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min {θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y}. (0.1)

��O��{. duCÄ8I¼ê¥�~ê�é¯K�)vkK�, ¦f�O��{�

1 kgS��±Lã¤l (yk, λk)m©:

(ADMM)


xk+1 ∈ argmin

{
θ1(x)− xTATλk + β

2
‖Ax+Byk − b‖2

∣∣x ∈ X} (0.2a)

yk+1 ∈ argmin
{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By − b‖2

∣∣y ∈ Y}, (0.2b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (0.2c)

1 ADMM �Âñ5©Û

f¯K (0.2a)Ú (0.2b) ©O�duI�¦)�f¯K�äN/ª´

xk+1 = argmin
{
θ1(x) + β

2
‖(Ax+Byk − b)− 1

β
λk‖2

∣∣x ∈ X} (1.1a)

Ú

yk+1 ∈ argmin
{
θ2(y) + β

2
‖(Axk+1 +By − b)− 1

β
λk‖2

∣∣y ∈ Y}. (1.1b)

·�b�ùa¯K3�{¥´N´¦)�.

c¡�©Û®²w�·�, ¯K(0.1)����`5^��±L«¤��üN�C©

Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.2a)

Ù¥

u =

(
x

y

)
, w =

 x

y

λ

 , F (w) =

 −ATλ
−BTλ

Ax+By − b

 (1.2b)
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Ú

θ(u) = θ1(x) + θ2(y), Ω = X × Y × <m. (1.2c)

·�5¿�ù�½Â�F ÷v'Xª

(w − w̃)T (F (w)− F (w̃)) ≡ 0, ∀w, w̃. (1.3)

�´^Ω∗L«C©Ø�ª (1.2)�)8.

©Û |^'u�`5�Ún, f¯K(0.2a)Ú(0.2b)�)©O÷v

xk+1 ∈ X , θ1(x)− θ1(xk+1)

+ (x− xk+1)T
{
−ATλk + βAT

(
Axk+1 +Byk − b

)}
≥ 0, ∀x ∈ X (1.4a)

Ú

yk+1 ∈ Y, θ2(y)− θ2(yk+1)

+ (y − yk+1)T
{
−BTλk+βBT

(
Axk+1+Byk+1−b

)}
≥ 0, ∀ y ∈ Y. (1.4b)

òλk+1 (ë�(0.2c)) �\(1.4) (��Ù¥�λk), ·���

xk+1 ∈ X , θ1(x)− θ1(xk+1)

+ (x− xk+1)T
{
−ATλk+1 + βATB(yk − yk+1)

}
≥ 0, ∀x ∈ X , (1.5a)

Ú

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y. (1.5b)

·��òC©Ø�ª (1.5)�¤��'�;n�/ª: uk+1 = (xk+1, yk+1) ∈ X × Y, ¿

�é¤k� (x, y) ∈ X × Y, Ñk

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T {(
−ATλk+1

−BTλk+1

)
+β

(
AT

0

)
B(yk − yk+1)

}
≥ 0. (1.6)

2rþãC©Ø�ª�¤·�I���ª: uk+1 = (xk+1, yk+1) ∈ X × Y, ¦�

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T {(
−ATλk+1

−BTλk+1

)
+β

(
AT

BT

)
B(yk − yk+1)

+

(
0 0

0 βBTB

)(
xk+1 − xk
yk+1 − yk

)}
≥ 0, ∀ (x, y) ∈ X × Y. (1.7)

2r�ª (0.2c)�¤�d�

(λ− λk+1){(Axk+1 +Byk+1 − b) + 1
β

(λk+1 − λk)} ≥ 0, ∀λ ∈ <m. (1.8)



1 ADMM �Âñ5©Û 3

ò (1.7)Ú (1.8)\��å, ·�kwk+1 ∈ Ω¿�

θ(u)−θ(uk+1)+

 x− xk+1

y − yk+1

λ− λk+1

T
 −ATλk+1

−BTλk+1

Axk+1+Byk+1− b

+β

 AT

BT

0

B(yk−yk+1)

+

 0 0
βBTB 0

0 1
β
Im

( yk+1 − yk
λk+1 − λk

) ≥ 0, ∀w ∈ Ω. (1.9)

��B?Ø, ·�½ÂXe�PÒ:

v =

(
y

λ

)
, V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗}.

