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à`z¯K����`5^�´��üNC©Ø�ª (Variational Inequality). C

©Ø�ª´_<÷ì�O´Ä��º:�êÆL�/ª. �å`z¯K, Ú?¦fÒk


.�KF¼ê, �5�åà`z¯K�.�KF¼ê�Q:�du�A�C©Ø�ª

�):.

1 _<÷ìÚC©Ø�ª

·�k'��*�5wà5y��`5^�. � Ω ⊂ <n ´��à8, f : <n → <
´����à¼ê. �	à`z¯K

min{f(x) | x ∈ Ω}. (1.1)

�o�� x â´�`:? ^�Ï��{ù,

�`:7Láu Ω, ¿�lù:Ñu�?Û�1��ÑØ´eü��. (1.2)

·�^ ∇f(x) L« f(x) �FÝ, éuáu Ω � x, P

Sf(x) = {s ∈ <n | s = x′ − x, x′ ∈ Ω},

Sf(x) Ò´`z¯K (1.1) 3: x ?��1��8¶P

Sd(x) = {s ∈ <n | sT∇f(x) < 0},

@o Sd(x) Ò´¼ê f(x) 3 x ?�eü��8. |^ù
PÒ, (1.2)Ò��u

x∗ ´�`) ⇐⇒ x∗ ∈ Ω & Sf(x∗) ∩ Sd(x∗) = ∅. (1.3)

�`5^� (1.3) ��dêÆ/ªÒ´

x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω. (1.4)
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ã 1. ��à`z�C©Ø�ª�'X

^BJ9�e, 3¦��z��ÿ, òeü���8Ü Sd(x) U¤þ,�� (ascent

direction) �8Ü

Sa(x) = {s ∈ <n | sT∇f(x) > 0}, : x ?�þ,��8.

�A� (1.3) �'XªÒC¤

x∗ ∈ Ω, Sf(x∗) ∩ Sa(x∗) = ∅.

ùL«¤k�1��ÑØ´þ,��, Ò´Ï~¤`� _<÷ì�n.

ò ∇f(x) �¤ F (x), (1.4) Ò¤


x∗ ∈ Ω, (x− x∗)TF (x∗) ≥ 0, ∀x ∈ Ω (1.5)

ù���üNC©Ø�ª. C©Ø�ª (1.5)¥�F (x), Ø�½´,�¼ê�FÝ. �é

{`, �F (x)���, F (x)�ä�'Ý
Ø�½é¡.

ÚÚÚnnn 1.1 � X ⊂ <n ´4à8, θ(x) Ú f(x) Ñ´à¼ê, Ù¥ f(x) 3�¹ X ���
m8þ��. P x∗ ´à`z¯K min{θ(x) + f(x) |x ∈ X} �). ·�k

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (1.6a)

�¿©7�^�´

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.6b)

yyy²²²µÄk, XJ(1.6a) �(, @oé?¿� x ∈ X , ·�k

θ(xα)− θ(x∗)
α

+
f(xα)− f(x∗)

α
≥ 0, (1.7)

Ù¥

xα = (1− α)x∗ + αx, ∀α ∈ (0, 1].

Ï� θ(x) ´ x �à¼ê, �â xα �½Âk

θ(xα) ≤ (1− α)θ(x∗) + αθ(x),
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¿�Ïd

θ(x)− θ(x∗) ≥ θ(xα)− θ(x∗)
α

, ∀α ∈ (0, 1].

òd�\ (1.7) ��>, ·�Òk

θ(x)− θ(x∗) +
f(xα)− f(x∗)

α
≥ 0, ∀α ∈ (0, 1].

5¿�þª¥ f(xα) = f(x∗ + α(x− x∗)), du f(x) ��, - α→ 0+, ��

θ(x)− θ(x∗) +∇f(x∗)T (x− x∗) ≥ 0, ∀x ∈ X .

