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ÁÁÁ���. ¦f�O��{(Alternating Directions Method of Multipliers), {¡�O��{ (AD-
MM), ´¦)¹ü��©l�f�à`z¯K�k�óä, <�é�òùa�{í2�õ�
�f�¯Kþ. én��f�¯K, ��í2��{Á�éõ~fì�Âñ, �)¹ng��
úw�·�, du�3,«Øú²5, 3��^�e��ynØÂñØ��U. 3�åu�Ñ
�
U
¦)õ��©l�fà`z¯K�?� ADMM �{�, ÞÑ
��í2� ADMM
én�½ön�±þ�f¯KØÂñ�~f. �©l)¹ng��Ý, )º��o��í2�
ADMM én��f�¯KØU�yÂñ. ò ADMM UE¤U¦)¹n��©l�f�¯
K, q´�â��o)¹ng. êÆ�£�)¹ng�9�¤, ´·��)ã���Ì�N�.

'''���ccc. �©l�f�à`z, �O��{, ©�Â �{.

1 ÚÚÚ óóó

�O��{´¦)à`z��a©�Â �{. ùa�{�S�L§¥, �¦)�f¯K
  ´��{ü�à`z. §�8I¼ê´ü�à¼ê�Ú, Ù¥��à¼êØ�½1w.
`ùaf¯K{ü, ´�¯K�)kwªL�ª, ½´·�Ø�¤§ÒU¦���ÎÜ�
¦�Cq). Ï�, 3©Û�{Âñ5�, ·�~~�^�e¡�Ún.

Lemma 1.1. � X ⊂ <n ´4à8, θ(x) Ú f(x) Ñ´à¼ê, Ù¥ f(x) ��. P x∗ ´
à`z¯K min{θ(x) + f(x) |x ∈ X} �). ·�k

x∗ = arg min{θ(x) + f(x) |x ∈ X} (1.1a)

�¿©7�^�´

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.1b)

Ï��`, XJ^4��O4�, ù�ÚnÒ��u\f÷ì�n.

2 ���555���ååå���ààà`̀̀zzz

du�©?Ø��{ÑÚO2 Lagrange ¦f{k', ·�kl�5�å�à`z!å. �
X ⊂ <n ´4à8, A ∈ <m×n, b ∈ <m. �Ä�5�å�à`z¯K

min{θ(x) | Ax = b, x ∈ X}. (2.1)

§� Lagrange ¼ê´½Â3 X × <m þ�

L(x, λ) = θ(x)− λT (Ax− b). (2.2)
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2.1 Lagrange ¼¼¼êêê (2.2) QQQ:::���ddd���CCC©©©ØØØ���ªªª

·�?Ø¯K (2.1) � Lagrange ¼ê (2.2) �Q:. XJ�é (x∗, λ∗) ∈ X × <m ÷v

Lλ∈<m(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗),

K¡� Lagrange ¼ê (2.2) �Q:. þ¡�Ø�ª'X�±�¤{
x∗ ∈ X , L(x, λ∗)− L(x∗, λ∗) ≥ 0, ∀x ∈ X ,
λ∗ ∈ <m, L(x∗, λ∗)− L(x∗, λ) ≥ 0, ∀ λ ∈ <m.

�Ò´ {
x∗ = arg min{L(x, λ∗)|x ∈ X},
λ∗ = arg max{L(x∗, λ)|λ ∈ <m}.

|^ (2.2) ÚÚn 1.1, þã`z¯K��`5^�´{
x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X ,
λ∗ ∈ <m, (λ− λ∗)T (Ax∗ − b) ≥ 0, ∀ λ ∈ <m.

�é{`, Q:Ò´C©Ø�ª

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.3a)

�), Ù¥

w =

(
x
λ

)
, F (w) =

(
−ATλ
Ax− b

)
Ú Ω = X × <m. (2.3b)

5¿�, ù�� F , o÷v (w − w̄)T (w − F (w̄)) = 0.

2.2 ¦¦¦)))¯̄̄KKK (2.1) ���OOO222 Lagrange ¦¦¦fff{{{

à`z¯K (2.1) ��O2 Lagrange ¼êd§� Lagrange ¼ê L(x, λ) (2.2) Ú��d�

ª�5�å��g¼ê β
2 ‖Ax− b‖

2 |¤, =

Lβ(x, λ) = θ(x)− λT (Ax− b) +
β

2
‖Ax− b‖2, (β > 0 ´�ª�å�vëê).

OOO222 Lagrange ¦¦¦fff{{{(Augmented Lagrangian Method)

O2 Lagrange ¦f{ (ALM) � k-gS�l���½� λk m©, ÏL{
xk+1 = arg min

{
Lβ(x, λk)

∣∣ x ∈ X},
λk+1 = λk − β(Axk+1 − b),

(2.4)

�¤, �e�gS�Jø
��#� λk+1. 3C©Ø�ª (2.3) ¥, x ´�©Cþ, λ ´é
óCþ. 
3�{ (2.4) ¥, xk+1 ´�â λk O��5�(J. Ïd, ·�¡

x ������{{{���¥¥¥mmmCCCþþþ (intermidiate variable), λ ���ØØØ%%%CCCþþþ (essential variable).

