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1 ToAFAPPARERNEEM K

AT E S A F O
w*eQ, Ou)—0u")+ (w—w) Fw*)>0, Ywe, (1.1)

EXT PPARIE, & H AXFRIEEFEME, HAR TRYPPABERE E ZAE M
B w"® H&, RKIGHINER S T £
w* e Q, 0w -0 ) + (w— W THTF W)

> (w—w"™THW" — v, Vwe Q. (1.2)

W RESAZERENE (1.1) RN ARSIV ESZHR (1.2 FAw" = "
PPABE P RIE R F 5 {w" } B

[w* T —w*||F < |Jw* —w* |7 — ||w* —w* T, Y e Q. (1.3)

=]

lw® — ™G < T =W (1.4)

AEFIN (1.3) F1 (1.4) R PPARERIAFEZM N E=AI MR



2 ADMMEZERIFEMR

Wald

R A] 4T B Ll L o] @
min{601(x) + 02(y)|Ax + By = b,z € X,y € YV}
MRS AFN (1.1), HAp



ADMM K9 kIR MAERT P = (y*, \F) Frig, @i

(P ¢ argmin{01(z) — 2" A" \* + 1| Az + By"* — b|)* ’ z e X},

N\

y** € argmin{6a2(y) — y" BT A" + 18| Az" T + By — b|]* | y € Y},

)\k—|—1 — )\k L /8(A$k+1 i Byk—l—l . b)

\

(2.6)
KB wr T = (2P TN ZANGERNZIOTER v = (v, \).
Analysis ' RIBPRAMEEIR, (2.6) BY x Ty Fa)RR 53 Bl E

TeXx, Oi(z) - 0" + (z —2"H)T (2.73)
fa
{_AT)\k +6AT<A$k+1 +Byk —b)} Z 0’ YV c X
A
41 0 0, (yFtT _ ok +INT
€Y, O2y) =" )+ (y—y"") (2.7b)

{(-BT"\*+ BB (Az" " +By*t —b)} >0, Vy € V.



DAL = \F

8 — B(Azk T 4 Byk ! ~

=2 y" =) RN (27) GEEEFRING), Befi193 5
’ 3

s
eX, 01(z)—01(z"") + (z — 2*THT
{_AT)\k:+1
T BATB kE _ k+1
) (" —y**H)} >0, Ve e X, (282
k+1
y E ya 9 - ke
2 () =02 (y" )+ (y—y"THT{=BT N >0, ¥
>0, Vye ). (2.8b)

1% (2.8) EA EiERIFR
) EREEMTER: o = (T YR
YT e X XY,
9 . PR
(u) = O(u"") + <x x:: )T{( — AT )\FH
y—y — BT )\t

_|_5(ATB><yk_yk;_|_1
0 )¢ >0, V(z,y) € X x Y. (29)



BELERANEK
kLN T _ AT )\Fk+1 AT B
0(u) — O(u""") + (Zj _ :;k—l—l ) {( _ BT \k+1 ) +5 (BTB> (v" ="

0 0 AR
+( )( >}>0 V(z,y) € X x ). (2.10)

RfE. JANBINTRISIEE:

SIEE 1 JBER (v°, \5), & w* T = (" o A € QRAXEHE
% (2.6) £ RAY. FA1A
T — xk—l—l e _ AT )\k+1 AT
O(u)—0(u )+ [y — o+t | 4 _ BTk +8| BT |B(y"—y"")
A=A\ Az T - Byt — b 0

0 0 yFHL R
+ | BB 0 » >0, Vw € €. (2.11)
I, B




HER 3 (A" + Byt —0) + SN - 0F) = 0FT IS AL

FLEXmE 2.11), MEBRASIELEL. O
RTHE FINEX

SEITERSIE:

2|8 2 S(-J-Q /EH’J (y )\k) ML k—l—l — (:Ek+1,yk+1,)\k+1) c Q%EE
7% (2.6) £ RKRY. FeM18

(vk+1_v*)TH<Uk_vk—|—1) 2 (yk—yk—i_l)TBT()\k—)\k—i_l), \v/w* c 9*7 (212)

Hrp
T
H:<BB B0 ) (2.13)

1
0 Elm

&=pslC)

ot



Proof. Setting w = w™ in (2.11), we get

(Uk—|-1 . ’U*)TH(’Uk . ’Uk+1)

I B T AT
() (A Y-
vyt —y B
+0(u" ) — 0(u*) + (W —wHTF (T, Yw* € QF. (2.14)

Observe the first part of the right hand side of (2.14),

$k+1 . 33* T AT
" . |BBW" =y
y "t — oyt B

k k+1\T T "t — a*
= (y"—y"7) B B(A B)
yk—l—l_y*

= (yF —yFTHBT (O = AT, (2.15)




