — B(A[225 T — 2%] — ).

phtl = Argmin{

Then, we use the form

k41 k

WPt = wP — a(w® — W), a € (0,2)

to update the new iterate w**1.

(4.4 TR BArR 3, BRI IR 0(x), X
BIEFILH R EE Y, B2 G KIEE KA B9 HE




4.2 FE K ALM (Balanced ALM) [22]

T2 B ALM, AR =L (4.4) FEY 2 F i) AY B AR R B R B IE L 14 R
BO(x) FMAFENLZREE L ||z — 2|?. B EEEZETE N RKIE.

PPA for the variational inequality (4.1) :  Find whtl ¢ (), such that

9(:17) . H(ZIZk_H) 4+ (w . wk-l—l)TF(wk-l—l) > (w o wk:—|—1)TH(wk: . wk:-l—1>’
(4.5a)
for all w € (), where
rl, AT

H = is positive definite. (4.5b)
A %AAT—|— ol,,

Then, we use the form

k+1 k

WPt = wh — a(w® —w* ), a € (0,2)

to update the new iterate w**1.

34



The concrete form of (4.5) is F(w) = <

y

The underline part is F'(w

—AT)
Ax — b

k:—|—1)

)

0(x) — O(x" 1)+

\

It can written as

"t e X, 0(x) — (") + (x — 2" THT{—ATAF (2P —
Al — ") — 0] + (FAAT 4 61,,) (AT = \F)

Thus, the w”* T in balanced ALM (4.5) is implemented by

(

¥t =argmin{0(z) — 27A\* + ng —z"|? |z € X},

< —1—(33‘ . Lljk—l_l)T{—AT)\IH_l _'_ rIn(a:k+1 . $k) _1_ AT()\IH—l . )\k)} 2 O,
(Az" T —b) + AP — 2%) + (LAAT 4 61,,) (AP — A9 =0

zck)} >0,
=0

. 1 2
\)\kH:argmm{)\T(A[kaH — xk] — b) + iH)\ — )\kH(%AAT-I—Mm)}' (4.6b)
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Remark. \*11 in (4.6b) is the solution of the following system of linear equations:
1
(“AAT+ 6L,) (A = M) + (A[22" T — 2% —b) =0. (@47)
r
Because the matrix
1
Hy = (-AA" +61,,)
r

is positive definite, there are efficient algorithms in literature for solving such a

systems of linear equations.

o YJARIRYIETHARRA B3R T&, o-Fla)@l (4.6a) FHY ORI F LAY, B
T )RR K R ME .

o \-FIoJFh (4.6b) EXRFE— N A EFIEEENZ M SHIEAE. TEE), B
EREIES, AR EXSFEE Ho —IK Cholesky 77 fi#.

Ho=LL", LL'\=X\)=0b— A22""" —2"].



5 KT ST SRR PPARKL

FRIR AT 3 Em L L o)
min{6; (z) + 02(y)|Az + By =b,x € X,y € V} (5.1)
MR E DT TAFN
w* €Q, 0u) —0(u*)+ (w—w)'Fw*) >0, YweqQ,

H
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8] (5.1) BYEET fu g B H R 3=
Ls(w,y,\) = 01(x) +02(y) — N (Azx + By — b) + gHAaz + By — b))%

ADMM B k RIER MG BRI 8 = (v, \F) Frig, Bid
[ 2F e arg min{6;(z) — x"AT\* + 1 8||Az + By* — b||? ‘ r e X},

¢ Yt € argmin{62(y) — y"BTA" + L8| Ax" T + By — b|)? | y € V1,

)\k—l—l — )\k o B(Axk—I_l i Byk:—|—1 . b)

\

(5.2)
KiFwhtt = (2P ym A BT ADMM FT7ARY & DI, 24 2
RIBLLER (7, A¥) BhRAY, Bz AFEEE, v = (y,\) A

LT =,
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51 SFATKBETFRIBAT A

SKEEFANA] S EERE]E (1.10) BN AT 7 AF (1.11)-(1.12).
FRIE PPA B ERIEK, &I A iR EEME A FRIE E

0(u)—0(i")+(w—w®)TF (w ™) > (w—w*™HTH (wk—w*), vu € Q,

(5.3a)
where
BATA + 61, 0 AT
H = 0 8BTB +61,, BT : (5.3b)
A B 2l

The both matrices

BATA + 61, AT BBTB +6I,, Bt
y ~ 0, >~ 0.
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The concrete form of (5.3) is