ù�Òl (1.6a) ��
 (1.6b). �L5, Ï� f ´à¼ê, k

f(xα) ≤ (1− α)f(x∗) + αf(x),

ù�±�¤

f(xα)− f(x∗) ≤ α(f(x)− f(x∗)).

Ïd, é¤k� α ∈ (0, 1], ·�k

f(x)− f(x∗) ≥ f(xα)− f(x∗)

α
=
f(x∗ + α(x− x∗))− f(x∗)

α
,

� α→ 0+, k

f(x)− f(x∗) ≥ ∇f(x∗)T (x− x∗).

òd�\ (1.6b) ��>, �

x∗ ∈ X , θ(x)− θ(x∗) + f(x)− f(x∗) ≥ 0, ∀x ∈ X ,

Ïd (1.6a) �ý. Ún�y. 2

ù�Ún��{ü, %´ù�Í��^�A�Ä��n��, §ïá
à`z¯K

ÚC©Ø�ª�m���éA'X. ±�·�J�ù�Ún, ¡Ù� �`5^��Ä�

Ún. ·�¡ (1.6b) ù��/ª�üN·ÜC©Ø�ª. �,, XJ θ(x) ���, �A

�^�Ò�±�¤

x∗ ∈ X , (x− x∗)T
(
∇θ(x∗) +∇f(x∗)

)
≥ 0, ∀x ∈ X .

|^ù�Ún, ·�Ó�U��à¼ê��5��AÛ)º(1.4).

2 �5�åà`z¯K9�d�C©Ø�ª

�U ⊂ Rn´4à8, θ : Rn → R ´(¿��½1w�)à¼ê, A ∈ Rm×n, b ∈ Rm.

·��Ä�5�å�à`z¯K

min{θ(u) | Au = b (or ≥ b), u ∈ U}, (2.1)
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¿b�§k). ¯K(2.1)�.�KF (Lagrange)¼ê

L(u, λ) = θ(u)− λT (Au− b) (2.2)

½Â3 U × Λ þ, Ù¥

Λ =

{
Rm, if Au = b,

Rm
+ , if Au ≥ b,

ùp�Rm
+ L«Rm¥��K%�. XJ�é (u∗, λ∗)÷v

(u∗, λ∗) ∈ U × Λ, L(u∗, λ) ≤ L(u∗, λ∗) ≤ L(u, λ∗), ∀(u, λ) ∈ U × Λ, (2.3)

Ò¡§�Lagrange ¼ê(2.3)�Q:, Q:¥�u∗Ò´(2.1)�).

½ÂQ:�Ø�ª(2.3)�üÜ©�m5Ò´{
u∗ ∈ U , L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U ,
λ∗ ∈ Λ, L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀ λ ∈ Λ.

|^.�KF¼ê(2.2)�L�ª, lþª��e¡�C©Ø�ª|{
u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U ,
λ∗ ∈ Λ, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ Λ.

(2.4)

òþªüÜ©\3�å�¤;n�/ªÒ´C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.5a)

Ù¥

w =

(
u

λ

)
, F (w) =

(
−ATλ
Au− b

)
, Ω = U × Λ. (2.5b)

é(2.4)¥?¿�w ∈ Ω©O�w = (u, λ∗)Úw = (u∗, λ), ÒU�L5��(2.3). ù�,

·�rQ:�8ÜÚC©Ø�ª�)8ïá
�d'X. Ï�, ·�Ñ^Ω∗L«C©Ø

�ª(2.4)�)8 (Ïd�Ò´.�KF¼ê(2.2)Q:�8Ü). 5¿�(2.5b)¥, ���f

F (w) =

(
−ATλ
Au− b

)
=

(
0 −AT
A 0

)(
u

λ

)
−
(

0

b

)
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¥�Ý
��é¡Ý
, Ïdk(w − w̃)T (F (w)− F (w̃)) ≡ 0. dd
��ð�ª

(w̃ − w∗)TF (w̃) ≡ (w̃ − w∗)TF (w∗) (2.6)

3�{µe�Âñ5y²¥~~�^�.