To the second part, since (w* ™t — w*)T F(w* 1) = (w* T — w*)T F(w*) and w*
is the optimal solution, it follows that
e(uk}—l—l)_e(u*) 4+ (wk—l—l . w*)TF<wk—|—1)
= W) —0w*) + W —w)TF(w*) > 0. (2.16)

The assertion (2.14) immediately. []

5138 3 STATERT (vF, \F), BTt = (2", T N € QRARE A1
75 (2.6) EARY. FA1B

(y* —y"tHT"BT (A" = X > 0. (2.17)

Proof. Because (2.8b) is true for the k-th iteration and the previous iteration, we have
k+1 k+1\T T\ k+1
O2(y) —O2(y" )+ (y—y ) {-B XN} >0, Vyey, (219

and
02(y) — 02(y") + (y — ") {-B"A\"} >0, Vy e, (2.19)

Setting y = yl‘C in (2.18) and y = ka in (2.19), respectively, and then adding the two
resulting inequalities, we get the assertion (2.17) immediately. []



B (217) KA (2.12), 3152

W — o TH®W" ="t >0, Vo* e V" (2.20)

FELE—HPEMNELRIA: V' Ha—-0b) >0 = |blx <lalZ — lla —b||%.
®oa=v"—0" b=0""" — v METENEIE.

B IBER (y°, N, Jw ™ = (& LA e QRHAREBFE
% (.6) Y. 31118
(0" — 0| H < [[0° — o™ |3 — ||[v* = "%, Vo e V. (2.21)
BRItk 5, FAI17E [16] FIERA T ADMM BOIE R F T {v* ) B & MR
Hvk—l-l o /Uk—i-QH%_I S ||’Uk k—l—lHH (2.22)

TR (2.21)F1(2.22) B T ADMM R 4714 fiR. 7E—LE{de i ADMM B9 HF
R[21 7, #BRHZ] T (2.22) X F MR,

iN-10
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X7 DA UERRRY  Figid

RE 7 ELEL IR Z AN 7 BRI UL E] R
min{6;(z) + 02(y) | Ar+ By =b, z € X,y € V}. (2.23)

BHERRBEER L(x,y,\) = 01(x) + 02(y) — AT (Az + By — b) BiERS A ASZNNEN TS
aW: )=

w* eQ, 0u)—0u*)+ (w—w)"Fw*)>0 VYweQ, (2.24a)
Hen
- —AT X
x m
w = Yy ,u:( ),F(w): — BT\ , =X XY XR". (2.24b)
A Y Ax + By — b

ADMM K k HIXRMAEMIZLTE 0" = (v*, \F) H%
(2"t = arg min{6;(z) — T ATAF 4 gHAx + By" —b|? |z e X}, (2.25a)

¢ ¥ = argmin{62(y) —y" BTN + )| A" 4+ By —b|® |y € ¥},  (2.250)

AL = 2P _ g(AZ"T 4+ ByF T — ). (2.25¢)




ih-12

RIESRMIESITE 1, ADMM k-BERTFEE
ok Tl e x, 61(z) — 01(aFT1) + (@ — P THT{_ATNF 4 gAT (ARt 4 ByF —b)} >0, vz € X,
yR Tl e v, 0a(y) — 02(yF T + (v — YR THT{-BT Ak 4 gBT(AzkTL 4 ByF+L —b)} >0, vy €V,

AR+l e gm (A — APt reagk+l 4 pyk+l _ by 4 %(Ak"'l — k)1 >0, va e »™.

FIFA AL = AF — B(Az* T + ByF Tl — b)) FEMNRFAIAEIEN SRR

( wk+1€?€, 01(x) — el(xk‘l‘l) + (x — xk"‘l)T{—AT)\k"'l + ,BATB(yk — yk+1)} >0, Vz € X, (2.26a)
v ley, ooy) — 0oy + (v — yFTHT {—BTAFTL } >0, Vyey, @2b)
| AR e wm AP T AT By ) 4 %(A’H_l —2Fyy >0, vaer™. (2o

TE (2.26b) U EFER N LRI AT RN, 152

01(z) — 01(zFT1y 4 (@ — 2T HT (AT \E+1 4 gaAT p(yk — ykt1) } >0,

0o(y) — O5(yF 1) 4 (v — Rt T (BT xk+1 4 gT B~ — yFTh L gt BRATL — P 3 >0,

(A = AFTHT fagktl 4 pyktl —p) + TNy > 0.
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FHAZTDAER 2.24), HITEEES, 53
0(u) — 0(u"Th) ¢+ (w — wFTHT Pkl
z — gkl T AT L k41 y — yk+1 T 5BTB 0 yk—l—l yk
+(y—yk+1> & BT Bly"—y )+ A — Ak+1 0 %Im A+l Nk 20
BFLEXFBMEEDN v, EAES w* EF
0(u*) — 0wy & (w* — wF LT gkl
o Gk FIN\T /T ko kgl y* — ykt1 T/s6Tp o SRk
+<y*—yk+1> IB(BT>B(y -Y )+ >\*—>\k+1 0 %Im Ak_‘_l Ak >0
Zitih, 153
k+1 % T ,BBTB 0 kE . k41 BBTB o
y y y Y ; _ (v _
(n ) (7 ) mme e () e ()7
k+1__+«\T [ 4T
2 ( 41 x) 8 ( T ) By® ="t + 0Pt —ow®) + (T — w0 TR T ez
y —y N g !




