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BE, FHNFRXDREE-ARIEZ AKX B]f (Primal Problem) .
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ai12y1 + a22y2 + -+ - + amo2Ym < C2 (1:2)
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Lagrange e/ # I

ZeMERXI B R Lagrange EREEE XE R} x RT £

L(z,y) =c = —y" (Az — b). (1.4)

R 2" € R Fy* € N7 iHwE

Lyerrp (z7,y) < L(z",y") < Leexn (%,y7), (1.5)
MFR (z*,y") 2 Lagrange R L(z,y) £ R x RT ERI—P .

KA R LRI - MEREATRIUNRER o, 04T
5K Lagrange R %Y (1.4) 7E R7 x R _EHI—NERS.

HaER, 2XKE—XT (%, v*), FEHE (1.5).
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21 COMUSZESAFN (BHITERD
% 0 2 R REIENE, BAERIBE AT RO KRS

min{f(x) | z € Q} (2.1)
HY BRI SR 1.
e MRFE—R " BRM=, ERIMET Q,

o FHNXREAZWMARITHEEAE NERME.
HATH VO(2r) 3/x 0(x) BUBEE, Hi2
o Sd(x) ={seR"|s'VO(x) <0}, Am z B TEAEE;
o Sf(z)={seR"|s=12"—=z, 2’ € Q}, ARz AWAITHEIE.

o BRERKEBE (BEFRWL) : 2xcQ B Sfr*)nSd*) =0
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x € € \

‘VH(:U*) x*

/

RS ZEIAFARNRR

AILLERE o € Q,

(x —2*)IVO(z*) >0, Voel

¥ VO(x) BAX f(x), AIRSCALEIRR (2.1) BLYASE /5K
*eQ, (x—z")" f(z*) >0, Vrel.

R ERBRA—TTESAFN, IEVI(f, Q).
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22 BAANTES RIS FER
ZEINT—RF A min — max [a]fR

min max O(x,y) :=01(x) —y Az — 02(y), (2.3)

AEcR™"™ X CR",Y CR™ 2HE.

o ZNEARAVCILIL )RR

min{f(x)| Ax =0b (or > b),x € X} (2.4)
HY Lagrange eR ] LA A%
L(z,y) = 0(z) —y' (Az —b). (2.5)

1801 (2) = 0(x), 62(y) = —b" y. L IA)RRE (2.5) =IBIRA (2.3) FY— M.

o BIFIHEHIFZOIE (HlanE/EE+S EEL ROF FRE [11]) HIEER
N2 (2.3) B— min — max [o) .
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min — max PIAEYTF—1MNTESAER

BRI (2", y") & (23 —DE (B O(z,y) X x Y ERYEERD A
Pyey(z”,y) < (2", y") < Pocx(z,y"). (2.6)
XA, B (2.6) WAIBAFER
Pucx(w,y") > (27, y")
A LLSE
t e X, 01(x)—01(z")+ (x—2") (-ATy") >0, Ve e X. (27a)
EIREAVIEIE, M (2.6) ZIHRIARER

Pyey(z™,y) < P(z7,y")
A LHES TS AFN
S

*

y eV, O2(y) —O2(y*) + (y—y") (Az") >0, Vye V. (2.7b)



Ftt, 5k ®(z,y) 23) FE X x Y EHELSFNTK CBEA) TOANFHRE

w e, 0u)—0u)+ (u—u) Fu')>0, VueQ, (2.8a)

where

x — ATy
O(u) = 01(x) +02(y), u= ( ) ,  F(u) = ( ) (2.8b)
Yy Ax

W F ERIAN MREF Fi#EE
(u—v)T(F(u) — F(v)) > 0. 2r

MRTDAFER 28 0 2R |
W, F 2R AE TR, MR 28 AR 4
BT AEFL.

15



FTIA F ZEiERY.

o FM1IC (2.8) WAREE N Q*. T min — max @7 (2.3) L FAFR (2.8)
HZFMN M, HARIREB T KBLE S AFRRKKEE min — max 87, =2
EET D AERNIER T EE.

o BANEFAR min — max o)A &2 L2 E1RE, FAMIPAR IABIEELZ
WA, —HEXMRAEN Z—REW@R AKX, = My 577l X2
FEPRRTE. GBI RERA—MRFINERE RRESEINmBVRER

TEu = (z%,y") € Q.
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3 THAFEANNPIESFHE—PPAHE

X—PBRXMNEFNEEEETHSAER 2.8) HWEMESEE (Proximal Point
Algorithm, & #R PPA &%) [9, 10].

