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1 Problem with three separable blocks
X—HE R =RA o EO L)

min{01(x) + 02(y) + 03(2)|Ax + By+ Cz=b, x € X,y e Y,z € Z} (1.1)
HISKAE SR, XA el AR A% R H R B2

L(z,y,z,\) = 01(x) + 02(y) + 03(2) — A (Az + By + Cz — b).
B1RE (1.1) EFERTLAYALE AT 55 A F K [l
w* € Q, O(u)—0u*)+ (w—w)TF(w*) >0, VweQ, (1.2a)

Heh O(u) =01(x) +02(y) +03(2), Q=X XY x Zx R™.

[z ( AT ) \

—BT)\
w=| " , u=1| vy |, Flw)= : (1.2b)
—CT )

W, © \ Az + By +Cz —b ]




HRIROHE T AR A B I (SN B TR S BES)
L5 (@,y,2,A) =01(2) + 02(y) + 03(2) = AT (Aw + By + Cz —b)

+ §|\A:c+By+Cz—b\|2. (1.3)

BEIEHET 79 ADMM 3k i = 3R 7] 43 55 18] i A~ R MEYAT 84

M =ANAI BRI, A EFEE BRFREBAEE Bk LIAREBNER
BoF = (yPF, 27, 2\F) Bk, B

]

( zktl ¢ argmin {E[B:%](x,yk,zk,)\k) ‘ r € X},
gt € argmin {£5) (@ y, 28, 0F) |y € V),

k1l ¢ argmin {LE] (kL kTl 2 AF) ’ z € Z},

[ AL = 2F_ B(AxFt 4 BykFtl  C2FT — b)),

SKISHFTENER S whtl = (ftl yf+l 2L N1 L5 A B, CHEBIMRE
MIERZBIBHE, A7 7A (1.4) KEZO)RR (1.1) RS B X Fh = RETAT 5 B 0], LR
PR TARRAT S S HYE) 8. X —ARAY = BRAT 9> a8, 2 BERIEUEY [1].



HFHEH AR I

Zi, =N EREVEFREE A, 21t 2 RAERE
A=[AB,C] 9 FEEZLE—IT2RMIEME B, A=[A B,I.

BT R ADMM AL TE3X 3 88 A1 SEFREY =N A] 53 S R B9 in) R, BE /X A UERRUAL,
RAZELRAE), XMMAR—TABXFFABEXAEIRE ! 251 & SR 7R iFE:

o ZHAIEFIZE 5 EIEIEC]
min{f (z) + 02(y)|Az + By =b, x € X,y € Y} ZULHHY.
o PFFNLRMAAFNLAR, Bl
min{6; (z) + 02(y)|Az + By < b, z € X,y € Y}
o BUM=NAI T ERMNFAAREEANZ
min{0;(z) +02(y) + 0| Ax+ By +z2=0b, z € X,ye Y,z > 0}.

o HIRHEI MIRFRXEREDA(1.4) LB EEX M0, H1BE2EHH, ERES
RAUERRYSE. I22 —— TR BB RIIR B ska tERYin) R !
AEXTERHET B ADMM (1.4) IERAA T USRI RIBHIR, FeMI0E FX =R 7] 7 S Ay o)
RRH—EZIERE.




2 G —HERNFHRrR

B8 w* e, O0u)—0u")+ (w—w") Fw") >0, Ywe. @1

[T 58 k- IR NG ERIL TS oF TR, RTINS oF, £

w* € Q, 0(u)—0(a®)+(w—®) T F(@F) > (v—F)T Qv —oF), Yw e Q, 2.2

. BEFEREQT + Q RIEEM. | ZuigiolsR e ) w* BT ©F. #rQ AT
[BZ1E]. HRIBBFUNS R oF, BEZOTE o IENER ST HARA
k

Rt = oF — M (W — o). (2.3)

AR M ARIEFERE. v A0 ZE, v AILZ w, BAILZ wiIED T E

WS R A ENTUNER Q, X ITIRIERER M mEM T FH:
JIEEME H-0 FH& HM=AQ. (2.4a)
teAh, BETBARIE

G=Q"'+Q—-M"HM = 0. (2.4b)




FRIE vF Tt = oF

— M (0" — o%), BRI RS R AR IERERE M 2

(M 22 B EQ QT +Q =0 ( D-0, G=0,
< USSR (2.4) : PREERE M BIEK: — D+G=Q'"+Q,
3H 0, suchthat HM = Q, M'HM = D,
G=Q " +Q-M"HM - 0. . HM =0
(D=0, G=0, (D=0, G=0,
— <D+G=QT+Q, — <D+G=QT+Q,
Q'M = D, M =Q 'D,
. HM = Q. \ H=QD'Q".

IMERMCE: BT FUNEREQ, ATLUEE D, FEHFHBREO<D < Q' + Q.