[ 01(x) — 01 (2" 1) + (z — 2P )T

{—ATNF L (BATA 4+ 61, (2T — M)+ AT — N9} >0,

¢ O2(y) — O2(y* ) + (y — v THT
{=B"N"' + (BB"B + 6I.,)(y" " — y*)+ BT\ = N} >0,

(A" 4+ Byt — )+ AR — 2P+ B — gb) + (2/8) (WFH = A =0

\

After simple organization, we obtain
[ 01(x) — 01(a" ) + (@ — T ATNY 4 (BATA + 6T, ) (z"H! — 2%)} > 0,

¢ O2(y) — 24" ) + (y — ") {=B'N* + (BB"B + 61n,) (y" ' — ")} > 0,

\ [2(Az" ! 4+ Byt —b) — (Az" + By — b)) + (2/8) (N1 — \F) = 0.



In fact, the prediction can be arranged by

p

g = arg min{
N . {
Y = arg min

k+1
AT = - 18 [2(Ax

( 2! = arg min{6; ()
¢ ¥t =argmin{62(y)
| AT =0 — 18]2(Ax

k+1 i Byk—l—l

k+1 4+ Byk—l—l

—b) — (Az" + By* — b)]

TAT)\k

—b) — (Az"” + By* —b)]

I - 41

T ATk
1 Hl(x)k .:12:A1)\ o ‘azGX} (5.4a)
+38l[A(x — 2)||* + 30|lx — 7|
9 . TBTA]{
1 2(y)k g 1 k2 ‘yéy} (5.4D)
+5B8I1B(y — y*)I” + 36y — 7|

(5.4c)

T — ") (BATA+ 61, (x — 2¥) |z € X}

—y' BN + 3(y — ") (BB'B + 01, (y —y")ly € V}

FAZ T AFI (VI) RSB

IE S5 % (PPA), B B A& T ADMM K 2N GEE

5




5.2 HAEG pPA B L

SKEEFE AT 7 I sRal (1.10) R ZE T AFRN (1.11)-(1.12).
i ADMM Ff - (e R AR EL A ] 88, T oo-F (o) B a0 R 44

Primal-Dual Order

0(v)—0(u" ) +(w—w" T TF (") > (w—w" T TH (w* - ), vw € Q,

(5.5a)
where
rly, 0 AT
H = 0 BB'B+6l,, B" . (5.5b)
A B (5 +0)Im + ;AAT

The both matrices

I, AT BB + 61, BT
m > 0, P 0ns > 0.
A 0L, +1AAT B I

1
B
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The concrete form of (5.5) is

y

01(x) — O1(z" 1) + (z — 2 THT
{— AT (2P — 2P ATOFTE — AR >0,
O2(y) — O2(y* ) + (y — y* )T
{=B"X**' + (BB"B + 6L.,)(y**' —y*)+ BT (A — A7)} >0,
(A$k+1 e Byk—|—1 L b)_|_A(xk—|—1 L $k)+B<yk+1 . yk)
\ +((3 4 0)Im + 2AAT) (¥ = 3F) =0,

After simple organization, we obtain
[ 01(2) — 01 (") + (x — 2P DT ATNF 4 p(2F L = 2F)) > 0,
O2(y) — 02(y" ") + (y — ") {=B'N' + (BB"B + 0, ("' — )} > 0,

[2(Az" Tt + Byt — b) — (Az® + By® — b)]
\ +((5 + ) Im + AAT) (AL =A%) =0.
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In fact, the prediction can be arranged by

( "t = argmin{6:(z) — 2"ATN + Lr||z — 2|? |z e X}
yk"H = a,rgmln{ 1 Q(y)k g 1 P ‘y S y}
< +3B8lBy —y")II” + 39lly — 4"

)
it T2 [2(Az**! 4+ By**! —b) — (Az* + By" — b)]

( BRI ) ((5 4 ) m + s AAT) (X = A)
KGN

ZHPT 3 AFAR PPAEE, EBRTLUMI0 T {6

= w" — a(w® —w"h), a€(0,2).
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