31 PERFR
PPA B33 2 — =4 Bk X FF MR M S AR AR (7732

SHEER v € R M r > 0, SPESEZNE L-RER PR FEIE S

(PPA) wu € Q, 9(@)—H(U)—I—(v—u)T{F(u)—l—r(u—uk)} >0, VveQ 38.1)



& u Tt 2 (31) MR BLAENB ST e Q,
O(u)—O0(u" )+ (u—u" TP +r@W™ —u®)} >0, vueQ, 32
A v BRLEXFH v, 5E]
(W =) r (W = ) > {(FT )T PP 0T —0(u)). (3.3)
B FR2EHETFT (F(u) = Muw) B2 M BRI, A5
(W — )T FWT = W —u)T F®).
EA "t e QFHB v BVI(Q, F) R RIBTSTAER @8 WENX, B
O(u ) —(u*) + (W — )T F(t) > 0.

RHE 3.3) M LEANXRANGRE TERXEAIFN

(uk—l—l . u*)T(uk . uk:—|—1) > 0, YV ut e OF.
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FH (3.4) AT LAIE L,
[ —u|? = W —u) + (W =W

Z Huk—l—l o U*||2 + ||’U;k o 'U;k_‘_lHQ.

EShi]

L e e VA Vi [ (3.5)

o FHI| {u")} BRI EXRER, FIMEFT) {u*) EREKBETXEE Q* 2
Fejér BRIARY. SRILE ARSI R] I (9] FA[10].

o GAR r =0, FIERE 3.1) LAk T JRIE)RR (2.8). X S RBRMFMAITE T A
F, PEREE 6.1) AAEMRAIEIRE N, —ARAE LRI AV KEHR
DMH.

BRANFEATIE (3.1) PEUER r > 0 BE— NXFRIEEIEFE G, (3.2) AR
0(u)—0(u" )+ (u—u" T F@ T +GW T —u")} >0, Vu e Q. 38)

A EFAEIE AT LT W

(W —u)TGW =T >0, Yot e .



BE2H

P4

L e A P (VA A 2 (3.7)

o F1(3.6) EMFTANER S o WEEIRA GETH PPAEL HPPAE
% (3.6) ERBIFES {u*} EBHIMR 3.7) A G-HET Fejér HIERY.

o FHENBFSER ME5BSPMFENNESAFN, BT EHEARIE
TR G, SMEREE 3.6) BAZ LAY,

Assumptions: . STAEM r,s > 0H p e R”, g € R, TIR[EIER

min{6: (¢) + 7|z - pl*|@ € X}, minfa(y) + Sy —ql* |y € V).
SRR, XN ©, y-FIREEE 2 f g =B
TeX, (61(x)—01(3)+(x—2)"{r(@—p)}>0, Vzex,
A
ged, (02(y) —02(9)+w—9)"{s(f—q)} >0, Vyel.
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4 LIEIRFINM BEKEL A

HATE K #ERE— min — max [a]f

T
—y Ax — :
;Iél)f(l r?fleaj})c O(x,y) :=01(x) —y Ax — 02(y)

ZXPEBEFN TP BT AFN
v e, O(u)—0u)+ (u—u) Fu)>0, YVue

XH PPA E3%, MBEM o, BANER—N ", EBEHE
O(u) — 0(u" ) + (u—u*h {F (W + G T — ") )} >0, VueQ,

Ho G B— I X MIEEEEME. X, RSB

k+1 k—|—1||é.

