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1 pERAISTEORKERENE S AFR
RS BO LT

min{i 6;(xi)

The Lagrangian function is

iArLCEZ =b (or > b), XT; € XZ}
1=1

p p
L(z1,...,2p,A) = Oi(zi) = N () Az —b),
1=1 1=1

which is definedon Q = [[/_, X3 X A, where

p
%m, if Zle A;x; = b,
A=<

T, if Zle Aziﬁz Z b.

\

(1.1)
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Let (z7,...,2,, A") € () be a saddle point of the Lagrangian function, then
Lxea(xy,...,2p5,N) < L(x7,...,2p, A") < La,ex, (T1,...,Tp, A").
The optimality condition of (1.1) can be written as the following VI:
w* e Q, 0(z)—0z")+ (w—w) Fw*)>0, YweqQ, (1.2a)

where

& [ -4l )

Z1
w = : , T = |, F(w) = : , (1.2b)
Tp —ALN
\ A N \ S A b
and
0(x) :i6i<$i), Q:ﬁXi x A.
i=1 i=1

Again, we denote by 2 the solution set of the VI (1.2).



2 N\XBERRZESEINER

Let us consider the general separable convex optimization model
min {61 (z) + 62(y) | Az + By = b,z € X,y € V}. (2.1)
The augmented Lagrangian function is
Ls(z,y,\) =01(x) + 02(y) — X' (Az + By — b) + gHAaz + By — b||”

Applied the classical ADMM [1, 2] to the problem (2.1):

ADMM for (2.1) From (%, \*) to (y/* 11, AF+1)
(Rt ¢ argmin{ﬁﬁ(ili‘,ykaAk)|5’3 c X},

§ ¥ e argmin{Ls(a Ty, N") |y € V), (2:2)

= A\ — B(AZ"! 4+ ByFtt —b).

VI -
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lgnoring some constant terms in the objective functions of the corresponding subprob-

lems, we can rewrite the ADMM (2.2) as

p

:I:kH c
¢ Yttt €
)\k—l-l _
\ —

argmin{ 01 () — " AT\* + £||Az + By* —b)|]? |z € X'}

01 (z) — xT AT\
3 k k k , |TEAX
+5||A(x — x%) + (Az” + By” — b)]|
xEX}

6, (x) — 2T AT\ — B(Ax" + By* — b)]
+5 ]| A(z — 2")|?
argmin{ﬁg(y) —yTBT)\F 4 gHAazkH + By — b)H2 |y € y}
O2(y) —y' BT A"
+2 By —y*) + (Aa*' + Byt —p)|* |7 - y}
02(y) —y" BY[N* — B(Az" + By" —b)]
+5 A" — 2®) + By — "7 yey}

)\k_/B(Aajk—Fl + Byk—l—l . b)

argmin{

argmin{

argmin{

argmin{

(2.3)




VI-6

nRIC

ATa =\ B(Axk + Byk —b). (2.4a)

ADMM £ 3K 2.3) BEAT LA B Ak

(k41

X €
yk—i—l c

\
)\k’—|—1 —
L p—

argmin{01 (z) — " ATA* + £||Az + By* - b)||? | v € X'}

T AT yk+1
O1(x) —x" A" N2 ‘xeX}

argmin{
+5 A — "))

argmin{0s(y) —y" B" A" + 5| Az"*" + By —b)|* | y € V}

T pRTy\k+1
O2(y) —y B \°T2 ‘yey}

argmin
{ +5 A" —2®) + By — y")I?

)\I{:_B(Awk:—l—l i Bykz—l—l . b)

A —B(Az" + By® —b) + BA(z" — o) + BB(y" — y* )
(2.4b)
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Bamg N = M\eTa gF =gkt gh =Rt M T

( ~

N = \F — B(Ax" + By® —b)

) @ e agmind fia) -2 AT 4 AN [oex}

0 — 4T BT )k
ggy) Nyk : . 'yey}
+ES|A(Z" —2%) + By — y")|

T argmin{

EA B(Az" + By" —b) = A" — ),

AL = Ak—B(A:Uk + By" — b) + BA(z" — ") + BB(y" — ")
= N[\ =X - pA@E" - 2") - BB(Y" - §Y)
K
gFtt " 1 0 0 zF — 7P

A\l AP —BA —BB I, A \F



2.1 ADMM with wider applications

Let us consider the general two-block separable convex optimization model
min {61 (z) + 02(y) | Az + By =b(or >b),z € X,y € Y}. (286)

The linear constraints can be a system of linear equations or linear inequalities.
We define
A R™, it Av+ By = b,
", if Az + By > b,
and denote the projection on A by Py [-]. For such special A, the projection on A

is clear !

