
VI - 1

CCC©©©ØØØ���ªªªµµµeeeeee(((���...

ààà`̀̀zzz���©©©���ÂÂÂ   ���{{{

VI. õ��©l¬à`z¯K�ADMMa
����&�����{

¥Æ�ênÄ: 7���¬¢�

ÊÏ��ÆêÆ ���`z�n

Û ] ) H®�ÆêÆX

Homepage: maths.nju.edu.cn/˜hebma

U�êÆÀ�¥% 2023c10�17− 27F



VI - 2

1 p-¬¬¬���©©©lllààà`̀̀zzz¯̄̄KKK���CCC©©©ØØØ���ªªª

p-¬�©là`z¯K

min
{ p∑
i=1

θi(xi)
∣∣ p∑
i=1

Aixi = b (or ≥ b), xi ∈ Xi
}
. (1.1)

The Lagrangian function is

L(x1, . . . , xp, λ) =

p∑
i=1

θi(xi)− λT (

p∑
i=1

Aixi − b),

which is defined on Ω =
∏p
i=1 Xi × Λ, where

Λ =


<m, if

∑p
i=1 Aixi = b,

<m+ , if
∑p
i=1 Aixi ≥ b.
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Let (x∗1, . . . , x
∗
p, λ
∗) ∈ Ω be a saddle point of the Lagrangian function, then

Lλ∈Λ(x∗1, . . . , x
∗
p, λ) ≤ L(x∗1, . . . , x

∗
p, λ
∗) ≤ Lxi∈Xi(x1, . . . , xp, λ

∗).

The optimality condition of (1.1) can be written as the following VI:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.2a)

where

w =


x1

...

xp

λ

 , x =


x1

...

xp

 , F (w) =


−AT1 λ

...

−ATp λ∑p
i=1 Aixi − b

 , (1.2b)

and

θ(x) =

p∑
i=1

θi(xi), Ω =

p∏
i=1

Xi × Λ.

Again, we denote by Ω∗ the solution set of the VI (1.2).
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2 lll���OOO������{{{���������ééé«««

Let us consider the general separable convex optimization model

min
{
θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y

}
. (2.1)

The augmented Lagrangian function is

Lβ(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +
β

2
‖Ax+By − b‖2

Applied the classical ADMM [1, 2] to the problem (2.1):

ADMM for (2.1) From (yk, λk) to (yk+1, λk+1)
xk+1 ∈ arg min{Lβ(x, yk, λk) |x ∈ X},

yk+1 ∈ arg min{Lβ(xk+1, y, λk) | y ∈ Y},

λk+1 = λk − β(Axk+1 +Byk+1 − b).

(2.2)
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Ignoring some constant terms in the objective functions of the corresponding subprob-

lems, we can rewrite the ADMM (2.2) as

xk+1 ∈ argmin
{
θ1(x)− xTATλk + β

2
‖Ax+Byk − b)‖2 | x ∈ X

}
= argmin

{
θ1(x)− xTATλk

+β
2
‖A(x− xk) + (Axk +Byk − b)‖2

∣∣∣∣ x ∈ X}
= argmin

{
θ1(x)− xTAT [λk − β(Axk +Byk − b)]

+β
2
‖A(x− xk)‖2

∣∣∣∣ x ∈ X}
yk+1 ∈ argmin

{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By − b)‖2 | y ∈ Y

}
= argmin

{
θ2(y)− yTBTλk

+β
2
‖B(y − yk) + (Axk+1 +Byk − b)‖2

∣∣∣∣ y ∈ Y}
= argmin

{
θ2(y)− yTBT [λk − β(Axk +Byk − b)]

+β
2
‖A(xk+1 − xk) +B(y − yk)‖2

∣∣∣∣ y ∈ Y}
λk+1 = λk−β

(
Axk+1 +Byk+1 − b

)
(2.3)



VI - 6

XJP

λk+ 1
2 := λk − β(Axk +Byk − b). (2.4a)

ADMMS�ª (2.3)Ò�±�¤

xk+1 ∈ argmin
{
θ1(x)− xTATλk + β

2
‖Ax+Byk − b)‖2 | x ∈ X

}
= argmin

{
θ1(x)− xTATλk+ 1

2

+β
2
‖A(x− xk)‖2

∣∣∣∣ x ∈ X}
yk+1 ∈ argmin

{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By − b)‖2 | y ∈ Y

}
= argmin

{
θ2(y)− yTBTλk+ 1

2

+β
2
‖A(xk+1 − xk) +B(y − yk)‖2

∣∣∣∣ y ∈ Y}
λk+1 = λk−β

(
Axk+1 +Byk+1 − b

)
= λk−β

(
Axk +Byk − b

)
+ βA(xk − xk+1) + βB(yk − yk+1)

(2.4b)
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bXP λ̃k = λk+ 1
2 , x̃k = xk+1, ỹk = yk+1, Kk ýýýÿÿÿ

λ̃k = λk − β(Axk +Byk − b)

x̃k ∈ argmin
{
θ1(x)− xTAT λ̃k + β

2
‖A(x− xk)‖2

∣∣ x ∈ X}
ỹk ∈ argmin

{
θ2(y)− yTBT λ̃k

+β
2
‖A(x̃k − xk) +B(y − yk)‖2

∣∣∣∣ y ∈ Y}
(2.5)

Ï� β(Axk +Byk − b) = λk − λ̃k ,

λk+1 = λk−β
(
Axk +Byk − b

)
+ βA(xk − xk+1) + βB(yk − yk+1)

= λk − [(λk − λ̃k)− βA(xk − x̃k)− βB(yk − ỹk)

������ 
xk+1

yk+1

λk+1

 =


xk

yk

λk

−


I 0 0

0 I 0

−βA −βB Im



xk − x̃k

yk − ỹk

λk − λ̃k


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2.1 ADMM with wider applications

Let us consider the general two-block separable convex optimization model

min
{
θ1(x) + θ2(y) | Ax+By = b (or ≥ b), x ∈ X , y ∈ Y

}
. (2.6)

The linear constraints can be a system of linear equations or linear inequalities.