�©l(�.à`z¯K�d�C©Ø�ª

�ÆO�¥�Nõ¯K�±8(���kü��©l8I¼ê�(�.à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (2.7)

ù��u3 (2.1)¥,� n = n1+n2, X ⊂ <n1 , Y ⊂ <n2 , U = X×Y. θ(u) = θ1(x)+θ2(y),

θ1(x) : <n1 → <, θ2(y) : <n2 → <. Ý
 A = (A,B), Ù¥A ∈ <m×n1 , B ∈ <m×n2 . ù

�¯K��`5^�Ó��±L«¤��üN�£·Ü¤C©Ø�ª:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.8a)

Ù¥

u =

(
x

y

)
, w =

 x

y

λ

 , θ(u) = θ1(x) + θ2(y), (2.8b)

Ú

F (w) =

 −ATλ
−BTλ

Ax+By − b

 , Ω = X × Y × <m. (2.8c)

Ó�, én��©l8I¼ê�5�å�à`z¯K

min{θ1(x) + θ2(y) + θ3(z) | Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z}, (2.9)

ÏLaq�©Û, §��`5^�Ó��±L«¤��üN�£·Ü¤C©Ø�ª:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.10a)

Ù¥

u =

 x

y

z

 , w =


x

y

z

λ

 , F (w) =


−ATλ
−BTλ

−CTλ
Ax+By + Cz − b

 , (2.10b)

Ú

θ(u) = θ1(x) + θ2(y) + θ3(z), Ω = X × Y × Z × <m. (2.10c)

3C©Ø�ª (2.8) Ú (2.10) ¥, u éA�´à`z¯K¥��©Cþ, w = (u, λ) ´�

©Cþ\éóCþ. Ï�, ·�r�å8Ü´ Ω �C©Ø�ª�)8P� Ω∗.
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�, (2.7) Ú (2.9) �éA�üN·ÜC©Ø�ª/ª���Ó, � (2.7) ´¹

ü��©l8I¼ê�(�.�åà`z¯K, �±^��k��¦f�O��{

(Alternating directions method of multipliers) [3] ¦), 
��ò¦f�O��{í2

�¦)n��f��©l(�.�åà`z¯K (2.9), Ø© [2] y²´Ø�½Âñ�.

éõuü��f�¯K, I�^�
ÄuC©Ø�ª�ýÿ-���{�?n [6, 7, 8].

3 à`zÚC©Ø�ª��C:�{

�C:�{ (Proximal Point Algorithm){¡PPA�{, ´¦)à`z¯K

min{θ(x) + f(x) | x ∈ X} (3.1)

��aÄ��{[11, 12]. �
0�¦)C©Ø�ª(2.4)�PPA�{, ·�ky²��{

ü�(Ø.

ÚÚÚnnn 3.1 � a, b ∈ Rn, H ∈ Rn×n ´é¡�½Ý
. XJ

bTH(a− b) ≥ 0,

Kk

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H .

yyy²²² é?Û�½��½Ý
H, k

‖a‖2H = ‖b+ (a− b)‖2H = ‖b‖2H + 2bTH(a− b) + ‖a− b‖2H .

Ún�(Ø�±lþ¡�ð�ªÚÚn�b�^�����. 2

¦)à`z¯K (3.1)�PPA�{. 1 k-ÚS�l�½�xkm©, #�S�:

xk+1 = argmin{θ(x) + f(x) +
r

2
‖x− xk‖2 | x ∈ X}, (r > 0). (3.2)

PPA�{�1 k-ÚS�, 3`z¯K�8I¼ê�¡\þ�K� r
2
‖x − xk‖2, ¦�

#�S�:l�5�S�:Ø���, gX&xL§¥ÚÚ�E!­S­�.

ÚÚÚnnn 3.2 PPA �{(3.2)�)�S� {xk}÷v

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk − xk+1‖2, ∀x∗ ∈ X ∗. (3.3)

y². Ï�xk+1´(3.2)��`), �âÚn 1.1k

xk+1 ∈ X , θ(x)− θ(xk+1) + (x− xk+1)T{∇f(xk+1) + r(xk+1 − xk)} ≥ 0, ∀x ∈ X .

