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Ê. à`z©�Â �{�Ú�µe

3ý��£�Ù®²r�5�å�à`z¯KÚüNC©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω (0.1)

ïá
éA'X. à`z©�Â �{�Ú�µeà�u¦)þãC©Ø�ª. ïáù

�µe, ´É·�¦)²;�üNC©Ø�ª�ÝKÂ �{µe[6, 7, 11] �K��é

u.

1 ©�Â �{�Ú�µe

3Ú�µe¥, ·�r�{�zÚS�n)¤(k�´�¿©
¤)ýÿÚ��ü

Ü. ·��I£ã1 k-ÚS��ýÿÚ��. S��{¥r v¡�Ø%Cþ(essential

variables), ´� k-gS��±l�½� vkm©. v�±´w��, ��±´w�Ü©©

þ. ·�rw¥Ø
 v±	�©þ(XJk)¡�¥mCþ(intermediate variables).

Ú�µe¥�ýÿ

[ýÿ] Ú�µe�{�1k-ÚS�l�½�Ø%Cþvk m©, ÏL¦)�
f¯K,

�)ýÿ:w̃k, ¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (1.2)

¤á. Ù¥Ý
QT +Q´�Kþ(in principal)�½�.

ùpI�)º�eýÿúª¥�o��Kþ�½. 3�¦)��5�å�à`

z�d�C©Ø�ª�O�©��{¥, Ý
A~~I��©¬¤A = (A,B)½

öA = (A,B,C). XJ�ù
©¬Ý
�÷�, Ý
QT + QÒ�½, ù�·�Ò

`QT +Q´�Kþ�½�. �@
�÷�^�Ø÷v�, �Kþ�½�QT +Q�´�

�½. 3 ��Qã¥, �
�B, ·�Òr�Kþ�½Ò`¤�½.
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Ú�µe¥���

[�½Ú����úª]. �âýÿ���ṽk, Ø%Cþ v�#�S�: vk+1d

vk+1 = vk − αM(vk − ṽk) (1.3)

�Ñ. Ù¥M´�ÛÉÝ
, α > 0´(½�~ê.

[O�Ú����úª] �âýÿ��� ṽk, Ø%Cþ v�#S�: vk+1d

vk+1 = vk − αkM(vk − ṽk), αk = γα∗
k, γ ∈ (0, 2) (1.4)

�Ñ, Ù¥α∗
k ÚÝ
 M �÷ve¡�Âñ5^�.

Âñ5^�(©Oé�½Ú�ÚO�Ú�)

æ^�½Ú����Âñ5^� éýÿúª(1.2) ¥�Ý
Q Ú��úª(1.3) ¥�

Ý
M , k�½Ý


H � 0 ¦� HM = Q. (1.5a)

d	, ��úª(1.3) ¥¤�Ú� α > 0 U
�y

G = QT +Q− αMTHM � 0. (1.5b)

½½½ÂÂÂ 1.1 �ýÿ (1.2)¥�Ý
Q��Ò´��é¡�½Ý
�, ·���r§P�H.

3 (1.3)¥�M = I, α ∈ (0, 2),

vk+1 = vk − α(vk − ṽk), α ∈ (0, 2). (1.6)

ù����·�¡��²��tµ��. �Ý
Q�é¡�, ��úª (1.3)¥�Ý


M 6= I, ù��Ý
Ñ¡��7���²���.

3²��tµ��¥, H = QÚG = (2−α)H Ñ´�½Ý
. ù�, XJ3(1.6) ª

¥�α = 1, Ò´H-�e��C:(PPA) �{. <ALM�ýÿ (2.6)5`,

Q =
1

β
Im, H = Q, M = Im, G =

2− α
β

Im.

,
, O�¢�uy, æ^α ∈ [1.2, 1.8] ��tµ��, �{��Ç��Ñk30-50% �J

p. Ï~, ·�rýÿ¥�Ý
Q�O¤é¡�½Ý
��{¡�UI½���C:�

{ (Customized PPA) [4].

é(½�Q, HÚM , d

αmax := argmax{α|QT +Q− αMTHM � 0}. (1.7)

½Â�αmax´��(½��u"�~ê. é÷v^�� (1.3)�α, (αmax − α)Ó�´�

�(½��u"�~ê. éÎÜ^� (1.5b)�Ý
G, k

G �
(
αmax − α

)
MTHM. (1.8)

ù�5�·�3y²:�¿Âe�Âñ�Ç¥I�^�.
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2 Ú�µe�{µee��
�{

ù�Ö�¡�Ù, �Ü©´^Ú�µe��UE½ö�O�{. ùp, ·�k^�


{ü�~f, `²XÛ^Ú�µe5)ºÚ�O�{.

