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1 CCC©©©ØØØ���ªªªPPA���{{{���ÌÌÌ���555���

·�éC©Ø�ª¯K

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.1)

½Â
PPA�{,�H�é¡�½Ý
, H-�e�PPA�{�1kÚl®�

�wkÑu,¦��#S�:wk+1¦�

wk+1 ∈ Ω, θ(u)−θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω. (1.2)

wk+1´C©Ø�ª¯K (1.1)�)�¿©7�^�´ (1.2)¥�wk = wk+1.

PPA�{�)�S�S�{wk}÷v

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H , ∀w∗ ∈ Ω∗. (1.3)

¿k

‖wk − wk+1‖2H ≤ ‖wk−1 − wk‖2H . (1.4)

Ø�ª (1.3)Ú (1.4)´PPA�{�ü^­�
q¤��5�.
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2 ADMM���{{{���ÌÌÌ���555���

rü¬�©là`z¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} (2.5)

=�¤C©Ø�ª (1.1),Ù¥

w =


x

y

λ

 , u =

 x

y

 , θ(u) = θ1(x) + θ2(y),

F (w) =


−ATλ

−BTλ

Ax+By − b

 , Ú Ω = X × Y × <m.
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ADMM�kgS�l�½�vk = (yk, λk)m©,ÏL
xk+1 ∈ arg min

{
θ1(x)− xTATλk + 1

2
β‖Ax+Byk − b‖2

∣∣ x ∈ X},
yk+1 ∈ arg min

{
θ2(y)− yTBTλk + 1

2
β‖Axk+1 +By − b‖2

∣∣ y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b)

(2.6)

¦�wk+1 = (xk+1, yk+1, λk+1).ù��{¥�Ø%Cþ´v = (y, λ).

Analysis �â�`5½n, (2.6)�xÚyf¯K©O÷v

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T{
−ATλk + βAT

(
Axk+1 +Byk − b

)}
≥ 0, ∀x ∈ X

(2.7a)

Ú

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T{
−BTλk+βBT

(
Axk+1+Byk+1−b

)}
≥ 0, ∀ y ∈ Y.

(2.7b)
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±λk+1 = λk − β(Axk+1 +Byk+1 − b)�\ (2.7) (��Ù¥�λk),·�©O

��

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T{
−ATλk+1 + βATB(yk − yk+1)

}
≥ 0, ∀x ∈ X ,

(2.8a)

Ú

yk+1 ∈ Y, θ2(y)−θ2(yk+1)+(y−yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y. (2.8b)

ò (2.8)�¤;n�/ªµuk+1 = (xk+1, yk+1) ∈ X × Y ,

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T{( −ATλk+1

−BTλk+1

)

+β

(
ATB

0

)(
yk − yk+1)} ≥ 0, ∀(x, y) ∈ X × Y. (2.9)
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2rþªU�¤

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T{( −ATλk+1

−BTλk+1

)
+β

(
ATB

BTB

)(
yk − yk+1)

+

(
0 0

0 βBTB

)(
xk+1 − xk

yk+1 − yk

)}
≥ 0, ∀ (x, y) ∈ X × Y. (2.10)

,�,·�kXe�Ún:

ÚÚÚnnn 1 é�½� (yk, λk),�wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�O��

{ (2.6))¤�.·�k

θ(u)−θ(uk+1)+

x− xk+1

y − yk+1

λ− λk+1


T
 −ATλk+1

−BTλk+1

Axk+1+Byk+1− b

+β

ATBT
0

B(yk−yk+1)

+

 0 0

βBTB 0

0 1
β
Im


 yk+1 − yk

λk+1 − λk


 ≥ 0, ∀w ∈ Ω. (2.11)
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yyy²²² �ª (Axk+1 +Byk+1 − b) + 1
β

(λk+1 − λk) = 0�±U�¤

λk+1 ∈ <m, (λ−λk+1)T {(Axk+1+Byk+1−b)+ 1
β

(λk+1−λk)} ≥ 0, ∀λ ∈ <m.

òþª\� (2.11),Ò��Ún�(Ø. �

�
�B,·�½Â

v =

(
y

λ

)
and V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗},

��e¡�Únµ

ÚÚÚnnn 2 é�½� (yk, λk),�wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�O��

{ (2.6))¤�.·�k

(vk+1−v∗)TH(vk−vk+1) ≥ (yk−yk+1)TBT (λk−λk+1), ∀w∗ ∈ Ω∗, (2.12)

Ù¥

H =

(
βBTB 0

0 1
β
Im

)
. (2.13)
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Proof. Setting w = w∗ in (2.11), we get

(vk+1 − v∗)TH(vk − vk+1)

≥

(
xk+1 − x∗

yk+1 − y∗

)T(
AT

BT

)
βB(yk − yk+1)

+θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1), ∀w∗ ∈ Ω∗. (2.14)

Observe the first part of the right hand side of (2.14),(
xk+1 − x∗

yk+1 − y∗

)T(
AT

BT

)
βB(yk − yk+1)

= (yk − yk+1)TBTβ
(
A,B

)( xk+1 − x∗

yk+1 − y∗

)
= (yk − yk+1)TBTβ

(
Axk+1 +Byk+1 − (Ax∗ +By∗)

)
= (yk − yk+1)BTβ

(
Axk+1 +Byk+1 − b

)
= (yk − yk+1)BT (λk − λk+1). (2.15)
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To the second part, since (wk+1 −w∗)TF (wk+1) = (wk+1 −w∗)TF (w∗) and w∗

is the optimal solution, it follows that

θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (wk+1)

= θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0. (2.16)

The assertion (2.14) immediately. �

ÚÚÚnnn 3 é�½� (yk, λk),�wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�O��

{ (2.6))¤�.·�k

(yk − yk+1)TBT (λk − λk+1) ≥ 0. (2.17)

Proof. Because (2.8b) is true for the k-th iteration and the previous iteration, we have

θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y, (2.18)

and

θ2(y)− θ2(yk) + (y − yk)T
{
−BTλk} ≥ 0, ∀ y ∈ Y, (2.19)

Setting y = yk in (2.18) and y = yk+1 in (2.19), respectively, and then adding the two

resulting inequalities, we get the assertion (2.17) immediately. �
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ò (2.17)�\ (2.12),·���

(vk+1 − v∗)TH(vk − vk+1) ≥ 0, ∀ v∗ ∈ V∗. (2.20)

3þ�ù¥·�®²`²µbTH(a− b) ≥ 0 ⇒ ‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H .
� a = vk − v∗, b = vk+1 − v∗,Òke¡�½n.

½½½nnn 1 é�½� (yk, λk),�wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�O��

{ (2.6))¤�.·�k

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀ v∗ ∈ V∗. (2.21)

Ød�	,·�3 [16]¥y²
ADMM�S�S�{vk}ä�5�

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (2.22)

Ø�ª (2.21)Ú (2.22)Ð«
ADMMéÐ�5�.3�
¯�ADMM�ï

Ä [2]¥,Ñ^�
 (2.22)ù^5�.
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�O��{Âñ5y²� 2�ã

�O��{?n�´ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+ By = b, x ∈ X , y ∈ Y}. (2.23)

òÙ.�KF¼êL(x, y, λ) = θ1(x) + θ2(y) − λT (Ax + By − b)�Q:8(��d�C©Ø�
ª�):µ

w
∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w

∗
) ≥ 0, ∀w ∈ Ω, (2.24a)

Ù¥

w =


x

y

λ

 , u =

(
x

y

)
, F (w) =


−ATλ
−BTλ

Ax+ By − b

 , Ω = X × Y × <m. (2.24b)

ADMM�kÚS�l�½�Ø%Cþvk = (yk, λk)Ñu
x
k+1

= arg min
{
θ1(x)− xTATλk + β

2 ‖Ax+ By
k − b‖2

∣∣ x ∈ X}, (2.25a)

y
k+1

= arg min
{
θ2(y)− yTBTλk + β

2 ‖Ax
k+1

+ By − b‖2
∣∣ y ∈ Y}, (2.25b)

λ
k+1

= λ
k − β(Ax

k+1
+ By

k+1 − b). (2.25c)
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�â�`5Ún1, ADMM k-ÚS�÷v



xk+1 ∈ X , θ1(x) − θ1(x
k+1) + (x − xk+1)T

{
−AT λk + βAT(Axk+1 + Byk − b)} ≥ 0, ∀x ∈ X ,

yk+1 ∈ Y, θ2(y) − θ2(y
k+1) + (y − yk+1)T

{
−BT λk + βBT(Axk+1 + Byk+1 − b)} ≥ 0, ∀y ∈ Y,

λk+1 ∈ <m, (λ − λk+1)T {(Axk+1 + Byk+1 − b) + 1
β

(λk+1 − λk)} ≥ 0, ∀λ ∈ <m.

|^ λk+1 = λk − β(Axk+1 + Byk+1 − b) þ¡�ªf�±�nU�¤


x
k+1∈X , θ1(x) − θ1(x

k+1
) + (x − xk+1

)
T {−ATλk+1

+ βA
T
B(y

k − yk+1
)} ≥ 0, ∀x ∈ X , (2.26a)

y
k+1∈Y, θ2(y) − θ2(y

k+1
) + (y − yk+1

)
T {−BTλk+1 } ≥ 0, ∀y ∈ Y, (2.26b)