The only difference: ~ Prm(A) = A, Prm(A) = max{\,0}.

VI -



A Dual-Primal Extension of the ADMM for (2.6).

~

From (Ax®, By®, A\*¥) to (AzF+1, ByF+1 Ae+1): Find ©F = (2%, g%, AF) via
([ Ak =Py [Ak — B(Amk + By — b)],

q 2% € argmin{61(z) — e AT Nk 4 %BHA(J: —zR))? |z € &},

| 7% € agmin{62(y) — yT BT AF + 38| A(EF — 2) + B(y — y")|I? |y € V}.
(2.7)

FM S Primal BB 47, B4l Dual R 43, =t A LL{EI T Sk.

A Primal-Dual Extension of the ADMM for (2.6).
From (Az®, By* AF)to (Azk+1 Byk+1 Net+1). Findwk = (2%, §%, A\F) via
(ke argmin{61 (z) — zT AT AF + %BHA(J: —zR))? |z € X},

¢ g7 € agmin{02(y) — y" BTAF + 3Bl A(&F — 2%) + B(y — v")II? |y € Y},

| A= Py [\F — B(AzF + BgF —b)].
(2.8)

Toit = dual-primal, i = primal-dual /55%, &8 AJ LA [E) 2 ER (o] B B 3T

VI -
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% 3R 6] 85 (1.2) BY DUAL-PRIMAL 73l Prediction I

MEER (Arxh, Aok, - | Apak \P) BIFN S oF = (25,25, --- 28, \9):
Prediction Step. With given (Alaz’f, Asxk . ,Apa:];, )\k), find W* € Q:

(3= Py[AF - B(2P_, Ajak —b)]

ik € argmin{6; (z1) — 21 T ATk 4 gHAl(:cl — )% |z € X1}y

ik € argmin{0a(z2) — nggxk + §||A1(5:1 — o) + Ag(zo — 25)||? | 22 € X2 };

Zf € argming, ex; {6:(w;) — ol ATNY + 5 22570 A5 (@) — o) + A — o)1}

~ . N 1
| 7§ € argming, e, {0p(2p) — 2y ATN* + S ZI21 A () — a¥) + Ap(zp — 2f) 1%}
(2.9)

UM HERIR . X 7] 7B RIn T = 1 (0] R — 12 [F KA.
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S 3R 8)80 (1.2) B PRIMAL-DUAL il Prediction I

WEBTER (Arah, Agah, -, Apxh NF) BIFTM S oF = (85,75, , 38, \F):

Prediction Step. With given (A 2}, Asxh, - - - ,pr];, A5, find @ €
( 7k € argmin{6; (1) — 2T ATNF + §||A1(x1 — a2 |21 € a1 )

ik € argmin{fs(z2) — 22 ATNF + gHAl(cE’f — k) + Ag(zo — xb)||? | 22 € X}
4 :if € arg minwiexi{&;(xi) — x,LTA’f)\k B 5 Z'L LA ( ) + A;( |2}

~ . —1 ~
7 € argming, e x, {0p(wp) — T AT + 8[| STPZLA (36 — k) Ay (ap — 25)[2);

| A= Py [MF - B( b AEk —b)].
(2.10)

TN Fe R In B XIS, X 7] 7 RV R In T = (0] R — 12 [T KA.