We define

Λ =

 <
m, if Ax+By = b,

<m
+ , if Ax+By ≥ b,

and denote the projection on Λ by PΛ[·]. For such special Λ, the projection on Λ

is clear !

The only differenceµ P<m(λ) = λ, P<m+ (λ) = max{λ, 0}.
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A Dual-Primal Extension of the ADMM for (2.6).

From (Axk, Byk, λk) to (Axk+1, Byk+1, λk+1): Find w̃k = (x̃k, ỹk, λ̃k) via
λ̃k = PΛ

[
λk − β

(
Axk +Byk − b

)]
,

x̃k ∈ argmin
{
θ1(x)− xTAT λ̃k + 1

2
β‖A(x− xk)‖2 | x ∈ X

}
,

ỹk ∈ argmin
{
θ2(y)− yTBT λ̃k + 1

2
β‖A(x̃k − xk) +B(y − yk)‖2 | y ∈ Y

}
.

(2.7)

ýÿk� PrimalÜ©,2� DualÜ©,^S��±�L5.

A Primal-Dual Extension of the ADMM for (2.6).

From (Axk, Byk, λk) to (Axk+1, Byk+1, λk+1): Find w̃k = (x̃k, ỹk, λ̃k) via
x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2
β‖A(x− xk)‖2 | x ∈ X

}
,

ỹk ∈ argmin
{
θ2(y)− yTBTλk + 1

2
β‖A(x̃k − xk) +B(y − yk)‖2 | y ∈ Y

}
,

λ̃k = PΛ

[
λk − β

(
Ax̃k +Bỹk − b

)]
.

(2.8)

ÃØ´ dual-primal,�´ primal-dual�{,Ñ�±�õ¬¯K��í2.
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õõõ¬¬¬¯̄̄KKK (1.2)���DUAL-PRIMALýýýÿÿÿ Prediction

l�½� (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk) �ýÿ: w̃k = (x̃k1 , x̃

k
2 , · · · , x̃kp, λ̃k):

Prediction Step. With given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), find w̃k ∈ Ω:

λ̃k = PΛ

[
λk − β

(∑p
j=1 Ajx

k
j − b

)]
x̃k1 ∈ arg min

{
θ1(x1)− xT1 AT1 λ̃k + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λ̃k + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λ̃k + β

2
‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ argminxp∈Xp

{
θp(xp)− xTp ATp λ̃k + β

2
‖
∑p−1
j=1Aj(x̃

k
j − xkj ) +Ap(xp − xkp)‖2

}
.

(2.9)

ýÿkéó2�©.é�©l��©Cþf¯KÅ�US¦).



VI - 11

õõõ¬¬¬¯̄̄KKK (1.2)���PRIMAL-DUALýýýÿÿÿ Prediction

l�½� (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk) �ýÿ: w̃k = (x̃k1 , x̃

k
2 , · · · , x̃kp, λ̃k):

Prediction Step. With given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), find w̃k ∈ Ω:

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λk + β

2
‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ arg minxp∈Xp

{
θp(xp)− xTp ATp λk + β

2
‖
∑p−1
j=1Aj(x̃

k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
.

(2.10)

ýÿk�©2éó.é�©l��©Cþf¯KÅ�US¦).



VI - 12

3 æææ^̂̂Primal-Dualýýýÿÿÿ���ýýýÿÿÿÝÝÝ




Analysis for the P-D Prediction ·�kw (2.10)¥xf¯K

x̃ki ∈ arg min
{
θi(xi)− xTi ATi λk +

β

2
‖
i−1∑
j=1

Aj(x̃
k
j − xkj ) +Ai(xi− xki )‖2|xi ∈ Xi

}
.

�â�`5Ún,�`5^�´ x̃ki ∈ XiÚ

θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λk + βATi

( i∑
j=1

Aj(x̃
k
j − xkj )

)}
≥ 0, ∀xi ∈ Xi.

§�±U�¤ x̃ki ∈ XiÚé¤k� xi ∈ Xi Ñk

θi(xi)−θi(x̃ki )+(xi− x̃ki )T {−ATi λ̃k+βATi
( i∑
j=1

Aj(x̃
k
j −xkj )

)
+ATi (λ̃k−λk)} ≥ 0.

(3.1a)

ýÿ�éóÜ© λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
, �d/ª

λ̃k = arg min
{∥∥λ− [λk − β(∑p

j=1Aj x̃
k
j − b

)]∥∥2 ∣∣λ ∈ Λ
}
.
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�`5^�´

λ̃k ∈ Λ, (λ− λ̃k)T
{(∑p

j=1Aj x̃
k
j − b

)
+ 1
β

(λ̃k − λk)
}
≥ 0, ∀λ ∈ Λ. (3.1b)

Summating (3.1a) and (3.1b), for the predictor w̃k generated by (2.10), we have w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω, (3.2a)

where

Q =



βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2

. . .
... AT2

...
. . . 0

...