R S At il

I

T, HATAE AR AR A REB AL X HE L.
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41 WHHEAFIZAERE —PDG Method

AR v = (2, 9%) PEY 2" F o BIERVNARHZIMERSEHHIRARTE.
FEARRKABRRRELZE (", T EEMEEENTESRIEEMH
WEARRTE (%, y"). WHEFEXHEHIT:

LHEMEIFHRIRKELE " ANEES5ECHERINRKREE &
EBAZRARET, BRI RAGE ). B3I GaE@E2

2" = arg min{®(z, y*) + gHaz — 2" |z € X (4.1a)

KM, S EEEIAY— RAVREEES, ZEWR T X HERAKPRKREE «°, [
ERSECHRIARETE " ZEETEXANEHET, BKREEHR A5
K. Fittsermisd

S
y" T = arg max{®(z", y) — Sy — y"1I? |y € Y}, (4.1b)

SEMbITRIRKREE.
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WRIETFIO1RE (4.12) F0 (4.10) BISRAIESHF, FIA (2.80) PHRIVICS, B (4.1) 5%
By uhtl = ($k+1,yk+1) S RSt

WF € Q, 0(u)—0(uF )+ (u—uF T TP @)+ QA —uF)} > 0, Vu €
(4.2)

HYfE, E

o IEMHFEARAMEEFBCHFFARTEINEEBCHEXRIARTSE
T, BEZBEXRE A SR AUREHME RAET X HERMREDT
=. PR FEE R IR-XHE 86 E 75 74 (Primal-Dual Gradient Method).

==
o XA ETEMFT {u"} = {(«F,y")}, B AT REEMEM— P WFR
RET=E o' = (2, y") € QF ITam.



A LA — A 18 52 B9 - 0 AT LA B I

Z R —X R IG — B MK =] -

min <« max Yy
(Primal) st x>1 (Dual) s.t. y<l1
x > 0. y > 0.

X eBAERAES AR 2* =18 y* = 1. MR RAY Lagrange B&
L(z,y) =z —y(x — 1) (4.3)

ENTE R. X R. . (:c*,y*) = (1, 1) 2 Lagrange oK ¥ 1 Ry X Ry L RRE
—# .
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ERFF {u”} 7 11 D BB, KIEASWSEIRES (1,1).

U3 U4
® >
u2
A
)
ul ® ‘U*: (171) .u
A
0 ull ulO u9 US u7 ! u6
U o ' o~ o o< ®

@<
(0,0)

B 1. [RI-XHMEB R A R RIE R FS
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4.2 wIFHLERTERE —PDHG Method

18 a* Fy” BERRERN A RAINVAEKLETE. MEZEL IS LG LA
REE. AUNEEFHZ EFHRE, 2R LR

LHABZHFERRRETE ° FIFEERSRAPRETE o TRESHE
RECHRRLE " ZEARK. FEt, EH@ITKE

2" = arg min{®(z, y*) + ng — 2" |z € XY, (4.42)
BRI R ITEENIFTRREE o5,

SHEERSROREERMN, BT XA 5K LFAETHNRELE
T ARE RIS A EFR R 1 B, FRTE RS B TR
HREER b ZETELA Eit, AFTRETE o &5

y" 1t = arg max{®(x

S
Ly - Sly =ty e (4.4b)

K15
1Z 5 AR AR E-XE R & 4% E A& (Primal-Dual Hybrid Gradient Method — PDHG).
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FHF[a)&0 (4.4a) F (4.4b) BIER LTS, HFIA 2.80) FEHIIE S, [RIG-XT{ER
BBEE 4.4) FFER T = " yF T R

uf e Q, 0(u) —0(u )+ (u—utTHTH{E P +Qu T —u?)} > 0, vu € Q,

(4.5)
rl, AT
Q= :
0 si,,

XHSEfE LA RES, FAAE, FAEBEA AT REWESRY.

RO, H A

XS 4.1 TR MR, B PDHG K%, FANERE r = s = 1, 7HH 4.9

u' = (0,1) FHA, ERFFI{u"} 7 6 NS LB, AEFASWSEBIES (1,1).



A
7 * 4
ul x U ® (1,1 o U
6
uo. (0,0) U s u

2. JRIG-FHER AHE R A ERIEKFS
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4.3 N FEFIHIIPIUL LT L — Customized PPA
1ot H0 Yt BIERMERWSRHIMIRELE. 7535 (4.1) FF53E (4.4), FATRL
BIEXFT LIS, R TR

o 753k (41) R, AT TR AN E LSRR HESR

o Fik(44) R, SEAE T FHMASRAT X5 LA EHNES.