Ban 2.27) NAumIES, IERARLE AR LR 1. BT

O(u" T —o(u*) + (T —wHTF* ) = 0 ) — 0(u*) + (T —w*)T F(w™*) > 0.

(2.27) NAIm FXIZEBZIES. EEMN 2.27) RiSH|

T

k41 x\T k k41 gh Tt — * AT k k41

(v —v ) Hw” —v""7) > 1 B By~ —y ). (2.28)
Yy — Y

it (2.28) RV AIHIITAIE, B
fb’k+1—l’*)T (AT> k k+1 k k+1\T T AR
. ] 8 B(y" —y*" ™) =" -y B'8(4A, B) .
( yk:—l—l —y BT yk:+1 —y
= (" =" THTBTB (A" + Byt — (Az" + By*))  HMMA(Az* + By* =)
_ (yk: _ yk—|—1)TBTB(A$k—|—1 n Byk:—}—l B b)

— (" — T BT (AR — AR, (2.29)

FEHNBIERR (v* — " THTBT(AF — AL > 0.

- 14
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02(y) — O2(y" 1)  +  (y—y"THT{-BTNT1} 0, Vye,

>
FIF (2.26b) B —
F62(y) —02(y") + (y —y")T{—B"\*} > 0, Vye.

BIEEH y 55 O2(y") — 2(y" 1)+ (yF —yFHT{-BTAF} >
( WA y* F oyt )

O2(y" ") —02(¥*) + @ —y)T{-BTN} >o0.

grE@mEm BE) (" —y"THTBTOR AT > 0. (2o RAEHKIER)

WERR T (2.29) XA ImIE S, HEMIFE (2.28) R G ImIES. ATLA
Tt — o) THW" ="t > 0. (2.30)

Lemma 2 £1FFA1:

b'Ha—b)>0 = []b| < llallf — lla—bl%. (2:31)

FEE3NHEa = (vF —v*) M b= (vFT! —v*), 1RIE 30) MBIWHHERIER

k+1 2 k 2 k k+12
[ (N [ e A (2

0" — o I < ok o I — R ot | 18 R (ot ot < e o




3 i HWAEE LG —HESR
ENBERATASAER (V) IBSEEALT, IBEMARMOMARIRIFE A
THRHTETF:

w* e, 0u) —0u")+ (w—w)" Fw*)>0, YweQ.  3.1)

Algorithms in a unified framework

IN-16

A unified Algorithmic Framework for (3.1) R —HEZR R TIUN - KL IE A SR o3 4B X

[Prediction Step.] M ERI v° &, KBTS ©° € Q FEHFHE
0(u) — 0(7") + (w — ") F(@") > (v — )T QMW" — &%), Yw € Q, (3.2a)

Hp QA—EMN#HR BERE QT + Q EE.
[Correction Step.] Za— N EEHIEFT FFEME M, H TN EFIER =

" = oF — MW" — ). (3.2b)

Q 70 M 43 5\ I {8 5500 %E B A 1E ZB
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Convergence Conditions

S EEMESR (3.2) AT AEFE Q FIFRIEFERE M, FEIEEF M H, (£15

HM = Q, (3.3a)
HEH
G=Q"+Q—-M"HM = 0. (3.3b)
B3t REFUN (3.2a) FARIFUNIEERE Q 7% 2
QT +Q =0,
HAE T LU
0<G=<Q"+Q.
SRIEIE
D = (QT + Q) _ G7
m D =02
MTHM = D.
B RE 5 T24R fR1S

HM = Q, HM=Q, H=QD'Q7,
MTHM = D. QTM = D. M=Q TD.
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AT B B W R IR IERBRE M.
KPR E S, FARZRKIERERE M.
H 1 G R =R R MW FRRY.

angEis, R
QT +Q > 0.

EANAATLUER N IEERERE D - 08 G > 0, 15 XEALIAESEZHIERE

D+G=Q"+Q.

1% (3.2b) FHYRIEZERE M BUAK
M=Q 'D

%14 (3.3) BAHE.

KRIEZAI (3.2b) HiE
vl = oF — Q7T Dk — %),
Al LA
QT(,Uk-l—l . ’Uk) — D(’ﬁk . ’Uk) 7T|7<§§f'}_'.,



3.1 Convergence proof in the unified framework

In this section, assuming the conditions (3.3) in the unified framework are satisfied, we
prove some convergence properties.

