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1 O SHN AT EZRNG—HESS

EMNBZ2RZESAFN (V) IESERRI, B ML ROEARIRFE R TEHE
PAFN:

w* e, 0u) —0u")+ (w—w)"Fw*)>0, YweQ.  1.1)

Algorithms in a unified framework

IV -

A unified Algorithmic Framework for (1.1) R —HEZR R TIUN - KL IE A SR o3 4B X
[Prediction Step.] N ER v* B %, KBTS oF ¢ QFEHHRE

0(u) — 0(a") + (w — ") F(@") > (v — )T Q" — %), Yw € Q, (1.2a)

Hep Q A—EXR, B2 QT + QIERE.
[Correction Step.] te— N EEHIEFTFZF R M, A TAHBEHIIER =

"t = 0F — M(F — ). (1.2b)
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Convergence Conditions

For the matrices () and M, there is a positive definite matrix H such that

HM = Q. (1.3a)
In addition,
G=Q'+Q-M"HM = 0. (1.3b)
B, REmN (1.2a) FEIFUMZERE Q 7# &

QT +Q =0,
N2 LLE
0<G=<Q"+Q.
3=

D=Q"+Q) -a,
m D> 0.%

MTHM = D.
HFEEFIZARS

HM=Q, HM=Q, H=QD'Q7,
MTHM = D. QTM = D. M=Q TD.



AT 2 B W R R IERERE M.
KPR E S, FARZRIERERE M.

H 1 G R 2R RIS R 4Ry

HanEin, RE
QT +Q > 0.
KAV ATLLUEAENIEESEME D - 08 G = 0, (15
D+G=Q7 +Q.

1% (1.2b) PRV IEFERE M BUAY
M=Q 'D

FH(1.3) BAM#E.
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2 FAM-BIEF ARSI

We consider the min — max problem

min, max,{®(z,y) = 01 (x) —y Az — 02(y) |z € X,y € V}. (2.4)

Let (2™, y™) be the solution of (2.4), then we have RIFBELRBIE X

(2", y") e X x )Y, ®(z",y) < P(z",y") < P(x,y"), V(r,y) € X x ).

FHEARNMNNZFRNT LS RFN Y
{ e X, (x,y") - P(z",y") >0, VreX, (2.5a)
y e, o, y")—®(z",y) >0, Vye). (2.5b)

Using the notation of ®(x, ), it can be written as | REIL & (z, y) R EHE

{ € X, O1(z)—0i(z*) + (x— )T (=ATy*) >0, V€ X, (x)
y ey, bay)—b2(y*) + (y—y )T (Az") >0, Vye. (o)
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Furthermore, it can be written as a variational inequality in the compact form:

we, Ou) —0u")+ (u—u)"Fu") >0, Yueq, (2.6)

where | Xt ERFEERIw € QTHIBu = (z,y*) Mu = (z*,y), MIFE] (x) # (o).

u:(l‘) O(u) = 01 () + 02(y), F(u):(_j;y), Q=2xxY.

The output of Original PDHG algorithm [16] as predictor
For given (z*, y*), PDHG [16] produces a pair of (Z", §*). First,
" = argmin{®(z, y*) + gHaz — 2"’ |z € X}, (2.7a)

and then we obtain §* via

~

~ S
g" = argmax{®(&",y) — Slly — " " |y € V}. 2.7b)
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Ignoring the constant term in the objective function, the subproblems (2.7) are reduced to
i = argmin{6; (z) — z” A" y" + g”x — "7 |z € &), (2.8a)
§" = argmin{0(y) + " AZ" + Jlly — ¢*[* |y € V). (2.80)
According to the basic lemma, the optimality condition of (2.8a) is * € X and
01(x) — 01 (") + (z — ) {-A"y" +r@E" =2} >0, Ve e x. (29
Similarly, from (2.8b) we get §* € ) and
O2(y) — 02(7°) + (y — §°) {AZ" +5(5" —¢")} 20, Vy e Y. (210

Combining (2.9) and (2.10), we have

T
~k T ~k
Kk _k rT—T —A"y
cQ, O(u)—2~0 +
e (y—y) {< A)

n <r(5:k — ")+ AT (gF — yk)>} >0, Y(z,vy) € Q.
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The compact form is @~ € Q,
0(u) — 0(7") + (u — @) {F(@") + Q(@" —u")} >0, Vu e Q, (2.11a)

where

rl, A"
= : 2.11b
o= (" o) 2.110)

X FIXAERI TN, Fofi1E FEEL L E B A9AR IE
uF T =k — M (WP — a") (2.12)
WRIE. Hef M ABRA E=RERR BT =AM BSIMEEMH (1.3)

e H>0 and HM = Q).
e G=0Q"+Q—-M"HM - 0.

LA S B EF T HY

(i) H>=0 and H=QM™1.
i) G=Q'+Q—-Q'M = 0.
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—. RIEFERE M AR T =/AERE He i K 25 EM.