λ
k+1 ∈ <m, (λ − λk+1

)
T {(Axk+1

+ By
k+1 − b) + 1

β
(λ
k+1 − λk)} ≥ 0, ∀λ ∈ <m. (2.26c)

3 (2.26b)���Ü\þÚ�"�ü�,��



θ1(x) − θ1(x
k+1) + (x − xk+1)T

{
−AT λk+1 + βATB(yk − yk+1)

}
≥ 0,

θ2(y) − θ2(y
k+1) + (y − yk+1)T

{
−BT λk+1 + βB

T
B(y

k − yk+1
) + βB

T
B(y

k+1 − yk)︸ ︷︷ ︸ } ≥ 0,

(λ − λk+1)T {(Axk+1 + Byk+1 − b) + 1
β

(λk+1 − λk)} ≥ 0.
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|^C©Ø�ª (2.24),?1Ün�Ü,��

θ(u) − θ(uk+1
) + (w − wk+1

)
T
F (w

k+1
)

+

 x − xk+1

y − yk+1

Tβ
AT
BT

B(y
k−yk+1

) +

 y − yk+1

λ − λk+1

TβBTB 0

0 1
β
Im

 yk+1 − yk

λk+1 − λk

 ≥ 0.

òþª¥@�?¿�w,�¤):w∗Bk

θ(u
∗
) − θ(uk+1

) + (w
∗ − wk+1

)
T
F (w

k+1
)

+

 x∗ − xk+1

y∗ − yk+1

Tβ
AT
BT

B(y
k−yk+1

) +

 y∗ − yk+1

λ∗ − λk+1

TβBTB 0

0 1
β
Im

 yk+1 − yk

λk+1 − λk

 ≥ 0.

²=�,��

 yk+1 − y∗

λk+1 − λ∗

T βBTB 0

0 1
β
Im

 yk − yk+1

λk − λk+1

 �¡P v =

 y

λ

 , H =

βBTB 0

0 1
β
Im



≥

 xk+1−x∗

yk+1−y∗

Tβ
 AT

BT

B(y
k−yk+1

) + [θ(u
k+1

) − θ(u∗) + (w
k+1−w∗)T F (w

k+1
)]︸ ︷︷ ︸. (2.27)
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bX (2.27)ªmà�K,y²ÒÄ�þ�¤
.du

θ(u
k+1

)− θ(u∗) + (w
k+1 −w∗)TF (w

k+1
) = θ(u

k+1
)− θ(u∗) + (w

k+1 −w∗)TF (w
∗
) ≥ 0.

(2.27)ªmàey�Ü©�K.Ïdl (2.27)ª��

(v
k+1 − v∗)TH(v

k − vk+1
) ≥

(
xk+1 − x∗

yk+1 − y∗

)T
β

(
AT

BT

)
B(y

k − yk+1
). (2.28)

é (2.28)ª�mà?1?n,k(
xk+1 − x∗

yk+1 − y∗

)T
β

(
AT

BT

)
B(y

k − yk+1
) = (y

k − yk+1
)
T
B
T
β
(
A,B

)( xk+1 − x∗

yk+1 − y∗

)

= (y
k − yk+1

)
T
B
T
β
(
Ax

k+1
+ By

k+1 − (Ax
∗

+ By
∗
)
)

|^(Ax∗ + By∗ = b)

= (y
k − yk+1

)
T
B
T
β
(
Ax

k+1
+ By

k+1 − b
)

= (y
k − yk+1

)
T
B
T

(λ
k − λk+1

). (2.29)

�¡·��y² (yk − yk+1)TBT (λk − λk+1) ≥ 0.
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|^ (2.26b)k
θ2(y)− θ2(yk+1) + (y − yk+1)T

{
−BTλk+1} ≥ 0, ∀ y ∈ Y,

Ú θ2(y)− θ2(yk) + (y − yk)T
{
−BTλk} ≥ 0, ∀ y ∈ Y.

(
ò?¿�y©O

�¤ yk Ú yk+1

)
θ2(yk)− θ2(yk+1) + (yk − yk+1)T

{
−BTλk+1} ≥ 0.

θ2(yk+1)− θ2(yk) + (yk+1 − yk)T
{
−BTλk} ≥ 0.