βATp A1 βATp A2 · · · βATp Ap ATp

0 0 · · · 0 1
β
Im


. (3.2b)
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3.1 CCCþþþ������eee���ýýýÿÿÿÝÝÝ




The optimization problem (1.1) has been translated to VI (1.2), namely,

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

For the easy analysis, we need to denote the following notations:

P =



√
βA1 0 · · · · · · 0

0
√
βA2

. . .
...

...
. . .

. . .
. . .

...

...
. . .

√
βAp 0

0 · · · · · · 0 (1/
√
β)Im


, ξ=Pw=



√
βA1x1

√
βA2x2

...

√
βApxp

(1/
√
β)λ


.

(3.3)
Accordingly, we define

Ξ =
{
ξ | ξ = Pw, w ∈ Ω

}
,

and

Ξ∗ =
{
ξ∗ | ξ∗ = Pw∗, w∗ ∈ Ω∗}.
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Using the notation P in (3.3), for the matrix Q in (3.2b), we have

Q=PTQP, where Q=



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im


. (3.4)

Thus, for the right hand side of (3.2a), we have

(w − w̃k)TQ(wk − w̃k) = (w − w̃k)TPTQP (wk − w̃k)

= (ξ − ξ̃k)TQ(ξk − ξ̃k).

Then, it follows from (3.2) that we have the following VI for the P-D prediction:

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀w ∈ Ω. (3.5)

whereQ is given in (3.4).
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3.2 CCCþþþ������eee������{{{ÚÚÚ���µµµeee

Prediction-Correction Framework for VI (1.2).

1. (Prediction Step) With given wk and ξk = Pwk, find w̃k ∈ Ω such that

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀w ∈ Ω, (3.6a)

withQ ∈ <(p+1)m×(p+1)m, and the matrixQT +Q is positive definite.

2. (Correction Step) With the predictor w̃k by (3.6a) and ξ̃k = Pw̃k, the new

iterate ξk+1 is updated by

ξk+1 = ξk −M(ξk − ξ̃k), (3.6b)

whereM∈ <(p+1)m×(p+1)m is a non-singular matrix.
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½½½nnn 1 For the matricesQ andM in the algorithm (3.6), if there is a positive

definite matrixH ∈ <(p+1)m×(p+1)m such that

HM = Q (3.7a)

and

G := QT +Q−MTHM � 0, (3.7b)

then we have

‖ξk+1 − ξ∗‖2H ≤ ‖ξ
k − ξ∗‖2H − ‖ξ

k − ξ̃k‖2G , ∀ ξ
∗ ∈ Ξ∗. (3.8)

Proof. Setting w in (3.6a) as any fixed w∗ ∈ Ω∗, and using

(w̃k − w∗)TF (w̃k) ≡ (w̃k − w∗)TF (w∗),

we get

(ξ̃k−ξ∗)TQ(ξk− ξ̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗), ∀w∗ ∈ Ω∗.
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The right-hand side of the last inequality is non-negative. Thus, we have

(ξk − ξ∗)TQ(ξk − ξ̃k) ≥ (ξk − ξ̃k)TQ(ξk − ξ̃k), ∀ ξ∗ ∈ Ξ∗. (3.9)

Then, by simple manipulations, we obtain

‖ξk − ξ∗‖2H − ‖ξ
k+1 − ξ∗‖2H

(3.6b)
= ‖ξk − ξ∗‖2H − ‖(ξ

k − ξ∗)−M(ξk − ξ̃k)‖2H
(3.7a)
= 2(ξk − ξ∗)TQ(ξk − ξ̃k)− ‖M(ξk − ξ̃k)‖2H

(3.9)

≥ 2(ξk − ξ̃k)TQ(ξk − ξ̃k)− ‖M(ξk − ξ̃k)‖2H
= (ξk − ξ̃k)T [(QT +Q)−MTHM](ξk − ξ̃k)

(3.7b)
= ‖ξk − ξ̃k‖2G .

The assertion of this theorem is proved. �

We call (3.7) the convergence conditions for the algorithm framework (3.6).

The inequality (3.8) is the key for the convergence proofs, for details, see [5]



VI - 19

4 ÄÄÄuuuPrimal-Dualýýýÿÿÿ������������{{{
For givenQ which satisfiesQT +Q � 0, we choseD and G, such that

D � 0, G � 0, D + G = QT +Q.

Then, the correction matrixM in (3.6b) is given by

M = Q−TD.

ÀJ
��� 0 ≺ D,�EMØ2 �� e¡k0�±c3 [5]¥/n0Ñ5�M

First, we give some correction examples which satisfy conditions (3.7) in Theorem 1.

In order to simplify the notations to be used, we define the following p× p block matrices:

L =


Im 0 · · · 0

Im Im
. . .

...
...

. . . 0

Im Im · · · Im

 , I =


Im 0 · · · 0

0 Im
. . .

...
...

. . .
. . . 0

0 · · · 0 Im

 . (4.1)

We also define the 1× p block matrix

ET =
(
Im Im · · · Im

)
. (4.2)



VI - 20

Using the notations (4.1)-(4.2), the matrixQ in (3.4) has the form

Q =

 L E

0 Im

 and QT +Q =

 I + EET E

ET 2Im

 . (4.3)

In order to construct a convergent algorithm, we need only to give the matricesM andH
and to verify the convergence conditions (3.7)

By setting

M =

 νL−T 0

−νETL−T Im

 . (4.4)

For the above matricesQ andM, the remaining tasks is to find a positive definite matrix

H, such that the convergence conditions (3.7)are satisfied.