EH 1 Let {vk} be the sequence generated by a method for the problem (3.1) and W s

k41

obtained in the k-th iteration. If ’Uk, v and " satisfy the conditions in the unified

framework, then we have

0(u) — 0(a") + (w — w*)" F(a")
1

5(“’0 —

1 N
U - o = o) + St = 5%, Yw e Q. @4

Proof. Using () = H M (see (3.3a)) and the relation (3.2b), the right hand side of (3.3a)
can be written as (v — %)% H(v* — v*T1) and hence

0(u) — 0(a") + (w— ") F(@") > (v — ") H@" — o™, vw € Q. (35)

Applying the identity Q(vF — %) = HM(v® — o) = H(w® — oFTh).

1 1
(a =) H(c—d) = {lla—dlf — la—cllir} + 5 {lle = bllF = ld — bll3},

IN-19



to the right hand side of (3.5) with

~k k k+1
a=v, b=0", ¢=v", and d=0v""",

we thus obtain
2(v — ") H(v" —o*Th

k41 k ko o~k
THE =Nl =" 1E) + (" = 2% [F = llv

k+1

— (H’U—’U —@kH%I) (3.6)

For the last term of (3.6), using HM = @Q and 2v" Qv = v (Q" + Q)v, we have

Jo* = 51 = 0"+ — 7
k ~k 12 k ~k k k
S Gl e [CaR ) B AT
St = I 0" - 5 - MeE - )

= 20* — ) THMOW" — %) — (v* — )T MTHM (" — )
= (" =NTQT +Q - MTHM)" — ")

= |10 = 58|12 (3.7)

Substituting (3.6), (3.7) in (3.5), the assertion of this theorem is proved. L]

Il-20
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15.3. Convergence Analysis of AD-PMM 429

We will use the foll

Using (15.15), (15.16), the subgradient inequality, and the above notation, we obtain
that for any x € dom(h;) and z € dom(hz),

hy(x) — hy(XF) + <pAT (Aik +BzF —c+ %yk) + G(xF —xF),x — i:""> >0,
halg) — ha(8*) + <pBT (Ai" LB et %y"‘) QE — %),z — :w,k> >0.

Using the definition of ¥*, the above two inequalities can be rewritten as
hi(x) — b (%) + (ATF* + G(FF —xF),x —%") >0,
ha(z) — ha(25) + (BT5* + (pB"B + Q)(z" — 2¥),z — 2*) > 0.

Adding the above two inequalities and using the identity
yHH! —y* = p(A%* + BE — o),

Y e R™
x — %* ATg* GeF - %6
H(x,z) — HE &)+ ( | z-2" |. BYy" | etz | )=zo0
- _AR* —B#* +c %(yk_yk+1)
(15.17)
where C = pBT"B +Q. We will use the following identity that holds for any positive

semi trix P-

1
(a=b)"Plc—d) =5 (la=d|p ~ [la~clp+[b-clp —[b-d|p).

i 7 i AR

US]J]g € above ldentity, we can conclude a
= < 1 = -
(= YT GO —54) = 3 (I — %1 — [ — M + K — x4 2)
1 - 1
> 5l — %[ - Sllx - s (15.18)

as well as
” . 1 - 1 1 B
(o = #)7C(* ~ ) = Lla— 2% — Slla—2*I% + 5l — 25 (1519)

and
20y — 797 (* — ¥
=y =" =y = y* I+ 175 = y5 I - 119 -y )
= |y =¥ 7 = lly — ¥*II* + £*| A%" + B2* — ¢
—ly* + p(AX* + Bz* —¢) — y* — p(AZ" + BZ" —c)|?
=y —y* P =y — ¥*I? + APl A%F + B2* —c||* — p*|| B(z* — 2")|%.




3.2 Convergence in a strictly contraction sense

FEXE 2 Let {v"} be the sequence generated by a method for the problem (3.1) and W" is

k41

obtained in the k-th iteration. If vk, v and " satisfy the conditions in the unified

framework, then we have

[ =01 < " =0 (7 — (0" = 30l Yot e VT (3.8)

Proof. Setting w = w™ in (3.4), we get
k+1 * 12
v |

> 0" =" +2{0(@") — 6(u") + (0" —w") F(@")}. (39

k * 12
o™ = o™ |7 — |lv

By using the optimality of w™ and the monotonicity of F'(w), we have

0(a") —0(u*) + (0" —w*)" F(@") > 0(a") —0(u*) + (0" —w™) F(w*) >0

and thus

e [ e 1 L =2 (3.10)

The assertion (3.8) follows directly. []

Il-22



FEIR 3 For solving the variational inequality (3.1), let {w"}, {w"} be the sequence
generated by (3.2). If the conditions (3.3) are satisfied, then we have

L e [ e A [ ([ e (AR AR | PR ARD

Proof Note that we have
0(u) — 0(a") + (w — ") F(@") > (v — )T Q" — &%), Yw € Q

and

0(uw)—0(@"TH+(w—a"THTF@" ") > (v="THT QT =", vw € Q.