Ú

H =

(
βBTB 0

0 1
β
Im

)
. (1.10)

|^ (1.2)ÚþãPÒ, l (1.9)·�����Xe�Únµ

ÚÚÚnnn 1.1 ¦)(�.C©Ø�ª (1.2). �wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�{ (0.2)

)¤�#�S�:, Kk

θ(u)− θ(uk+1)+(w − wk+1)TF (wk+1)

≥ β
(
x− xk+1

y − yk+1

)T (
AT

BT

)
B(yk+1 − yk)

+ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω. (1.11)

e¡�Ún�±dÚn 1.1�(Ø��íÑ.

ÚÚÚnnn 1.2 ¦)(�.C©Ø�ª (1.2). �wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�{ (0.2)

)¤�#�S�:, Kk

(vk+1 − v∗)TH(vk − vk+1)

≥ β

(
xk+1 − x∗
yk+1 − y∗

)T (
AT

BT

)
B(yk − yk+1), ∀w∗ ∈ Ω∗, (1.12)

y². 3C©Ø�ª(1.11)¥-w = w∗, ¿|^H�L�ª, ·���

(vk+1 − v∗)TH(vk − vk+1)

≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1)

+β

(
xk+1 − x∗
yk+1 − y∗

)T (
AT

BT

)
B(yk − yk+1), ∀w∗ ∈ Ω∗. (1.13)
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duF ´üN�, ¿�w∗´�`), K

θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (wk+1) ≥ 0.

|^þãØ�ª, (Ø(1.12) �l(1.13) ����. 2

ÚÚÚnnn 1.3 ¦)(�.C©Ø�ª (1.2). �wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�{ (0.2)

)¤�#�S�:, Kk

β

(
xk+1 − x∗
yk+1 − y∗

)T (
AT

BT

)
B(yk − yk+1) ≥ 0, ∀w∗ ∈ Ω∗. (1.14)

y². |^Ax∗ +By∗ = b, ·�k

β

(
xk+1 − x∗
yk+1 − y∗

)T (
AT

BT

)
B(yk − yk+1)

= β{(Axk+1 +Byk+1)− (Ax∗ +By∗)}TB(yk − yk+1)

= β(Axk+1 +Byk+1 − b)TB(yk − yk+1)

= (λk − λk+1)TB(yk − yk+1). (1.15)

þ¡�����ª´^
 (0.2c). Ï� (1.5b)é1 kg9c�gS�þ¤á, Ïdk

θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y, (1.16)

Ú

θ2(y)− θ2(yk) + (y − yk)T
{
−BTλk} ≥ 0, ∀ y ∈ Y, (1.17)

·�3(1.16) -y = yk ¿�3(1.17)¥-y = yk+1, ,�ò���C©Ø�ª�\��

(λk − λk+1)TB(yk − yk+1) ≥ 0. (1.18)

ò(1.18) �\�(1.15)¥, ·���(Ø(1.14). 2

òØ�ª (1.14)�(Ø�\Ø�ª (1.12), ·�k

(vk+1 − v∗)TH(vk − vk+1) ≥ 0, ∀ v∗ ∈ V∗. (1.19)

�âþãØ�ªÚý��£¥J��{üÚn, ·�����e¡�½n.

½½½nnn 1.1 ¦)(�.C©Ø�ª (1.2). �wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�{ (0.2)

)¤�#�S�:, Kk

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀ v∗ ∈ V∗. (1.20)

½n 1.1Jø
ADMM�{Âñ5y²�'�Ø�ª.