(4.4)¥�M´·�3 [5]¥/n0Ñ5�.



VI - 21

How to improvise a correction matrixM ? Ï� HM = Q,

H = QM−1.

kvk��/¬en�Ý
0M÷vÂñ5^�Q?Ï�¬en�Ý
�_Ý
�

´¬en�Ý
,�M�_Ý
/ª�

M−1 =

 X 0

Y Im

 .

H = QM−1AT´é¡Ý


H = QM−1 =

 L E
0 Im

 X 0

Y Im

 =

 LX + EY E
Y Im

 . (4.5)

Ïdk Y = ET ÚX = S−1LT , S ´���½��½Ý
.¤±

M−1 =

 S−1LT 0

ET Im

 ¿k M =

 L−TS 0

−ETL−TS Im

 .

UY/n0e�,uyS = νIÒ�±
,·�Ïd�nÑ
H.
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MTHM = QTM =

 LT 0

ET Im

 L−TS 0

−ETL−TS Im


=

 S 0

0 Im

 .

Ï�

QT +Q =

 LT + L E
ET Im

 =

 I + EET E

ET 2Im


� S = νI,ÒU¦ QT +Q−MTHM � 0.

± Y = ET ,X = S−1LT Ú S = νI �\ (4.5),Òk

H =

 LX + EY E
Y Im

 =

 1
ν
LLT + EET E

ET Im

 .
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ÚÚÚnnn 1 For the matricesQ andM given by (4.3) and (4.4), respectively, the matrix

H =

 1
ν
LLT + EET E

ET Im

 with ν ∈ (0, 1) (4.6)

is positive definite, and it satisfiesHM = Q.

Proof. It is easy to check the positive definiteness ofH. In addition, for the block matrixQ
in (3.4), we have

HM =

 1
ν
LLT + EET E

ET Im

 νL−T 0

−νETL−T Im


=

 L E

0 Im

 = Q.

The assertions of this lemma are proved. �

ù�nÑ5�MÚH,UÄ÷vQT +Q−MT HM � 0º�I�u��e.
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ÚÚÚnnn 2 LetQ,M andH be defined in (3.4), (4.4) and (4.6), respectively. Then the matrix

G := (QT +Q)−MTHM (4.7)

is positive definite.

Proof. By elementary matrix multiplications, we know that

MTHM = QTM =

LT 0

ET Im

 νL−T 0

−νETL−T Im

 =

νI 0

0 Im

 = D.

Then, it follows from LT + L = I + EET (see (4.1)-(4.2) ) that

G = (QT +Q)−MTHM

=

 LT + L E

ET 2Im

−
 νI 0

0 Im

 =

 (1− ν)I + EET E

ET Im

 .

Thus, the matrix G is positive definite for any ν ∈ (0, 1). �
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Finally, correction step can be written

ξk+1 = ξk −M(ξk − ξ̃k). (4.8)

Lemma 1 and Lemma 2 have verified the convergence conditions (3.7) and thus the key

convergence inequality (3.8) holds. The algorithm (2.10) & (4.8) is convergent.

Recall the respective definitions L and ET in (4.1) and (4.2). We have

L−T =



Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im


and

ETL−T =
(
Im 0 · · · 0

)
.
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Thus

M =

 νL−T 0

−νETL−T Im

 =



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−νIm 0 · · · 0 Im


. (4.9)

By a manipulation, we have

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p


=



A1xk1

A2xk2

...

Apxkp


−



νIm −νIm 0 0

0 νIm
. . . 0

...
. . .

. . . −νIm

0 · · · 0 νIm





A1xk1 −A1x̃k1

A2xk2 −A2x̃k2

...

Apxkp −Apx̃kp


,

(4.10)

and
λk+1 = λ̃k + νβ(A1x

k
1 −A1x̃

k
1). (4.11)
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���~{ü,ó�þ�é�.r��úª©m5�Ò´µ

Axk+1
i , i = 1, . . . , p



A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p


=



A1x
k
1

A2x
k
2

...

Apx
k
p


− ν



Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im

0 · · · 0 Im





A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp


,

(4.12)

λk+1

λk+1 = λk − [−νβ(A1x
k
1 −A1x̃

k
1) + (λk − λ̃k)]

= λ̃k + νβ(A1x
k
1 −A1x̃

k
1). (4.13)



VI - 28

5 More Choices based on the predictions

�� Q−T (�{ü,�E��Ý
M��{¿Ø ��´�~N´�.

The matrixQ in (3.4) has the form

Q =

 L E

0 Im

 and thus QT +Q =

 I + EET E

ET 2Im

 .

To further analyze the correction steps associated with the correction matrixM,

let us take a closer look at the matrixQ−T .

According to the primal-dual prediction (2.10), the matrixQ in (3.4), we have

Q−T =

 LT 0

ET Im

−1

=

 L−T 0

−ETL−T Im

 . (5.1)
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and

 L−T 0

−ETL−T Im

 =



Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

−Im 0 · · · 0 Im


.

The calculation M = Q−TD is essentially very easy for different D !
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Since

QT +Q =

 I + EET E

ET 2Im

 ,

it can be decomposed as

QT +Q =

 νI 0

0 Im

+

 (1− ν)I + EET E

ET Im

 .