F+1 and w", respectively, we get

e(ﬂk’—{—l) . Q(ﬂk) + (’lI}k+1 o wk:)TF(wk:) 2 (’5k+1 . ?7k)TQ(’Uk . ?,}k)

Set the vector w in the above two inequalities by w

and
H(ﬂk) o e(ﬂlk—l—l) + (,l»[}k: . 'lbk+1)TF(’lI]k+1) 2 (@k o ,ﬁk'—l—l)TQ(vk'—l—l . ,ﬁk'—l—l).
Adding the above two inequalities, it follows that

(& — FHTQL(F — %) — (" — 5" 1)) > 0.

Il-23
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Adding {(v*F —o%) — (VP — GFFINTQ{(vF — oF) — (vF+1 — TFF1)) to the both
sides of the last inequality, we get

(W =" T Q" —*)— (v T ="} > L) (v ") — (T =" B o).

and thus

(vk_vk+1)TH{(vk:_vk—l—l)_(,vk+1_,Uki+2)} 2 %||(Uk—6k)—(vk+l—6k+1)||?QT+Q) .
(3.12)

Finally, by using ||al|%, — ||b||%; = 2a” H(a — b) — ||a — b||%, and (3.12), we get

e k1 k422

k
v =" 5 — v (P

_ z(vk . vk:—|—1) H{(’Uk . Uk:—l—l) . (Uk—|—1 . vk:—I—Q)}
—[|(v" = ") = (" =M
k ~k k ~k+1\12 k+1 k+1 k+2\12
> (" =3%) = (T =T [{or oy — (07 =" ) = (07T — 0" )|

kK ~k k+1  ~k+1y2
= (v" =0") = (v —o" ) (QT +Q—MT HM)

_ (’Uk . 6k) . (vk—l—l o ,5k:—|—1) é

This is the equivalent form of (3.11) and the proof is complete. [



4 FN-EIERT X PPAR K

TR QFBE QT +Q - 0, HE QT + Q PR
D=0, G=0 M D+G=0Q"+0,
BS
M=Q "D ® H=0QD 'Q".
M B B 5 KRS IE

vt = oF — M(* — ")

PEERFTRIE R FS {*} # 2

e [V [ [l A A FER (TR

(4.5)
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MRFNRA—FHFHRBI DA G, F15
D=G=3@Q +Q)
A2, (4.5)FRZRR T
k+1

(0" — 0|5 < [|0° — o™ ||F — ||[0° = 5" ||D, Vot e V. (4.6)

STEER D, 1R#E (4.3), &

MYHM = D,
El, (4.6) FEAL T
0" — o E < " = ot — M (" =8|, Vot e V™.
BFA MW" - %) = 0" — " (I (4.4), ERXHT
" = E <t =t = 0" =" E, W eVt @)
eI, XK TFG—ERPRBREES KNG E LX—HREE ) #IERR T
[0 = "R < 0" — o TR (4.8)

Il-26
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BN LR D ERE L T EHAVEE.

EE 4 AFUNEIIEBEKRBET 5 AF (1.1), ®FUM (4.1) FRIFUNEERE Q
BT +Q 0.4

D=1Q"+Q), ®M M=Q 'D
MBRNLKREAR
VP =0 — QT D" — ) (4.9)
FEERFTNER S BB MR (4.7)F1(4.8), Hep
H=Q[Q"+Q)]7'Q".

KBEDSTER (1.1), RAIVEBERFFTNEEG MR (4.7) 71 (4.8) 5%, FrA
"X PPATS . EERIHTED, RNHATERERBH H HRIER.
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5 pRASELELEENESAFN
PR S BO AL

min{i 6;(xi)

The Lagrangian function is

p
ZAzCEz :b(oer), Zi EXZ'}. (5.1)
=1

p p
L(z1,...,2p,A) = Oi(zi) = X (O Az — b),
1=1 1=1

which is definedon Q = [[’_, X3 x A, where

p
%m, if Zle A;x; = b,
A=<

T, if Zle Aziﬁz Z b.

\
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Let (z7,...,2,, A") € () be a saddle point of the Lagrangian function, then
Lxea(xy,...,2p5,N) < L(x7,...,2p, A") < La,ex, (T1,...,Tp, A").
The optimality condition of (5.1) can be written as the following VI:
w* e Q, 0(z)—0z")+ (w—w) Fw*)>0, YweqQ, (5.2a)

where

& [ -4l )

Z1
w = : , T = |, F(w) = : : (5.2b)
Tp —ALN
\ A N \ S A b
and
0(x) :i6i<$i), Q:ﬁXi x A.
i=1 i=1

Again, we denote by 2 the solution set of the VI (5.2).
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%3R85 (5.2) i PRIMAL-DUAL il Prediction I

WEBTER (Arah, Agah, -, Apxh NF) BIFTM S oF = (85,75, , 38, \F):