(òþ¡üª�\,Òk) (y
k − yk+1

)
T
B
T

(λ
k − λk+1

) ≥ 0. ((2.29)ªmà�K)

y²
(2.29)ªmà�K,?
�� (2.28)ªmà�K.¤±

(v
k+1 − v∗)TH(v

k − vk+1
) ≥ 0. (2.30)

Lemma 2 w�·�:

b
T
H(a− b) ≥ 0 ⇒ ‖b‖2H ≤ ‖a‖

2
H − ‖a− b‖

2
H . (2.31)

3 (2.31)¥� a = (vk − v∗) Ú b = (vk+1 − v∗),�â (2.30)Ò��Âñ�'�Ø�ª

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H − ‖v

k − vk+1‖2H .

d ‖vk−vk+1‖2H ≤ ‖v
k−v∗‖2H − ‖v

k+1−v∗‖2H �
∑∞
k=0 ‖v

k−vk+1‖2H ≤ ‖v
0−v∗‖2H .
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3 ààà`̀̀zzz©©©���ÂÂÂ   ���{{{���ÚÚÚ���µµµeee

·�o´^C©Ø�ª (VI)���{�O,r�5�å�à`z¯K8(�

e¡�C©Ø�ª:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (3.1)

Algorithms in a unified framework

A unified Algorithmic Framework for (3.1) Ú�µedýÿ-��üÜ©|¤

[Prediction Step.]l�½�vkÑu,¦�ýÿ: w̃k ∈ Ω¦Ù÷v

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (3.2a)

Ù¥QØ�½é¡,�´QT +Q�½.

[Correction Step.]���Ü·��ÛÉÝ
M ,deª(½#�S�:

vk+1 = vk −M(vk − ṽk). (3.2b)

QÚM©O��ýÿÝ
Ú��Ý
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Convergence Conditions

é�{µe (3.2)¥�ýÿÝ
QÚ��Ý
M ,�3�½Ý
H ,¦�

HM = Q, (3.3a)

¿�

G = QT +Q−MTHM � 0. (3.3b)

Ù¢,��ýÿ (3.2a)¥�ýÿÝ
Q÷v

QT +Q � 0,

·�o�±�

0 ≺ G ≺ QT +Q.

,�P

D = (QT +Q)−G,
K D � 0.-

MTHM = D.

dÝ
�§|)� HM =Q,

MTHM =D.
⇔

 HM =Q,

QTM =D.
⇔

 H =QD−1QT ,

M =Q−TD.



II - 18

Ò��÷vÂñ^����Ý
M .

¢SO�¥,·�����Ý
M .

H ÚG�´^5�yÂñ^��.

�é{`,��

QT +Q � 0.

·�Ò�±Àü��½Ý
D � 0ÚG � 0,¦� ùp�±kÃ¡õ�ÀJ

D +G = QT +Q.

ò (3.2b)¥���Ý
 M�¤

M = Q−TD

^� (3.3)g,÷v.

��úª (3.2b)Ò´
vk+1 = vk −Q−TD(vk − ṽk).

�±ÏL

QT (vk+1 − vk) = D(ṽk − vk) 5¢y.
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3.1 Convergence proof in the unified framework

In this section, assuming the conditions (3.3) in the unified framework are satisfied, we

prove some convergence properties.

½½½nnn 1 Let {vk} be the sequence generated by a method for the problem (3.1) and w̃k is

obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the unified

framework, then we have

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (3.4)

Proof. Using Q = HM (see (3.3a)) and the relation (3.2b), the right hand side of (3.3a)

can be written as (v − ṽk)TH(vk − vk+1) and hence

θ(u)− θ(ũk) + (w− w̃k)TF (w̃k) ≥ (v− ṽk)TH(vk − vk+1), ∀w ∈ Ω. (3.5)

Applying the identity Q(vk − ṽk) = HM(vk − ṽk) = H(vk − vk+1).

(a− b)TH(c− d) =
1

2
{‖a− d‖2H − ‖a− c‖2H}+

1

2
{‖c− b‖2H − ‖d− b‖2H},
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to the right hand side of (3.5) with

a = v, b = ṽk, c = vk, and d = vk+1,

we thus obtain

2(v − ṽk)TH(vk − vk+1)

=
(
‖v − vk+1‖2H−‖v − vk‖2H

)
+(‖vk − ṽk‖2H−‖vk+1 − ṽk‖2H). (3.6)

For the last term of (3.6), using HM = Q and 2vTQv = vT (QT +Q)v, we have

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(3.3a)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H
= 2(vk − ṽk)THM(vk − ṽk)− (vk − ṽk)TMTHM(vk − ṽk)

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk)
(3.3b)
= ‖vk − ṽk‖2G. (3.7)

Substituting (3.6), (3.7) in (3.5), the assertion of this theorem is proved. �
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rA. Beckë�
·�^��/ÈzÚ�0�úª,¿3c����5�
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3.2 Convergence in a strictly contraction sense

½½½nnn 2 Let {vk} be the sequence generated by a method for the problem (3.1) and w̃k is

obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the unified

framework, then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (3.8)

Proof. Setting w = w∗ in (3.4), we get

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ ‖vk − ṽk‖2G + 2{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (3.9)

By using the optimality of w∗ and the monotonicity of F (w), we have

θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗) ≥ 0

and thus

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ ‖vk − ṽk‖2G. (3.10)

The assertion (3.8) follows directly. �
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½½½nnn 3 For solving the variational inequality (3.1), let {wk}, {w̃k} be the sequence

generated by (3.2). If the conditions (3.3) are satisfied, then we have

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H − ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G. (3.11)

Proof Note that we have

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω

and

θ(u)−θ(ũk+1)+(w−w̃k+1)TF (w̃k+1) ≥ (v−ṽk+1)TQ(vk+1−ṽk+1), ∀w ∈ Ω.