�â`z¯K��`5^� (1.1), �{ (2.4) Jø� wk+1 = (xk+1, λk+1) ∈ Ω ÷v{
θ(x)− θ(xk+1) + (x− xk+1)T {−ATλk + βAT (Axk+1 − b)} ≥ 0, ∀x ∈ X ,

(λ− λk+1)T {(Axk+1 − b) + 1
β (λk+1 − λk)} ≥ 0, ∀λ ∈ <m.
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?�Ú|^'Xª λk+1 = λk − β(Axk+1 − b), þª�±U�¤:

wk+1 ∈ Ω, θ(x)− θ(xk+1) +

(
x− xk+1

λ− λk+1

)T(−ATλk+1

(Axk+1 − b) + 1
β (λk+1 − λk)

)
≥ 0, ∀w ∈ Ω.

�X|^ (2.3) �PÒ, �±rþª�¤�;n�ªfµ

wk+1 ∈ Ω, θ(x)− θ(xk+1) + (w − xk+1)TF (wk+1)

≥ (λ− λk+1)T
1

β
(λk − λk+1), ∀w ∈ Ω. (2.5)

C©Ø�ª (2.5) ¥, XJ λk = λk+1, @o wk+1 Ò´C©Ø�ª (2.3) �). ò (2.5) ¥
�?¿ w ∈ Ω �¤���½�): w∗, ·���

(λk+1 − λ∗)T 1

β
(λk − λk+1) ≥ θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (wk+1). (2.6)

|^ (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗) Ú w∗ ��`5, =

θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (w∗) ≥ 0,

í� (2.6) �mà�K, �ª��

(λk+1 − λ∗)T (λk − λk+1) ≥ 0. (2.7)

3ð�ª
‖b‖2 = ‖a‖2 − ‖a− b‖2 − 2bT (a− b),

¥� a = λk − λ∗ Ú b = λk+1 − λ∗, ¿|^ (2.7), Òk

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2. (2.8)

ù�Ø%CþS� {λk} Â �Ø�ª, ´O2 Lagrange ¦f{Âñ�'��y.

3 üüü������©©©lll���fff���ààà`̀̀zzz¯̄̄KKK

�Äü��©l�f��5�åà`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (3.1)

§� Lagrange ¼ê´

L2(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b). (3.2)

3.1 Lagrange ¼¼¼êêê (3.2) QQQ:::���ddd���CCC©©©ØØØ���ªªª

� §2.1 ¥Ó��©Ûw�·�, Lagrange ¼ê (3.2) �Q:
(
(x∗, y∗), λ∗

)
´C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (3.3a)

�), Ù¥

w =

 x
y
λ

 , u =

(
x
y

)
, F (w) =

 −ATλ
−BTλ

Ax+By − b

 ,

θ(u) = θ1(x) + θ2(y), Ú Ω = X × Y × <m.

(3.3b)
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à`z¯K (3.1) ��O2 Lagrange ¼êd§� Lagrange ¼ê L2(x, y, λ) (3.2) Ú�ª

�5�å��g¼ê β
2 ‖Ax+By − b‖2 |¤, =

L2β(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +
β

2
‖Ax+By − b‖2, (3.4)

Ù¥ β > 0 ´�ª�å�vëê. XJ·�^O2 Lagrange ¦f{¦)¯K (3.1), k-g
S�l���½� λk m©, ÏL{

(xk+1, yk+1) = arg min
{
L2β(x, y, λk)

∣∣ x ∈ X , y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b),

(3.5)

�¤. d�, S�¥�Ø%Cþ�´ λ§�¬k (2.8) ù��Â Ø�ª. ���{{{���""":::´¯
K (3.1) ��©l5�vk��|^ !

3.2 ¦¦¦)))¯̄̄KKK (3.1) ���¦¦¦fff���OOO������{{{

^¦f�O��{(Alternating Directions Method of Multipliers) [4, 5] ¦)¯K (3.1),
k-gS�l�½� (yk, λk) m©, ÏL

xk+1 = arg min{L2β(x, yk, λk) |x ∈ X},
yk+1 = arg min{L2β(xk+1, y, λk) | y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b),

(3.6)

�¤, �e�gS�Jø
��#� (yk+1, λk+1).

• 3¦f�O��{ (3.6) ¥, x-f¯KÚ y-f¯K´|^
¯K (3.1) ��©l5�
©O¦)�.

• l (3.5) � (3.6), ¦f�O��{(ADMM)�±w�´tµ
�O2 Lagrange ¦f
{(ALM).

ADMM �{ (3.6) ¦) (3.1), xk+1 ´d�½� (yk, λk), ÏLO����, Ïd´¥mC
þ. ·�rCþ w �K¥mCþ�{�Ü©¡�Ø%Cþ.
3ù� ADMM �{¥, Ø%CþK´ v = (y, λ). y Ú λ ©O´Ø%Cþ¥��©Ü

©ÚéóÜ©. d (3.6) )¤�S� {vk = (yk, λk)} ÷v

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , (3.7)

Ù¥

v =

(
y
λ

)
, H =

(
βBTB 0

0 1
β I

)
.