XÛÀ�ëêβ. ADMM�{��Çî­�6u(0.2)¥ëêβ��. ·��e5?

Ø3¢SO��¥XÛÀJ·��ëêβ.
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5¿�XJβATB(yk − yk+1) = 0, K|^ (1.6)Ò��

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T(
−ATλk+1

−BTλk+1

)
≥ 0, ∀(x, y) ∈ X × Y. (1.21)

3ù«�¹e, XJAxk+1 +Byk+1 − b = 0�¤á, K·���
θ1(x)− θ1(xk+1) + (x− xk+1)T (−ATλk+1) ≥ 0, ∀x ∈ X

θ2(y)− θ2(yk+1) + (y − yk+1)T (−BTλk+1) ≥ 0, ∀y ∈ Y

(λ− λk+1)T (Axk+1 +Byk+1 − b) ≥ 0, ∀λ ∈ <m

Ïd (xk+1, yk+1, λk+1) ´C©Ø�ª(1.2)����`). �é{`, XJ

βATB(yk − yk+1) 6= 0 Ú/½ Axk+1 +Byk+1 − b 6= 0,

K(xk+1, yk+1, λk+1)Ø´C©Ø�ª(1.2) �). ·�¡

‖βATB(yk − yk+1)‖ Ú ‖Axk+1 +Byk+1 − b‖

©O��©í�Úéóí�. ÏLþã©Û
�, ·�AT3S�L§¥Ä��²ï�

©í�Úéóí�. XJ

µ‖βATB(yk − yk+1)‖ < ‖Axk+1 +Byk+1 − b‖ Ù¥ µ > 1,

ù¿�Xéóí�L�, ·�ATO�O2Lagrange¼ê¥ëêβ��. �L5, ·�A

T~�β��.

e¡·�0��«{ü
k��N�ëêβ��ª(ë�, e.g., [7]):

βk+1 =


βk ∗ τ, XJ µ‖βATB(yk − yk+1)‖ < ‖Axk+1 +Byk+1 − b‖;
βk/τ, XJ ‖βATB(yk − yk+1)‖ > µ‖Axk+1 +Byk+1 − b‖;
βk, Ù§.

Ù¥ëêµ > 1, τ > 1. �«;.�ëêÀJ�µ = 10 Úτ = 2. ù«ëê�#�ª

�����{´ÏLÏfτ 5���©í�Úéóí���ê, ¦�üö��Ä�þï

¿Âñ�0. ù«gN'�ª®²�^uS. Boyd ��ï|[1] ±9¦��à`z¦)ì

�¥[5].

2 �5z��O��{

~^�ADMM�{ (0.2)¥, zÚS��Ì�ó�´��ué�½� pkÚ qk, ©O

¦) (1.1)ù��f¯K. 3�
¢SA^¥, duÝ
A½B �(�, Ù¥¬k��f

¯KJ). ·�o�Ù¥'�J)�¯K´ (0.2b).
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duCÄ8I¼ê¥�~ê�é¯K�)vkK�, ·��	ADMM¥�f¯

K (0.2b),

yk+1 = arg min
{
L[2]

β (xk+1, y, λk)
∣∣ y ∈ Y}

= arg min
{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By − b‖2

∣∣ y ∈ Y}
= arg min

{
θ2(y)− yTBT [λk − β(Axk+1 +Byk − b)]

+β
2
‖B(y − yk)‖2

∣∣∣∣ y ∈ Y
}
.

Ïd,(J3u8I¼ê¥Qk θ2(y),qk�g� β
2
‖B(y−yk)‖2. ¤¢�5z�ADMM,

Ò´^{ü��g¼ê

s

2
‖y − yk‖2 ��O

β

2
‖B(y − yk)‖2.

�é{`, Ò´ò (0.2b)¥�

L[2]

β (xk+1, y, λk) �¤ L[2]

β (xk+1, y, λk) +
s

2
‖y − yk‖2 − β

2
‖B(y − yk)‖2.