2.1 ²��tµ��

¦^²��tµ��, �¦ýÿ (1.2)¥�Ý
Q��´��é¡�½Ý
. ·�k

±ü¬�ª�åà`z¯K

min{θ(x) |Ax = b, x ∈ X} (2.1)

�~)ºù��ýÿ. ¯K (2.1)éA�.�KF¼ê´½Â3X × <m þ�

L(x, λ) = θ(x)− λT (Ax− b).

�A�C©Ø�ª´

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.2a)

Ù¥

w =

(
x

λ

)
, F (w) =

(
−ATλ
Ax− b

)
, Ω = X × <m. (2.2b)

ù��u (0.1)¥u = x. ¦)�ª�å�¯K���2��É�k��{´O2.�K

F¦f{. éù��ª�å�¯K, O2.�KF¼ê´

Lβ(x, λ) = θ(x)− λT (Ax− b) +
β

2
‖Ax− b‖2.

O2.�KF¦f{� k-ÚS�l�½�λkm©, ÏL

(ALM)

{
xk+1 = arg min

{
Lβ(x, λk)

∣∣ x ∈ X}, (2.3a)

λk+1 = λk − β(Axk+1 − b), (2.3b)

¦�wk+1 = (xk+1, λk+1). ù��wk+1 ∈ Ω÷v

θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1) ≥ (λ− λk+1)T
1

β
(λk − λk+1), ∀w ∈ Ω. (2.4)

¿U��

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2.

ù´O2.�KF¦f{Âñ�'�Ø�ª. XJr (2.3)�ÑÑ��ýÿ:, Ò´`{
x̃k = arg min

{
Lβ(x, λk)

∣∣ x ∈ X},
λ̃k = λk − β(Ax̃k − b),

(2.5)
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�A� (2.4)Ò¬C¤ w̃k ∈ Ω¿�

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (λ− λ̃k)T 1

β
(λk − λ̃k), ∀w ∈ Ω. (2.6)

þª��u¦) (2.2)�/X (1.2)�ýÿúª¥� v = λÚQ =
1

β
Im.

2w?Ø�Q:¯K

minx maxy{Φ(x, y) = θ1(x)− yTAx− θ2(y) |x ∈ X , y ∈ Y}.

ù�±Lã¤;n�C©Ø�ª/ª:

u ∈ Ω, θ(u)− θ(u∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (2.7a)

Ù¥

u =

(
x

y

)
, θ(u) = θ1(x) + θ2(y), F (u) =

(
−AT y
Ax

)
, Ω = X × Y. (2.7b)

²�tµ�� XJr 02ù¥�PPA�{�ÑÑ��ýÿ:, Kk x̃k = argmin
{

Φ(x, yk) +
r

2

∥∥x− xk∥∥2 ∣∣x ∈ X}. (2.8a)

ỹk = argmax
{

Φ
(
[2x̃k − xk], y

)
− s

2

∥∥y − yk∥∥2} (2.8b)

ýÿ:÷v�C©Ø�ªÒ´

ũk ∈ Ω, θ(u)− θ(ũk) + (u− ũk)T{F (ũk) +Q(ũk − uk)} ≥ 0, ∀u ∈ Ω, (2.9)

Ù¥

Q =

(
rIn AT

A sIm

)
. (2.10)

ù�Q´é¡Ý
, � rs > ‖ATA�, Ý
Q�½. ·�Ò^²��tµ��

uk+1 = uk − α(uk − ũk), α ∈ (0, 2)

�)#�S�:. é1nÙJ��A^¯K, æ^�α ∈ [1.2, 1.8]�tµ��, O��Ç

ÑkØÓ§Ý�Jp.