SMEERHEQ ' + Q > 0T, NFABZEH—INFZE BHALBIOE—REE

BFM=Q - TD KEE)FNF QT (" —v")=D@E" —0"). (25




3 #5175 e ADMM FUM AL IE 5 0%

X—TRFEER 2009 F X RKA[3)], B x HRFPEITE, ERMVF = (yF, 28, \F)
Blloktl = (yhtl o1 N\etl) QO EFITLAE o F 2-FO)RE, BEH N\ #anEik, 8

(2F+1 € argmin{6; (z) — xTATAF + g”ACC + By® + Cz* — b||?|z € X},
yktl ¢ argmin{ 62 (y) — yTBTAF + §||A:ck+1 + By + CzF — b||2|y eV},

2Pl € argmin{63(z) — z2TCTAF + g||Aa:k+1 + By* + Cz — b||?|z € Z},

\ A+l — \E _ 6(A$k+1 + Byk+1 + Czk+1 _ b)

ERRHY A (h L gkt 2R AR M e B 0T ERRN—5. BEER Y,
z FlEJATALIE, BLFERILEFA N, BBREH, FEZRE. REANZ
Rt = oF — a(vF —oF T, o e (0,2 - V2). (3.2)

ZiR, FZATATILE o = 0.55. B2 F (3.2) Himhy vF ! = (yF+l, 2k+1 A+ B
H (3.1) IR AY.
BATRA G —HEZRRIGUEX P BB 5T 1T 0 R FUNAR IE 77 A RIS, SE3EEH (3.1) £/
B (2Pt it ) Mg (25, g8, 2F), HEX

M= 2\F — B(Az* + ByF + C2F —b). (3.3)



XEE, TN A (25, g%, 2%, NF) sRATIAB R TRV R :

( ikEargmin{£3 (z yk’,zk’,Ak) J;EX},, (3.4a)
< g € arg min {ﬁ[ F oy, 2 )\k) Yy € y}, (3.4b)
3% € argmin {C Foyk 2z, F) |z € Z}, (3.4¢)

L A =\ — 8(AzF + By* + C2F —b). (3.4d)

FI & RiA%EA H ek 3 (1.3), FiolRl (3.4a) HHH T

7" = argmin{61 (z) — 2T ATN* + 18||Az + By" + CzF —b||* |z € X},
RiEERMIESIE, °
01(z)—01(Z")+ (z—3")T{—=ATNF + BAT (AZ* + By* + Cz* —b)} > 0, Vz € X.

BiRHE (3.4d), ®A FA (3.4d) X NP, ATLLE (35a) 0 — AT N EERE “BE
P ex, 01(x) —01(&°) 4+ (x — ) T{=ATN Y >0, Ve e X, (3.5a)
Fo)R (3.4b) T

g% = argmin{6s(y) — yT BTAF + %5||A$Ek + By 4+ CzF —b||? |y € Y},



EIERERMERGSIE 5 c ),

02(y) — 02(5") + (v — §°)T{—BTA\* 4+ BBT (A% + BgF —b)} >0, vy c V.

FB1RYE (3.4d), BB AN HEN, 3.50)F — BTN BEK “BE” £8BTB(7" —y")

§* €Y, 02(y) —02(5°) + (y — §°)T{=B" )\
+BBTB(" —y*)} >0, VyeY. (@35

[E13E, %t F[a]&% (3.40) B
P ez, 03(z) —03(2F) + (z — 28)T{—CT\F
+B8CTC(EF —2F)Y >0, Vze Z. (350

SEEF (3.4d) ATAB K
(Az* + Bj* + C2F —b) — B(§* —y*) - C (3" —2F)+(1/8) (\* —A*) = 0. (3.5d)

3.5 FHANAEE—E, AIIERGE—ERPHIFUN R
w* € Q, 0(w)—0@")+(w—a"TEFW@*) > (v—")T Q" —o%),vw € Q, (3.6a)



/\I:P
BBTB 0 0
Q= 0 BCTC 0 . (3.6b)
1
—B -C 3
BISLkEBHFZEB1)-B)ELZ—ERPHREZELTR. BT
gt =gk, A= AT =00 4 8B(yY - g) + BO R - 2Y).

18 (3.4) W AR 9 U s B, FRIE 3N (3.2) HURT AR R AKX

yk—l—l yk I 0 0 yk . gk’
Paas = 2k -« 0 I 0 2k — 3k
Akt Ak —BB —BC I Ak — Nk

R, FIR T H—HEZR T (3.6) XFHFMRIAI, 757E (3.1)-8.2) IKIEANE

vt = ok — M (WP — 5F), (3.7a)

-10



B

I 0 0
M =« 0 I 0 . (3.7b)
—BB —pC I
XPXHER Q A M, %
BBTB 0 0
H== 0 pCcTC 0 :
0 0 %1

B HM = Q, UiRBY S S 15# 2.