Lt A (4.1) B (4.4), ZRRET ZHRIREEH

S
y" T = arg max{®(z", y) — Sy = yoII? |y € Y}

TiLE|

k k S k
y* T = argmax{®(z"",y) — Slly — " I” |y € V).

SFEBIXFTOAER 4.2) 5 4.5 PAVEMRE Q WA TATFHRM —A THhEF
— 1 m x n BELERE.

—A = Omxn-
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INRIFA—NF 0 FEFF L RIRERE A, AN Q BLAL T — DX FRAEME.

rl, AT rl, AT rl, A%
= = .
—A S]m 0 SIm A SIm
es rl, AT B rl, AT
>X )

=H " TR 2F (P —2) SR,

BLA, ZFEE T Bk, 3275 TS - k8 B s xk A0 U Bef,
(/e rl, AT B rl, AT
N 0 slnm - A sln |

RENE o + (2" —2®) TR 2R 42 — 2.
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A&, TR ER (4.4) BUERK

2" = arg min{®(z, y*) + ng — 2" |z € XY, (4.6a)

0

k+1

y" T = argmax{®([22" " — 2"

W)= ly =y IFly ey} @en

XM AR BEARENR TRENENER, £2 88 CRIERVETX,

RiZitEIEE— 1N EAXEIHE.
I FIEIRR (4.6a) FA (4.60) BUBRMIESEEE, o = ("L ") BRESFAER

WF € Q, 0(w) =0T +(u—uF ) TP @A)+ G —uF)} > 0, Vu €
(4.7)

RO, E
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G =XREEME, & rs > || AT Al B, G RIEERY.
o FITMNIEIFFK, o BRESAFRIEI (2.8) 7£ G-HE T PPA (4B
i) BARAR. A (4.6) EHFNER @.7) FERFY {v*) EEWYEHE

o X—T5HY PPA 57X, IRIBE ARSI FE R, AAMAE T — N IEEFER
G. BNIRX N ERANEEFIR PPA B A (Customized PPA) [8].

ICREIERA, T E SR B 1S EIESE.

FAVEFTIAZE S 4.1 TIRE& MR85 FRERH. RN FEHIY PPA KFE,
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u? .(0,0)

3. NFEH PPA A ERVIERFS

X EEEGEL BRI 2N, 1EE 7 LAS 3Rk (1] # [2).
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4.4 TR EFILPIE 55 3k —Extended Customized PPA

o MERHMAMESEE 1.0EBE CABNT o bt o BRIERE
o FEMLPHI LRNHERIT—RHORE RS, BT —REHEN

e e ol

AL R
&[]

B, Bt L, WH—Ed EZelesR, ARFNS A MESRARRE—
RTHERE—2F
o FAEEXRIuA, B2
uF T = — (W =W Y, v e (1,2), (4.8)

ERAFLN T 2 4.6) BEAY.

o IXFf

Fk BERESNSRE (6, 8. £EHET LW [3] KIS 4 B A

AL BB T FE A ARRLE) Matlab F2FF.
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4.5 Application for matrix completion problems

Let M be a given m X m matrix, 11 is the elements indices set of M,

1= {(ij)|ie{1,2,...,m}, j€{1,2,...,n}}.
The mathematical form of the matrix completion problem is relaxed to
min{|| X |. | Xi; = Mi;, (i) € 1T}, (4.9

where || - ||« is the nuclear norm—the sum of the singular values of a given matrix.
The problem (4.9) is a convex optimization of form (2.4). The matrix A in (2.4) for
the linear constraints

Xij = M;j, (i) € 1L,
is a projection matrix, and thus || AT A|| = 1.

We let Z € R™*™ as the Lagrangian multiplier to the constraints X = Mq.

For given (X%, Z%), applying (4.6) to produce (X *+1 Zk+1).