Set the vector w in the above two inequalities by w̃k+1 and w̃k , respectively, we get

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk)

and

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

Adding the above two inequalities, it follows that

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0.
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Adding {(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)} to the both

sides of the last inequality, we get

(vk−vk+1)TQ{(vk−ṽk)−(vk+1−ṽk+1)} ≥ 1
2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2(QT+Q),

and thus

(vk−vk+1)TH{(vk−vk+1)−(vk+1−vk+2)} ≥ 1
2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2

(QT+Q)
.

(3.12)

Finally, by using ‖a‖2H − ‖b‖
2
H = 2aTH(a− b)− ‖a− b‖2H and (3.12), we get

‖vk − vk+1‖2H − ‖vk+1 − vk+2‖2H
= 2(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)}

−‖(vk − vk+1)− (vk+1 − vk+2)‖2H
≥ ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT+Q) − ‖(v

k − vk+1)− (vk+1 − vk+2)‖2H
= ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT+Q−MTHM)

= ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G.

This is the equivalent form of (3.11) and the proof is complete. �
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4 ýýýÿÿÿ-���������222ÂÂÂPPA���{{{

¦)C©Ø�ª (1.1)æ^ü Ú�����ÿ,XJýÿúª

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk− ṽk), ∀w ∈ Ω,

(4.1)

¥�ýÿÝ
Q÷vQT +Q � 0,eòQT +Q©
¤

D � 0, G � 0 Ú D +G = QT +Q, (4.2)

2-

M = Q−TD Ú H = QD−1QT . (4.3)

Kdü Ú���

vk+1 = vk −M(vk − ṽk) (4.4)

�)�#�S�S�{vk}÷v

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (4.5)
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XJ·�æ^�éAÏ�DÚG,¦�

D = G = 1
2
(QT +Q),

@o, (4.5)ÒC¤


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2D, ∀v∗ ∈ V∗. (4.6)

éÀ½�D,�â (4.3),ok

MTHM = D,

Ïd, (4.6)Ò¤


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖M(vk − ṽk)‖2H , ∀v∗ ∈ V∗.

2|^M(vk − ṽk) = vk − vk+1 (� (4.4)),þªÒ


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗. (4.7)

d	,'uÚ�µe¥¤k�½Ú���{ (�ù�ù�½n3)Ñy²


‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (4.8)
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·�rþã©Û(J�¤e¡�½n.

½½½nnn 4 ^ýÿ���{¦)C©Ø�ª (1.1),�ýÿ (4.1)¥�ýÿÝ
Q÷

vQT +Q � 0.e-

D = 1
2
(QT +Q), Ú M = Q−TD

Kdü Ú���úª

vk+1 = vk −Q−TD(vk − ṽk) (4.9)

�)�#�S�:äk5� (4.7)Ú (4.8),Ù¥

H = Q[ 1
2
(QT +Q)]−1QT .

¦)C©Ø�ª (1.1),·�rS�S�äk5� (4.7)Ú (4.8)��{,¡�

2ÂPPA�{.3¢SO�¥,·�¿Ø�¦wª�ÑH�L�ª.
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5 p-¬¬¬���©©©lllààà`̀̀zzz¯̄̄KKK���CCC©©©ØØØ���ªªª

p-¬�©là`z¯K

min
{ p∑
i=1

θi(xi)
∣∣ p∑
i=1

Aixi = b (or ≥ b), xi ∈ Xi
}
. (5.1)

The Lagrangian function is

L(x1, . . . , xp, λ) =

p∑
i=1

θi(xi)− λT (

p∑
i=1

Aixi − b),

which is defined on Ω =
∏p
i=1 Xi × Λ, where

Λ =


<m, if

∑p
i=1 Aixi = b,

<m+ , if
∑p
i=1 Aixi ≥ b.
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Let (x∗1, . . . , x
∗
p, λ
∗) ∈ Ω be a saddle point of the Lagrangian function, then

Lλ∈Λ(x∗1, . . . , x
∗
p, λ) ≤ L(x∗1, . . . , x

∗
p, λ
∗) ≤ Lxi∈Xi(x1, . . . , xp, λ

∗).

The optimality condition of (5.1) can be written as the following VI:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (5.2a)

where

w =


x1

...

xp

λ

 , x =


x1

...

xp

 , F (w) =


−AT1 λ

...