Ø�ª (3.7) L²Ø%CþS� {vk = (yk, λk)} Â , §´�y¦f�O��{Âñ�'
�Ø�ª. ��'�{ü�y²�±ë�·Ì�þX�ùÂ [13] �1 11 ù. y²� §2.2
¥y²O2 Lagrange ¦f{��, |^C©Ø�ª�óä, ��� (2.5), (2.7) �� (�Ø
¦�Ó) �ªf, ���� (3.7).

ADMM �@�´¦)¹ü��©l�f�à`z¯K�~k���{ [1], Cc53
ã�?n, DÕ`z¥uy�þA^. �{�±)º�

ØØØ%%%CCCþþþ������©©©ÜÜÜ©©© y ���ØØØ%%%CCCþþþ���éééóóóÜÜÜ©©© λ ééé���.

ADMM Âñ��Ï´Ø%Cþ v = (y, λ) ¥��©Ü© y ÚéóÜ© λ ´é��. ·�
y²
 ADMM Ó�äkH{¿ÂÚ�H{¿Âe O(1/t) �Âñ5� [10, 11].
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4 nnn������©©©lll���fff���ààà`̀̀zzz¯̄̄KKK

·�UY�Än��©l�f��5�åà`z¯K

min{θ1(x) + θ2(y) + θ3(z) | Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z}. (4.1)

§� Lagrange ¼ê´

L3(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b). (4.2)

4.1 Lagrange ¼¼¼êêê (4.2) QQQ:::���ddd���CCC©©©ØØØ���ªªª

�c¡Ó��©Ûw�·�, Lagrange ¼ê (4.2) �Q:
(
(x∗, y∗, z∗), λ∗

)
´C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (4.3a)

�), Ù¥

w =


x
y
z
λ

 , u =

 x
y
z

 , F (w) =


−ATλ
−BTλ
−CTλ

Ax+B + Cz − b

 ,

θ(u) = θ1(x) + θ2(y) + θ3(z), Ω = X × Y × Z × <m.

(4.3b)

à`z¯K (4.1) ��O2 Lagrange ¼êd§� Lagrange ¼ê L3(x, y, z, λ) (4.2) Ú�

ª�5�å��g¼ê β
2 ‖Ax+By + Cz − b‖2 |¤, =

L3β(x, y, z, λ) = θ1(x)+θ2(y)+θ3(z)−λT (Ax+By+Cz−b)+ β
2 ‖Ax+By+Cz−b‖2. (4.4)

XJ·�Øò y Ú z ©l, 
´r (y, z) '3�å, æ^ ADMM (3.6) �¦), S�úª
Ò´ 

xk+1 = arg min
{
L3β(x, yk, zk, λk)

∣∣ x ∈ X},
(yk+1, zk+1) = arg min

{
L3β(xk+1, y, z, λk)

∣∣ y ∈ Y, z ∈ Z},
λk+1 = λk − β

(
Axk+1 +Byk+1 + Czk+1 − b

)
.

(4.5)

ù��{´Âñ�. """::: ´�¯K�5ä�� y Ú z ��©l5�vk��¿©|^ !

4.2 ������ííí222��� ADMM ééénnn������©©©lll���fff���¯̄̄KKKØØØUUU���yyyÂÂÂñññ

<�g,����í2 ADMM (Direct Extension of ADMM) 5¦)n��©l�
f�¯K. XJ·�^��í2�¦f�O��{¦)¯K (4.1), k-gS�l���½�
(yk, zk, λk) m©, ÏL

xk+1 = arg min
{
L3β(x, yk, zk, λk)

∣∣ x ∈ X},
yk+1 = arg min

{
L3β(xk+1, y, zk, λk)

∣∣ y ∈ Y},
zk+1 = arg min

{
L3β(xk+1, yk+1, z, λk)

∣∣ z ∈ Z},
λk+1 = λk − β

(
Axk+1 +Byk+1 + Czk+1 − b

)
,

(4.6)

�Ñ#� (yk+1, zk+1, λk+1). ÒÒÒ���ÅÅÅ���ããã���, ���kkk???ØØØ������ÓÓÓ���óóó, ···���ïïïÆÆÆ���rrr (4.6)
¡¡¡��� ADMM ���������ííí222. 3?Û�:� (4.6) ØÓ�, Ñ´,«?���ª.
�����ã�mS, <�Ø�� (4.6) ´ÄÂñ. �ú4·�@�ØU�yÂñ. �

Ï´, ^ (4.6) ?nn��f�¯K, æ^�A�â�, Ø%Cþ v = (y, z, λ), Ù¥

(y, z) ´́́ØØØ%%%CCCþþþ������©©©ÜÜÜ©©© (primal part),λ ´́́ØØØ%%%CCCþþþ���éééóóóÜÜÜ©©© (dual part).

¯K´éØ%Cþ��©Ü©¥� y Ú z �üÜ©, �{ (4.6) ´Øú²�(unfair).
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• 3¦) y-f¯K�, �U^ (xk+1, zk, λk) �&E, Ï� zk ÿ��#;

• 3¦) z-f¯K�, Ï�#� yk+1 ®²k
, Ò^ (xk+1, yk+1, λk) �&E.