3 SEF Primal-Dual 730 4 75 50 %6 b&

Analysis for the P-D Prediction | ¥{/15t& (2.10) & = F (o]

1—1
:'f:f € arg min{é’i(xi) — az,LTA;;F)\k + §|| Z A;j (53? — a:?) + Aj(x; — w,]f)||2|$@ € XZ-}.
j=1

IRBRMMES IR, |RIEMEHER 25 € &
j=1

EAIINERK ¥ € X; M EM =, € X; BB

0i (i) —0:(&F) + (xi —2]) T {—ATN + BAT (D~ Ay (@5 —ah)) + ATV =2F)} > 0.
j=1
(3.1a)

FMHITHERS F = Py [\ — (3P, 4,35 —b)], BB

N = argmin{H)\ — [)\k — B( ?ZlAjié? — b)} H2 | A E A}.
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&R E

- - i -
ANoe A, A=XOT{(Zh_ 488 —b) + 5(0F =XF)} >0, VA€ A @1b)

Summating (3.1a) and (3.1b), for the predictor wk generated by (2.10), we have ok e Q,

0(x) — 0(&") + (w — D) TF (@) > (w — *)TQ(w* — wF), Yw € Q, (3.2a)

where
([ BAT Ay 0 s 0 AT
BATA, pBATA, . f AT
Q= . 0 . (3.2b)
BATA, BATA, ... pATA, AT
\ 0 0o .- 0 LI )




3.1 TENRTANFERE
The optimization problem (1.1) has been translated to VI (1.2), namely,

w* € Q, O(x) —0(x*) + (w—w)'Fw*) >0, Ywe .

For the easy analysis, we need to denote the following notations:

(\/BAl 0 0 \ /\/BAlxl\
0 +BAy E VBAzzo
P= , §=Pw=
. \/BAP 0 \/BApr'p
Lo o 0 B \ (VB /
(3.3)

Accordingly, we define
=={¢|¢{=Pw, we}

and
= = {¢" | & = Pw*, w* € Q).

ViI-14
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Using the notation P in (3.3), for the matrix () in (3.2b), we have

(]m 0 : 0 I, \
I, Inm " ; I
Q=P"'oP, where Q= 0 ' (3.4)
Iy I, -+ I, Iy
\ 0 0 - 0 In)

Thus, for the right hand side of (3.2a), we have
(w—)QW" — ") = (w—a""PTOP(W" — &%)
= (£-&9"9(¢" - &Y.

Then, it follows from (3.2) that we have the following VI for the P-D prediction:

W* e, 0(z)— 0" + (w— ") F(a")
> (E-E9"0(" =¢"), vwe. (85

where Q is given in (3.4).




3.2 TERMTHFEAG—HELR

Prediction-Correction Framework for VI (1.2).
1. (Prediction Step) With given w” and f’“ = Pw"”, find @* €  such that

~

E—EMTQ(Er —€F), Yw e Q, (3.6a)

with @ € REPFmMX(p+1)m anq the matrix Q7 + Q is positive definite.

+ (w — T F(w")
(

2. (Correction Step) With the predictor w* by (3.6a) and ék — Pw", the new
iterate £#11 is updated by

ghtt = ¢F — M(eh - &€F), (3.6b)

where M € REHDMX(p+1)m ig 5 non-singular matrix.

VI-16



EH 1 For the matrices Q and M in the algorithm (3.6), if there is a positive
definite matrix H € RPTVMX P+ gy0p that

HM = Q (3.7a)

and
G:=0" +9— MTHM 0, (3.7)

then we have
|5 — €5, < 1€F — €715, — 1€F = €°IG. Ve eE. @39
Proof. Setting w in (3.6a) as any fixed w* € {)*, and using
(@* —w*)" F(@*) = (0" — w*)" F(w"),
we get

~ ~

(E—€)TQ(E" —€%) > 0(a") —0(u") + (" —w™)TF(w"), Y € 0"

VI-17



The right-hand side of the last inequality is non-negative. Thus, we have

(P —eTQ(EF —€F) > (&8 — Tk — &F), ver e ="

Then, by simple manipulations, we obtain
l€" — €113 — 1€ — €711y
et - &l — I - €)= M(E" -
ook — )T (" - &) — M - €M)y

w

(3.9)

> 206" = N7 - &F) — IM(EF - Ny
= (- + 9 - M HM|E" -EY)
et - Mg

The assertion of this theorem is proved. []

We call (3.7) the convergence conditions for the algorithm framework (3.6).