RIBGE—IELE, Bt 3.70) PRI M HE—Da > 0, FEBEHE
G=Q'+Q) —M'HM -0

e, FERENEEEESE

26BT B 0 —BT

QM +Q = 0 28cTc  —CT
2

—B —C 51

- 11



0

FrAB

G=Q"+Q-M'Q=

I 0 —BBT
0o I —-pCT
0 0 I

286BTB BBTC
pCTB 2BCTC
—B —C

2(1 - a)BBTB
—aCTB
—(1—-a)B

BBTB 0
0 pCcTcC
—B —C
_ BT
—_CT
1
EI
—aBBTC
2(1 —a)pC*C
—(1—a)C

o O

™|~

-12



BT

VBBT 0 0 2(1 —a)l —al —(1—a)I
G = 0 VvBCT 0 —ald 2(1 —a)l —(1—a)l
0 0 ﬁ[ —(1—a) —(1-a) (2-a)
VBB 0 0
0 BC 0 :
0 0 LBI
RZIGE, X2/ o > 0, 78fE
2(1 — o) —Q —(1 — )
—Q 20l—a) —(1—a«) | »0. (3.8)

—(1—a) —(1—-a) (2 — )

ST E, BN o € (0,2 — V2), (3.8) PHIFERFIERE, WIS FHHE.

-13



4 FHeirER A ADMM 55k

Direct extension of ADMM

"

A= argmin{ﬁ[;] (z,y", 25, ) |z € X},
y" T ¢ arg min{ﬁ[ﬁg] (2", y, 2%, \%) |y € Y},

2T ¢ arg min{ﬁg’] (F T Rt 2, M%) | 2 € Z},

At = 2\F — B(Az* T 4+ Byt + C2F T —b).

\

FANTE 1] HIERA, X =AAT o3 B ERAY AL 18] R, B IEHET R (4.1) FARIEU .

L Z B, BMNFASZER—LERB=NA 0 EROMILEBAITGE (5, 6]

BRI Rk TRE R ENE 41) M=AFEFRBR A g RENS, 2FAENLIER
KIZLDEER y M 2-FRIEN AT REFN AV INER S (4.1) 124D

- 14



(ykt+1, 2R+l AR+1) M T &, REAR K

yk—|—1 yk I _(BTB)—lBTC 0 yk . yk—|—1
AR+ AR 0 0 I )\ AP — X\FH

Hehv € (0,1), AIEY (yF 1, 2040, L) Be (4.0) REEH. XANTTRL RG] 18
BT, B MIRAN, lﬂ*‘z E b WAL @) R EM N R

yk+1 - yk . I —(BTB)_lBTC yk . yk_|_1 s
Zhtl - 2k 0 I 2k — Rkt - .

KRIE y M 2 (EFEREN). BFAT—HERIAFZTELER (ByFHL, O L) 341
NEMLb@.3)ER B

Byk+1 - By¥ . I 7 By* — Bykt1 i
erian il N Wer. 0 I Czk — Czkt+1 |- (4-4)

-15



4.1 The prediction matrix () — Triangular Matrix

HAVEERHE (4.1) PHY o T = (aF Lyt 2R Beg af = (25, g%, 2F),
XA

/

zF € arg min{£[3] (z,yF, 28 NF) |z € X},

2/

0] Eargm1n{£ TF,y, 2 NF) |y € VY, (4.9)

\ zk € argmin{ﬁﬁ (Z*, 9%, 2, \F) | z € Z}.
x,y,z FEENTEZE

y

1
7* € argmin{0:(z) — 2" AT A" + §B||Ax + By* +Cz" —b|)* | z € X},

N\

1
§* € argmin{02(y) —y" B*\* + QBHA:}?]" + By + Cz" —b|* |y € V},

1
zF € argmin{0s(z) — 2" CTA\* + §B|]A:f:k +Bj*+Cz—0b|]* |z € Z}.

\

-16



FIRMRARIEATE S TERZBFNAREMSIEL FE o~ e U,
[ 01(z) — 01 (%) + (z — F)T{—ATNF

+BAT(AZ* + By + C2F —b)} >0, Vz € X,
O2(y) — 02(5%) + (y — g") {=B" A"

+8BT(Az* + B§* + C2* —b)} >0, Vy e,

(
03(2) — 03(3%) + (z — )T {—CTAF
(

\ +B8CT(Az"F + B§* + Cz* —b)} >0, Vz € Z.
(4.6)

E X

A=A — B(Az" + By" + C2" —b), (4.7)
FRTUSHENHER
(Aﬁ+¢@”+cﬁ—wy—3@k—¢3—cgh—ﬁy+%@k—Xw:o.@&

SHFAER N € R™ F10 BE p, HEHLRRBATUSHEK
MNeer™ A=2A)Tp>0, ¥YrxeR™.