I 0 I, 0
M = m Mt = .

XM (), RINESGZ—ERTHESTKEXNMKWEFER. BT H=QM 'EE,
BRI FRAY. B

oM rl, AT I, 0 rl, — ATK AT
H = M_ = =
0 slm —-K Inm —sK slm

WIS R, HETS

I, 0 rln++ATA AT
M = X , H= .
_EA Im A SIm

SEZ=RY r,s > 0, 56fF H 21IEER.

ES]liel
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XF =15 (i),
G = QI'+Q-M'HM=Q"+Q-Q"M

_ <2rln AT )_ (rln 0 )( In O )
A 2sl,, A sl —%A I

. 2rl, AT _(rIn 0 (i, AT
A 281, 0 slm A sy, )

EiEME G IEE, B rs > ||AT A

SKF PDHG FiUlll, B R =A%EMEFRIE, FE rs > || AT A|.

—. RIEFEE M AR =A% [El+, HF ) K 2FRFER.

0 In 0 Im

XM (), RNESG—ERTHESTKEXNMKWEFER. BT H=QM ' EE,
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BRI FRAY. B

H— oM~ rl, AT I, —-K rl, —rK+ AT
0 sl 0 Inm 0 sl

WIS IR, HETS
1
rK =AT, = K=-A"T
T
ES)li e

SEEM r, s > 0, 55/ H 2IEER.
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T X5 845 (i),
G = Q'+Q-M'HM=Q"+Q-Q"M

<2rfn AT > B (rln 0 )(In %AT>
. orl, AT _(rIn AT
N A 281, A sl
. (rln 0 )
0 sly—1AAT)

EIEME G EE, WA rs > || AT A|.

K FA PDHG FiUll, B4 = MXERFIIIE, T rs > [|AT A
BB BELRIEU S AY PDHG F37ABUE R T SEY /0%, B2, rs HERBFETRK.
FAVRI B R, 2ILFN (2.8) FHISH rs BAEETR.
T (2.11) FEY Q, F&A1H

QT+Q:<27’[ AT>

A 2s1



QE s> EHATAH, 5k QT + Q BEEEM.

4 (QT + Q) EEER, H{TE

D = %(QT‘FQ), H4 MTHM =D. (2.13)
X R BERIE ,

G=QT +Q-M"HM = 5(QT+Q) ~ 0.

e H>=0 and HM = Q. )y HM=Q.
AT LA S AR
e G=QT +Q—-MTHM 0. iy MTHM = D.
HM =Q, HM =Q, H=QD 'QT,
g < (2.14)
MTHM = D. QTM = D. M=Q-TD.

HaiEd, & (QT +Q) =~ 0, B

I AT
p=| = 2 C M=0"TD
%A sl
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FR WS SRR B T

rl %AT
sl

N~

-
N
N

(2.15)

M EERRIERER M

xk—l—l
ykz—l—l

X2 DUEMA] [14] RIFE—ERIELFZE HEHREGRAEL.

~ 1 ~
— azk _ gAT(yk _ yk)

7+ F Al — @)+ 2AT () — )

B rs WIRET 2, BTRRED.
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3 Convergence proof in the unified framework

In this section, assuming the conditions (1.3) in the unified framework are satisfied, we

prove some convergence properties.

EH1 Let {vk} be the sequence generated by a method for the problem (1.1) and W s

k41

obtained in the k-th iteration. If vk, v and " satisfy the conditions in the unified

framework, then we have

0(u) — 0(a") + (w — w*)" F(a")
1

—(HU —v

k—|—1||2
2

1 -
= llv—o"lF) + 5" = 8%, yweQ. @

Proof. Using () = H M (see (1.3a)) and the relation (1.2b), the right hand side of (1.3a)
can be written as (v — %)% H(v* — v*T1) and hence

0(u) — 0(@") + (w — ") F(@") > (v =" H@W" =), vw € Q. 3.2

Applying the identity Q" — %) = HM(v" — o%) = H(v® — oFT1).

1 1
(a =0 H(c—d) = {lla—dlf — o —cli} + 5 {lle = bllF — ld — bll3},

IV-15



to the right hand side of (3.2) with

~k k k+1
a=v, b=0", ¢=v", and d=0v""",

we thus obtain
2(v — ") H(v" —o*h

k41 k ko o~k
THE =Nl =" 1E) + (" = 2% F = llv

k+1

— (H’U—’U —@kH%I) (3.3)

For the last term of (3.3), using HM = @Q and 2v" Qv = v (Q" + Q)v, we have

Jo* = 51 = 0"+ — 7
k ~k 12 k ~k k k
S Gl e [ B AR T
St = 5 0" - 5 - ME - )

= 20* — ) THMOW" — %) — (v* — )T MTHM (" — )
= (" =TQT +Q - MTHM)" — ")

= o = 58|12 (3.4)

Substituting (3.3), (3.4) in (3.2), the assertion of this theorem is proved. L]
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15.3. Convergence Analysis of AD-PMM 429

We will use the foll

Using (15.15), (15.16), the subgradient inequality, and the above notation, we obtain
that for any x € dom(h;) and z € dom(hz),

hy(x) — hy(XF) + <pAT (Aik +BzF —c+ %yk) + G(xF —xF),x — i:""> >0,
halg) — ha(8*) + <pBT (Ai" LB et %y"‘) QE — %),z — :w,k> >0.