1. Producing Z**1 by
1

k—i—lZZS]_Cz__
S

2 (XE — Mg). (4.10)
2. Finding X**1 py
XK = argmin {|[ XL+ ]| X~ [X*— 225 Z8)]|[3 ). @)

Then, the new iterate is given by

XAt = XF -y (XP - xR, ZM =28 — (28 - A,
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Test examples ' The test examples is taken from

¢ J. F. Cai, E. J. Candes and Z. W. Shen, A singular value thresholding algorithm
for matrix completion, SIAM J. Optim. 20, 1956-1982, 2010.
Code for Creating the test examples of Matrix Completion

%% Creating the test examples of the matrix Completion problem (1)
clear all; clc $(2)
maxIt=100; tol = le-4; % (3)
r=0.005; s=1.01/r; gamma=1.5; % (4)

n=200; ra = 10; oversampling = 5; %(5)
% n=1000; ra=100; oversampling = 3; %% Iteration No. 31 %(6)
% n=1000; ra=50; oversampling = 4; $% Iteration No. 36 5 (7)
% n=1000; ra=10; oversampling = 6; %% Iteration No. 78 %(8)
%% Generating the test problem 5(9)
rs = randseed; randn (" state’, rs); $(10)
M=randn (n, ra) xrandn (ra, n) ; %% The matrix will be completed %(11)
df =rax* (n*2-ra); %% The freedom of the matrix $(12)
mo=oversampling; 3(13)
m =min (mo*df, round(.99+«n%n)); %% No. of the known elements %(14)
Omega= randsample (n"2,m); %% Define the subset Omega %(15)
fprintf ("Matrix: n=%4d Rank (M)=%3d Oversampling=%2d \n’,n,ra,mo);%(16)
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Code: Customized PPA for Matrix Completion Problem

fprintf (! Relative error = $%$9.2e Rank (X)=%3d \n’,RelEr,rank (X));
fprintf (! Violation of KKT Condition = %9.2e \n’,VioKKT);

function PPAE (n,r,s,M,Omega,maxIt,tol, gamma) % Ititial Process %% (1)
X=zeros (n); Y=zeros (n) ; YT=zeros (n) ; $(2)
nMO=norm (M (Omega) , ' fro’); eps=1; VioKKT=1l; k=0; tic; % (3)
%% Minimum nuclear norm solution by PPA method % (4)
while (eps > tol && k<= maxIt) 5 (5)
if mod(k,5)== % (06)
fprintf (" It=%3d |X-M|/|M|=%9.2e VioKKT=%9.2e\n’,k,eps,VioKKT); end;%(7)
k=k+1; X0=X; YO=Y; % (8)
YT (Omega) =Y0 (Omega) — (X0 (Omega) —M (Omega) ) /s; EY=Y-YT; %(9)

A = X0 + (YT*x2-Y0) /r; [U,D,V]=svd(A,0); %$(10)
D=D-eye (n) /r; D=max (D, 0) ; XT=(U%D) *V’ ; EX=X-XT; $(11)
DXM=XT (Omega) —M (Omega) ; eps = norm(DXM,’ fro’) /nMO; 3(12)
VioKKT = max( max (max (abs (EX)))*r, max (max (abs(EY))) ); $(13)
if (eps <= tol) gamma=1; end; $(14)

X = X0 - EX*xgamma; 3(15)

Y (Omega) = YO (Omega) - EY (Omega) *gamma; %(16)
end; $(17)
fprintf (" It=%3d [|X-M|/|M|=%9.2e ViOKKT=%9.2e \n’,k,eps,VioKKT); % (18)
RelEr=norm((X-M),’' fro’) /norm(M,’ fro’); toc; %$(19)
%(20)

%(21)
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Numerical Results: using SVD in Matlab

Unknown n X n matrix M Computational Results

n  rank(ra) m/d,, m/n?® | Fiters times(Sec)  relative error

1000 10 6 0.12 /6 841.59 9.38E-5
1000 50 4 0.39 37 406.24 1.21E-4
1000 100 3 0.58 31 362.58 1.50E-4

Numerical Results: Using SVD in PROPACK

Unknown n. X m matrix M Computational Results
n rank(ra) m/d.a m/n’ | #iters times(Sec) relative error | Cai
1000 10 6 0.12 76 30.99 9.30E-5 | 117
1000 50 4 0.39 36 40.25 1.29E-4 | 114
1000 100 3 0.58 30 42.45 1.50E-4 | 119