2.2 7���²���

�ýÿ (1.2)¥�Ý
QØ´é¡Ý
��ÿ, 7Læ^æ^7���²���. ù

�, ÃØ3 (1.3)Ú (1.4)¥, Ý
MÑØ´ü Ý
, ÑI����½Ý
H (� (1.5a),

¦�HM = Q. 37���²���¥, qkæ^�½Ú� ÚO�Ú� �ü«�{�

)#�Ø%Cþ.
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�½Ú���²���

XJr 02ùPDHG�ÑÑ��ýÿ:, Kk x̃k = argmin{θ1(x)− xTAT yk +
r

2
‖x− xk‖2 |x ∈ X}, (2.11a)

ỹk = argmin{θ2(y) + yTAx̃k +
s

2
‖y − yk‖2 | y ∈ Y}. (2.11b)

�â 02ù�©Û, ýÿ:÷v�C©Ø�ªÒ´

ũk ∈ Ω, θ(u)− θ(ũk) + (u− ũk)T{F (ũk) +Q(ũk − uk)} ≥ 0, ∀u ∈ Ω, (2.12)

Ù¥

Q =

(
rIn AT

0 sIm

)
. (2.13)

éd (2.12)��� ũk, ·�æ^

uk+1 = uk −M(uk − ũk), (2.14)

��#�S�:(�¡��:). ÎÜÂñ^� (1.5)�Ý
Mkõ«ÀJ, e¡·�Þ�


~f.

1. 1�«ÀJ´�M�en�¬GÝ


M =

(
In 0

− 1
s
A Im

)
. (2.15)

5¿�ù�Ý
�_Ý
´

M =

(
In 0
1
s
A Im

)
.

é (2.13)¥�Ý
QÚ (2.15)¥�Ý
M , ÏL{üO�Òk

H = QM−1 =

(
rIn AT

0 sIm

)(
In 0
1
s
A Im

)
=

(
rIn + 1

s
ATA AT

A sIm

)
.

é?Û r, s > 0, H´�½Ý
. d	

G = QT +Q−MTHM = QT +Q−QTM

=

(
2rIn AT

A 2sIm

)
−
(
rIn 0

0 sIm

)
=

(
rIn AT

A sIm

)
.

��=� rs > ‖ATA‖�Ý
G�½. ÷vÂñ5^� (1.5).
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2. 1�«ÀJ´�M�þn�¬GÝ


M =

(
In

1
r
AT

0 Im

)
. (2.16)

§�_Ý
´

M =

(
In − 1

r
AT

0 Im

)
.

é (2.13)¥�Ý
QÚ (2.16)¥�Ý
M , ÏL{üO�

H = QM−1 =

(
rIn AT

0 sIm

)(
In − 1

r
AT

0 Im

)
=

(
rIn 0

0 sIm

)
.

é?Û r, s > 0, H´�½Ý
. d	,

G = QT +Q−MTHM = QT +Q−QTM =

(
rIn 0

0 sIm − 1
r
AAT

)
.

Ó�, ��=� rs > ‖ATA‖�Ý
G�½. ÷vÂñ5^� (1.5).

I��Ñ�´, ·��I�yÂñ5^� (1.5)´Ä÷v, ¿Ø�¦�ÑÝ
HÚG.

�ýÿ (1.2)¥�Ý
Q¿Øé¡�½��ÿ, 7L�7���²���. ·�ïÆ

æ^O�Ú���{��ª(½#�S�:, �Ç��Ñk��§Ý�Jp. lê�O

��s¤w, O�Ú��	ó�þ´¦

(vk − ṽk) Ú Q(vk − ṽk) ±9 M(vk − ṽk) Ú Q(vk − ṽk)

�SÈ. ù�¦�ýÿ:�ó�þ'å5,   ´�Øv��.

3 Ú�µe¥��{Âñ5�

Ú�µeæ^�Ó�ýÿ(1.2), ©Oæ^�½Ú� ÚO�Ú� ����)#�Ø

%Cþ vk+1, ·�éæ^ØÓ����{?ØÙÂñ5�. y²�'�Eâ, 3[10, 12]

¥®²õgJ�. ·��Ñ��{��y².

3.1 æ^�½Ú�����{Âñ5

ÄkéÚ�µe¥æ^ (1.2)ýÿÚ (1.3)��, 3^� (1.5)¤á��¹ey²k'

Âñ5�.

½½½nnn 3.1 ^Ú�µe��{¦)C©Ø�ª (0.1), ©O± (1.2)ýÿÚ (1.3)��)¤S

�S� {w̃k}, {vk}. XJ^� (1.5) ¤á, @ok

w̃k ∈ Ω, α
{
θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

}
≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+
α

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (3.1)
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y². Äk, éýÿ:÷v�C©Ø�ª (1.2)ü>¦þ�u"�α, ¿|^Q = HM , k

α{θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)} ≥ (v − ṽk)TαHM(vk − ṽk), ∀w ∈ Ω. (3.2)

|^��úª (3.2), ·�k

αM(vk − ṽk) = vk − vk+1.