Using the definition of ¥*, the above two inequalities can be rewritten as
hi(x) — b (%) + (ATF* + G(FF —xF),x —%") >0,
ha(z) — ha(25) + (BT5* + (pB"B + Q)(z" — 2¥),z — 2*) > 0.

Adding the above two inequalities and using the identity
yHH! —y* = p(A%* + BE — o),

Y e R™
x — %* ATg* GeF - %6
H(x,z) — HE &)+ ( | z-2" |. BYy" | etz | )=zo0
- _AR* —B#* +c %(yk_yk+1)
(15.17)
where C = pBT"B +Q. We will use the following identity that holds for any positive

semi trix P-

1
(a=b)"Plc—d) =5 (la=d|p ~ [la~clp+[b-clp —[b-d|p).

i 7 i AR

US]J]g € above ldentity, we can conclude a
= < 1 = -
(= YT GO —54) = 3 (I — %1 — [ — M + K — x4 2)
1 - 1
> 5l — %[ - Sllx - s (15.18)

as well as
” . 1 - 1 1 B
(o = #)7C(* ~ ) = Lla— 2% — Slla—2*I% + 5l — 25 (1519)

and
20y — 797 (* — ¥
=y =" =y = y* I+ 175 = y5 I - 119 -y )
= |y =¥ 7 = lly — ¥*II* + £*| A%" + B2* — ¢
—ly* + p(AX* + Bz* —¢) — y* — p(AZ" + BZ" —c)|?
=y —y* P =y — ¥*I? + APl A%F + B2* —c||* — p*|| B(z* — 2")|%.




3.1 Convergence in a strictly contraction sense

FEXE 2 Let {v"} be the sequence generated by a method for the problem (1.1) and W" is

k+1

obtained in the k-th iteration. If vk, v and " satisfy the conditions in the unified

framework, then we have

™ =01 < " =07 = [lo" = 30l Yot e VT (3.5)

Proof. Setting w = w™ in (3.1), we get
k+1 * 12
v |

> 0" =" +2{0(@") — 6(u") + (0" —w") F(@")}.  (38)

k * 12
o™ = o™ |7 — |lv

By using the optimality of w™ and the monotonicity of F'(w), we have

0(a") —0(u*) + (0" —w*)" F(@") > 0(a") —0(u*) + (" —w™) F(w*) >0

and thus

L (e e i (L =% (3.7)

The assertion (3.5) follows directly. []

IV-18



EIE 1 PHILEIL (3.1)
0(u) — 0(a") + (w — w*)T F (@)

1 k112 k12 L
> 5(””_” N = llv—w ”H)+§HU — %%, Yw e Q.

T2 79U SEUIR = 1Y E R T/ 22 Y.

B, FATATLURE 7E (3.2)
0(u) — 0(a®) + (w — )T F(@®) > (v —F)TH@WF — o), vw € Q.

Sw=w* 57

(vF — FTHT H(GF —v*) > 0. (3.8)
JEFR

(a—b)'H(c—d) = 1{||a —d|lf —lb—dl%} - l{||a —cllf — b —cllF}
T (3.8) s, & P, b=oFt c=0F 0 d = v*, 15 ER

(’Uk . ’l)k—i_l)TH(ﬁ . ’U*)

Lok 2 k+1 2 Lok ~ky2 k+1 _ ~k|2
= SAllo" =0l = o™ =0Tl = Al = 8% — [t = 8Pl )

IV -
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R1E (3.8) 7B
ok — o [|2 — ot — "2 > ok — R — Pt =R, @9)
B XA mRLEE—T,
ok — 58|12, — okt — %12,
= R — R — 0 — BF) — (0F — o))
.2b
U2k — gk |12, — ||k — 5%) — M(o® — 59)|1%
= 20" —THMWF — %) — (WF = /YT MTHM (WP — o%)
= " ="TQT +Q - MTHM) (" — o)
(1.3b)

O D [ (3.10)

1% (3.10) XA (3.9 RIS EISFERIZSIL. O

3.2 Convergence rate (FEITERIPE)

Convergence rate in an ergodic sense [10]

ATIERAREZEAEX THIERE R, RINTFEXNBAAFN (1.1) FREEMFTRIZ]