VI-18

(3.9)

The inequality (3.8) is the key for the convergence proofs, for details, see [5]



4 EF Primal-Dual 70 B4 1

=Rk

For given Q which satisfies O + Q = 0, we chose D and G, such that

D > 0,

g = 0,

D+G=Q +Q

Then, the correction matrix M in (3.6b) is given by

M=9 D

EETIEERN 0 < D, & M AN HEF!

THEEMBLRIE 5] F “F” HERE M

First, we give some correction examples which satisfy conditions (3.7) in Theorem 1.

In order to simplify the notations to be used, we define the following p X p block matrices:

[ I, O
s | In Im
\@ I

0

0

In )

We also define the 1 X p block matrix

ST:(han

[ I

0

?\

(4.1)

VI-19
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Using the notations (4.1)-(4.2), the matrix Q in (3.4) has the form

L € - I+EET &
Q — and Q +Q= . (43)
0 Inm gt 21,

In order to construct a convergent algorithm, we need only to give the matrices M and H

and to verify the convergence conditions (3.7)

By setting

M = : (4.4)

For the above matrices @ and M, the remaining tasks is to find a positive definite matrix

‘H., such that the convergence conditions (3.7)are satisfied.

(4.4) FEY M ZIAVE[S] 7 “=" HikAY.




How to improvise a correction matrix M 2?2 | BEHX HM = O,

H=0OM 1L

BRE— “RT=A%EE" MiEEWSEIESFMYe? EART =AML
R T =A%, % M BEzERER K

M1 X 0
Y I, |

H = OM ! NiZ2 X FREERE

» L & X 0 LX+EY €&
H=0oM = = . @45)
0 In Y In Y I

AHEBE Y =ETfX =517, 5 B— 1 5EMNIEESER. FTIL
S—1cT ¢ L£L-Ts 0
M1 = HE M= :
( gT I, ) ( _ETr-Ts 1, )

HREE E” TR, KIS = vIFATLATY, HATELEER T H.

VI - 21
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T T ct o £-Ts 0
MPHM = Q' M =
ET I —ETL=1s I,

ESpg
rr + L £ 71+ EET E
ol + o= =
ET I gT 21,
BLS = v #hEElE QT + Q9 — MTHM = 0.

LY =7, X =S"12T #1 S =vZ RN (45), A

» LX+EY € lect veet ¢
a Y Im | eT )
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5|38 1 For the matrices Q and M given by (4.3) and (4.4), respectively, the matrix

1oLt et €
H = with v € (0,1) (4.6)
et Inm
is positive definite, and it satisfies HM = Q.
Proof. It is easy to check the positive definiteness of H. In addition, for the block matrix Q

in (3.4), we have

lepe e € v T 0
HM =
et I —vE'LTT I,
L £
0 In
The assertions of this lemma are proved. []

XEEHRMMMH, BEBHE QT + Q- MTHM - 0? TEERE—T.




|3 2 Let Q, M and H be defined in (3.4), (4.4) and (4.6), respectively. Then the matrix
G:=(Q" +Q) - M"HM (4.7)
is positive definite.

Proof. By elementary matrix multiplications, we know that

L0 vt 0 vI 0

MPHM = 0T M = — — D.

e 1., I\—=vETL T 1, 0o I,

Then, it follows from £ + £ =T + EET (see (4.1)-(4.2) ) that

G = (@7 4+ Q) — M"HM
B LY'+L € vI 0\ [ (1-v)I+EET &
gT oI, 0o I, gr Im

Thus, the matrix G is positive definite forany v € (0,1). [

VI-24
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Finally, correction step can be written

Pt =P — M(€F - €. (4.8)

Lemma 1 and Lemma 2 have verified the convergence conditions (3.7) and thus the key

convergence inequality (3.8) holds. The algorithm (2.10) & (4.8) is convergent.