�\ýÿúª(1.2)�màÒ��

α{θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)} ≥ (v − ṽk)TH(vk − vk+1), ∀w ∈ Ω. (3.3)

éþª�mà|^ð�ª

(a− b)TH(c− d) =
1

2
{‖a− d‖2H − ‖a− c‖2H}+

1

2
{‖b− c‖2H − ‖b− d‖2H}, (3.4)

¿-Ù¥� a = v, b = ṽk, c = vk Ú d = vk+1, Òk

(v − ṽk)TH(vk − vk+1)

=
1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2

(
‖ṽk − vk‖2H − ‖ṽk − vk+1‖2H

)
. (3.5)

é (3.5) ªmà����)Ò¥�Ü©|^��úª(1.3), Ò��

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
(1.3)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− αM(vk − ṽk)‖2H
= 2α(vk − ṽk)THM(vk − ṽk)− α2‖M(vk − ṽk)‖2H

(1.5a)
= α(vk − ṽk)T (QT +Q− αMTHM)(vk − ṽk)

(1.5b)
= α‖vk − ṽk‖2G. (3.6)

ò (3.5)Ú(3.6) �\ (3.3), Ò��½n�(Ø. 2

½n 3.1�y²¥^��ð�ª (3.4)�,éÐ�, %�~'�. ù�ð�ª��A.

Beck 3¦�;Í[1]¥/^(�pp.428-429)¿�±AOI5. du v∗L«w∗�Ø%Cþ

Ü©, ·�PV∗ = {v∗|w∗ ∈ Ω∗}. |^½n 3.1, �±êþ��S� {‖vk − v∗‖2H}�Â 
5�.

½½½nnn 3.2 ^Ú�µe��{¦)C©Ø�ª (0.1), ©O± (1.2)ýÿÚ (1.3)��)¤S

�S� {w̃k}, {vk}. XJ^� (1.5) ¤á, @ok

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (3.7)

y². ò (3.1) ¥?¿� w ∈ Ω ^?¿�½�): w∗ �\, ·���

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ α‖vk − ṽk‖2G + 2α{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (3.8)
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|^�fF � (w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗)5�Úw∗´�`:, Òk

θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k) = θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0.

Ïdl(3.8) ��

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ α‖vk − ṽk‖2G.

½n�y. 2

½n3.2 �(Ø´Ú�µe�{Âñ�'�. Â Ø�ª (3.7)ÚPPA �{�Â Ø

�ªkaq�/ª, Ïdù�Ú�µeJø��{��±w�PPA �{�ò��uÐ.

|^½n 3.1��±���{Âñ�Ç�¡�5�, k,��Öö�±3�öÌ��[12]

¥���'�Øã.

du w̃k ´C©Ø�ª(0.1) )�¿©7�^�´vk = ṽk, ½n 3.2�(ØÒ�y


Ú�µe��{Âñ. 5¿�ü«�{æ^Ó��ýÿ(kÓ��Q), ��¥�^Ó�

�M(Ï
kÓ��H), ØÓ��´��½Ú�ÚO�Ú�. �¡, ·�zJÑÚ0��

��{, ���y�½Ú��{�Âñ^� (1.5).

3½n 3.1¥, ·�y²
'Xª (3.1). �3ª¥?¿�w ∈ Ω, Ì�´�
Âñ�

Çy²�I�. ==�
y²½n 3.2¥� (3.7), ·��±��l (3.3)m©, ±w = w∗

�\, Ò��

(vk − vk+1)TH(ṽk − v∗) ≥ α{θ(ũk)θ(u∗) + (w̃k − w∗)TF (w̃k)}.

dþªmà�K, ·�Òk

(vk − vk+1)TH(ṽk − v∗) ≥ 0 ∀v∗ ∈ V∗. (3.9)

3ð�ª

(a− b)TH(c− d) =
1

2
{‖a− d‖2H − ‖b− d‖2H} −

1

2
{‖a− c‖2H − ‖b− c‖2H},

¥- a = vk, b = vk+1, c = ṽk Ú d = v∗, Òk

(vk − vk+1)TH(ṽk − v∗)

=
1

2

(
‖vk − v∗‖2H − ‖vk+1 − v∗‖2H

)
− 1

2

(
‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H

)
.

2�â (3.9), k

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ ‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H . (3.10)

ùp� vk+1d (1.3)½ö (1.4)�Ñ.

� vk+1d�½Ú�� (1.3)�Ñ��ÿ, �â (3.6),

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H = α‖vk − ṽk‖2G.

òÙ�\ (3.10), Ò��½n 3.2�(Ø.
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