IV -20



E. BT (1.1)PAHEF FIRA
(w —w*)" Fw*) = (w —w*)" F(w),
T AFN el
w* €Q, 0(u) —0u*)+ (w—w)TF(w*) >0, Ywe Q,

0
w* €Q, 0(u) —0u*) + (w—w*)TF(w) >0, Yw e Q

EFNH. HMNABEEXTRAFR (1.1) BIEUHR. STEERN e > 0, IR @ 7HE

/

W EQ, O(u)—0(@) + (w—w)" F(w) > —¢, Vw € Dy, (3.11a)
Heh
Dpy = {w € Q| |Jlw — w|| < 1}, (3.11b)
MM E D AFR (1.1) B e IR, ERTUZFNMRTRK
w € €, es%p {0(a) — 0(u) + (w — w)TF(w)} <e. (3.12)
weD ()

AMIBAEEBRIZ: FEER € > 0, REZDRERBE—T 0w € Q, 15 (3.12) AL

X ERNETICHNBAE X THSHRE. Ti0BHE X T RIS, 35 (1.3) /)
BfEHMG REREFIEE.
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Theorem 1 is also the base for the convergence rate proof. Using the monotonicity of F’,
we have

(w— ) F(w) = (w— ") F(a").
Substituting it in (3.1), we obtain

. . 1 1
0(u) — 0(a") + (w—@") F(w) + 5 llv =" = Sllv =", Yw € Q.

(3.13)
Note that the above assertion is hold for G > 0.

EIE 3 Let {Uk} be the sequence generated by a method for the problem (1.1) and " is
obtained in the k-th iteration. Assume that vk, v* T ang wF satisfy the conditions in the
unified framework and let w. be defined by

~

. 1 -
Wy = —— > ", (3.14)

t+1k:0

Then, for any integer numbert > 0, w; € ) and

0(iie) — () + (1 — w) T F(w) < ——

012
S PP Q. 1
_2“+1ﬂv v |5, Yw € (3.15)

IV -22



Proof. First, it holds that " €  for all k& > 0. Together with the convexity of £2, (3.14)

implies that w; € §2. Rewriting the inequality (3.13) in its equivalent form

. _ 1
0(a@")—0(u)+ (0" — w)" F(w) + Sllv = V"I < —IIU — "%, Yw € Q.
Summing the last inequality over K = 0, 1, ..., ¢, we obtain
~ & T 1 02
Ze —(t+ 10+ (Y @~ 1)w) P(w) < Sllo—o|F, Yw e Q.

Use the notation of w;, it can be written as

t

1 ~k ~ T 1
— > 0 —6 — F(w) < — \ Q
g Do) ) (= ) ) < gl v e
(3.16)
Since 0(u) is convex and
t
=S
t t—|—1 9

IV -23



we have

(i) < > 6(")

b+ k=0
Substituting it in (3.16), the assertion of this theorem follows directly. [

Recall (3.12). The conclusion (3.15) thus indicates obviously that the method is able to
generate an approximate solution (i.e., w;) with the accuracy O(l/t) after ¢ iterations.
That is, in the case G > 0, the convergence rate O(1/t) of the method is established.
1112012 &£ % &7 SIAM Numerical Analysis Bi£32 [10] Bt 2 XA RIERR T3
BREEERAEXTO(1/t) NESIRE. XA AT EXE B EESEA— L
WEENGR, XERIZRA, ZERMNFTFER—ERWSZHN R AT 2.

Convergence rate in a pointwise iteration-complexity [12]

112015 % &7 Numerische Mathematik B9 3 [12] HERR T 2 & F A E S 5=
MT— B EENER.

e [ O L i 122

XM R B & — LA AR L iR ADMM. TEHIERAX PMNERITFFE S —HELRIY
SRR A AR AL IRt A F R H MG HIERE.
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FEIR 4 For solving the variational inequality (1.1), let {w"}, {w"} be the sequence
generated by (1.2). If the conditions (1.3) are satisfied, then we have

L e [ e A [ ([ e (AR AR | PR A Yy

Proof Note that we have
0(u) — 0(a") + (w — ") F(@") > (v — )T Q0" — &%), Yw € Q

and

0(uw)—0(@"TH+(w—a"THTF@" ") > (v="THT Q" T =", vw € Q.

F+1 and w", respectively, we get

e(ﬂk’—{—l) . Q(ﬂk) + (’lI}k+1 o wk:)TF(wk:) 2 (’5k+1 . ?7k)TQ(’Uk . ?,}k)

Set the vector w in the above two inequalities by w

and
H(ﬂk) o e(ﬂlk—l—l) + (,l»[}k: . 'lbk+1)TF(’lI]k+1) 2 (@k o ,ﬁk'—l—l)TQ(vk'—l—l . ,ﬁk'—l—l).
Adding the above two inequalities, it follows that

(& — FHTQL(F — %) — (" — 5" 1)) > 0.