The both matrices in the right hand side are positive definite. If we chose

D =

 νI 0

0 Im

 and thus G =

 (1− ν)I + EET E

ET Im

 ,

it is just the correction in Section §4.
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Conversely, we can also choose

D =

 (1− ν)I + EET E

ET Im

 and thus G =

 νI 0

0 Im


and thus get the another correction method.

There are many positive definite decompositions ofQT +Q, for example,

QT +Q =

 (1− ν)I 0

0 (1− ν)Im

+

 νI + EET E

ET (1 + ν)Im

 .

and

QT +Q = D + G = α(QT +Q) + (1− α)(QT +Q), α ∈ (0, 1).

éééÄÄÄuuuDual-Primalýýýÿÿÿ������{{{,ïïïÆÆÆÖÖÖööögggCCC������EEE������ÝÝÝ


M.
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ù�ù¦)õ¬�©l�5�å�à`z¯K��{,E,´C©Ø�ªµ
ee�ýÿ-���{.æ^Primal-DualÚDual-Primal�Gauss.ýÿ,©O
��ýÿÝ


QPD =



βAT1A1 0 · · · 0 AT1

βAT2A1 βAT2A2

. . .
... AT2

...
. . .

. . . 0
...

βATpA1 · · · βATpAp−1 βATpAp ATp

0 0 · · · 0 1
β
Im


Ú

QDP =



βAT1A1 0 · · · 0 0

βAT2A1 βAT2A2

. . .
... 0

...
. . .

. . . 0
...

βATpA1 · · · βATpAp−1 βATpAp 0

−A1 · · · −Ap−1 −Ap 1
β
Im


.
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|^ (3.3)�
O�±�,��AÏ(��ýÿÝ
Q,§�©O´

QPD =



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . .
. . . 0

...

Im · · · Im Im Im

0 0 · · · 0 Im


, QDP =



Im 0 · · · 0 0

Im Im
. . .

... 0

...
. . .

. . . 0
...

Im · · · Im Im 0

−Im · · · −Im −Im Im


.


QT +Q�/ª©O�I + EET E
ET 2Im

 Ú

I + EET −E
−ET 2Im

 .
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Ù_Ý
Q−T �/ª©O´

Q−T
PD

=



Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

−Im 0 · · · 0 Im


, Q−T

DP
=



Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im Im

0 0 · · · 0 Im


.

À�÷v^�

D + G = QT +Q

��½Ý
DÚG,üÑ´éõ�.,�,-

M = Q−TD Ú ξk+1 = ξk −M(ξk − ξ̃k),

Kk

‖ξk+1 − ξ∗‖2H ≤ ‖ξ
k − ξ∗‖2H − ‖ξ

k − ξ̃k‖2G , ∀ ξ
∗ ∈ Ξ∗,

Ù¥H = QD−1QT .duQ−T �(���{ü,��´N´¢y�.
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6 ������ooo`̀̀´́́������������

ù�ù?Ø��{,dG1ýÿ)¤�Ý
QPDÚQDP ,Ñ´��N´¦_

�Ý
Ú��2Â��Ý
�Ú.�X`,

QTPD = QT
0PD ⊗ Im, (6.1)

Ù¥

QT
0PD =



1 1 · · · 1 0

0 1
. . .

...
...

...
. . .

. . . 1
...

0 · · · 0 1 0

1 1 · · · 1 1


, ⊗L«KroneckerÈ.

rQT
0PD¥� 1U¤ Im,Ò��
QTPD .5¿�

QT
0PD = QT

1PD +QT
2PD ,
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Ù¥

QT
1PD =



1 1 · · · 1 0

0 1
. . .

...
...

...
. . .

. . . 1
...

0 · · · 0 1 0

0 0 · · · 0 1


, QT

2PD =



0 · · · · · · 0 0

...
...

...

...
...

...

0 · · · · · · 0 0

1 · · · · · · 1 0


.

duQ1PDN´¦_, Q2PD´��Ý


Q−T
1PD =



1 −1 0 · · · 0

0 1
. . .

. . .
...

...
. . .

. . . −1 0

0 · · · 0 1 0

0 · · · 0 0 1


, QT

2PD =



0

...

...

0

1


(

1 · · · · · · 1 0
)
.
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|^�5�ê¥�����¦_úª

(A+ uvT )−1 = A−1 − 1

1 + vTA−1u
A−1uvTA−1,

N´��

Q−T
0PD =



1 −1 0 · · · 0

0 1
. . .

. . .
...

...
. . .

. . . −1 0

0 · · · 0 1 0

−1 0 · · · 0 1


.

d (6.1)Ú

Q−TPD = Q−T
0PD ⊗ Im,
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·���

Q−TPD =



Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

−Im 0 · · · 0 Im


.

����´ù�Ù^��'�Eâ.