-17



% (4.6) 0 (4.8) IE—E, FIPATHTERER (1.2), &11E7 oF € Q,

[ 01(z) — 01(3%) + (z — 3)T{=ATX*} >0, VzeQ,
O2(y) — 02(5") + (y — §°) " {=BTA\" + BBTB(§"* —y*)} >0, Vye,

—CTS\k—F CTB ~k  k
) 0y(2) — 05(3") 4 (2 — gyTd “EATBCOBE YLy ez

+BCTC(FF — 2F)
- AZ* + Bj* +Cz" — b

(AA%T{( TEE e )k o p20, ¥aeA

\ —B(g" —y")—C(z" — 27) + 3(A" =A%)
(4.9)

EEE (4.9 RPMTRYLHBARTR (1.2 PEXKF(0°), &HBER 0° € Q,
0(u) — 0(a") + (w — ") F(@") > (v — )T Q" — &%), Yvw € Q, 4.10)
Hehmg v = (y, 2, \) FUlERE

BB 0 0
Q=1 pct*B pctc 0 : (4.11)
—B —C %Ln

-18



5k

yk—l—l yk: VI —I/<BTB>_1BTO O yk _gk
P = | 2P — 0 vl 0 2k 3k
APl 2P — 8B —BC I AP \F

R ER ER—ERNREARS, B

vl —v(B'"B)"'B'C 0

M = 0 vl 0 |. (4.12)
—3B —pC I
PO i {2113
18B"B 18B'C 0
H=| Ipc'B Ip[c"C+C"B(B"B)'B'C] 0 |, (413
0 0 51

-19



AILASSUE HM = Q. B & RE1ET#E

BTC I —(BTB)"'BTC
—CTB( BTB CTB ctc+ct'BBYB)"'BTC/\0 I

(BB BTC)\ (I —BTB) 'BTC\ (B'B 0
o cTc I o cTc)

S5 H £ B, C 5#EH#LETIEE. HEIb,

G = Q"+Q-M'HM=Q"+Q)-M"Q
28BTB pBTC —BT (1+v)BB'B BBTC — BT
= pcTB 2pCcTCc —-CT |- BCTHB (1+v)BCcTCc —-C7T
—B —C %1 —-B —C %I
(1-v)BBTB 0 0
= 0 (1—-v)BCTC 0
0 0 %I

BT v e (0,1), 5B, CHERF R G EE. Si—ERP RS EH#HE.



5 Implement the correction by using (2.5)

3 (4.11) FEVFUNZERE Q, k1B

26B'B BB'C —B*
QT+Q = | pCc™B 28CTCc —CT
B - 2,

BT 0 0 28I, B, —In.\({B 0 0

=10 Cc* o Bl 28L, —I.||O C 0 |. (1)
0 0 Im) \~Im —Im 2I1,/\0 0 I,
BT
28I, Blm —In Bl  Bln —In Bl, O 0
Bl 28Ln —In|=|B8Ln BIm —-In|+| 0 pBL. 0
L L Iy —In  5In 0 0 5Inm

SIEEEM, AEfE B 1 C 2HERaEkR 55/& QT + Q EXE.

- 21



EE 0<D<QT +Q TUEELECHEENSE TARE—LGFmME.

M—A B R D SHEER v € (0,1), 46K

28ILm  Blm —Im vBl,, 0 0 (2—1)8Lm  BIm

Bl 28Lm —In|=| 0 vBL. 0 |+| BL. (2-v)BIn
2 1

~Ip —Im 2l 0 0 3In —1Inm I

SHRAL T A IEEFERE. Ftt, ATELE



(2—-v)BB'B BBTC -B'
G=Q"+Q—-D= BCTB (2—-v)pctc —-CcT |. (63
-B —C 51m

Algorithms for the model (1 1)
[Prediction Step.] Obtain (¥, §*, Z*) via the direct extension of the ADMM (4.5)
and define \* by (4.7).

[Correction Step.] Get v* T by solving Q7 (v*T1 — o) = D(oF — v%).