IV-25
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Adding {(v*F —o%) — (VP — SFFINTQ{(vF — oF) — (vF+1 — TFF1)) to the both
sides of the last inequality, we get

(W =" T Q" —*) — (v T ="} > L) (v ")~ (T =" 1P o).

and thus

(vk_vk+1)TH{(vk:_vk—l—l)_(,vk+1_,Uki+2)} 2 %||(Uk—6k)—(vk+l—6k+1)||?QT+Q) .
(3.18)

Finally, by using ||al|%, — ||b||%; = 2a” H(a — b) — ||a — b||%, and (3.18), we get

e k1 k422

k
v =" 5 — v (P

_ z(vk . vk:—|—1) H{(’Uk . Uk:—l—l) . (Uk—|—1 . vk:—I—Q)}
—[|(v" = ") = (" =M
k ~k k ~k+1\12 k+1 k+1 k+2\12
> (" =3%) = (T =T [{or oy — (07 =" ) = (07T — 0" )|

kK ~k k+1  ~k+1y2
= (v" =0") = (v —o" ) (QT +Q—MT HM)

_ (’Uk . 6k) . (vk—l—l o ,5k:—|—1) é

This is the equivalent form of (3.17) and the proof is complete. [



4 ADMM for problems with two separable blocks

This section concern the structured convex optimization problem namely,
min{6;(x) + 02(y) | Ar+ By =0b, x € X,y € V}. (4.1)
The Lagrangian function and the augmented Lagrange Function of (4.1) are
L2z, y, \) = 01(z) + O2(y) — AT (Az + By — b).
and
E[BZ](:U, y, \) = 01(x) + 02(y) — X' (Az + By — b) + §||A:I: + By — b, (4.2)
respectively. Recall the model (4.1) can be explained as the VI
w* e Q, Ou)—0u")+ (w—w) Fw*) >0, YweqQ. (4.3a)
where

xr
u<x>,ﬂw&@+%@,w " S
Y A

Iv-27



— AT
F(w) = — BT\ , and Q=X x)Y xR™. (4.3c)
Az + By — b

Using the augmented Lagrange function, the recursion of the alternating direction method

of multipliers for the structured convex optimization (4.1) can be written as

y

/"

\

yht

Le Argmin{ﬁ[g](:c, Y A |z e &Y,
L e Argmin{ﬁg](karl, y, \¥) |y € Y}, (4.4)
)\k—l—l — )\k . 5<A$k+1 i Byk:—|—1 . b)

Note that the essential variable of ADMM (4.4) is v = (y, \).

Z—HEZRTHY ADMM.

ADMM scheme (4.4) is also a special case which belongs to

the unified algorithmic framework (1.2) and the Convergence Condition is satisfied.

In order to cast the ADMM scheme (4.4) into a special case of (1.2), let us first define the

artificial vector 0* = (&%, 7%, \*) by

P and N =0 = B4 + By —b), (@5

IV -28



where ("1 4y*T1) is generated by the ADMM (4.4).

HA1EE=Z] A Beck 7EfEAYEZE First-Order Methods in convex optimization [1], HL3%F
T X EL k.

Prediction

p

7" € Argmin{0;(z) — 2" ATA" + Z||Ax + By" — b|* |z € X},
{77 € Agmin{b2(y) —y" BTA* + £||Ai* + By — 0|’ |y € YV}, (48
| A= )\F — B(Az* + ByF — ).

According to the scheme (4.4), the defined artificial vector W" satisfies the following VI:
~k
w"” € (,
[ 01(2) — 01(3%) + (z — )T {—ATXF} > 0, VaeX,
02(y) — O2(7") + (y — §*)T{—BT Xk + BBTB(* —y*)} >0, Vye),
1 -
(A7 + B —b) = B — ") + (3 =) =0

\

This can be written in form of (1.2a) as described in the following lemma.
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15.3. Convergence Analysis of AD-PMM 429

We will use the following.natation:

k k+1

W
Il

X 2
k+1
zht

x

)

Nt

— BB EM T R ER = y* 4 p(Ax*H 4 Bz* —c).

Using (15.15), (15.16), the subgradient inequality, and the above notation, we obtain
that for any x € dom(h;) and z € dom(h2),

hy(x) — hy (%5) + <pAT (Aik +BzF —c+ ly"’) + G(EF —xF),x — ik> >0,
p
ha(z) — hy(2") + <pBT (Aik +BzF —c+ %y"‘) +Q(#F —2F),z - ik> > 0.

Using the definition of §*, the above two inequalities can be rewritten as
hi(x) — i (3F) + (ATY* + G(x* — xF),x - %*) =0,
ha(z) — ha(2") + (BT§" + (pB"B + Q)(2* — 2"),z — 2*) > 0.