Ïd, éìADMMúª (0.2), �5z� ADMM�S�úª�±Lã¤µ

(L-ADMM)


xk+1 = arg min

{
Lβ(x, yk, λk)

∣∣ x ∈ X}, (2.1a)

yk+1 = arg min
{
Lβ(xk+1, y, λk) +

1

2
‖y − yk‖2DB

∣∣ y ∈ Y}, (2.1b)

λk+1 = λk − β(Axk+1 +Byk+1 − b), (2.1c)

Ù¥

DB = sI − βBTB. (2.2)

²Lù«/�5z0±�, f¯K (2.1b)¥� yk+1Ò´

yk+1 = arg min
{
L[2]

β (xk+1, y, λk) +
1

2
‖y − yk‖2DB

∣∣ y ∈ Y}
= arg min

{
θ2(y)− yTBTλk + βyTBT (Axk+1 +Byk − b)

+
s

2
‖y − yk‖2

∣∣∣∣ y ∈ Y
}

= arg min
{
θ2(y) +

s

2

∥∥y − dk∥∥2 ∣∣ y ∈ Y}, (2.3)

Ù¥

dk = yk − 1

s
BT
[
β(Axk+1 +Byk − b)− λk

]
.

�
nØþ�yÂñ, éu�½(ØU�¿C�)� β, <��¦ (2.2) ¥�ëê [12, 13]

s ≥ β‖BTB‖. (2.4)

�[Ó���, L�� s > 0, ¬K�Âñ�Ý.

·�k�âS� (2.1) ¥f¯K��`5^�, �Ñe¡�Ä�Ún.
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ÚÚÚnnn 2.1 ^�5z¦f�O��{ (2.1)¦)(�.C©Ø�ª (1.2). �wk+1´d�

½� vk = (yk, λk)¤�)�#�S�:, @ok

wk+1 ∈ Ω, θ(u)− θ(uk+1)+(w − wk+1)TF (wk+1) + β(x− xk+1)TAT (Byk −Byk+1)

≥ (y − yk+1)TDB(yk − yk+1)

+
1

β
(λ− λk+1)T (λk − λk+1), ∀w ∈ Ω. (2.5)

yyy²²² é L-ADMM �{� x-f¯K (2.1a), k

xk+1 ∈ X , θ1(x)− θ1(xk+1)

+ (x− xk+1)T{−ATλk + βAT (Axk+1 +Byk − b)} ≥ 0, ∀x ∈ X .

|^ (2.1) ¥�¦f��úª λk+1 = λk − β(Axk+1 +Byk+1 − b), þª�±�¤

xk+1 ∈ X , θ1(x)− θ1(xk+1)

+ (x− xk+1)T{−ATλk+1 + βATB(yk − yk+1) ≥ 0, ∀x ∈ X . (2.6)

é L-ADMM �{� y-f¯K (2.1b), k

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T{−BTλk + βBT (Axk+1 +Byk+1 − b)}
+ (y − yk+1)TDB(yk+1 − yk) ≥ 0, ∀ y ∈ Y.

|^¦f��úª λk+1 = λk − β(Axk+1 +Byk+1 − b), þª�±�¤

yk+1 ∈ Y, θ2(y)−θ2(yk+1)+(y−yk+1)T{−BTλk+1+DB(yk+1−yk)} ≥ 0, ∀ y ∈ Y. (2.7)

5¿�¦f��úª λk+1 = λk − β(Axk+1 +Byk+1 − b) ���±�¤

λk+1 ∈ <m, (λ−λk+1)T{(Axk+1 +Byk+1 − b) +
1

β
(λk+1−λk)} ≥ 0, ∀λ ∈ <m. (2.8)

ò (2.6), (2.7)Ú (2.8)\3�å, 5¿�Ù¥ey��Ü©|Ü3�åÒ´F (wk+1). |

^ (1.2)¥�PÒ, ·���

wk+1 ∈ Ω, θ(u)− θ(uk+1)+(w − wk+1)TF (wk+1) + β(x− xk+1)TATB(yk − yk+1)

≥ (y − yk+1)TDB(yk − yk+1)

+
1

β
(λ− λk+1)T (λk − λk+1), ∀w ∈ Ω. (2.9)

é (2.9)ª�à¥� (w − wk+1)TF (wk+1)|^ (1.3), k

(w − wk+1)TF (wk+1) = (w − wk+1)TF (w).