BlERY3LE A M QT (vF T — o*) = D(BF — o®) KRB VT 2 FfimiE

BB BB'C —B' sBY 0 0 \/B C -
Q"= o gcc -cT|l=]0 et o |lo ¢ -

1 1
0 0 BI 0 0 BIm 0 O Im

-23



0

vBB'B 0 0 BBT 0 0
D = 0 vBCtCc o0 | =1 o pCt o0
1 0 0 +In

H4ERE QT 1 D MY BRAEHRRENARTF. Bk, K528

QT(Uk+1 . Uk:) _ D(,&k: . ’Uk),

A LU
B C —%Im ykt+1 _ gk vB 0 0
0o C —%Im Zhtl _ k| = 0 v(C
0 0 I A+l 2k 0 0 I

_BI Bykt+1l — Byk vl 0 O
_ 17 Czhktl _Czk | = O wvi O

K5 EiR& M RIREFNTHIEA
I
I
0o I AL \k o 0 I

vB 0 0

0O vC 0

o 0 I,

gh — y~

sk Lk

S\k _)\k
Bg* — By*
Czk — Czk

Nk \k

- 24



BERBGERRRE (AT = \F), (C2F1 = C25), (By"+! — Byb),
RIEBBNTFE T —RERFFEER (Byb T, C2F T Ak,
D f—eH b5k

1% (5.2) 1 (5.3) FpY D #1 G B E, A&, BY

(2—-v)BBTB BBTC —-BT
D = BCTB 2 -v)pctc -C*
—-B —C 51m

xF T E BTN, 42 1E AT LA

I 1 —3I Byktl — Byk (2 —v)I I —I\ [ Bg* — ByF
0 I —%I CzFtl —C2F | = I (2—v)I —I Czk — C2F
0 0 I ARFL )k —T T I LS

BRTFET—REREEN (By" ™, O A,



XBF D=ao(Q7+Q) M G=(1-a)QF +Q) #HEIETERH.

26B'B  pB'C —-B?*

D=alQ"+Q]=a| pc'B 28cTC -CT |. (5.5)
2
ot T BRI, 421E AT LU
I I —5IY\ [By**tt — By 21 I —I\ [Bg*—By*
0 I —5I Chtl —Ck | =a| T 21 —I|| CzF-C2F
0 0 I ARFL _ \F —I -1 2I Ak — 2R

BRFETRERMEEN (By" ™, O A,

MNFABZZE—INFHE BHRABHEE—REE

- 26



6 5T

- in IE W15 ) ADMIM 755

HANBEFEEEHET B ADMM KHE=A 43 B R A DAL AL (8] R A BE AR IEULE 1], /R
ENiZ 2RIt 0B E R y M 2 T EIBLERFER SN B AT, A4XATEN
HUZ37E. SRTI, AN RY &) S 5aHI A TRY 73 A A BEARIEUCAL.

&) EA
sl 1 A0
z 3F
ANBERIE

| RS

/

gkl =  argmin {EE’] (z,y%, 2%, AF) | z € X},

gt = argmin {£5) (a1, y, 25, 0F) |y € V),
zktl = argmin {L’E’] (ah gk, 2, 0F) | z € 2},
)\k—i—l — )\k o B(Aajk—i—l + Byk—i—l + Czk—i—l o b).

TE A [ERH AT, F i 55 00 1E W 101 B F AR (6] 3

y, z FIEJRESEAT, SRR IEMUSALIE, 7is A1 Fn ST ER A0 4> IE 15

f

2%t = arg min {L%(x,yk’zk’)\k) ’ = X}, (Tt > 0 ASH)
y**T1 = arg min {E%(karl,y,Zk,)\k) + 3BIB(y — y*)I?|ly € ¥},
zF+1 = argmin {E%(Q:k""l,yk,za AF) + 3 BlC(z — Zk)HQ‘Z € Zj,
AHL = 2R — B(Azk L 4 Byk+l 4 C2kHL —p).

- 27



FRMERST
(2Pl € argmin {61 (z) — 2T ATNF + §||A:1; + ByF + CzF — b||?| © € X},
2(y) =y BTN + S|l AatH! 4+ By + O —b|F | y}
+5 8By — y*)II?
05(2) — 2T CTAF + Z||Azk+T 4+ By* + Oz — b2 ‘ }
z € Z p,

+ZBIIC(z — 2F)|I?
\ )\k—i—l — )\k o 5(A£Ck+1 + Byk—l—l + Czk—i—l o b),

yF+l ¢ arg min{

2kl ¢ arg min{

TEE

k41

[ 62(y) —yTBTAF + Z||Azk+! + By 4 CzF — b)|?
Yy € argmin yey,

+ZB8||B(y — y*)|I?