Prediction Step. With given (A 2}, Asxh, - - - ,pr];, A5, find @ €
( 7k € argmin{6; (1) — 2T ATNF + §||A1(x1 — a2 |21 € a1 )

ik € argmin{fs(z2) — 22 ATNF + gHAl(cE’f — k) + Ag(zo — xb)||? | 22 € X}
4 :if € arg minwiexi{&;(xi) — x,LTA’f)\k B 5 Z'L LA ( ) + A;( |2}

~ . —1 ~
7 € argming, e x, {0p(wp) — T AT + 8[| STPZLA (36 — k) Ay (ap — 25)[2);

| M= Py[AE - B( i Aj;::;? —b)].
(5.3)

TN Fe R In B XIS, X 7] 7 RV R In T = (0] R — 12 [T KA.




5.1 3 F3 Primal-Dual 55131 B4 75 500 5B f4&

Analysis for the P-D Prediction | F%{/15¢%& (5.3) F x FIo]##

1—1
#F € argmin{0;(z;) — a2l ATNF + gn > A& — 2k + Ag(ws — 2f) [P les € X}
j=1

RIBRAMESIE SMERER 27 e X H

=1

CAMKER #F € X; MMFBN o c X; B

0i (i) —0;(&F) + (zi —2]) T {—ATN + BAT (D~ Aj(&5 —ah)) + AT =2F)} > 0.
=1
(5.4a)

TAEIHBERS N = PA[M - B(3CF_, A;3h —b)], FNRR

A = argmin{||A — [\ — B(X0_, A;5% — b)][|* | X € A}

- 31



II-32

&R E

Nee A, A=XOT{(Zh_1A;3% —b) +

P (AF —2F)L >0, VA€ A. (54b)

1
B

Summating (5.4a) and (5.4b), for the predictor wk generated by (5.3), we have ok € Q,

0(x) — 0(&°) + (w — D) TF (@) > (w — *)TQ(w* — w*), Yw € Q, (5.5a)

where
([ BAT Ay 0 e 0 AT
BATA, pBATA, . f AT
_ . . : . 5.5b
Q : . 0 : (5.5)
BATA, BATA, ... pATA, AT

\ 0 0 . 0 %Ln)




5.2 TENHTRYFMAEF:
The optimization problem (5.1) has been translated to VI (5.2), namely,

w* € Q, O(x) —0(x*) + (w—w)'Fw*) >0, Ywe .

For the easy analysis, we need to denote the following notations:

(\/BAl 0 0 \ /\/BAlxl\
0 +BAy E VBAzzo
P= , §=Pw=
. \/BAP 0 \/BApr'p
Lo o 0 B \ (VB /
(5.6)

Accordingly, we define
=={¢|¢{=Pw, we}

and
= = {¢" | & = Pw*, w* € Q).
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Using the notation P in (5.6), for the matrix () in (5.5b), we have

(]m 0 . () I, \
I, I " - Iy,
Q=P"'oP, where Q= 0 - (5.7)
\ 0 0 - 0 I.)

Thus, for the right hand side of (5.5a), we have
(w—)QW" — ") = (w—a""PTOP(W" — &%)
= (-9 - M.

Then, it follows from (5.5) that we have the following VI for the P-D prediction:

W* e, 0(z)— 0" + (w— ") F(a")
> (E-E9"0(" =¢&", vwe. (59

where Q is given in (5.7).
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6 TEFMTHWI XPPARE

MAZEEZM AR ZRA] 5B LIOIRE. XL FIERE k- SIA KNG E
B (Arzh, ..., Apel \F) %, R TN & o 72

0(z) — 0(Z") + (w — ") F(@") > (w—0") T Q(w" — "), Ywe Q. 6.1)

fERERATUN, RHPRER Q" + QEERRAREEEM. FIA L—#
i, HHUM (6.1) B K ©° € Q,

O(z) — 0(") + (w — ") F(a") > (£ - €)' Q" = &), VweQ, (62

HepQ =P QP
Q" +9>0 (6.3)

EIEEFERE. £ QIEXIFRE (6.3) im @ AIATIR, AR AW ERMKIE. i1
LUEPRNFERED A G, €15

D=0, G0, # D+¢=0"+0. (6.4)
RIBET—IHFI D, RNBAN TR EIE.
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I 5 WM S € iRt (6.2), Hb QT + QRIFEFEME. MREAANIE
EFREDIG, 15 (6.4) BXAL.

M=90 D (6.5)
B4, FIFSERE (6.5) KX IE
= - M(h - &Y, (6.6)
PR R R
e — €7l < NEF =€ M5 - IE" = €Fllg, veE eE, (67
HeSEREH = 0D 1 Q7.
4R
D=G= %(QTJrQ) (6.8)

B2, (6.7) FREZERK T

€5 — €15 < MI€° — €713 — 16" = €¥ b, VET e E.

