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1 ÚÚÚóóó

ïÄà`z©�Â �{�Ú�µe,�·��ÏïÄ²;üNC©Ø�ª�ÝK

Â �{ [1, 3, 4, 5, 6, 9, 10, 11, 14]kX���éX.C©Ø�ª´£ã²ï¯K�

êÆóä,3+n�ÆÚó§O�¥Ñk2��A^.

�Ω ⊂ <n´����4à8, IF ´<n → <n���N�.·��ÄüNC©Ø�ª

VI(Ω, IF ) u∗ ∈ Ω, (u− u∗)T IF (u∗) ≥ 0, ∀u ∈ Ω (1.1)

�¦).C©Ø�ª (1.1)üN,´�Ù¥��fIF÷v

(u− v)T (IF (u)− IF (v)) ≥ 0, ∀u, v ∈ <n (½ Ω). (1.2)

ùp�üN�fIF�±´��5�,kOudà`z=�
5�C©Ø�ª¥���

�fF ,Ù¥�XêÝ
´�é¡Ý
,ä�5�

(u− v)T (F (u)− F (v)) ≥ 0, ∀u, v ∈ <n (½ Ω).

�
k¤«O,3ù�ù�?Ø¥,·�rd�5�åà`z¯K=��5�C©Ø�

ª¡�·ÜC©Ø�ª,/ª� (1.1)�C©Ø�ª¡�²;C©Ø�ª.
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������555pppÖÖÖ¯̄̄KKK´́́���aaaAAAÏÏÏ���CCC©©©ØØØ���ªªª

31�ù¥,·�Ò?ØLà`z¯K

min{f(x) | x ∈ Ω}. (1.3)

§��`5^�

x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω.

�Ω = <n+�,Ò´���å8Ü��K%��C©Ø�ª

x∗ ≥ 0, (x− x∗)T∇f(x∗) ≥ 0, ∀x ≥ 0.

� IF ´<n → <n����f.�K%�<n+þC©Ø�ª���/ª´

VI(<n+, IF ) x ≥ 0, (x′ − x)T IF (x) ≥ 0, ∀x′ ≥ 0. (1.4)

��5pÖ¯K´�`znØ��{¥�aé­��¯K.§�êÆ/ª´

(NCP) x ≥ 0, IF (x) ≥ 0, xT IF (x) = 0. (1.5)

¯¢þ, NCP´Ω = <n+��aC©Ø�ª.
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½½½nnn 1 �K%�þ�C©Ø�ª (1.4)ÚpÖ¯K (1.5)´�d�.

yyy²²² XJx´pÖ¯K (1.5)�),@okx ≥ 0Ú IF (x) ≥ 0.éu?¿� x′ ≥ 0

kx′T IF (x) ≥ 0.qÏ xT IF (x) = 0,¤±k

x ≥ 0, (x′ − x)T IF (x) = x′
T
IF (x)− xT IF (x) ≥ 0, ∀x′ ≥ 0.

¤±x´VI(Rn+, IF ) (1.4)���).

�L5,XJx´VI(Rn+, IF ) (1.4)���),K x ≥ 0.òx′ = 2xÚx′ = 0�\

(x′ − x)T IF (x) ≥ 0,

��±xT IF (x) ≥ 0.Ïd xT IF (x) = 0.

�y²x´pÖ¯K (1.5)�),��eIF (x) ≥ 0I�y²,édæ^�y{.X

J IF (x)�,�©þIF j(x) < 0,·��x′,¦�

x′i =

{
xi, if i 6= j

xj + 1, if i = j

ù�� x′ ≥ 0.� (x′ − x)TF (x) = Fj(x) < 0,ù� x´VI(Rn+, IF ) (1.4)�)gñ.

Ïd,3Ω = <n+�,��à`z¯K (1.3)���pÖ¯K�d.
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²;üNC©Ø�ª�ÝKÂ �{�´�«ýÿ-���{.²;C©Ø�ªµe

e�ÝKÂ �{���5�å��à`z¯K�¦)Jø
�
Ù¦�å».

ù�ù�SNSüþ,

• Äk0�²;�üNC©Ø�ª9Ù�d�ÝK�§,

• ²;C©Ø�ªÝKÂ �{Úà`z©�Â �{¥�ýÿ

• ²;C©Ø�ªÝKÂ �{Úà`z©�Â �{¥�ýÿ��

• ÝKÂ �{¥�Ì)��ÚW~�{

• ÝKÂ �{3¦)�©là`zþ�A^
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2 ÝÝÝKKK���CCC©©©ØØØ���ªªª������


ÄÄÄ���555���

ÝKÂ �{¥�Ä�$�´�1�þ�{ü4à8þ�ÝK.

2.1 ÝÝÝKKK���ÄÄÄ���555���

^ PΩ(·)L«î¼�êe3à8Ωþ�ÝK,�Ò´`

PΩ(v) = Argmin{‖u− v‖ |u ∈ Ω}.

XJΩ = <n+ (n-��m��K%�),@o PΩ(v)�z�©þ�

(PΩ(v))j =

 vj , if vj ≥ 0;

0, otherwise.