ùÒy²
TÚn�(Ø (2.5). 2

ù�Ä�Ún, ´·�y²�{Âñ5��­�Ä:. e¡·�y²�{�)�S

�S� {wk} äkÂ 5�. é?¿� v∗ ∈ V∗, S� {‖vk − v∗‖G + ‖yk−1 − yk‖2DB
} ´

üNeü�. �d, ·�ky²A�Ún.
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ÚÚÚnnn 2.2 ^�5z¦f�O��{ (2.1)¦)(�.C©Ø�ª (1.2). �wk+1´d�

½� vk = (yk, λk)¤�)�#�S�:, @ok

wk+1 ∈ Ω, θ(u)− θ(uk+1)+(w − wk+1)TF (wk+1)

+ β

(
x− xk+1

y − yk+1

)T (
AT

BT

)
B(yk − yk+1)

≥ (v − vk+1)TG(vk − vk+1), ∀w ∈ Ω, (2.10)

Ù¥

G =

(
DB + βBTB 0

0 1
β
I

)
. (2.11)

y². éÚn 2.1 ¥ (2.5) �üà\þ (y − yk+1)TβBTB(yk − yk+1), ¿|^Ý
 G �

(�Òêþ�� (2.10), Ún�y. 2

ÚÚÚnnn 2.3 ^�5z¦f�O��{ (2.1)¦)(�.C©Ø�ª (1.2). �wk+1´d�

½� vk = (yk, λk)¤�)�#�S�:, @ok

(vk+1 − v∗)TG(vk − vk+1) ≥ (λk − λk+1)TB(yk − yk+1), ∀w∗ ∈ Ω∗. (2.12)

y². ò (2.10) � w ∈ Ω ��?¿� w∗ ∈ Ω∗, ·�k

(vk+1 − v∗)TG(vk − vk+1)

≥ β
(
xk+1 − x∗
yk+1 − y∗

)T (
AT

BT

)
B(yk − yk+1)

+
{
θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1)

}
. (2.13)

|^ Ax∗ +By∗ = b Ú λk − λk+1 = β(Axk+1 +Byk+1 − b) (see (2.1c)) ?n(2.13) mà

�1�Ü©, Òk

β

(
xk+1 − x∗
yk+1 − y∗

)T (
AT

BT

)
B(yk − yk+1)

= β[(Axk+1 −Ax∗) + (Byk+1 −By∗)]TB(yk − yk+1)

= (λk − λk+1)TB(yk − yk+1).

�â (1.3)Ú�`5^�, (2.13)mà�1�Ü©

θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (wk+1)

= θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

nÜùü^, Ún�y. 2
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ÚÚÚnnn 2.4 ^�5z¦f�O��{ (2.1)¦)(�.C©Ø�ª (1.2). �wk+1´d�

½� vk = (yk, λk)¤�)�#�S�:, @ok

(λk − λk+1)TB(yk − yk+1) ≥ 1

2
‖yk − yk+1‖2DB

− 1

2
‖yk−1 − yk‖2DB

. (2.14)

y². Äk, (2.7) ªL« yk+1 ∈ Y¿�

θ2(y)− θ2(yk+1) + (y − yk+1)T{−BTλk+1 +DB(yk+1 − yk)} ≥ 0, ∀ y ∈ Y. (2.15)