& The paper by J. F. Cai, E. J. Candés and Z. W. Shen is the first publication in
SIAM J. Optimization for matrix completion problem. For the same accuracy, their

method needs 117, 114 and 129 iterations (See the first three examples in Table
5.1 of this paper, pp. 1974).
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5 Customized PPA N A S5

5.1 Application in Image Science

Frame of Vl is recognized by some Researcher in Image SCience I

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization”

Thomas Pock Antonin Chambolle
Institute for Computer Graphics and Vision CMAP & CNRS
Graz University of Technology Ecole Polytechnique
pock@icg.tugraz.at antonin.chambollelcmap.polytechnique.fr

e A. Chambolle and T. Pock, A first-order primal-dual algorithms for convex

problem with applications to imaging, J. Math. Imaging Vision, 40, 120-145,
2011.



preconditioned algorithm. In very recent work [10], it has
been shown that the iterates (2) can be written in form of a
proximal point algorithm [14], which greatly simplifies the
convergence analysis.

From the optimality conditions of the iterates (4) and the
convexity of G and F™* it follows that for any (x,y) € X X
Y the iterates #*t1 and y**! satisfy

z — k! r okt M Tl — gF >0
y — yk—l-l 3 yk—i-l - yk—i—l _ yk - )

(5)
where
7 ghtl B aG(;Ek+1) + K Tyktt
yk—l—l — GF*(yk—l—l) _ _._I(;,Lkarl
and _ e »
T K ! '

[t 1s easy to check, that the variational inequality (5) now
takes the form of a proximal point algorithm [10, 14, 16].
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[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
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[10] B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation 1image restoration. Technical
report, Nanjing University, China, 2010.

[11] J. Lellmann, D. Breitenreicher, and C. Schnorr. Fast and
exact primal-dual iterations for variational problems in com-
puter vision. In K. Daniilidis, P. Maragos, and N. Paragios,
editors, European Conference on Computer Vision (ECCV),
volume 6312 of LNCS, pages 494-5035. Springer Berlin /
Heidelberg, 2010.

BATWIE X IER A RTE

e B. S. He and X. M. Yuan, Convergence analysis of primal-dual algorithms for
a saddle-point problem: From contraction perspective, SIAM J. Imag. Sci., 5,
119-149, 2012.
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5.2 Goldstein, Esser and Baraniuk B935| F

ADAPTIVE PRIMAL-DUAL HYBRID GRADIENT METHODS FOR
SADDLE-POINT PROBLEMS

TOM GOLDSTEIN, ERNIE ESSER, RICHARD BARANIUK

ABSTRACT. The Primal-Dual hybrid gradient (PDHG) method is a powerful optimiza-
tion scheme that breaks complex problems into simple sub-steps. Unfortunately, PDHG
methods require the user to choose stepsize parameters, and the speed of convergence is
highly sensitive to this choice. We introduce new adaptive PDHG schemes that automat-
ically tune the stepsize parameters for fast convergence without user inputs. We prove
rigorous convergence results for our methods, and identify the conditions required for
convergence. We also develop practical implementations of adaptive schemes that for-
mally satisfy the convergence requirements. Numerical experiments show that adaptive

PDHG methods have advantages over non-adaptive implementations in terms of both
efficiency and simplicity for the user.
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4. RESIDUAL BALANCING

When choosing the stepsize for PDHG, there is a tradeoff between the primal and dual
residuals. Choosing a large value of 75 creates a very powerful minimization step in the
primal variables and a slow maximization step in the dual variables, resulting in very small
primal residuals at the cost of large dual residuals. Choosing 75 to be small, on the other
hand, results in small dual residuals at the cost of large primal errors.

Ideally, one would like to choose stepsizes so that the larger of P, and Dy is as small as
possible. If we assume the primal/dual residuals decrease/increase monotonically with 7y,
then max{ Py, Dy} is minimized when both residuals are equal in magnitude. This suggests
that 7. be chosen to “balance” the primal and dual residual — i.e., the primal and dual
residuals should be roughly the same size, up to some scaling to account for units. This
principle has been suggested for other iterative methods (see [26, 27]).