Adding the above two inequalities and using the identity
y""’l - y"c = p(Af(k +BzF — c).

x — %* ATy* G(x" - %F)
H(x,z) — H(;{-’ﬂ’ ik) + -3 |, BTyk _ C(zk - ﬁlc) >0,
y-5°) \-ax*-Bz" +c Liy* -y
(1517)
where C = pBT"B+Q. We will use the following identity that holds for any positive

frix P-

(e — %1 — lx — x*[1E + 1% —x*1E)

. 1
% —%1& - 5llx - x*|iE (15.18)
2

as well as

= - 1. - 1 1 =
(2-2)7C@" - 24 = lla - 2% - gla - 2IZ + et -2 (15.19)

and
20y — 597 (y* — ¥
=y =¥ % = lly — ¥*I7 + 135 - y*IP - 119
=y =¥ = lly — ¥*|* + p°| AX* + B2* —¢|
—y* + p(ARE + Ba¥ - c) — y* — (AR + B — o)
=y =" P = ly = ¥*I? + 2’| A%* + B2* —c||* — p| B(z* — 2")|*.

-y




5|38 1 For given Nk , let w* ! pe generated by (4.4) and W" be defined by (4.5). Then,

we have
" € Q, O(u) — 0(@") + (w— ") F@") > (v—"T Q" — "), vw € Q,
where
BBTB 0 )
— ) 4.7
Q ( B Ll (4.7)

Recall the essential variable of the ADMM scheme (4.4) is (y, \). Moreover, using the
definition of ’ij, the A* 11 updated by (4.4) can be represented as

AL = AR B(Az" + B" — b)
= \'—[-BBW" — ") + B(AZ" + By" —b)]
= N = [-BBH" —7") + O\ = 9.

Therefore, the ADMM scheme (4.4) can be written as

k+1 k I 0 kE =~k
(e )= )= (g )05 ) em
A\Ftl AP —BB 1 AP \F
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which corresponds to the step (1.2b) with

M = ( ! 0 ) and a=1. (4.8b)
—pB 1

IS WEYS S 2515, | Now we check that the Convergence Condition is satisfied by the
ADMM scheme (4.4). Indeed, for the matrix M in (4.8b), we have

M—1=< 4 O).
BB I

Thus, by using (4.7) and (4.8b), we obtain IGWE H ¥ 1FE

T I 0 T
H:QM_lz(ﬁf_?BB f])( )Z(ﬁBOB lo ) 49
8 BB I 8
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and consequently ISIE G BV IERE
G = Q"+Q—-aM'HM = Q"+Q-Q'M

<ZBBTB —BT>_(5BTB —BT>< I 0)
—B %I 0 %1 —BB I

B (2537”3 —BT> (25BTB —BT> B (0 0 ) 410)
- 2 - 1 - 1 A
—B 31 —B El 0 31
Therefore, H is symmetric and positive definite under the assumption that B is full column

rank; and (5 is positive semi-definite. The Convergence Condition is satisfied; and thus the

convergence of the ADMM scheme (4.4) is guaranteed. it [10]

PR S5 E X TRIWESLURR. | FATIFELHEE) ADMM 125 —EZR A E MR R T
M-FRIEF3%. 238 (4.6) NG, BH

oF Tl = ok — M(vk — ﬁk) (4.11)

KRIEE. XPFEG—EZRMER (1.2). 7£(4.9) F1(4.10) P AT REIE T H A G 2
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FIEER. ik, IRIBEHE 4B

[* =2 g < JJo* =Yg, VE > 0.

H (4.12), S{EERNIEEHRt > 0,

oot

IA

lv

k
DI

< v k—l—l 2
P Dt

(4.12) 1
< —— % =3

t 41 H-

MMWEER |[vf — P T3, R NMEIETLEN RS E.

W3z [12]

(4.12)
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5 FlHZ—#ELE5SUE ADMM 2K & A RSt
5.1 INFEIZE H A

1FZHA) ADMM (4.4) FK AR o-FIO] @R FIRIIE \ BUN 3 #2, 18 1d

[ gkl ¢ Argmin{ﬁ[g] (z,y*, NF) |z € X},
§ AL = AR B(AzFtl 4+ ByF —b), (5.1)
L yFtt e Agmin{ £ (@R y, AL [y € Y,

REI whtl = (f L gL XD (ERTIN S, RS

Bl = gk (R — Rt
Y = VT ) 5:2)
AeHL = Ak (AR = AR,
KB~ € (0,2). BIES “—=" Fix (5.2) AIRE (y5+1, \N+1) R EEETLER S

(5.1) FFERY. (5-2)Eiﬁﬁﬁ'm"lt—ﬂfi%ﬁ%#ﬁ‘ﬁﬁﬁ'%ﬂ%% (yF 1 NPT 3 a1, XA
TE1EBEANIRUSTEAL.
FEREL G FRODTELRR v = (y, ). B3 (5.1) FEM wh T KRG E AT

IV-35



=k, Bl
jk wk+&
o = gk | = ykt+1 , (5.3)
Ak N — B(AxkT! + ByF —b)

FIA L (2, y, \) BOTAR, THIRFH LB EEER AR (5.1) TR

(

i* € argmin{f (z) — 2T ATNF + gHAa: + ByF —b||? |z € X}, (5.4a)

q NP =)XF — B(AZF + ByF —b), (5.4b)

| 7" € argmin{62(y) —y" B"A\* + é||A£’“ + By —b||? |y €Y}. (540

A G —HEZLSRIERRAZ IRIMF B B A (5.1)-(5.2) RIS . SLa i H (5.4) 3K
Br ok R (1.22) IFUIA .