Il-36



IN-37

SHEER D, 1RIED = MTHM, HFIA 6.6), ERFKT
¥ — e 5 < M€ — €15 — I1€F — "5, Ve eET. (6.9

THIMEFR MR S —REEMR: F5{||c" — ¢ ||»} REIBTIEH.

EH 6 RTINS £* % B LM 6.2), B4, RRIE (6.6) F4E HIFTHIE A
VARSI
| — 5213, < |1€F — €513, (6.10)

MERR. B, MANEBRIAKFIEE
(6" =T H[(" — ") — (&7 = ")
1 - -
> Sl =€) = (€ =" Dlgr o) (611)
I 6.2 REIE A K + 1, FATA

0(2)—0(F" ")+ (w—0"") F@") > (€= (€ =€), YweQ,



B EXPEEN wig A", 155

0(z") — (") + (0" — " THT F@ ) > (&8 - YT oM — .
(6.12)
BN 6.2) RPEEN wik A o" !, A

O(Z*) — 0(z*) + (@ — ") F@@*) > (€ - €T Q" - €°). (6.19)
3% (6.12), (6.13) MNE—#E, FIA (w" — " ™HT (F(0*) — F(w*)) = 0, 53
(& =& HTo{(" —&f) — (¢ =y >0

Xt BNk
{(€F =) — (" = YT oeF - &) — (" =&Yy
HAMA T = 167 (QT + Q)¢, #ANBE
(6" =T o(e" — &%) — (" = &)}
> I — 8 — (€ - )20
FEEREHRFA QO = HMFKRIEAT (6.6), LEE] (6.11).
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&, BNEESR (a2, — |04 = 207 H(a - b) — ||a —b|2, HE
a= ("= F b= (P M), 153

" — "5 — 1167 — €775,
= 20" —"HTH{(ET - — (M M)
—[I (" = ") — (" = "5
FA6.11) B LEFAGIRNE D, 5E|
" — €55 — 1™ — €M1
> (6" = €F) = (€™ =" Dlar 1o
— (" = ") = (" =" (6.14)
ARKIEA (6.6) I X AimFE
1" — &%) = (" =" D[far gy — NE" =€) — (671 = ")|5,
= |I(€F = &%) - (&" - gk+1)H?QT—|—Q—MT7{M)°

BT (QT 4+ Q) — MTHM =G > 0, (6.14) AimdEta, EIRLEWRHEIE O
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NEFT (6.9)#1(6.10) iFH, TE= B TR X PPAEEARIHE R &M PPAE L
BB (1.3) A (1.4).

B X AR S B % (Generalized PPA) R, KIIEXEFE M 2 (6.2) R EITUMAE
fF OME—TAER. AR (6.2) HHY QO EXFRAY, IRIEHEXHIE X, IKIEFEME A

M=3I+Q7Q) & M=1(I+979), (6.15)

MR ARERE. FRATFRER M FIFRARER, ERFIINEF (1.3)-
KMEREE AT XL EE.

7 ETHR—KIENT X PPARE

BI— T B E, FUN~ER Q EMER— MRS KBRS — T XFk
—REFERYAN. FAXh X AERY SR BUTUN, LA XABIE R BEARIRIEAR.
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TN 2 Primal-Dual UM 4G Y, ZM1SEIFZ0 (6.2 MERAFR, Hef

(I, 0 - 0 Inm)
Im Im o In
Opp = | ' 0 : (7.1)
Im Im - Inm Inm
\0 0 - 0 I,/

MART—HEHIN L, & Ba

Q_/:g (7.2)
PD o 1. :

MPD —

BT

1 _
9 (IPH + QPDT QPD)'
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HAERER—T 0,70, . &

T —T
o - £t 0 a0 T C 0\
T I, 7T I,

LT 0 L &
&=t 1., 0 I,

c~'c £re )

FTLA

ngg QPD —

~Ef'ctL L,-&'c7T¢

N
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SRHE 05T 0, KPR, FH

(I, —In 0 0 )

o I, . 0

\0 0 ]m)
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¥ Opp Opp ZE AR,
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¥ Opp Opp, B LAIR,

oo ) \)

%l 0-7 0, AR, FiIF (7.4), 153

[0 —In. 0 0 )

_ST[’—TE — _<Im I, --- Im> | 0
0 0 _[m
\Im Im Im
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¥ Op) Opp BT AR,

Im—STﬁ_Tc‘I:Im—(Im 0 ... 0) — 0. (7.7)

[0 —I. O 0 )
0 .
~T
p Cpp = 0 0 0 —I, O (7.8)




il
)|
R
e

MPD —

N | —

1

(Zo1+ Q%) =5| 0 0

I,
\—Im 0

I,
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21, I
0 In)

FIRBT—iaET#E, KA (7.9) FEYFERE My, BIRRIE (6.6) AT LAE AFTEY

[ Arah )

k+1

(Alaj]f\

Aga?g

k
p

L)

(L. —I. O
0
0 0 In
\—BIm 0

0 \ /Almlf — A7}

Agxlg — AQ@S

k ~k

J\owx

(7.10)

[~
g
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8 Conclusions

At 2ERNERERC T EME T —LHEH B X BRAGH TIER?