^��í2� ADMM 5¦)n��©l�f�¯K (4.1), éõ¢SO��´¤õ�. �
´, gggXXX������[[[������


ùùùüüü���¯̄̄fff (ØØØ%%%CCCþþþ¥¥¥������©©©ÜÜÜ©©© y ÚÚÚ z) ������<<<[[[(ØØØ%%%CCCþþþ
¥¥¥���éééóóóÜÜÜ©©© λ) ééé���, [[[���ééégggCCC���üüü���¯̄̄fff(y ÚÚÚz) ÒÒÒØØØúúú²²², JJJ���@@@���¿¿¿£££���ØØØúúú
���¯̄̄fff���444øøøóóó, KKK���ªªª444888III���¢¢¢yyy.
3���vkÞÑØÂñ�~f�@ã�m, ·��é�{ (4.6) S3�Øú²5, k

�
�
?�� ADMM [7, 8], ^5?nõ��f�¯K. Ø© [7] 2012 cþ�cÒ3
SIAM J. Optim. uL, ÓÏ>�� [8], 2015 cÐâ3 IMA Numer. Analysis uL, ÑÉ
�
�½�'5. ù
�{·�ò3e�!¥äN0�.
·��,F"uL3Ø© [7, 8] ¥�?��{´7��, ¤±���l�{ü��5�

§|XÃ, y²�{ (4.6) ØU�yÂñ. �� 2013 ce�c, ²Lõ<Ü�ãå, /ÏO
�Å, âén�½ön�±þ�f�¯Ké�
ØÂñ�~f [2].
òòò¦¦¦)))���������555���§§§|||������¯̄̄KKK (4.1) ���AAA~~~. ¯K´µ

min 0 · x+ 0 · y + 0 · z
s.t Ax+By + Cz = 0.

Ù¥ (A,B,C) =

 1 1 1
1 1 2
1 2 2

 . (4.7)

duÝ
 (A,B,C) �ÛÉ, ¯K (4.7) ���)´ x∗

y∗

z∗

 =

 0
0
0

 , �A��`¦f λ∗ =

 λ∗1
λ∗2
λ∗3

 =

 0
0
0

 .

^��í2�ADMM (4.6) ¦)ù�¯K, Ø%Cþ´ v, vT = (y, z, λ1, λ2, λ3). S�ú
ª�±z�

vk+1 = Mvk, Ù¥ M =
1

162


144 −9 −9 −9 18
8 157 −5 13 −8
64 122 122 −58 −64
56 −35 −35 91 −56
−88 −26 −26 −62 88

 . (4.8)

Ïd, ·�Òk
vk+1 = Mvk = · · · = Mk+1v0.

é (4.8) ¥�Ý
 M , Tk ρ(M) > 1. �±À���"� v0 m©, æ^þãS�, Òk
limk→∞ ‖vk‖ = +∞. `²�{ (4.6) é���n��f�¯K (4.1) ØU�yÂñ. ¢S
O�¥,·�l?Û���Å� v0 6= 0 ∈ <5Ñu,^ (4.8)S�,Ñk limk→∞ ‖vk‖ = +∞.

5 UUUEEE ADMM ¤¤¤¦¦¦)))nnn������fff¯̄̄KKK���ÂÂÂñññ���{{{

Q,�{ (4.6) é���n��f�¯K (4.1) ØU�yÂñ��Ï´§3¦)f¯K�
é�©Ø%Cþ¥� y Ú z �üÜ©Øú², Ïd, ·��ÄUE ADMM ¤¦)n��
f¯K�Âñ�{�´, Òg,¤
±eü^µ

1. ò (4.6) Jø� yk+1 Ú zk+1 UE, é (4.6) E¤�Øú²?1·�éÖ;

2. é�{ (4.6) ��?1UE, ¦�§?n�©Ø%Cþ¥ y Ú z üÜ©�ú².
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5.1 éééÖÖÖ������������{{{

1�^´f, ´é (4.6) )¤� yk+1 Ú zk+1 ?1éÖ(��). �g©�¥U4Øú²Cú
²��{éõ, ùp���ÏL(

yk+1

zk+1

)
:=

(
yk

zk

)
− ν

(
I −(BTB)−1BTC
0 I

)(
yk − yk+1

zk − zk+1

)
, ν ∈ (0, 1] (5.1)

¢y. ùp^D�Ò (:=), L« (5.1) mà� (yk+1, zk+1) ´��í2�¦f�O��{
(4.6) Jø�.
5¿�, Ñ�f¯K¥�~ê�, ��í2��O��{ (4.6) �±�¤§��d/ª

xk+1 = arg min{θ1(x)− (λk)T (Ax) + β
2 ‖Ax+Byk + Czk − b‖2 |x ∈ X},

yk+1 = arg min{θ2(y)− (λk)T (By) + β
2 ‖Ax

k+1 +By + Czk − b‖2 | y ∈ Y},

zk+1 = arg min{θ3(z)− (λk)T (Cz) + β
2 ‖Ax

k+1 +Byk+1 + Cz − b‖2 | z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).