−ATp λ∑p
i=1 Aixi − b

 , (5.2b)

and

θ(x) =

p∑
i=1

θi(xi), Ω =

p∏
i=1

Xi × Λ.

Again, we denote by Ω∗ the solution set of the VI (5.2).
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õõõ¬¬¬¯̄̄KKK (5.2)���PRIMAL-DUALýýýÿÿÿ Prediction

l�½� (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk) �ýÿ: w̃k = (x̃k1 , x̃

k
2 , · · · , x̃kp, λ̃k):

Prediction Step. With given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), find w̃k ∈ Ω:

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi
{
θi(xi)− xTi ATi λk + β

2
‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ arg minxp∈Xp
{
θp(xp)− xTp ATp λk + β

2
‖
∑p−1
j=1Aj(x̃

k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
.

(5.3)

ýÿk�©2éó.é�©l��©Cþf¯KÅ�US¦).



II - 31

5.1 æææ^̂̂Primal-Dualýýýÿÿÿ���ýýýÿÿÿÝÝÝ




Analysis for the P-D Prediction ·�kw (5.3)¥xf¯K

x̃ki ∈ arg min
{
θi(xi)− xTi ATi λk +

β

2
‖
i−1∑
j=1

Aj(x̃
k
j − xkj ) +Ai(xi− xki )‖2|xi ∈ Xi

}
.

�â�`5Ún,�`5^�´ x̃ki ∈ XiÚ

θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λk + βATi

( i∑
j=1

Aj(x̃
k
j − xkj )

)}
≥ 0, ∀xi ∈ Xi.

§�±U�¤ x̃ki ∈ XiÚé¤k� xi ∈ Xi Ñk

θi(xi)−θi(x̃ki )+(xi− x̃ki )T {−ATi λ̃k+βATi
( i∑
j=1

Aj(x̃
k
j −xkj )

)
+ATi (λ̃k−λk)} ≥ 0.

(5.4a)

ýÿ�éóÜ© λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
, �d/ª

λ̃k = arg min
{∥∥λ− [λk − β(∑p

j=1Aj x̃
k
j − b

)]∥∥2 ∣∣λ ∈ Λ
}
.
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�`5^�´

λ̃k ∈ Λ, (λ− λ̃k)T
{(∑p

j=1Aj x̃
k
j − b

)
+ 1
β

(λ̃k − λk)
}
≥ 0, ∀λ ∈ Λ. (5.4b)

Summating (5.4a) and (5.4b), for the predictor w̃k generated by (5.3), we have w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω, (5.5a)

where

Q =



βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2

. . .
... AT2

...
. . . 0

...

βATp A1 βATp A2 · · · βATp Ap ATp

0 0 · · · 0 1
β
Im


. (5.5b)
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5.2 CCCþþþ������eee���ýýýÿÿÿÝÝÝ




The optimization problem (5.1) has been translated to VI (5.2), namely,

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

For the easy analysis, we need to denote the following notations:

P =



√
βA1 0 · · · · · · 0

0
√
βA2

. . .
...

...
. . .

. . .
. . .

...

...
. . .

√
βAp 0

0 · · · · · · 0 (1/
√
β)Im


, ξ=Pw=



√
βA1x1

√
βA2x2

...

√
βApxp

(1/
√
β)λ


.

(5.6)
Accordingly, we define

Ξ =
{
ξ | ξ = Pw, w ∈ Ω

}
,

and

Ξ∗ =
{
ξ∗ | ξ∗ = Pw∗, w∗ ∈ Ω∗

}
.
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Using the notation P in (5.6), for the matrix Q in (5.5b), we have

Q=PTQP, where Q=



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im


. (5.7)

Thus, for the right hand side of (5.5a), we have

(w − w̃k)TQ(wk − w̃k) = (w − w̃k)TPTQP (wk − w̃k)

= (ξ − ξ̃k)TQ(ξk − ξ̃k).

Then, it follows from (5.5) that we have the following VI for the P-D prediction:

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀w ∈ Ω. (5.8)

whereQ is given in (5.7).
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6 CCCþþþOOO���eee���222ÂÂÂPPA���{{{

E,�Ä�5�å�õ¬�©là`z¯K.ù
�{�1k-ÚS�l�½

� (A1x
k
1 , . . . , Apx

k
p, λ

k)Ñu,)¤ýÿ: w̃k÷v

θ(x)− θ(x̃k) + (w− w̃k)TF (w̃k) ≥ (w− w̃k)TQ(wk− w̃k), ∀ w ∈ Ω. (6.1)

��Ü��ýÿ,Ù¥�Ý
QT +Q  �´��þ�½�.|^þ�ù�

C�,rýÿ (6.1)U�¤ w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀ w ∈ Ω, (6.2)

Ù¥Q = PTQP ,

QT +Q � 0 (6.3)

´�½Ý
.3Q�é¡� (6.3)÷v��ÿ,7Læ^7����.·�o�

±Àü�Ý
DÚG,¦�

D � 0, G � 0, Ú D + G = QT +Q. (6.4)

�âc�ù�©Û,·�kXe�½n.
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½½½nnn 5 �ýÿ: ξ̃k÷v^� (6.2),Ù¥QT +Q´�½Ý
.XJdü��

½Ý
DÚG,¦� (6.4)¤á.