B RIBE—HHIEIE 1, (5.4a) IRMMIERHER
P e X, 01(x)—01(")+(x—2)T{—AT N 4 BAT (AZF +ByF—b)} >0, Vz € X.
FIA N = 2\F — B(AZF + By* —b), EXHE

01(x) — 61 (2%) + (x — 2F)T{-ATX*} >0, Vz e X. (5.5a)
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A, RIBE—HRIEIE L, (5.40) MRIMMESHER
g* €Y, 62(y)—02(5°)+(y—5") {-BTA*+8BT (A" +Bj"-b)} > 0, vy € V.
BTN\ = Ak — 8(AzF + Byk —b), 1B
—BTX\t + BBT (Az* + BjF —b)

= BTN + 8BTB(g* — y*) + BBT (AzZ* + By" —b)

— BTk 4 8BTB(g* — y*) — BT (A% — Ak).
Ett, y-FIa)8R (5.4c) RIS ER

g* €Y, 62(y) — 02(5°) + (y — §°)" {=BTA* + BBT B(7" - ¢*)
—~ BT~ X"} >0, wyey. (65

XtF (5.4b) FLAHBINF = Ak — B(AZ* + ByF — b), ATLARRRK

1 -
(AZ" + Bg* —b) — B(§" —y") + 5@\’“ —-\") =0,
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AP erR™ (A= MNT{(AzF + BgF — b)

1 ~
— B(* —y*) + E(Ak — A1 >0, VAER™. (550

3% (5.5a), (5.5b) # (5.5¢) LB HE—i, JE BB TXILKIR 5 = (4.3) HHY F(wF), B8
THEHAIS|E.

513 2 KRBT HAEKX 4.3), TMAER vF, BG4 REH O HE
o* € Q, 0(u) — 0(@") + (w— )T F@@F) > (v —F)THOF — %), Yw e Q,

Hrh
( BBTB —BT )
H = . (5.6)
—B LI

XEBHIEME H 23 EEM, Bla = 1BENKRIE, Fi”E (5.1). ERERESEIREE
A ADMM (4.4) Bl o —. B2, AR MF FLAYFAGth R, ik

vt = ofF —a(® —3F), a=1.5¢€(0,2),

T EE (5.1)-6.1), WEIREFFESE 30% BiRS.
IS _F3RiH, (5.6) RRVEERE H BELE B 7i#REREHE R 2 1FEERY, BXHA =N
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WEAMSIR. MR, R B AT LB 7E T 91 (5.40) 0 B AR R 855 —
7 8 |y — y*||2, BhAETE HRIHY H AERE TR

o BBTB + 6I,, -BT
_B iy |

XHMEZRYB,6 > 0, LER H 3R IEER.

52 XFRAIZEH AL

MIJBTHZLERNFFIREFEE (4.4) KO (4.1). MBI (4.1) KEE, [RIET
S My 2FER, FEXRIT EESEXF oMy FOIF, UE2REATERZEE. Fitt
HRANRAXMFRZE A EE6], ERESIERBEMNATER (vF, \F) Fig, @i

( 2F 1 € argmin{L] (z, 5", AF) |z € X}, (5.72)

Shoum) < A2 — Ak u8(AzR L Byk —b), (5.7b)
Taa= argmin{ﬁ[;] (Pt y, )\k_l'%) ly € V}, (5.7¢)

[ AL — \Ftg pB(AzFT 4 ByFtL —p). (5.7d)

BEFTAER R wh T = (2F Ty N Hedr e (0,1) (@EB 4 = 0.9).
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Hp = 18, 757E (5.7) 2 LA H AR R 5189, 1B S —1EZRIERR X FRBY S 132
B EEE (5.7) IS, th 275 3% 5.7) IRERFUN- B IEE SRSy, XTH (5.7) 524
B Pt Ryt AR T A RE X = ok

jk xk+&
o = gk | = yht1 . (5.8)
Ak N — B(Axk T + ByF — b)

FA L (2,9, )) BFAR, HRBHRT B S EERERARTARTRENY

2

i* € argmin{0;(z) — 2T AT\ + gHAa: + By® —b||? |z € X}, (5.9a)
A a = Ak 8(AZR + ByF — b), (5.9b)

1
" € argmin{fa(y) —y" BT A"T2 4 gllAik + By —bl* |y €V}, (590

L M= 2F — B(AzF 4+ ByF —b). (5.90)
TEHENEZE 5.9 B OF ESH—ERPF (1.2a) TN AR,
RIBE—IHEIE L, (5.9a) WRMEEER

i* e x, 01(x)—01(@")+ (-2 T{—AT N +8AT (AZF+ByF—b)} >0, Vz € X.
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FIF N = \F — B(AzF + Byk —b), ERFE
01(x) — 01 (") + (x — Z*)T{—ATN*} >0, VzeX. (5.10a)
KM, RIBFE—HAEIE 1, (5.9c) IR MMERG R

IV -41

1
g €Y, 02(y)—02(5")+(y—7") T {-BT N T2 4 8BT (Az"+By*—b)} >0, Vy € V.