(5.2)

l (5.2) �±wÑ, m©�1 k-gS�I��´ (Byk, Czk, λk). Ïd, �e�gS�·�
���Jø (Byk+1, Czk+1, λk+1). d (5.1), ù| (Byk+1, Czk+1) �±d(

Byk+1

Czk+1

)
:=

(
Byk

Czk

)
− ν

(
I −I
0 I

)(
B(yk − yk+1)
C(zk − zk+1)

)
, ν ∈ (0, 1] (5.3)

Jø, mà� (yk+1, zk+1) ´d (4.6) Jø�. ù�, ·�ÒÃIO� (BTB)−1. ù´CÄ
��!�{ü��«��. AO/, � ν = 1, Ò��é By ?1��, úªÒ{z¤

Byk+1 := Byk+1 + C(zk − zk+1). (5.4)

æ^ ν = 1,ØU�yzÚÑ(�)8� )Â ,�U�y3H{¿Âe(¤kS�:��â
²þ�)8)Âñ. 3¢SO�¥[7], ·�� ν = [0.9, 0.95], ¡ù��{�555���pppddd£££������
���OOO������{{{666(Alternating direction method with Gaussian back substitution).

��o�3 (5.1) �mà���u 1 �~ê ν Q? 5¿� (4.5)´U�yÂñ�, Ù¥

Ø%Cþ��©Ü© (y, z) �Ø%Cþ�éóÜ© λ é�.

l (4.5) � (4.6), tµ
�´Ø%Cþ¥�©Ü© (y Ú z) �f¯K¦). ¤±, 3oNé
Ö��ÿ, \�·�� �þ ν ∈ [0.9, 0.95] ´Ün�.

5.2 rrr���²²²���������{{{

Uì1�^´f, é�{ (4.6) ?1UE, ¦�§ú²?n�©Ø%Cþ¥ y Ú z üÜ©.
��{ü��{Ò´3¦) z-f¯K�, =¦ yk+1 ®²k
, ·��´�^ yk �&E.
ù�Ò��
e¡��{:

xk+1 = arg min
{
L3β(x, yk, zk, λk)

∣∣ x ∈ X},
yk+1 = arg min

{
L3β(xk+1, y, zk, λk)

∣∣ y ∈ Y},
zk+1 = arg min

{
L3β(xk+1, yk, z, λk)

∣∣ z ∈ Z},
λk+1 = λk − β

(
Axk+1 +Byk+1 + Czk+1 − b

)
.

�Âñ��{ (4.5) '�, ��uò (4.5) ¥�

(yk+1, zk+1) = arg min
{
L3β(xk+1, y, z, λk)

∣∣ y ∈ Y, z ∈ Z},
7



U¤
 {
yk+1 = arg min

{
L3β(xk+1, y, zk, λk)

∣∣ y ∈ Y},
zk+1 = arg min

{
L3β(xk+1, yk, z, λk)

∣∣ z ∈ Z}.
ù��, �¯K��©l�5�|^
, é y Ú z �ú²
, �´�k:�gdz
. ��
tÒ�t, w,´Ø1�, ��±ÞÑù��ØÂñ�~f.

No�? ·�3²�²1?n y Ú z f¯K��ÿ, 8I¼ê�¡Ñ�	2\���
K�, S�{C¤

xk+1 = arg min{L3β(x, yk, zk, λk) |x ∈ X},
yk+1 = arg min{L3β(xk+1, y, zk, λk) + τβ

2 ‖B(y − yk)‖2 | y ∈ Y},
zk+1 = arg min{L3β(xk+1, yk, z, λk) + τβ

2 ‖C(z − zk)‖2 | z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(5.5)

Ù¥ τ > 1. \�K��¿ÂÒ´3gggdddzzz��¹e2\þ�ggg···���åååÅÅÅ���.

Ñ��{ (5.5) ¥ y Ú z f¯K�~ê�, �{��±U�¤�d�

xk+1 = arg min{L3β(x, yk, zk, λk) |x ∈ X},
λk+

1
2 = λk − β(Axk+1 +Byk + Czk − b),

yk+1 =arg min{θ2(y)−(λk+
1
2 )TBy + µβ

2 ‖B(y − yk)‖2 | y ∈ Y},

zk+1 =arg min{θ3(z)−(λk+
1
2 )TCz + µβ

2 ‖C(z − zk)‖2 | z ∈ Z},
λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(5.6)

Ù¥ µ = τ + 1 > 2. éùü��{�d5k,��Öö, ���y§� y Ú z-f¯K�
�`5^��ÓÒ´
. ·�3 2010 cÒJÑ
�{ (5.6), �=� UCLA �Ç Standy
Osher ��K|�cÒ3Ø© [3] ¥k�L���¢�Ú^. Ø©?n��KÝ
©)Ú
ü�¯K, ÙêÆ�.Ò´ (4.1). ©¥¡·���{� ADMM-Like Method.
ù�!J��én��f¯KUEL� ADMM a�{, ´ [7, 8] ¥?nõ��f�{

�A~. �[�Âñ5y²�±��·Ì�þ��w [12].