XJΩ´ n-��m¥± c�¥%�»� r�¥,@o

PΩ(v) =


r(v−c)
‖v−c‖ + c, if ‖v − c‖ ≥ r;

v, otherwise.

3 l∞Ú l1�¿Âe�/ü ¥0þÝKXeã¤«µ



VIII - 7

-

6

B∞

qu qPB(u)

�
�
�qPB(v)

qv

-

6

�
�
��

@
@
@@�

�
��

@
@
@@

B1

@
@
@

qu
qPB(u) ��

�q
PB(v)

qv

Fig. 1. Projection onB∞ Fig. 2. Projection onB1

Ï�,·�P

ũ = PΩ[u− IF (u)].

ÚÚÚnnn 1 �Ω ⊂ Rn´4à8,Kk

(v − PΩ(v))T (u− PΩ(v)) ≤ 0 ∀v ∈ Rn, ∀u ∈ Ω. (2.1)
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Ø�ª(2.1)�AÛ)º.

yyy²²². Äk,�â PΩ(v)�½Â,k

‖v − PΩ(v)‖ ≤ ‖v − w‖, ∀w ∈ Ω. (2.2)

5¿�é?¿� v ∈ <n,Ñk PΩ(v) ∈ Ω,duΩ ⊂ <n´4à8,Ké?¿� u ∈ Ω

Ú θ ∈ (0, 1),Ñk

w := θu+ (1− θ)PΩ(v) = PΩ(v) + θ(u− PΩ(v)) ∈ Ω.

éù�w,|^ (2.2),Òk

‖v − PΩ(v)‖2 ≤ ‖v − PΩ(v)− θ(u− PΩ(v))‖2.
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éþªÐm,é?¿� u ∈ ΩÚ θ ∈ (0, 1),Ñk

[v − PΩ(v)]T [u− PΩ(v)] ≤
θ

2
‖u− PΩ(v)‖2.

- θ → 0+,Ún (2.1)�y. �

3ÝKÂ �{�©Û¥,Ø�ª (2.1)´���~k^�Ä�óä.·�Ïd
¡�

�ÝK�f�óäØ�ª.d(2.1),N´y²e¡�Ún.

ÚÚÚnnn 2 �Ω ⊂ Rn´4à8,Kk

‖PΩ(v)− PΩ(u)‖ ≤ ‖v − u‖, ∀u, v ∈ <n. (2.3)

‖PΩ(v)− u‖ ≤ ‖v − u‖, ∀v ∈ <n, u ∈ Ω. (2.4)

‖PΩ(v)− u‖2 ≤ ‖v − u‖2 − ‖v − PΩ(v)‖2, ∀v ∈ <n, u ∈ Ω. (2.5)

·�rùA�5�3�ÖögC�y².

2.2 CCC©©©ØØØ���ªªª���ddd���ÝÝÝKKK���§§§

�C©Ø�ª (1.1)�)8Ω∗��.·�^ u∗L«��(½�):.é?¿� β > 0,

C©Ø�ª�duÝK�§
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u ∈ Ω∗ ⇔ u = PΩ[u− βIF (u)].'

&

$
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HH
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HHY

� q
PΩ[u∗ − βIF (u∗)]u∗

-u∗ − βIF (u∗)

u ∈ Ω

IF (u∗)

Ω

u∗´ VI(Ω, F )�)�du u∗ = PΩ[u∗ − βIF (u∗)]�AÛ)º

�ó�,¦)C©Ø�ª�±8(�¦

e(u, β) := u− PΩ[u− βIF (u)] (2.6)

���": u∗,�¡·�¬�Ñy².Ïd,é(½� β > 0, ‖e(u, β)‖�±w��«
Ø��Ýþ¼ê.�
�B,·�  r e(u, 1)P¤ e(u).

½½½nnn 2 � β > 0. u∗´ VI(Ω, IF )�)��=� e(u∗, β) = 0.

yyy²²². ky7�5.e u∗´ VI(Ω, F )�),K u∗ ∈ Ω.duΩ ⊂ Rn´4à8,|
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^ (2.1)�� (
v − PΩ(v)

)T (
u∗ − PΩ(v)

)
≤ 0, ∀v ∈ Rn.

þª¥� v := u∗ − βIF (u∗),Kk
(
e(u∗, β)− βIF (u∗)

)T
e(u∗, β) ≤ 0,=

‖e(u∗, β)‖2 ≤ βe(u∗, β)T IF (u∗). (2.7)

,��¡,duPΩ[u∗−βIF (u∗)] ∈ Ω,
� u∗´C©Ø�ª�),�â (1.1)�±��

{PΩ[u∗ − βIF (u∗)]− u∗}T IF (u∗) ≥ 0,

=

e(u∗, β)T IF (u∗) ≤ 0. (2.8)

dØ�ª (2.7)Ú (2.8)��e(u∗, β) = 0.