FIA N = 2\F — B(AZF + By* —b), &i1E

~

MFZ = \F (W = 3F) = JF 4 (u— 1)(RF = AF),
7t
B(AZF + By* —b) = —(\F — \F).

E L,
BT 3 1 gBT(AZ* + Bg* —b)

= BTN+ (u— 1)\ =X+ BBTB(* —y*) + BBT (AZ* + By* —b)

= —BTN+ (1 - )BT (W =X\ + BT B(" — ) - BT(\* = \F)

— BT 4 8BTB(F — y*) — uBT 3k — Ak).



F5]55 (5.90) KR M 42
g* €Y, 02(y) — 02(3%) + (y — §°)T{=BT\* + BT B(§* — y*)

—uBT(\F =AM >0, vye.
(5.10)

FF (5.9d) FEXBINF = AF — B(Azk T + Byk —b), BBF
(AZ* + Bj* —b) — B(* —y*) + (1/B)(A* = XF) =0,
A LAFRRAX
AP eR™, (A= NT{(AZF + BgF —b)
— B(@* —yF) + (1/8)(0F = AF)} >0, YA eR™. (5.100)
¥% (5.10a), (5.10b) F1 (5.10c) AR FE—EFHFIFA (4.3) FHIE S, BB TEHISIE.
51T 3 KRBT NFFN (4.3). WHEER 0F, & oF 2H (5.9) IR A0, NFH
w* € Q, 0(w)—0(@")+(w—®)TF(w*) > (v—0F)TQ(F—5F), Yw € Q, (5.11a)

Hdh
BB —uBT
Q= ( g H ) : (5.11b)

B %Im
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BEERNES LR (1.20) FRIEXFRRN. FIA (5.8), B (5.7d) HHAI N1 ATAFRIREK
AR+ N3 — u[-BB(y" — %) + B(AZ® + By — )]
= N —u\F =M = u[-BBE" —§") + B(Az T + By* —b)]
= A — [-uBB®" — 7%) +2u(\F — AM)]. (5.12)
Ryrt! = gt BEE— %8

yk+& _ yk B I 0 yk __gk
A1 \F —uBB  2pulm LS
i, $A1E T ERISEE.

9|3 4 KRBT HAER 4.3). WEEH R, T wrFT B (5.7) 12E. IBAXTEH (5B.8) EX
B ok, &MAB

Pt = oF — M(vk — fi}k), (5.13a)

I 0
M = . (5.13b)
( '—Mﬁlg QMIWL1>

A 1B ZIITFRAT ADMM (5.7) FFFRAK (5.11) BIFIMAD (5.13) KR IE. T TR EBHL 2R

H
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HEg —HEZR T RIS S5 1 (1.3) BER ARV . Xt (5.130) PEVEERE M, B i

HH=QM 133

HZ(BBTB —,,LBT>< I 0 >:<(1—%,u)6BTB —%BT)
-B LI, 13 g, _1p 1
ES)li

VBBT 0 22—l -—I VBB 0

o ) )0 ) e

<(2—u) —1)_ -0, pe (1)
—1 5 N >0, p=1.

FrEA, SRR BRI 1 € (0,1), 2 B5i#EHFEET4ERE H 23 FF#RIEERY.

H =

N | =

TEE
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IV -45

BEEEG=QT+Q - MTHM. AAMTHM = MTQ, &

I —uBBT\ [/ BBTB —uBT (14 w)BBT*B  —2uB*
MTQ = = .
0 2ulm —B %['m, —2uB QM%Im
=&
G = QQT+Q) —M'HM
B 26BT'B  —(14 p)BT < (1+wpB'B  —2uB” )
—(1+p)B 251Im —2uB 2015 I'm
BBTB —BT
= (1—-pu) : (5.15)
-B %I,

B

Eltf, SERBERI 1 € (0,1), & BIiHFARIFERE G IEXE. FTLA, IRIESZ—HEZE (1.2a)-(1.2b),
AR, HMBTEHHEE.



EH 5 KRBT HAER 4.3). WHAEH oF, & wFH1 B (5.7) 121 1B
[oF T — 13, < loF = o |3 — o7 = 5F|1E, Yor €V,

HdoF B (5.8) EX,

. ((1 Lw)BBT B ;BT>

1 1
3B Zup Im
0
BBTB —BT
G=(1-—pun) , :

BT n € (0,1), 55/ H #1 G 7£ Bi#FBTE 2 EER.

E5EPE BAA—EFHFRBRHE, 46/ H NG ¥ IEE. HEHEEEEIFfEE 4 P py+E

R ST SAUIER R 1 R
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