M = Q−TD (6.5)

@o,|^Ý
 (6.5)��

ξk+1 = ξk −M(ξk − ξ̃k), (6.6)

�)� ξk+1÷v

‖ξk+1 − ξ∗‖2H ≤ ‖ξk − ξ∗‖2H − ‖ξk − ξ̃k‖2G , ∀ ξ∗ ∈ Ξ∗, (6.7)

Ù¥Ý
H = QD−1QT .

XJÀ

D = G =
1

2
(QT +Q) (6.8)

@o, (6.7)ÒC¤


‖ξk+1 − ξ∗‖2H ≤ ‖ξk − ξ∗‖2H − ‖ξk − ξ̃k‖2D, ∀ξ∗ ∈ Ξ∗.
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éÀ½�D,�âD =MTHM,¿|^ (6.6),þªÒ¤


‖ξk+1 − ξ∗‖2H ≤ ‖ξk − ξ∗‖2H − ‖ξk − ξk+1‖2H, ∀ξ∗ ∈ Ξ∗. (6.9)

e¡y²Âñ5�,�^­�5�:S�{‖ξk − ξk+1‖H}´üNØO�.

½½½nnn 6 XJýÿ: ξ̃k÷v^� (6.2),@o,d�� (6.6)�)�#�S�

: ξk+1÷v

‖ξk+1 − ξk+2‖2H ≤ ‖ξk − ξk+1‖2H. (6.10)

yyy²²².Äk,·�y²S�S�÷v

(ξk − ξk+1)TH[(ξk − ξk+1)− (ξk+1 − ξk+2)]

≥ 1

2
‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT+Q). (6.11)

òýÿ (6.2)¥�kU�k + 1,·�k

θ(x)−θ(x̃k+1)+(w−w̃k+1)TF (w̃k+1) ≥ (ξ−ξ̃k+1)TQ(ξk+1−ξ̃k+1), ∀ w ∈ Ω,



II - 38

òþª¥?¿�w�� w̃k ,��

θ(x̃k)− θ(x̃k+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ξ̃k − ξ̃k+1)TQ(ξk+1 − ξ̃k+1).

(6.12)

òýÿ (6.2)ª¥?¿�w�� w̃k+1,Òk

θ(x̃k+1)− θ(x̃k) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ξ̃k+1 − ξ̃k)TQ(ξk − ξ̃k). (6.13)

ò (6.12), (6.13)\3�å,|^ (w̃k − w̃k+1)T (F (w̃k)− F (w̃k+1)) ≡ 0,��

(ξ̃k − ξ̃k+1)TQ{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)} ≥ 0.

éþªü>\þ

{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)}TQ{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)}

¿|^ ξTQξ = 1
2
ξT (QT +Q)ξ,·���

(ξk − ξk+1)TQ{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)}

≥ 1

2
‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT+Q).

3þª�à|^Q = HMÚ��úª (6.6),Ò�� (6.11).
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e¡,·�3ð�ª ‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H ¥�

a = (ξk − ξk+1) Ú b = (ξk+1 − ξk+2), ��

‖ξk − ξk+1‖2H − ‖ξk+1 − ξk+2‖2H
= 2(ξk − ξk+1)TH{(ξk − ξk+1)− (ξk+1 − ξk+2)}

−‖(ξk − ξk+1)− (ξk+1 − ξk+2)‖2H.

|^ (6.11)O�þ¡�ªmà�1��,��

‖ξk − ξk+1‖2H − ‖ξk+1 − ξk+2‖2H

≥ ‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT+Q)

− ‖(ξk − ξk+1)− (ξk+1 − ξk+2)‖2H. (6.14)

^��úª (6.6)?nþªmà��

‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT+Q) − ‖(ξ
k − ξk+1)− (ξk+1 − ξk+2)‖2H

= ‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT+Q−MTHM).

du (QT +Q)−MTHM = G � 0, (6.14)mà�K,½n(Ø�y. �
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Ø�ª (6.9)Ú (6.10)`²,CþO�e�2ÂPPA�{Ó�ä�ÚPPA�{

�5� (1.3)Ú (1.4).