Recall the respective definitions £ and 7 in (4.1) and (4.2). We have

(I, —-I, 0 0 )

o I, 0

and



Thus
/I/Im
M= v~ T 0 _ °
—ET LT I,
0
\—I/Im

By a manipulation, we have

(Alxlf_'_l\ /Alxlf\ (I/Im —vin,

k+1
AQCE2+ AQCIZS 0

\Apzp™t )\ Apzk ) \o

vim,

0

vim, 0
0 Im)

viy, )

)\k+1 = S\k -+ VB(Aliclf — Alfilf)

(4.9)

(4.10)

(4.11)

VI - 26
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REFFER TEEHRR)D. ERELRNTHARERZ:

(Aattt) [ Avad (I =m0 0\ [Auak - A}
Agahtt Aoz o I, . 0 Agxs — Ags
= — UV ’
: . —Im
\Apxlzfrl) KApxlgj \ 0 0 I, ) \Apx]; — Apff:’;)
(

4.12)

~

= AP [—uB(Arah — A1ER) + (OF = 3R]
= N4 uB(Ah — AEh). (4.13)



5 More Choices based on the predictions

RE O " MR, MERKIEEN MG EHT ! 2IEESHH.

The matrix Q in (3.4) has the form

L & - T+EET &
Q = and thus Q" + 09 =
0 I, g 21,

To further analyze the correction steps associated with the correction matrix M,

let us take a closer look at the matrix Q_T.

According to the primal-dual prediction (2.10), the matrix Q in (3.4), we have
—1
o7 £t 0 Lt 0

(5.1)
1, =&t~ 1,

VI -28
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and
(I, I, 0 0 )
o 0\ 0 I,
_erpT | T I, O
0o -~ 0 I, O
T 0 - 0 Iy

The calculaton M = Q1D is essentially very easy for different D |
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Since
- T+EET &
Q"+ Q= ,
el 21,
it can be decomposed as
- vl 0 1-v)Z+EET €&
Q" + 9 = +
0 I, gL I,

The both matrices in the right hand side are positive definite. If we chose

vl 0 (1-v)I+&ET €
D = andthus G = :
0o I, Er I,

it is just the correction in Section §4.
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Conversely, we can also choose

(1—-v)ZT+EET & vl 0
D = andthus ¢ =
ET I, 0 I,

and thus get the another correction method.

There are many positive definite decompositions of QT + @, for example,

. (1-v)I 0 VT + EET E
Q +9= +
0 (1 —=v)ly ET (14 v)y,
and

Q"+ 9=D+G=a(Q" +Q)+(1—-a)(Q" +Q), ac(0,1).
Xt £-T Dual-Primal MBI 5 7%, BiiEE H S ZWERIEREME M.
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X—i KR 2R A 5 B M AR LRI A, AR P AFAE
28T BFIN-#2 1E 75 3%, S F Primal-Dual 0 Dual-Primal B9 Gauss Z/ M. 4351
53T MEERE

(BATA, 0 0 AT
BATA, BATA, . f AT
Qpp = 0 :
BATAy ... BATA,, BATA, AT
1
\ 0 0 0 LIm)
n
( BATA; 0 0 0 \
BATA, BATA, f 0
Qpp = 0 :
BATA, ... BATA, , pBATA, 0
“A1 e Ay Ay L)
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FIF (3.3) Ml T &R LG, SRIFFARG MV TUNRER O, EA17 72

(I, 0 -+ 0 Ip) (Im, 0 -~ 0 0)

Im  Im I'm Im I 0
e IR R R 0

I'm Im  Im  Im I'm Im  Im O

\O0 0 - 0 In) A S A
m Q' + QMR A A

T+EET & T+ EET ¢
A0 .



HiER o' R 5IZ2

(I, —In, 0 - 0) (I —Im 0
0 Im 0 Im,
Opp = I PR
0 0 Im O 0 0
\_Im 0 0 Im) K 0 0
12 B & 5= 1

D+G=0"+0
RIEEREEDMNG, REEIRZH. AR, &
M=0"Tp f ¢Ftt =gk - Mk —£P),

A
[EF L — X153, < |1€F — %113, — |1€F — X118, veEr e =

HpH = 0D 'Q" AT O ' MWL, KIERE S LI,

VI -34

Im Im
0 Im)
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6 HFAREK—KI

X—HTHLR A, B ITIUNE RIRERE O ), #1 Q). B R— 1B H KL
AUREREA—N T~ XFR—FERERYFI. Ea0i,

QgD — QOTPD ® I, (6.1)
Hrn
(1 1 - 1 0)
0 L
Qlp = N ® F<7~ Kronecker 2.
0 O 1 O

QT 1R L., BB T Q7.