6 ÚÚÚ���µµµeeeeee������{{{£££ãããÚÚÚÂÂÂñññ^̂̂���

·�ò�¦)�¯KÑw¤/X (4.3) �C©Ø�ª, �Ò´

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

Ø%Cþ´ v, ´3 w ¥�K¥mCþ x ±��Ü©©þ. r�{Ñ8(�Xe�ýÿ-�
��{�Ú�µeµ

[ýýýÿÿÿ.] é�½� vk§¦��� w̃k, ¦�

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (6.1a)

Ù¥ Q Ø�½é¡, �´�¦ QT +Q �½.

[������.] �Ñ#S�: vk+1 ���úª�

vk+1 = vk −M(vk − ṽk). (6.1b)

òÂñ5^��8B¤e¡ü^

8



ÂÂÂñññ555^̂̂���
é�{ (6.1) ¥�Ý
 Q Ú M , k�½Ý
 H, ¦�

HM = Q. (6.2a)

¿�
G = QT +Q−MTHM � 0, (����½). (6.2b)

3ù�Ú�µeÚ�A�Âñ5^�e, U
�Ï·��E#�Âñ�{ [6], y²Â
ñ5ÒC�AON´, Âñ�Ç�©Û�HA
). ù�!��y §5 ¥?���{, �±
B\�{µe (6.1), ¿�÷vÂñ5^� (6.2). y²�� §7 ¥��ã.

6.1 éééÖÖÖ������������{{{

·�^ (5.2) �ÑÑxk+1, yk+1, zk+1 ½Â9Ï�ýÿCþ w̃k = (x̃k, ỹk, z̃k, λ̃k), Ù¥

(x̃k, ỹk, z̃k) = (xk+1, yk+1, zk+1), (6.3a)

λ̃k = λk − β(Ax̃k +Byk + Czk − b). (6.3b)

�â`z¯K��`5^� (1.1), ^ x̃k = xk+1 Ú (6.3b), �±ò (5.2) ¥ x-f¯K��
`5^��¤

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T (−AT λ̃k) ≥ 0, ∀x ∈ X . (6.4a)

�âÓ���n, é y Ú z-f¯K��`5^�, ©Ok

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y− ỹk)T (−BT λ̃k) ≥ (y− ỹk)TβBTB(yk− ỹk), ∀y ∈ Y. (6.4b)

z̃k ∈ Z, θ3(z)− θ3(z̃k) + (z − z̃k)T
(
−CT λ̃k

)
≥ (z − z̃k)T

(
βCTB(yk − ỹk) + βCTC(zk − z̃k)

)
, ∀z ∈ Z. (6.4c)

�â'Xª (6.3b), �ª

(Ax̃k +Bỹk + Cz̃k − b)−B(ỹk − yk)− C(z̃k − zk) + 1
β (λ̃k − λk) = 0

�±�¤C©Ø�ª�/ª

λ̃k ∈ <m, (λ− λ̃k)T (Ax̃k +Bỹk + Cz̃k − b)
≥ (λ− λ̃k)T

{
−B(yk − ỹk)− C(zk − z̃k) + 1

β (λk − λ̃k)
}
, ∀λ ∈ <m. (6.4d)

|^C©Ø�ª (4.3), ·��±ò (6.4) ¥�(JLã¤e¡�Ún.

Lemma 6.1. � (xk+1, yk+1, zk+1) �â�½� vk d (5.2) )¤. @o, d (6.3) ½Â�
ýÿ: w̃k ÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀ w ∈ Ω, (6.5)

Ù¥

Q =

 βBTB 0 0
βCTB βCTC 0
−B −C 1

β Im

 . (6.6)

9



···������XXX555���ÑÑÑ������ÝÝÝ


. Äk, d½Â (6.3a), é y Ú z ?1���úª (5.1) K´(
yk+1

zk+1

)
=

(
yk

zk

)
−
(
νI −ν(BTB)−1BTC
0 νI

)(
yk − ỹk
zk − z̃k

)
. (6.7a)

,	, ^ (ỹk, z̃k, λ̃k), @�d (5.2) )¤, ÃI��� λk+1 �±�¤

λk+1 = λk − β
(
Axk+1 +Byk+1 + Czk+1 − b

)
= λk −

[
−βB(yk − ỹk)− βC(zk − z̃k) + (λk − λ̃k)

]
(6.7b)

Ïd, ò (6.7) �3�åÒ´

vk+1 = vk −M(vk − ṽk),

Ù¥

M =

 νI −ν(BTB)−1BTC 0
0 νI 0
−βB −βC Im

 . (6.8)

ù�, ·�é §5.1 ¥�éÖ���{, B\
ýÿ-���{µe (6.1).

������···���555���yyyÂÂÂñññ555^̂̂���. Äk, Ý
 Q �±�¤©¬�/ª

Q =

(
βQ0 0
−A 1

β Im

)
, Ù¥ Q0 =

(
BTB 0
CTB βCTC

)
, A = (B,C).