B [ 02(y) + SII(AzF L + ByF + C2* — b) + B(y — y")||?
— argmin Tk . - yey
—y* B \Y + Z8]|B(y — y")||

_J 02(y) —y" BYNF — B(Az* T+ By 4 C2F — b)]
— argmin ) o g |y€y :
+581B(y — y")||I* + 581B(y — y")|

-28



T, &<
A3 = Ak g(AzF T 4 Byk 4+ 02F —b),

XNFERE
[kt ¢ argmin{f;(z) — T AT\F 4 gHAaz + ByF + CzF —b||?|z € &},
A3 = Ak B(AzFtl 4 Byk + C2F —b)

\

. 1
yF T cargmin{62(y) —yT BTN 2 4+ B2(|B(y —yM)IIP |y € V),

2R +1 cargmin{63(z) — 27 CTAR 2 4 L8 C(2 — 2%)|2 | 2 € 2},

)\k—l—l — )\k L B(Aatk_'_l + Byk—l—l + Czk+1 o b),

\

Hp =74+ 1. FNTTTTLEEZ KK 1.
FOE (6.1) £ AHY

1 . k -k ~k X
(zFth yftt, 2R Ak—i_i) MATEME (&5, g5, 28,00, (6.2)

-29



X AN A KRR A
(&% = argmin{0;(z) — 2T ATk 4+ gHAa: + ByF + CzF —b||? |z € X},
7% =argmin{02(y) — yT BTN* + L2||B(y — y*)||? |y € Y},
7k = argmin{03(z) — TCT Nk 4+ %BHC(Z —29)|1? | z € 2},

| M= )F — B(AzF + Byk + CzF —b).

Tl (6.3) H - F Al RMEFRHR

7" = argmin{0: (z) — 2T ATN* + 18| Az + By" + CzF —b||* |z € X},
REZMESIE, 25 € X,
01(x) —01(&") + (@ — ") T{—ATNF 1 BAT (AZ* + By* + CzF —b)} > 0, Vo e X.
BRIE N\ = \F — B(AZF + Byk 4+ C2F —b), BB

e X, 01(x)—01(&°) + (x—)T{-—ATIXY >0, Ve e X. (6.4a)
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EIREAR IR R A1 51 3138, T (6.3) h y- FISISRRO AR M SR 2
7" €Y, Oa(y) —02(5") + (v — 7)) {=BT\

+uBBTB(§" —yF)} >0, vye.
(6.4b)

[E13E, Tl (6.3) # - FlEE RMIMEFH=E
e Z, 03(z) —03(EF) + (z — 2F)T{=CT\F
+ uBCTC(EF —2F)} >0, Vze Z. (640

RIBEN IEN, Bfi1E
(AZ* + BgF + CzF — b) — B(#* —y*) = C(ZF — 2F)+ (1/8) O\F = \F) = 0. (6.4d)

X, RSN BT AFN (1.2) (I, UM A LB B gt —HESR PRI R

Wk e Q, 0u)—0(a")+(w—a")T F(@r) > (v—5%)TQ(v* —oF),Yw € Q, (6.5a)
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/\qj
uBBT B 0 0
Q= 0 uBCTC 0 : (6.5b)
1
—B —C 51

BT M =X\ — B(AzFt! + Byk + C2F — b) F
)\k—{—l — )\k . B(Aa:k+1 4+ Byk}—l—l i Czk—l—l . b),
F R XA TN =, RIE y # 2 BIAR CGEE N 0 )0F X R) ATIUS K

k41 k _
Y Y I 0 0 yk _ yk
Zhtl = | 2k — 0 I 0 2k — 3k
k 3k
L AF —BB  —BC I AT — A

Rl iR, AL —IERRE AT H

I 0 0
0 I o |. (6.6)
_BB —BC I

M
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T xERE

AJLALGE H IEEHE

HM =

n8BY B
0
0

n8BT B

0

nBBTB
0
0

0
uBCTC
0
0

uBCTC

0
uBCTC
0

o o = o o

™|~

I
0
— 8B

0 0
I 0
—pBC 1
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G=@Q"+Q -M'HM=Q"+Q)—-M"Q

2uBBT B 0 —BT (1+up)BBTB BBTC —BT
= 0 2uBCTC —-CT | — BCTR (1+p)pCctc —-cC7T
—-B —C %I —-B —C %I
(u—1)BBTB —-BBTC 0
— —BCTB (un—1)BCTC 0
0 0 %1

BT u > 2, 360 G IEE, WU FEHE. F7ARNE 1S EIERR.

540, AT = 2.01. X EFRIE6, 8| B ZBIER: ity M FEMI, XNER
KIE, AT Fe i EEN I ENABESKIT. [6] FAIFF7EH UCLA Osher HIZBYIR R
2H B Th FA S 3k i =5 P2 4 (o) Jt [2].