T T T
QOPD — QlPD + Q2PD7
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Hrh
(1 1 1 0) (0 : 0 0\
0 1 E

Q;FPD: T TR B Q;FPD:
0 0 1 0 0 0O O

EE%: QlPD g%;ki%a QQPD %*%_%Elzi

(1 -1 0 --- ()\ (O\
o 1 .o 5
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M AZ MR PR —REKELK
1

T\—1 _ 4—1 —1 T 4—1
(A+uwv' )  =A 1+vTA_1uA uv: AT,
A515%
(1 -1 0 - 0\
o 1 .
—T
Qorp = : . _1 0
0 0 1 0
\-1 0 - 0 1)
i (6.1) 0
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#1153
[ Inm —In O 0\
0 Im
Orp = 5 SURRR U S
0 0 Im O
\-Tw O -+ 0 In)

R—IRIERX—EREIRIRERA.

X—HRFAEZEM TREIARIEN & FRE arxiv ERILE (9],



7 WREZ—ERET AR ZRIER TN G X

HNMNAEEEZMEARNZRATBOMLEE BT TEFNE
BI—HtLE LM T A RAG—IERPIAEKRBESAFN. XEFE
B k- BERMNBER (Arxh, ..., Ayl \F) Bk, £ A 0" € Q, HE

0(z) —0(2") + (w— ") F(@") > (w—a")" Q(w" —&"), YweQ, 7.1

Heh Q! + QRARLEER. X—HETEMNGERBNZEITION, RieH
"X H—RIE. X—TNEBRFEE FAVMARBRZRITIN, SREHITT
N =#IE.

R BI—1E XAV, ATLAR TGN (7.1) B Ak

" €, 0(x)—0F")+(w—a") F(a*) > (£-9"0(" %), YweQ,
(7.2)

H
Q=prP'op, #B o'+0s0. (7.3)

VI -39



B (7.2) 5%

(E"—¢n"o" - >0, veeE" (7.4)
B2E, BT AT LLUAEIEEFEED G, £15
D0, G0, D+G=0"+0. (7.5)
= fa, A
gt =¢" — 97 TD(e" — &) (7.6)

BB B T {€F) RS R
€T — el <N1€" =€l — llE" = €7llG, Ve eE. ()
TS IRIBE — RIS &%, IR R TSR E4ERE O, 1§15
1. 97+ Q0.
2. 3 Q = PT QP BIFUMSERE Q, R BITUM (7.1) AT ASEHE
O T (& O Y MFAXEE, FEKIE (7.6) BHTH.

KRERZIRT] B L IR, FUNE B ITZR AR BIHEG, 2RIZFERE O
B2 x 2R, HE FAR T =A% L.

VI -

40



7.1 Primal-Dual Ml G BE# - &KIEMN X

Wi — AN/ LT Primal-Dual 3550 B4 2B BE

Q= g i (7.8)
R
HT

T+ EET  2¢ T 0 E
QT + 0 = = -+ <8T, 2Im), (7.9)
28T 51, 0 I, 21,

O + Q RBNIEMES—/EIEEEMEMF, FRAZIEER. ;FEEWME
1% (7.8)F QFEfEA ERARI LIRAK T, QR T X FRFERE, (BXT p > 3, XHERIAE
A B EEEN. FIRTHEI—IFMIES, ST (7.8) 7/ O, AN

VI - 41



O = PTOP, Fill
(AT A,

BA; Ay

BAp Ax

LI

VI - 42

(7.10)
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HPZER QR (7.10) . 7|‘F'<TE§H%|‘EHEE”‘£ TAFRIFER, TN (7.11) IR
il“a"ﬂiﬂu%ﬁﬂ 7 A A5 7l

(i ¢ argmin{@l(azl) — 2T ATNF 4 18] Ay (z1 — 2¥)|? | a1 € xl}
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