-þª¥?¿�x = x∗, ��

(xk+1 − x∗)T r(xk − xk+1) ≥ θ(xk+1)− θ(x∗) + (xk+1 − x∗)T∇f(xk+1). (3.4)
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du f´à�, (xk+1 − x∗)T∇f(xk+1) ≥ (xk+1 − x∗)T∇f(x∗). Ïdk

θ(xk+1)− θ(x∗) + (xk+1 − x∗)T∇f(xk+1)

≥ θ(xk+1)− θ(x∗) + (xk+1 − x∗)T∇f(x∗) ≥ 0.

þª¥����Ø�ª��â´(1.6b). òþ¡�(J�\ (3.4)�mà, ��

(xk+1 − x∗)T (xk − xk+1) ≥ 0. (3.5)

- a = xk − x∗, b = xk+1 − x∗¿|^Ún 3.1, Bk

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk − xk+1‖2.

Ù¥x∗L«¯K (3.1)�?Û��):. Ún�y. 2

þª´y²à`zPPA�{Âñ�'�Ø�ª.

¦)C©Ø�ª (2.5)�H-�e�PPA�{.

�H � 0��½��½Ý
, ¦)C©Ø�ª(2.5)�H-�e�PPA �{�1 k-Úl

®��wkÑu, ¦��#S�:wk+1¦�

wk+1 ∈ Ω, θ(u)−θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω. (3.6)

w,, XJ3(3.6)¥kwk = wk+1, @owk+1Ò´C©Ø�ª¯K(2.4)�). k�,

·��r (3.6)�¤�d�/ª

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)T{F (wk+1) +H(wk+1 − wk)} ≥ 0, ∀w ∈ Ω.

Ù¥� H(wk+1 − wk)´�g¼ê 1
2
‖w − wk‖2H3wk+1 ?�FÝ, ù�´r(3.6)¡�¦

)C©Ø�ª(2.4)�H-�e�C:�{��Ï.

ÚÚÚnnn 3.3 é�½��½Ý
H � 0Ú�þwk, XJwk+1´d(3.6)Jø�, @ok

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H , ∀w∗ ∈ Ω∗. (3.7)

yyy²²² ò(3.6)¥?¿(½�w ∈ Ω��w∗, Òk

(wk+1 − w∗)TH(wk − wk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1). (3.8)

|^ (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗) (�(2.6)), �±r(3.8)�màU��

�§�Ó�

θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗).

dwk+1 ∈ ΩÚw∗´(2.4)�), þª�K. Ïdl(3.8)��

(wk+1 − w∗)TH(wk − wk+1) ≥ 0.



ë�©z 8

3Ún 3.1¥- a = wk − w∗Ú b = wk+1 − w∗, Òlþª��Ún�(Ø. 2

Ún 3.3`²S�:l)8p�z�:Ñ�5�C. äk5�(3.7)�S� {wk}�
¡�3H-�eFejér üN�, §´y²S�S� {wk}Âñ�'�Ø�ª. éC©Ø�

ª(2.5), ·�3 [10]¥Äg²(JÑ
H-�e�PPA�{. ^PPA¦)à`z¯K, �

{{ü, Âñ5y²�AON´�n) [1].

Ún 3.2ÚÚn 3.3©OJø
¦)à`z¯K (3.1)ÚC©Ø�ª (2.5)�PPA�{

�'�Ø�ª. e¡·�y²C©Ø�ªPPA�{�Âñ5.

½½½nnn 3.1 � {wk}´¦)C©Ø�ª (2.5)�H-�e�PPA�{ (3.6)�)�S�S�.