ù�ù��{Ì��áuÿ��ªuL�arXivþ�©Ù [9].
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7 ���âââÚÚÚ���µµµeee���OOO^̂̂���������������ýýýÿÿÿ���{{{

·�E,�Ä�5�å�õ¬�©là`z¯K.Ù�A�C©Ø�ª3

c�ù�®²�
0�.æ^Ú�µe¥��{¦)C©Ø�ª.ù
�{

�1k-ÚS�l�½� (A1x
k
1 , . . . , Apx

k
p, λ

k)Ñu,)¤ýÿ: w̃k ∈ Ω,÷v

θ(x)− θ(x̃k) + (w− w̃k)TF (w̃k) ≥ (w− w̃k)TQ(wk− w̃k), ∀ w ∈ Ω, (7.1)

Ù¥QT +Q´��þ�½�.ù�ùc¡��{æ^�´G1ýÿ,,�^

2Â����.ù�!0���{,·�E,æ^�´G1ýÿ,,�?12

Â����.

|^c�ù½Â�C�,�±rýÿ (7.1)U�¤

w̃k ∈ Ω, θ(x)−θ(x̃k)+(w−w̃k)TF (w̃k) ≥ (ξ− ξ̃k)TQ(ξk− ξ̃k), ∀ w ∈ Ω,

(7.2)

Ù¥

Q = PTQP, ¿� QT +Q � 0. (7.3)
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d (7.2)��

(ξ̃k − ξ∗)TQ(ξk − ξ̃k) ≥ 0, ∀ ξ ∈ Ξ∗. (7.4)

�X,·�Ò�±ÀJ�½Ý
DÚG,¦�

D � 0, G � 0, D + G = QT +Q. (7.5)

��,^

ξk+1 = ξk −Q−TD(ξk − ξ̃k) (7.6)

�� ξk+1.�{�)�S�{ξk}÷vÂñ5�

‖ξk+1 − ξ∗‖2H ≤ ‖ξ
k − ξ∗‖2H − ‖ξ

k − ξ̃k‖2G , ∀ ξ
∗ ∈ Ξ∗. (7.7)

?Ø�âÚ�µe�E�{,¢SþÒ´ýk�½Ý
Q,¦�

1. QT +Q � 0.

2. éQ = PTQP�ýÿÝ
Q,�A�ýÿ (7.1)�±¢�.

3. Q−T (½öQ−1)�L�ª{ü,¦��� (7.6)N´¢y.

¦)õ¬�©là`z¯K,ýÿUG1Åì�cí?,XJòÝ
Q�
¤2× 2�©¬/ª,Ù�þ�´en�Ý
L.
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7.1 Primal-Dualýýýÿÿÿ���222������������������{{{

�O���±�1Primal-Dualýÿ�Ý


Q =

 L E

ET 5
2
Im

 . (7.8)

du

QT +Q =

I + EET 2E

2ET 5Im

 =

I 0

0 Im

+

 E
2Im

(ET , 2Im
)
, (7.9)

QT +Q´ü Ý
�����½Ý
�Ú,¤±´�½�.5¿�XJ

ò (7.8)¥QÝ
�þ��L�¤I ,QÒ¤
é¡Ý
,�ép ≥ 3,ù��Ý


ÒØ2´�½�.|^C�c�ù�PÒ,éAu (7.8)¥�Q,�A
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�Q = PTQP ,¤±

Q =



βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2

. . .
... AT2

...
. . . 0

...

βATpA1 βATpA2 · · · βATpAp ATp

A1 A2 · · · Ap
5

2β
Im


. (7.10)

�¢yýÿ

θ(x)−θ(x̃k)+(w−w̃k)TF (w̃k) ≥ (w−w̃k)TQ(wk−w̃k), ∀w ∈ Ω, (7.11)
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Ù¥Ý
Qd (7.10)�Ñ.�âõ¬¯KC©Ø�ª�/ª,ýÿ (7.11)��

©ÚéóÜ©�±©OÏL

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + 1

2
β‖A1(x1 − xk1)‖2

∣∣ x1 ∈ X1

}
;

...

x̃ki ∈ arg min

{
θi(xi)− xTi ATi λk+

1
2
β‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

∣∣∣∣xi ∈ Xi
}

;

...

x̃kp ∈ arg min

{
θp(xp)− xTpATp λk+

1
2
β‖
∑p−1
j=1 Aj(x̃

k
j − xkj ) +Ap(xp − xkp)‖2

∣∣∣∣xp ∈ Xp
}

(7.12a)

Ú

λ̃k = PΛ

{
λk − 2

5
β
[( p∑
i=1

Aix̃
k
i − b

)
+

p∑
i=1

Ai(x̃
k
i − xki )

]}
(7.12b)
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�¤.�â�`5½n, (7.12a)¥xi-f¯K��`5^�´

θi(xi)−θi(x̃ki )+(xi−x̃ki )T
{
−ATi λk+ATi β

[ i∑
j=1

Aj(x̃
k
j−xkj )

]}
≥ 0, ∀xi ∈ Xi.

ù�±�¤

x̃ki ∈ Xi, θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λ̃k

}
≥ (xi − x̃ki )T

{
ATi β

[ i∑
j=1

Aj(x
k
j − x̃kj )

]
+ATi (λk − λ̃k)

}
, ∀xi ∈ Xi.

(7.13a)

éóýÿ (7.12b)��`5^�´ λ̃k ∈ Λ,

(λ−λ̃k)T
{
λ̃k−

[
λk− 2

5
β
[( p∑
i=1

Aix̃
k
i −b

)
+

p∑
i=1

Ai(x̃
k
i −xki )

]}
≥ 0, ∀λ ∈ Λ.
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ù�±U�¤�d� λ̃k ∈ Λ,

(λ−λ̃k)T
{[( p∑

i=1

Aix̃
k
i −b

)
+

p∑
i=1

Ai(x̃
k
i −xki )

]
+

5

2β
(λ̃k−λk)

}
≥ 0, ∀λ ∈ Λ

¿?�Úk

λ̃k ∈ Λ, (λ−λ̃k)T
{ p∑
i=1

Aix̃
k
i − b

}
≥ (λ− λ̃k)T

{ p∑
i=1

Ai(x
k
i − x̃ki ) +

5

2β
(λk − λ̃k)

}
, ∀λ ∈ Λ.