± k − 1 �� (2.15) ¥� k, Òk yk ∈ Y¿�

θ2(y)− θ2(yk) + (y − yk)T{−BTλk +DB(yk − yk−1)} ≥ 0, ∀ y ∈ Y. (2.16)

ò (2.15) Ú (2.16) ¥�?¿� y ∈ Y ©O�¤ yk Ú yk+1, ,�òüª�\, k

(yk − yk+1)T
{
BT (λk − λk+1) +DB[(yk+1 − yk)− (yk − yk−1)]

}
≥ 0.

dþª��

(yk − yk+1)TBT (λk − λk+1) ≥ (yk − yk+1)TDB[(yk − yk+1)− (yk−1 − yk)].

duDBÝ
�½, éþªmà¦^

‖a‖2DB
− aT (DB)b ≥ 1

2
‖a‖2DB

− 1

2
‖b‖2DB

ù��Ø�ªÒ�� (2.14). 2

�âÚn 2.3 ÚÚn 2.4 ·��±��y²e¡�½n.

½½½nnn 2.1 ^�5z¦f�O��{ (2.1)¦)(�.C©Ø�ª (1.2). �wk+1´d�

½� vk = (yk, λk)¤�)�#�S�:, @ok(
‖vk+1 − v∗‖2G + ‖yk − yk+1‖2DB

)
≤

(
‖vk − v∗‖2G + ‖yk−1 − yk‖2DB

)
− ‖vk − vk+1‖2G, ∀w∗ ∈ Ω∗, (2.17)

Ù¥G d (2.11)�Ñ.

y². dÚn 2.3 ÚÚn 2.4, k

(vk+1 − v∗)TG(vk − vk+1) ≥ 1

2
‖yk − yk+1‖2DB

− 1

2
‖yk−1 − yk‖2DB

, ∀w∗ ∈ Ω∗.

|^þª, é?¿� w∗ ∈ Ω∗, Ñk

‖vk − v∗‖2G = ‖(vk+1 − v∗) + (vk − vk+1)‖2G
≥ ‖vk+1 − v∗‖2G + ‖vk − vk+1‖2G + 2(vk+1 − v∗)TG(vk − vk+1)

≥ ‖vk+1 − v∗‖2G + ‖vk − vk+1‖2G + ‖yk − yk+1‖2DB
− ‖yk−1 − yk‖2DB

.

ùÒy²
½n 2.1 �(Ø. 2
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3 ADMM �{�Âñ5y²

3�5zADMM�Âñ5�½n 2.1¥�DB = 0, ù�Ù¥�Ý
GÒ�Ó

u (1.10)¥�Ý
H, ��
ADMMÂñ5��½n 1.1. Ïd, ·���é�5z

�ADMMy²�{�Âñ½n. Ùy²g´ÚPPA�{Âñ5½n�Ó.

½½½nnn 3.1 � {wk´^�5z¦f�O��{ (2.1)¦)(�.C©Ø�ª (1.2)�)�

S�. @o�A�S� {vk}ÂñuáuV∗��: v∞.

Proof. Äk, �â½n 2.1�(Ø (2.17), k

‖vk − vk+1‖2G ≤
(
‖vk − v∗‖2G + ‖yk−1 − yk‖2DB

)
−
(
‖vk+1 − v∗‖2G + ‖yk − yk+1‖2DB

)
. (3.1)

òþªé k = 1, 2, . . ., \\, ��

∞∑
k=1

‖vk − vk+1‖2G ≤ ‖v1 − v∗‖2G + ‖y0 − y1‖2DB
. (3.2)

duÝ
G´�½�, dþ¡�Ø�ª��

lim
k→∞

‖vk − vk+1‖ = 0. (3.3)

é?¿(½� v∗ ∈ V∗, Ø�ª (2.17)w�·�, é?¿� k ≥ 1, Ñk

‖vk+1 − v∗‖2G ≤ ‖vk − v∗‖2G + |yk−1 − yk‖2DB

≤ ‖v1 − v∗‖2G + ‖y0 − y1‖2DB
, (3.4)