32Â�C:�{(Generalized PPA)¥,��Ý
M´d (6.2)¥�ýÿÝ


Q��(½�.XJ (6.2)¥�Q´é¡�,�â�'�½Â,��Ý
�

M = 1
2
(I +Q−TQ) ½ M = 1

2

(
I +Q−TQ

)
, (6.15)

Ò´ü Ý
.·�ò��Ý
¿�ü Ý
,S�S�qä� (1.3)-(1.4)ù

a5���{,¡�2Â�C:�{.

7 ÄÄÄuuu���������������222ÂÂÂPPA���{{{

c�ù0���{,ýÿ�)�QÝ
´��N´¦_�Ý
���2Â�
�Ý
�Ú.·�éù��G.ýÿ,�Ñ2Â�C:�{���úª.
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�ýÿ´dPrimal-Dualýÿ�Ñ�,·���/X (6.2)�C©Ø�ª,Ù¥

QPD =



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im


. (7.1)

|^c�ù�Ñ�L, E ,@o

QPD =

L E

0 Im

 . (7.2)

du

MPD =
1

2

(
Ip+1 +Q−TPD QPD

)
.
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·�k5�	�eQ−TPD QPD .5¿�

QTPD =

LT 0

ET Im

 Ú Q−TPD =

 L−T 0

−ETL−T Im

 .

¤±

Q−TPD QPD =

 L−T 0

−ETL−T Im

L E

0 Im


=

 L−TL L−T E

−ETL−TL Im − ETL−T E

 (7.3)
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©OO�Q−TPD QPD�o¬.Ï�

L−T =



Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im


,
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Ý
Q−TPD QPD�þ�¬,

L−TL =



Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im





Im 0 · · · 0

Im Im
. . .

...

...
. . . 0

Im Im · · · Im



=


0 −Im 0 0

...
. . .

. . . 0

0 · · · 0 −Im
Im · · · Im Im

 . (7.4)
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Ý
Q−TPD QPDmþ�¬,

L−T E =



Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im




Im

Im
...

Im

 =


0

...

0

Im

 . (7.5)

Ý
Q−TPD QPD�e�¬,|^ (7.4),��

−ETL−TL = −
(
Im Im · · · Im

)


0 −Im 0 0

...
. . .

. . . 0

0 · · · 0 −Im
Im Im · · · Im


=

(
−Im 0 · · · 0

)
. (7.6)
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Ý
Q−TPD QPDme�¬,

Im − ETL−T E = Im −
(
Im 0 · · · 0

)

Im

Im
...

Im

 = 0. (7.7)

|C3�åÒ´

Q−TPD QPD =



0 −Im 0 · · · 0

0
. . .

. . .
. . .

...

0 0 0 −Im 0

Im · · · Im Im Im

−Im · · · 0 0 0


. (7.8)
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����

MPD =
1

2

(
Ip+1 +Q−TPD QPD

)
=

1

2



Im −Im 0 · · · 0

0
. . .

. . .
. . .

...

0 0 Im −Im 0

Im · · · Im 2Im Im

−Im 0 · · · 0 Im


. (7.9)

|^c�ù�C�,æ^ (7.9)¥�Ý
MPD��� (6.6)�±�¤�d�

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1x
k
1

A2x
k
2

...

Apx
k
p

λk


−1

2



Im −Im 0 · · · 0

0
. . .

. . .
. . .

...

0 0 Im −Im 0

Im · · · Im 2Im
1
β
Im

−βIm 0 · · · 0 Im





A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp
λk − λ̃k


(7.10)
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8 Conclusions

��o`·�3ê�`z�¡�Ñ
�
¹kAÚqg¤XÚ�ó�Qº

Äk,C©Ø�ªÚ�C:�{´·��Ì�óä.?Û��'uê�`z�Ö,Ñv

k;�J9C©Ø�ª (VI),�Ø¬�¿0��C:�{ (PPA),¦+�5�å�à`z
¯K�O2.�KF¦f{ (ALM)´¦fλ�PPA�{.

• ·�r�5�å�à`z¯K=�¤���d�(�.üNC©Ø�ª§,�`
²�o´C©Ø�ª�PPA�{,?Ø
PPA�{�Âñ5�.

• C©Ø�ª�PPA�{S��z�Ú,Ñ|^Ù�©l(�,©)¤�
{ü�C

©Ø�ª,¦)ù
��C©Ø�ª,q�±ÏL¦)�A�à`z¯K¢y.

• �5·�qk
ÄuVI�ýÿ-���{�Ú�µe,Q�±^§5�y�{�Â

ñ5,q�±^§/UI�O0¦)�©là`z¯K��{,ùÒ´·��¯Ø

Ó�Ü6.

• ·�qAT�±�2�ÞM,=¦´ADMM,§�´tµ
�ALM,´'u¦f�

�PPA�{.Ó���±rN,¦)�5�åà`z¯K, ALM´�k¿�å�Ð
�{.

F"� ±�¦��Ý"À·�*:,é�Ò�&,Øé��1µ��.
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