This method is accepted by Osher’s research group'

e E. Esser, M. Mdller, S. Osher, G. Sapiro and J. Xin, A convex model for
non-negative matrix factorization and dimensionality reduction on physical
space, IEEE Trans. Imag. Process., 21(7), 3239-3252, 2012.
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A Convex Model for Nonnegative Matrix
Factorization and Dimensionality
Reduction on Physical Space

Ernie Esser, Michael Moller, Stanley Osher, Guillermo Sapiro, Senior Member, IEEE, and Jack Xin

i 15 ; R,oC,,T
rooa it (D max(Tig) + (RuoCu, T)

suchthat Y7 — X, =V — X,diag(e). (15)
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Since the convex functional for the extended model (15) is
slightly more complicated, it is convenient to use a variant of
ADMM that allows the functional to be split into more than
two parts. The method proposed by He et al. in [34] is appro-
priate for this application. Again, introduce a new variable Z

Using the ADMM-like method in [34], a saddle point of the
augmented Lagrangian can be found by iteratively solving the
subproblems with parameters 6 > 0 and ;4 > 2, shown in the

tion refinement step. Due to the different algorithm used to solve
the extended model, there is an additional numerical parameter
{1, which for this application must be greater than two according
to [34]. We set 1 equal to 2.01. There are also model parame-

[33] E. Candes, X. Li, Y. Ma, and J. Wright, “Robust principal component
analysis,” 2009 [Online]. Available: http://arxiv.org/PS cache/arxiv/
pdf/0912/0912.3599v1.pdf

[34] B. He, M. Tao, and X. Yuan, “A splitting method for separate
convex programming with linking linear constraints,” Tech.
Rep., 2011 [Online]. Available: http://www.optimization-on-
line.org/DB_FILE/2010/06/ 2665.pdf
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ADMM + Parallel-Prox Splitting ALM

ZBEAE, 37 BH. SEMNMMESWIENDN (- > 1), FAERBERIESEL
(T = argmin{ﬁ(x,yk,zk,)\k) | x € X}, (6.7a)

{ yPrl = argmin{ﬁ(azkﬂ,y,zk, AF) 4 s By — y*) |7 ‘ Yy € y}’(6 70)

N = argmin{ Lz, ", 2, \*) + Z||C(z — 2M)|° | z € Z},

N = A — (AT 4+ By ¢ —b). (6.7¢)
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Notice that (6.7b) can be written as

k41 1 ok
i - : k41 k A Y—Y yey
(Zk+1)—argm1n{£(x ,y,z,)\)+2‘ Lk ||, ez },
BC
where
BB —BTC
D, = - - : (6.8)
-C*B 1C*C

D). . is positive semidefinite when 7 > 1.

However, the matrix [, . is indefinite for 7 € (0, 1).

In other words, the scheme (6.7) can be rewritten as

([ R = argmin{ﬁ(az,yk’,zk,)\k) ‘ x € X},
k+1 k|2
Y _ : k41 k 1| Y—U yey }
{ = argmins L(x" "y, 2z, A7)+ 3 :
(Zkﬂ) © { ( Y ) 2| z—2F Dy, z ez
L AT = 0F (AR ByR Tt - CFT ),




The algorithm (6.7) can be rewritten in an equivalent form:  (u =74+ 1 > 2).

(

2"t = argmin{0: (z) + £||Az + By* + Cz" — b — %AkHQ |z € X},
AFTE = \F — B(Az* ! + ByF 4+ C2F — b)

| v =argmin{fa(y)~ (A2 By + | By — )| [y € V),

ZF Tl :argmin{Qg(z)—(AkJr%)TCz + 22||C(2 — 2M)|1? | 2 € 2},

AT — AR B(AZM ! 4 Byt 4 OoF L —p),

\

The related publication:
e B. He, M. Tao and X. Yuan, A splitting method for separable convex program-
ming. [IMA J. Numerical Analysis, 31(2015), 394-426.
In the above paper, in order to ensure the convergence, it was required

T >1 (in(6.7)) which is equivalent to @ > 2 (in(6.9)).
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space, IEEE Trans. Imag. Process., 21(7), 3239-3252, 2012.

tion refinement step. Due to the different algorithm used to solve
the extended model, there is an additional numerical parameter
1+, which for this application must be greater than two according
to [34]. We set i1 equal to 2.01. There are also model parame-

- 40

Thus, Osher’s research group utilize the iterative formula (6.9), according to our

previous paper, they set

u = 2.01, it is only a pity larger than 2.

Large parameter . (or 7) will lead a slow convergence. I




mETHRR: &OUEMLEFRYIEE- 006235 412

Bingsheng He, Xiaoming Yuan: On the optimal proximal parameter of an ADMM-

like splitting method for separable convex programming. Mathematical methods

in image processing and inverse problems, 139 - 163, Springer Proc. Math.
Stat., 360. Springer, Singapore, 2021. Optimization Online 6235.

Our new assertion: In (6.7)

e if 7 > 0.9, the method is still convergent;

e if 7 < 0.3, there is divergent example.
Equivalently in (6.9) :

e if 1 > 1.5, the method is still convergent;

o if 11 < 1.9, there is divergent example.