E&RE, XEBALLRIERTE (26, 27] FRNAR ALY, [26]
=AM E, Boyd FH1E [27) FNBEATHIE AL RIE.
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6. CONVERGENCE THEORY

6.1. Variational Inequality Formulation. For notational simplicity, we define the vector
quantities

Lk P(xay)>
29 - 9 R — Y
(29) e (yk) (v) (D(x,y)
and the matrices
—1 T —1
(30) M’“_( —A a,;lf)’ H’“_( 0 o.'1)°

This notation was first suggested to simplify PDHG by He and Yuan [7].

EEiEdH, XPMRIEFNE LK EHHe & Yuan FEH FKE L PDHG AY.
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Following [7], it is possible to formulate each step of PDHG as a solution to the variational
inequality

(31) 0 e R(uk+1) + Mk(ukﬂ = uk)
Also, the optimality conditions (5) and (6) can be written succinctly as
(32) 0e R(u").

Note that R is monotone (see [28]), meaning that

(u—1,R(u) — R(u)) >0, VYu,du.

iX B Following Y [7] Bt 2 He & Yuan 2012 £ 4 FR7ESIAM J. Image
Science LRI E.,
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This first lemma has been adapted from He and Yuan [7]. It shows that the stability
condition C1 forces the matrix M}, to be positive definite. When this condition is satisfied,
the operator (u, Myu) = ||lul|as, is a proper norm and can be used in our convergence
analysis.

{E&17E], Lemma 1 A ATHIILIL [7] Adapt TR

[7] B. He and X. Yuan, “Convergence analysis of primal-dual algorithms for a saddle-point problem: From
contraction perspective,” SIAM J. Img. Sci., vol. 5, pp. 119-149, Jan. 2012.

[26] B. He, H. Yang, and S. Wang, “Alternating direction method with self-adaptive penalty parameters for
monotone variational inequalities,” Journal of Optimization Theory and Applications, vol. 106, no. 2,
pp- 337-356, 2000.

[27] S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein, “Distributed Optimization and Statistical
Learning via the Alternating Direction Method of Multipliers,” Foundations and Trends in Machine
Learning, 2010.
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6 BHENGESIENSIH

weQ, (u—u)'Fu)>0, VueQ,
min{f(x)|Ax = b,z € X}.

min{#f,(x) + O2(y)|Ax + By =b,x € X,y € V}.

min{ 60 (x)+60s(y)+05(2)|Ax+By+Cz=b,x € X,y € Y,z € Z}




49

6.1 ILWAEE XL: Jordan iR ZHA S|
UC Berkeley it E#HRZ A Jordan #HIFREMAR L E.

Structured Prediction via the Extragradient

Method
Ben Taskar Simon Lacoste-Julien
Computer Science Computer Science
UC Berkeley, Berkeley, CA 94720 UC Berkeley, Berkeley, CA 94720
taskar@cs.berkeley.edu slacostelcs.berkeley.edu

Michael 1. Jordan
Computer Science and Statistics
UC Berkeley, Berkeley, CA 94720

jordan@cs.berkeley.edu

Michael I. Jordan # &z 2 X E Rl ZFMITIEf=FR L.



KA BAEHFBFRE T I 50

Let us define a residual error function for Eq. (10):
e(u,8) =u— Py(u— BT (u)).
Note that for 5 > 0, the zeros of e(u, ) are precisely the solutions of Eq. (10):
e(n,f) =0 <& uwuel”. (11)

B 25| B 3189 E 3R uE AU

Theorem A.1 (Theorem 2.1in [11]) Let {(;} be a sequence such that inf {5} =
Brmin > 0 and let ¢y > 0 be a constant. If the sequence {u*} satisfies:

[[u* Tt — u*|? < [Ju® — u*|® — colle(u, Bk %, Yu* € U, (13)

then {u*} converges to a solution point of Eq. (10).

Jordan FFE & X RIL X HIER TS Sk
[10] F. Guerriero and P. Tseng. Implementation and test of auction methods for solving

generalized network flow problems with separable convex cost. Journal of Optimiza-
tion Theory and Applications, 115(1):113-144, October 2002.

[11] B.S. He and L. Z. Liao. Improvements of some projection methods for monotone
nonlinear variational inequalities. JOTA, 112:111:128, 2002.