(7.13b)

r (7.13a)Ú (7.13b)�3�å,Ò´ýÿ (7.11),Ù¥�Ý
Qd (7.10)�Ñ.

��
÷v (7.11)� w̃k ,���
�A� ξ̃k = Pw̃k .

�I�'%�´,é (7.8)¥�Q,Q−T �/ª´Ä{ü.éùp�Q,�
�

�· ,·�PÙ�QPD ,k

QTPD = QT1 +QT2 ,
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Ù¥

QT1 =

LT 0

0 5
2
Im

 , QT2 =

 0 E

ET 0

 .

Q1´�N´¦_�Ý
,


QT2 =


Im 0

...
...

Im 0

0 Im


 0 · · · 0 Im

Im · · · Im 0

 =

E 0

0 Im

 0 Im

ET 0



´�2Â��Ý
.|^�5�ê¥�¦_úª

(A+ UV )−1 = A−1 −A−1U(I + V A−1U)−1V A−1,

²Lü���

Q−TPD =

L−T 0

0 2
5
Im

+
2

3

L−T EETL−T −L−T E

−ETL−T 2
5
Im

 .
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þª��±�¤

Q−TPD =

L−T 0

0 0

+
2

3

L−T EETL−T −L−T E

−ETL−T Im

 . (7.14)

du

L−T E =



Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im




Im

Im
...

Im

 =


0

...

0

Im


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Ú

ETL−T =
(
Im, Im, . . . , Im

)


Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im

0 · · · 0 Im


=
(
Im, 0, . . . , 0

)
,

·�k

L−T EETL−T −L−T E

−ETL−T Im

 =



0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

Im 0 · · · 0 −Im
−Im 0 · · · 0 Im


.
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¤±, (7.14)¥�Q−TPD /ª´��{ü�.�m5Ò´

Q−TPD =



Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

0 · · · 0 0 0


+

2

3



0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

Im 0 · · · 0 −Im
−Im 0 · · · 0 Im


,

��N´¢y.d (7.9)��

QTPD +QPD =

I + EET 2E

2ET 5Im

 =

I 0

0 Im

+

 E
2Im

(ET , 2Im
)
.

ÀJÎÜ^� (7.5)�Ý
DkNõÀ{.~X,e�

D =

νI 0

0 Im

 , ν ∈ (0, 1),
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^� (7.5)÷v.d

ξk+1 = ξk −Q−TPD D(ξk − ξ̃k)

�)�S�S�{ξk}÷v'�Â Ø�ª (7.7).�þª�d���úª´

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1x
k
1

A2x
k
2

...

Apx
k
p

λk


−



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

0 0 · · · 0 0





A1x
k
1−A1x̃

k
1

A2x
k
2−A2x̃

k
2

...

Apx
k
p−Apx̃kp

λk − λ̃k



− 2

3



0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

νIm 0 · · · 0 − 1
β
Im

−νβIm 0 · · · 0 Im





A1x
k
1−A1x̃

k
1

A2x
k
2−A2x̃

k
2

...

Apx
k
p−Apx̃kp

λk − λ̃k


.(7.15)
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7.2 Dual-Primalýýýÿÿÿ���222������������{{{

Ó�,�±�O��Dual-Primal�ýÿÝ


Q =

 LT −E

−ET 5
2
Im

 . (7.16)

Ù¥�L, EXc�ù�Ñ.du

QT +Q =

I + EET −2E

−2ET 5Im


=

I 0

0 Im

+

 E

−2Im

(ET , −2Im
)
. (7.17)

QT +Q´ü Ý
�����½Ý
�Ú,¤±´�½�.Ó�,XJ

ò (7.16)¥�QÝ
�þ��L�¤I ,QÒ¤
é¡Ý
,�ép ≥ 3,ù�

�Ý
ÒØ2´�½�.|^�AC��PÒ,éAu (7.16)�Q,�A
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�Q = PTQP ,¤±

Q =



βAT1 A1 0 · · · 0 −AT1

βAT2 A1 βAT2 A2

. . .
... −AT2

...
. . . 0

...

βATpA1 βATpA2 · · · βATpAp −ATp
−A1 −A2 · · · −Ap 5

2β
Im


, (7.18)

�¢yýÿ

θ(x)−θ(x̃k)+(w−w̃k)TF (w̃k) ≥ (w−w̃k)TQ(wk−w̃k), ∀w ∈ Ω, (7.19)
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Ù¥Ý
Qd (7.18)�Ñ.�âõ¬¯KC©Ø�ª�/ª, (7.19)����

1´

λ̃k ∈ Λ, (λ− λ̃k)T
{( p∑

i=1

Aix̃
k
i − b

)
≥ (λ− λ̃k)T

{
−

p∑
i=1

Ai(x
k
i − x̃ki ) + 5

2β
(λk − λ̃k)

}
, ∀λ ∈ Λ.

�Ò´

λ̃k ∈ Λ, (λ− λ̃k)T
{( p∑

i=1

Aix
k
i − b

)
+ 5

2β
(λ̃k − λk)

}
≥ 0, ∀λ ∈ Λ.