B TONMNERMMIESEZZRINEET R, FM—ARXTFEENILHB, &%
EEITRETHTER (V)), WA ESZRNEN BRI SE X (PPA), RELMARNMML
o) @ R A% B H e 7% (ALM) 23T A\ B PPARE.

o FANIBEMARMMLCIBMEERBE— N FNHNEHR L RATIAFER, RFEIR
A ART D AZERM PPAEE, 118 T PPA BRI S k.

o THAFXNWPPAR KA E—F, SAFAET S ELEW, i —LL &Rt
DAEFN, KRBIXLNHT 5 AFN, A LUEE Sk R R A L o) @ sc .

o EXRBANNETET VIHIFUN-FIEFZERNG—HESS, BEA] LA ERIGIEE R
S, XA E “BRERIT” KRB0 KRB EE, XMEHRNS AN
[EIRYIZ4E.

o FAINMiZIRIEFEIERSLAX, BlE 2 ADMM, EH 25 THIALM, EXFFEF A
K9 PPA B 3%, EIRT AT LASRE, SRR AR ER, ALM 2N E=F T
7%

BNV UAREERSEERLRNY R, SRS, AXTaEHITHELE.




Il-49

References

[1]

[2]

[3]

[4]

[5]

[6]

[7]

[8]

X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point algorithms revisit on the alternating
direction method of multipliers, Science China Mathematics, 56 (2013), 2179-2186.

T. Goldstein, B. O’ Donoghue, S. Setzer and R. Baraniuk, Fast Alternating Direction
Optimization Methods, SIAM J. Imaging Science, Vol. 7, No. 3, pp. 1588 - 1623, 2014.

G. Y. Gu, B. S. He and X. M. Yuan, Customized proximal point algorithms for linearly constrained
convex minimization and saddle-point problems: a unified approach, Comput. Optim. Appl., 59
(2014), 135-161.

B. S. He, From the projection and contraction methods for variatioonal inequality to the
splittingcontraction methods fro convex optimization (in Chinese), Numerical Mathematics, =%
FRITEHFF R 38 (2016), 74-96.

B. S. He, My 20 years research on alternating directions method of multipliers (in Chinese),
Operations Research Trasactions, 22 (2018), 1-31.

B. S. He, A uniform framework of contraction methods for convex optimization and monotone
variational inequality (in Chinese). Sci Sin Math, 48 (2018), 255-272, doi:
10.1360/N012017-00034

B. S. He, Using a unified framework to design the splitting and contraction methods for convex
optimization (in Chinese), &FFKITHE B FF R 44 (2022), 1-35.

B. S. He, H. Liu, Z. R. Wang and X. M. Yuan, A strictly Peaceman-Rachford splitting method for
convex programming, SIAM J. Optim. 24 (2014), 1011-1040.



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

Il-50

B.S. He, F. Ma, S. J. Xu and X. M. Yuan, A rank-two relaxed parallel splitting version of the
augmented Lagrangian method with step size in (0,2) for separable convex programming,
Mathematics of Computation, 92(2023), 1633-1663.

B. S. He, M. Tao and X. M. Yuan, Alternating direction method with Gaussian back substitution for
separable convex programming, SIAM Journal on Optimization, 22 (2012), 313-340.

B. S. He, M. Tao and X. M. Yuan, A splitting method for separable convex programming, IMA
Journal of Numerical Analysis, 31 (2015), 394-426.

B. S. He, S. J. Xu and X. M. Yuan, Extensions of ADMM for separable convex optimization
problems with linear equality or inequality constraints, arXiv:2107.01897v2[math.OC].

B. S. He and X. M. Yuan, On the O(1/n) convergence rate of the alternating direction method,
SIAM J. Numerical Analysis, 50 (2012), 700-709.

B. S. He and X. M. Yuan, Convergence analysis of primal-dual algorithms for a saddle-point
problem: From contraction perspective, SIAM Journal on Imaging Science, 5 (2012) 119-149.

B. S. He and X. M. Yuan, A class of ADMM-based algorithms for three-block separable convex
programming, Comput. Optim. Appl. 70 (2018), 791-826.

B. S. He and X. M. Yuan, On non-ergodic convergence rate of Douglas-Rachford alternating
directions method of multipliers, Numerische Mathematik, 130 (2015), 567-577.

B. S. He and X. M. Yuan, Balanced Augmented Lagrangian Method for Convex Programming,
arXiv 2108.08554 [math.OC]

B. S. He and X. M. Yuan, On construction of splitting contraction algorithms in a prediction-
correction framework for separable convex optimization, arXiv 2204.11522 [math.OC]