[12] M. Jerrum and A. Sinclair. Polynomial-time approximation algorithms for the Ising
model. SIAM J. Comput., 22, 1993.
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STRUCTURED PREDICTION, DUAL EXTRAGRADIENT AND BREGMAN PROJECTIONS

where ||F||, is the largest singular value of the matrix F. In practice, various simple heuristics can be
considered for setting the stepsize, including search procedures based on optimizing the gap merit
function (see, e.g., He and Liao, 2002).

XELPR ERZE: RANSKELREMESHINER S BSEERN
PRI, XTRXEEE (FEBNSREATRIL .

Jordan iRz 2H B IX B 1L HYER 53 5 & SCHEik:
Trevor Hastie, Saharon Rosset, Robert Tibshirani, and J. Zhu. The entire regularization path for the
support vector machine. Journal of Machine Learning Research, 5:1391-1415, 2004.

Bingsheng He and Li-Zhi Liao. Improvements of some projection methods for monotone nonlinear
variational inequalities. Journal of Optimization Theory and Applications, 112:111-128, 2002.

Mark Jerrum and Alistair Sinclair. Polynomial-time approximation algorithms for the Ising model.
SIAM Journal on Computing, 22:1087-1116, 1993.
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Boyd FEXRIEXHIZE20 TTHIHE):

A simple scheme that often works well is (see, e.g., [96, 169]):

a
.Tlncrpkf if H.rkHQ > /-"-'H"—*kHQ

pfi’-—i—l = ¢ ’Okr;f_f_decr it H";1H2 ~ /-f-H'TJ‘“'Hz (313)
\ o otherwise,

where 1> 1, 7" > 1, and 79" > 1 are parameters. Typical choices
might be p =10 and 7" = 79°" =2 The idea behind this penalty

parameter update 1s to try to keep the primal and dual residual norms

within a factor of p of one another as they both converge to zero.

Boyd FiX /I SLHYER 9T 52 CRIK:
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e E. Esser, M. Mdller, S. Osher, G. Sapiro and J. Xin, A convex model for

non-negative matrix factorization and dimensionality reduction on physical
space, IEEE Trans. Imag. Process., 21(7), 3239-3252, 2012.
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factorization and dimensionality reduction on
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e fi15 FERY 2 R4, SR =PRI B E TRV RO

i T,;) + (RwoCup, T 15
ro0 R, cep 2 aX(Tis) + (RuoCo, T) (15)

such that YT - X, =V — X diag(e).

Hepin 2, @) (15) FMER—L, FER R VPR T R ER 7 A LR
F3 RSk TR

Since the convex functional for the extended model (15) is

slightly more complicated, it is convenient to use a variant
of ADMM that allows the functional to be split into more
than two parts. The method proposed by He, Tao and Yuan
in [29] is appropriate for this application. Again introduce a

XXM A, B He, Tao, Yuan 7£5|3 [29] FIRH I G A= 1E AT,
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£/ [29] LAY ADMM K75 0E, ATLURT AR FTEF O (S5
6 > 0 pu > 2) SEIBES Lagrangian BY— 2 m..

Using the ADMM-like method in [29], a saddle point of
the augmented Lagrangian can be found by iteratively solving
the following subproblems with parameters 6 > 0 and u > 2,

HTRAARNGEKRET R THERE XBEE—/EHINISE 1, 1R1E
[29], XN A, B8 p BIUKTF 2. FHATE 1 = 2.01.

alternating minimization refinement step. Due to the different
algorithm used to solve the extended model, there is an
additional numerical parameter p, which for this application
must be greater than two according to [29]. We set u equal to
2.01. There are also model parameters 7; and ~ for modeling
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[30] Y. Sun, C. Ridge, F. del Rio, A.J. Shaka, and J. Xin, “Postprocessing
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data,” Tech. Rep., 2010.

FATAVIE L [29] £ 2013 3R, S F S TE IMA Numerical Analysis A& 7%

e B.S. He, M. Tao and X.M. Yuan, A splitting method for separable convex
programming.
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Conclusions

e Customized PPA belongs to the class of Proximal Point Algorithms.

e The discussed first order splitting contraction methods are only appropriate

for some structured convex optimization in practical applications.
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