þ¡� λ̃k�±ÏL

λ̃k = PΛ

[
λk − 2

5
β
( p∑
i=1

Aix
k
i − b

)]
(7.20a)
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��.k
éóCþ�ýÿ,G1S��xi-f¯KI�÷v��`5^�´

x̃ki ∈ Xi, θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λ̃k +ATi β

[ i∑
j=1

Aj(x̃
k
j − xkj )

]
−ATi (λ̃k − λk)

}
≥ 0, ∀xi ∈ Xi,

Ù¥1��−ATi λ̃kéA�´F (w̃k)¥�A�@Ü©.þª8¿±���

x̃ki ∈ Xi, θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi (2λ̃k − λk)

+ATi β
[ i∑
j=1

Aj(x̃
k
j − xkj )

]}
≥ 0, ∀xi ∈ Xi.

�â�`5^��½n,§´`z¯K

x̃ki ∈ arg min
{
θi(xi)−xTi ATi (2λ̃k−λk)+

β

2
‖
i−1∑
j=1

Aj(x̃
k
j−xkj )+Ai(xi−xki )‖2

∣∣xi ∈ Xi}
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��`5^�.Ïd,�©Cþx�ýÿ´

x̃k1 ∈ arg min

{
θ1(x1)− xT1 AT1 (2λ̃k − λk)

+β
2
‖A1(x1 − xk1)‖2

∣∣∣∣ x1 ∈ X1

}
;

...

x̃ki ∈ arg min

{
θi(xi)− xTi ATi (2λ̃k − λk)

+β
2
‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

∣∣∣∣xi ∈ Xi
}

;

...

x̃kp ∈ arg min

{
θp(xp)− xTpATp (2λ̃k − λk)

+β
2
‖
∑p−1
j=1 Aj(x̃

k
j − xkj ) +Ap(xp − xkp)‖2

∣∣∣∣xp ∈ Xp
}
.

(7.20b)

ù�,·�Ò��
÷v (7.4)� w̃k ,���
�A� ξ̃k = Pw̃k .Ó�I�'

%�´,é (7.16)¥�Q,Q−T �/ª´Ä{ü.éùp�Q,�
��· ,
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·�PÙ�QDP ,qÏ�

QDP
T = QT1 +QT2 ,

Ù¥

QT1 =

LT 0

0 5
2
Im

 , Q2 =

 0 −E

−ET 0

 .

QT1 ´�N´¦_�Ý
,


QT2 =


Im 0

...
...

Im 0

0 −Im


 0 · · · 0 −Im
Im · · · Im 0

 =

E 0

0 −Im

 0 −Im
ET 0



´�2Â��Ý
.|^QT1 ¦QT ´������L§.²L{üü���

Q−TDP =

L−T 0

0 0

+
2

3

L−T EETL−T L−T E

ETL−T Im

 . (7.21)
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ÖöòþªÚ (7.14)�'�,ÒU�� (7.21)¥�Q−T �äN/ª

Q−TDP =



Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

0 · · · 0 0 0


+

2

3



0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

Im 0 · · · 0 Im

Im 0 · · · 0 Im


,

��N´¢y.du

QTDP +QDP =

I + EET −2E

−2ET 5Im

 =

I 0

0 Im

+

 E

−2Im

(ET −2Im
)
.

Ó�,e�

D =

νI 0

0 Im

 , ν ∈ (0, 1),
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^� (7.5)÷v.d

ξk+1 = ξk −Q−TDP D(ξk − ξ̃k)

�)�S�S�{ξk}÷v'�Â Ø�ª (7.7).�þª�d���úª´

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1x
k
1

A2x
k
2

...

Apx
k
p

λk


−



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

0 0 · · · 0 0





A1x
k
1−A1x̃

k
1

A2x
k
2−A2x̃

k
2

...

Apx
k
p−Apx̃kp

λk − λ̃k



− 2

3



0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

νIm 0 · · · 0 1
β
Im

νβIm 0 · · · 0 Im





A1x
k
1−A1x̃

k
1

A2x
k
2−A2x̃

k
2

...

Apx
k
p−Apx̃kp

λk − λ̃k


. (7.22)
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8 lll������������������������������ýýýÿÿÿ���{{{

ù�ù,·�?Ø
õ¬�©l¯K�¦)�{,�)�ª�5�å¯KÚØ�ª�å

¯K,ïá
¦)�{�Ú��µe [5, 9].

• ������{,å
uéADMM��dU�,��
ì?ªýÿ,,�?�Ú*

Ð�õ¬��©l¯K�¦)þ.ÃØ´Primal-Dual�´Dual -Primalýÿ,)¤

�ýÿÝ
Ñ´��N´¦_�Ý
Ú��2Â��Ý
�Ú.

• §7K´�â�½�ýÿÝ
,2��Eýÿ�{.Ù¥�ýÿÝ
Ñ´��N´¦

_�Ý
Ú��2Â��Ý
�Ú.ù�S�ýÿ�C©Ø�ª�±©),,�Ï

L¦)�A�©��{ü�à`z¯K�¢y.

• k
÷vQT +Q � 0�ýÿÝ
Q,����{´ZC�z�.��ÀJ

0 ≺ D ≺ QT +Q,

æ^

ξk+1 = ξk −Q−TD(ξk − ξ̃k)

ÒU¢y,Ù¥ξÚw�'X´dC� (3.3)(½�.

• ùp0��÷vÚ�µe��{,Ñk [6, 8]¥J��aq�Âñ5�.
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