·�P

D0 =

(
BTB 0

0 CTC

)
Kk QT0 +Q0 = D0 +ATA.

|^ù
ÎÒ, é (6.8) ¥�Ý
 M , Ò�±�¤

M =

(
νQ−T0 D0 0
−βA I

)
§�_Ý
´ M−1 =

(
1
νD
−1
0 QT0 0

1
νβAD

−1
0 QT0 I

)
. (6.9)

�¯´Äk�½Ý
 H ¦� HM = Q, ���yÝ


H = QM−1 =

(
βQ0 0
−A 1

β Im

)(
1
νD
−1
0 QT0 0

1
νβAD

−1
0 QT0 I

)
=

( 1
νβQ0D

−1
0 QT0 0

0 1
β I

)
´Ä�½, (¢, Ý
 H ´�½�. ?
·��yÝ
 G ��½5.
�â (6.2b) éÝ
 G �½Â, |^ HM = Q Ú QT0 +Q0 = D0 +ATA, Ò¬��

G = QT +Q−MTHM = QT +Q−QTM

= (QT +Q)−
(
βQT0 −AT

0 1
β Im

)(
νQ−T0 D0 0
−βA I

)
=

(
β(QT0 +Q0) −AT
−A 2

β Im

)
−
(
β(νD0 +ATA) −AT

−A 2
β Im

)
=

(
(1− ν)βD0 0

0 1
β Im

)
� 0, (Ï� ν ∈ (0, 1)).

�d, y²
éÖ����{B\µe (6.1) �, �A�Âñ5^� (6.2) ´���÷v�.
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��·��`�e,��où��{�� ADMM with Gaussian back SubstitutionQ?
|^ (6.9) ¥Ý
 M �L�ª, �� (6.7a) �±�¤(

yk+1

zk+1

)
=

(
yk

zk

)
− νQ−T0 D0

(
yk − ỹk
zk − z̃k

)
.

¢SO�¥, §´ÏL

QT0

(
yk+1 − yk
zk+1 − zk

)
= νD0

(
ỹk − yk
z̃k − zk

)
(6.10)

5¢y, 5¿� (6.10) ¥�Ý
 QT0 ´��þn�Ý
, ù�k�¦� zk+1, yk+1 �L§
·�r§`¤´pd£�.

6.2 rrr���²²²���������{{{

�
|^Ú�µe (6.1)9Ù�A�Âñ5^� (6.2),·�± (5.6)�ÑÑ xk+1, yk+1, zk+1

½Â9Ï�ýÿCþ w̃k = (x̃k, ỹk, z̃k, λ̃k), Ù¥

(x̃k, ỹk, z̃k) = (xk+1, yk+1, zk+1), (6.11a)

λ̃k = λk − β(Ax̃k +Byk + Czk − b). (6.11b)

�â`z¯K��`5^� (1.1), ^ x̃k = xk+1 Ú (6.11b), �±ò (5.6) ¥ x-f¯K��
`5^��¤

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T (−AT λ̃k) ≥ 0, ∀x ∈ X . (6.12a)

du λ̃k = λk+
1
2 , (5.6) ¥ y Ú z f¯K´²1¦)�, §���`5^�©Ok

ỹk ∈ Y, θ2(y)−θ2(ỹk)+(y−ỹk)T (−BT λ̃k) ≥ (y−ỹk)TµβBTB(yk−ỹk), ∀y ∈ Y. (6.12b)

Ú

z̃k ∈ Z, θ3(z)−θ3(z̃k)+(z− z̃k)T (−CT λ̃k) ≥ (z− z̃k)TµβCTC(z̃k−zk), ∀z ∈ Z. (6.12c)

Ó�, d�ª (6.11b) ��

λ̃k ∈ <m, (λk − λ̃k)T (Ax̃k +Bỹk + Cz̃k − b)
≥ (λk − λ̃k)T

{
−B(yk − ỹk)− C(zk − z̃k) + 1

β (λk − λ̃k)
}
, ∀λ ∈ <m. (6.12d)

|^C©Ø�ª (4.3), ·��±ò (6.12) ¥�(JLã¤e¡�Ún.

Lemma 6.2. � (xk+1, yk+1, zk+1) �â�½� vk d (5.6) )¤. @o, d (6.11) ½Â�
ýÿ: w̃k ÷v

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀ w ∈ Ω, (6.13)

Ù¥

Q =

 µβBTB 0 0
0 µβCTC 0
−B −C 1

β Im

 . (6.14)
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···������XXX555éééÑÑÑ������ÝÝÝ


. 3S�{ (5.6) ¥Ø¹��, �
^Ú�µey²�{�Â

ñ5, ·��â (6.11) ½Â
w̃k = (x̃k, ỹk, z̃k, λ̃k). òù� w̃k w�ýÿ:, 2éÑ^

vk = (yk, zk, λk) Ú ṽk = (ỹk, z̃k, λ̃k) L« vk+1 = (yk+1, zk+1, λk+1) �'Xª. du

yk+1 = ỹk, zk+1 = z̃k, (6.15a)

Ú

λk+1 = λk − β
(
Axk+1 +Byk+1 + Czk+1 − b

)
= λk −

[
−βB(yk − ỹk)− βC(zk − z̃k) + (λk − λ̃k)

]
(6.15b)

ù���úª�±�¤ yk+1

zk+1

λk+1

 =

 yk

zk

λk

−
 I 0 0

0 I 0
−βB −βC Im

 yk − ỹk
zk − z̃k
λk − λ̃k

 .