@o {wk}ÂñuC©Ø�ª�,�):.

y² dÚn 3.3, ·�k

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H , ∀w∗ ∈ Ω∗ (3.9)

Ú
∞∑
k=0

‖wk − wk+1‖2H ≤ ‖w0 − w∗‖H , ∀w∗ ∈ Ω∗.

ÏdS�S� {wk}�¹3��k.48p¿k

lim
k→∞

‖wk − wk+1‖2H = 0. (3.10)

� {wkj}´ {wk}�Âñuw∞�f�, d (3.6), k

wkj ∈ Ω, θ(u)−θ(ukj ) + (w − wkj )TF (wkj )

≥ (w − wkj )TH(wkj−1 − wkj ), ∀w ∈ Ω.

éþª¦4�¿|^ (3.10), ��

w∞ ∈ Ω, θ(u)− θ(u∞) + (w − w∞)TF (w∞ ≥ 0, ∀w ∈ Ω.

Ïd, w∞´C©Ø�ª (2.5)�). duw∞ ∈ Ω∗, �â (3.9), k

‖wk+1 − w∞‖2H ≤ ‖wk − w∞‖2H .

ÏdS�S��UÂñuù�w∞. 2

½n 3.1y²¥^��Ä�§ª, 3±��Ù!¥�¬²~^�.

ë�©z

[1] X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point algorithms revisit

on the alternating direction method of multipliers, Science China Mathematics, 56

(2013), 2179-2186.



ë�©z 9

[2] C. H. Chen, B. S. He, Y. Y. Ye and X. M. Yuan, The direct extension of ADMM for

multi-block convex minimization problems is not necessarily convergent, to appear

in Mathematical Programming, Series A.

[3] R. Glowinski, Numerical Methods for Nonlinear Variational Problems, Springer-

Verlag, New York, Berlin, Heidelberg, Tokyo, 1984.

[4] Gu G Y, He B S and Yuan X M. Customized proximal point algorithms for linearly

constrained convex minimization and saddle-point problems: a unified approach.

Comput. Optim. Appl., 2014, 59: 135-161.

[5] B. S. He, PPA-like contraction methods for convex optimization: a framework using

variational inequality approach. J. Oper. Res. Soc. China 3 (2015) 391õ420.

[6] B. S. He, Parallel splitting augmented Lagrangian methods for monotone structured

variational inequalities, Computational Optimization and Applications 42(2009),

195–212.

[7] B. S. He, M. Tao and X.M. Yuan, Alternating direction method with Gaussian back

substitution for separable convex programming, SIAM Journal on Optimization

22(2012), 313-340.

[8] B.S. He, M. Tao and X.M. Yuan, A splitting method for separable convex program-

ming, IMA Journal of Numerical Analysis, 31, 394-426, 2015.

[9] B. S. He and X. M. Yuan, On the O(1/t) convergence rate of the alternating direc-

tion method, SIAM J. Numerical Analysis 50(2012), 700-709.

[10] B.S. He and X. M. Yuan, Convergence analysis of primal-dual algorithms for a

saddle-point problem: From contraction perspective, SIAM Journal on Imaging

Science, 5, 119-149, 2012.

[11] B. Martinet, Regularisation, d’inéquations variationelles par approximations succe-

sives, Rev. Francaise d’Inform. Recherche Oper., 4, 154-159, 1970.

[12] R.T. Rockafellar, Monotone operators and the proximal point algorithm, SIAM J.

Cont. Optim., 14, 877-898, 1976.

[13] Û]). Ø¦)C©Ø�ª��
ÝKÂ �{, O�êÆ, 1996, 18: 54–60.

[14] Û]). lC©Ø�ª�Ú�Â �{�à`z�©�Â �{, p�Æ�O�ê

ÆÆ�, 2016, 38: 74–96.

[15] Û]). à`z���©��{–C©Ø�ª�óä�Ú�µe, �

http://maths.nju.edu. cn/˜hebma ¥�5My Talk6.

[16] Û]). à`zÚüNC©Ø�ª�Â �{, � http://maths.nju.edu.cn/˜hebma

¥�X�ùÂ.