For convex optimization prob-
lem (1.1) with three separable
objective functions, the param-
eters in the equivalent methods
(6.7) and (6.9) :

e 0.5is the threshold factor of
the parameter 7 in (6.7) !

e 1.5is the threshold factor of
the parameter 1 in (6.9) !
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7 FHG—ERZITHPPARIK

KIET 3 AZFERN (1.2) B9 PPA BYE R E KR TN (2.2) FRVFERE Q KRB R— 1SR H BY
R IEERERE. XAT, FATRHBNMAFEME Q1A H. XEFEP, T F LA
IE(23) Rt v+ Heh M = of, SEfrzE S, —RE o € [1.2,1.8].

MR FANTSKEE (1.2) ERI TN AKX FE oF FHE

o € Q, 0(u) — 0(@") + (w — T F(@*) > (v — M) THWF — o), vwe Q,

(7.1a)
/\q:l
BBTB + 61, 0 —BT
H = 0 pctc +é61,, —-CT|, (7.1b)
2
—B —C 51Im
Hfg>0f6 >0 REELENAKTENELR BT
BBTB +6I,, 0 —BT 0 0 0
H = 0 0 o |+]0 pBctc+ér, -—-CT|,
1 1
—B 0 5Im 0 —C 31Im
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SHEEHRIB > 0,6 > 0Fv = (y,2,\) #0,
T Hy = H\/BBy _ LAH2 + H\/Ecz _ i/\H2 + 5yl + |I2]12) > 0

%6/ H ZIEEM. BN ENMAIRIIE (2.3) BRIFRIER S oL IRIBHE—IESR
BARL WAy, Fitk, [a)Rn)3%E R ScIi#E e (7.1) BTN, B (1.2) & F(w )E’J%x_
=, 8 (7.1) MEAERBEEKRE ok = (2%, 5%, \F) € Q, #15

(01 (z) — 01(2°) + (2 — ZF)T{—ATXF} >0, Vze X, (7.2a)

02(y) — 02(5") + (y — §") " {=BTN\* + BBT B(§" — y*) + 6(5" — y")
—BT(\F — A’“)}zo, Yycy, (7.2b)
5

03(z) — 03(2%) + (z — 2F)T{— CTA’“rBC’TC( 2F) +6(3F — 2F)
—CT(\F — Ak)}zo, Vz€Z, (7.20)

N\

(Az" + Bg" +Cfék—b) i
( —B@" =5 —CcEF -2+ ©2/8) OF =X =0.  (7.2d)

R, BTRILEE—E, = (7.1) B F(0F). (7.2 WEAE RS HkH
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2ok = (&F, gk, \F) € Q, 5
(01 (x) — 01(2F) + (& — ZF)T{—ATNF} >0, Vze X, (7.3a)

02(y) — 02(5°) + (y — §°) " {—BT (2A* = \F)

+BBTB(§* —y*) + (5" —y*)} >0, Vyel, (730
05(2) — 03(ZF) + (2 — 2T CT (23F — AF)

+8CTC(EF —2F)+6(3F —2F)) >0, Vze 2, (730
| (AZF + By + C2F —b) +(2/8) O\F = X\F) =o. (7.3d)

MRL
¥ = argmin{f (x) — 2T ATNF + iBHAa: + Byf + C2F —b|)? |z e X}, (79
RBRAMERAEIE, O (7.4) MRMMEEHRI: € &,

01(z) — 01 (2%) + (x— ") T {—AT N + L BAT (AZ* + By* +C2F —b)} >0, vz € X.
(7.5)
BENX
A= 2k — 18(AzF 4+ By + C2F —b). (7.6)
1% (7.6) KN (7.5), R T (7.33). sTE=E (7.6) X (7.3d) =M. XK, BT N\ BIEEH
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i (7.3b) BY g~ A E (7.3c) B9 2%, iRBERM MR EE, RENHET

02(y) — yT BT[2AF — \F
it = argmm{ 2(y) —y" B™ | e y}
1 1 ~
3BIIC(z = 29))12 + 50llz — 2¥|12

3BIBy = y™)II” + 36lly — y*|?
e z}
FE ZE A, =B, ) (v, 2) IRFTE:
(" € argmin{01(z) — 2T ATNF + %BHAw + Byf + C2F —b||? |z € X}, (7.72)

Zi
" | { 03(z) — 2T CT[20F — \F]+
&£ = argmin

~

Mo =2k — g(AZF + By + C2F —b), (7.7b)

2B||B(y — y*)|I?
) v ) |YEY ¢
+56lly — y®||

—~

§ gt = argmin{Oz (y) —yt BT [20F — \F] + ( 7.70)

3B1C(z = 277

+26||z — 2F||?

k= argmin{03(z) — 2Tt 20k — AF] + ( z € Z}, (7.7d)

MASEHEFH (7.1) UM <. BTN R B REREXTFRE E, #Ta0E N = 7 AR AT
M R AR T FLRIFASB A 1S3,
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