�é{`, ·�k

vk+1 = vk −M(vk − ṽk), Ù¥ M =

 I 0 0
0 I 0
−βB −βC Im

 . (6.16)

ù�, ·�é §5.2 ¥r�²���{, B\
ýÿ-���{µe (6.1).

������···���555���yyyÂÂÂñññ555^̂̂���. �¯´Äk�½Ý
 H ¦� HM = Q, ���yÝ


H = QM−1 =

 µβBTB 0 0
0 µβCTC 0
−B −C 1

β Im


 I 0 0

0 I 0

βB βC Im


=

 µβBTB 0 0
0 µβCTC 0
0 0 1

β I

 , (6.17)

þªL«Ý
 H ´�½�. ?
·��yÝ
 G ��½5. �â½ÂÚ Q = HM , k

G = QT +Q−MTHM = QT +Q−QTM

=

2µβBTB 0 −BT

0 2µβCTC −CT
−B −C 2

β Im

−
µβBTB 0 −BT

0 µβCTC −CT
0 0 1

β Im

 I 0 0
0 I 0

−βB −βC Im

 .

UY?1�
Ä��Ý
$�ÒU��

G =

 (µ− 2)βBTB 0 0
0 (µ− 2)βCTC 0
0 0 1

β I

+ β

 BTB −BTC 0
−CTB CTC 0

0 0 0

 . (6.18)

þªmà�����Ý
��½. ¤±, du µ > 2, Ý
 G ´�½�. ·�r §5.2 ¥�
r�²���{, B\
ýÿ-���{µe (6.1) �, y²
§÷vÂñ5^� (6.2).
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7 ÂÂÂ   555���ÚÚÚÂÂÂñññ���ÇÇÇ���yyy²²²

é/X (4.3) �C©Ø�ª, ù�!|^Ú�µe (6.1) Ú^� (6.2) y²Âñ5.

Lemma 7.1. ¦)C©Ø�ª (4.3), XJ^� (6.2) ÷v, d�{ (6.1) )¤�:÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (7.1)

yyy²²². d (6.1b) )¤#�S�:. du Q = HM , ù� (6.1a) Ò�±U�¤

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − vk+1), ∀w ∈ Ω, (7.2)

é (7.2) ªmà� (v − ṽk)TH(vk − vk+1), ^ð�ª

(a− b)TH(c− d) =
1

2

(
‖a− d‖2H − ‖a− c‖2H

)
+

1

2

(
‖c− b‖2H − ‖d− b‖2H

)
, (7.3)

?1?n, Òk

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2

(
‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H

)
, ∀w ∈ Ω. (7.4)

é (7.4) mà����Ü©, |^ (6.1b), HM = Q Ú(6.2b) ¥éÝ
 G �½Â, ·�k

1

2

(
‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H

)
=

1

2

(
‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H

)
=

1

2

(
(vk − ṽk)T (HM +MTH −MTHM)(vk − ṽk)

)
=

1

2
‖vk − ṽk‖2G.

òþã(J�\ (7.4) mà, Ò�� (7.1), Ún 7.1 �y. �

Theorem 7.1. éC©Ø�ª¯K (4.3), d�{µe (6.1) )¤�Ø%CþS� {vk}, 3
^� (6.2) ÷v��ÿ, kÂ 5�

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀ v∗ ∈ V∗. (7.5)

yyy²²². ^ w∗ O� (7.1) ¥?¿� w ∈ Ω ¿|^üN5, Ò��½n�(Ø. �

Ï� G �½, S� {vk} ´3 H-�eÂ �, (7.5) ´�{Âñ�'�Ø�ª. d	, |
^ (7.1), êþ�� O(1/t) Âñ�Ç�(Ø.

Theorem 7.2. éC©Ø�ª¯K (4.3), �{ (6.1) 3^� (6.2) ÷v��ÿkH{¿Â
e� O(1/t) Âñ�Ç, =é?¿��ê t, Ñk

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω, (7.6)

Ù¥ w̃t =
1

(t+ 1)

( t∑
k=0

w̃k
)
´ýÿS���â²þ.

yyy²²². Äk, |^ (w − w̃k)TF (w̃k) = (w − w̃k)TF (w), d (7.1) �±��

θ(ũk)− θ(u) + (w̃k − w)TF (w) +
1

2
‖v − vk+1‖2H ≤

1

2
‖v − vk‖2H , ∀w ∈ Ω. (7.7)

òþªl k = 0, 1, . . . , t \\, 2|^à¼ê�5� θ
(

1
t+1

∑t
k=0 ũ

k
)
≤ 1

t+1

(∑t
k=0 θ(ũ

k)
)
,

Ò�� (7.6). ½n�y. �
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8 (((ØØØ���NNN¬¬¬

ùãù
�{, �^��È©¥�FÝ, Ú�5�ê¥�Ý
Ä�$���£. Ún 1.1 ´
à`z����`5^�. ^Q:, Ã�´ò�¯K�)Úéó)�å�Ä. y¢)¹¥,
��4�oÚ��4�éX3�å. �
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