ÏdS� {vk}´k.�. � {vkj}´ {vk}�Âñu v∞�fS�, x∞´�(y∞, λ∞)�

A�¥mCþ. @o, d (2.5)Ú (3.3)��

w∞ ∈ Ω, θ(u)− θ(u∞) + (w − w∞)TF (w∞) ≥ 0, ∀w ∈ Ω,

ù`²w∞´ (1.2)�)¿�ÙØ%Ü© v∞ ∈ V∗. Ï� v∞ ∈ V∗, l (3.4)¥k

‖vk+1 − v∞‖2G ≤ ‖vk − v∞‖2G + ‖yk−1 − yk‖2D. (3.5)

(Ü (3.3), þª`² {vk}Ø�Ukõu��à:. ¤±S� {vk}Âñu v∞. 2

ë�©z

[1] S. Boyd, N. Parikh, E. Chu, B. Peleato and J. Eckstein, Distributed Optimiza-

tion and Statistical Learning via the Alternating Direction Method of Multipliers,

Foundations and Trends in Machine Learning Vol. 3, No. 1 (2010) 1õ122.



ë�©z 11

[2] X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point algorithms revisit

on the alternating direction method of multipliers, Science China Mathematics, 56

(2013), 2179-2186.

[3] R. Glowinski, Numerical Methods for Nonlinear Variational Problems, Springer-

Verlag, New York, Berlin, Heidelberg, Tokyo, 1984.

[4] Gu G Y, He B S and Yuan X M. Customized proximal point algorithms for linearly

constrained convex minimization and saddle-point problems: a unified approach.

Comput. Optim. Appl., 2014, 59: 135-161.

[5] D. Hallac, Ch. Wong, S. Diamond, A. Sharang, R. Sosic̆, S. Boyd and J. Leskovec,

SnapVX: A Network-Based Convex Optimization Solver, Journal of Machine Learn-

ing Research 18 (2017) 1-5.

[6] B. S. He, PPA-like contraction methods for convex optimization: a framework using

variational inequality approach. J. Oper. Res. Soc. China 3 (2015) 391õ420.

[7] B.S. He, H. Yang, and S.L. Wang, Alternating directions method with self-adaptive

penalty parameters for monotone variational inequalities, JOTA 23(2000), 349–368.

[8] B. S. He, M. Tao and X.M. Yuan, Alternating direction method with Gaussian back

substitution for separable convex programming, SIAM Journal on Optimization

22(2012), 313-340.

[9] B.S. He and X. M. Yuan, Convergence analysis of primal-dual algorithms for a

saddle-point problem: From contraction perspective, SIAM Journal on Imaging

Science, 5, 119-149, 2012.

[10] M. R. Hestenes, Multiplier and gradient methods, JOTA 4, 303-320, 1969.

[11] M. J. D. Powell, A method for nonlinear constraints in minimization problems, in

Optimization, R. Fletcher, ed., Academic Press, New York, NY, pp. 283-298, 1969.

[12] Yang J F and Yuan X M. Linearized augmented Lagrangian and alternating direc-

tion methods for nuclear norm minimization Mathematics of Computation, 2013,

82: 301-329

[13] Zhang X. Q, Burger M and Osher S. A unified primal-dual algorithm framework

based on Bregman iteration, J. Sci. Comput., 2010, 46: 20õ46.

[14] Û]). lC©Ø�ª�Ú�Â �{�à`z�©�Â �{, p�Æ�O�ê

ÆÆ�, 2016, 38: 74–96.

[15] Û]). à`z���©��{–C©Ø�ª�óä�Ú�µe, �

http://maths.nju.edu. cn/˜hebma ¥�5My Talk6.

[16] Û]). à`zÚüNC©Ø�ª�Â �{, � http://maths.nju.edu.cn/˜hebma

¥�X�ùÂ.