2y¿©5.� v = u∗ − βIF (u∗),|^ (2.1) Ú e(u∗, β)�L�ª,k

{e(u∗, β)− βIF (u∗)}T {u− PΩ[u∗ − βIF (u∗)]} ≤ 0, ∀u ∈ Ω. (2.9)

�â^� e(u∗, β) = 0,k u∗ = PΩ(·) ∈ Ω Ú PΩ[u∗ − βIF (u∗)] = u∗.�\Ø�

ª (2.9),�±��

u∗ ∈ Ω, (u− u∗)T IF (u∗) ≥ 0, ∀u ∈ Ω,

= u∗´VI(Ω, F )�).½n�y. �
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e¡�½n`² ‖e(u, β)‖´ β�Ø~¼ê,
 {‖e(u, β)‖/β}´ β�ØO¼ê.ù�

{üy²�^����gØ�ª�Ð��£ÚóäØ�ª (2.1),§Ð�u [19].

½½½nnn 3 é¤k� u ∈ <nÚ β̃ ≥ β > 0,·�k

‖e(u, β̃)‖ ≥ ‖e(u, β)‖ (2.10)

Ú
‖e(u, β̃)‖

β̃
≤
‖e(u, β)‖

β
. (2.11)

yyy²²².� t = ‖e(x, β̃)‖/‖e(x, β)‖,½n�(ØÒ��u�y²

1 ≤ t ≤ β̃
β
.

5¿�§��dL�ª´ t����gØ�ª

(t− 1)(t− β̃
β

) ≤ 0 (2.12)

�).Äk,dóäØ�ª (2.1),·�k

(v − PΩ(v))T (PΩ(v)− w) ≥ 0, ∀w ∈ Ω. (2.13)

3 (2.13)¥-w := PΩ[u− β̃IF (u)]Ú v := u− βIF (u),|^ e(u, β)�½ÂÚ

PΩ[u− βIF (u)]− PΩ[u− β̃IF (u)] = e(u, β̃)− e(u, β),
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·���

{e(u, β)− βIF (u)}T {e(u, β̃)− e(u, β)} ≥ 0. (2.14)

^�A��{(òþª¥� βÚ β̃p� �),��

{e(u, β̃)− β̃IF (u)}T {e(u, β)− e(u, β̃)} ≥ 0. (2.15)

©OòØ�ª (2.14)Ú (2.15)¦þ β̃Ú β,,�2ò§��\,·���

{β̃e(u, β)− βe(u, β̃)}T {e(u, β̃)− e(u, β)} ≥ 0 (2.16)

¿k

β‖e(x, β̃)‖2 − (β + β̃)e(x, β)T e(x, β̃) + β̃‖e(x, β)‖2 ≤ 0.

éþªæ^ Cauchy-SchwarzØ�ª,Òk

β‖e(x, β̃)‖2 − (β + β̃)‖e(x, β)‖ · ‖e(x, β̃)‖+ β̃‖e(x, β)‖2 ≤ 0. (2.17)

ò (2.17)Ø β‖e(x, β)‖2,¿|^ t�½ÂB�

t2 −
(

1 +
β̃

β

)
t+

β̃

β
≤ 0.

ÏdØ�ª (2.12)¤á,½n�y. �

½n3`²,e±‖e(u, β)‖��ÊÅ�Ø�Ýþ,~êβ > 0Ø¨L�,�Ø¨L�.�

��(Ü¯K�Ôn¿Â�Ä.
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2.3 ÝÝÝKKKÂÂÂ   ���{{{���nnn���ÄÄÄ���ØØØ���ªªª

� u∗´C©Ø�ª VI(Ω, IF )�).P

ũ = PΩ[u− βIF (u)] (2.18)

�âC©Ø�ª�½Â (1.1),k1��Ä�Ø�ª

(FI1) (ũ− u∗)T βIF (u∗) ≥ 0, ∀u∗ ∈ Ω∗. (2.19)

du u∗ ∈ Ω,d (2.18)�Ñ� ũ´ [u− βIF (u)]3Ωþ�ÝK.3ÝK�Ä�5�Ø�

ª (2.1)¥,©O�v = u− βIF (u)Ú?¿�áuΩ�u = u∗,Kk

(FI2) (ũ− u∗)T
{

[u− βIF (u)]− ũ
}
≥ 0, ∀u∗ ∈ Ω∗. (2.20)

d	,�âüN�f�5�,k

(FI3) (ũ− u∗)T
{
βIF (ũ)− βIF (u∗)

}
≥ 0, ∀u∗ ∈ Ω∗. (2.21)

·�r (2.19)-(2.21)¡�ÝKÂ �{¥�n�Ä�Ø�ª [5].òùp� (2.19),
(2.20)Ú (2.21)\3�å,Ò��

(ũ− u∗)T d(u, ũ) ≥ 0, ∀u∗ ∈ Ω∗. (2.22)

Ù¥

d(u, ũ) = (u− ũ)− β[IF (u)− IF (ũ)]. (2.23)
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XJ�ò (2.19)Ú (2.21)\3�å,���´

(ũ− u∗)T {βIF (ũ)} ≥ 0, ∀u∗ ∈ Ω∗. (2.24)

�¡·�ò¬½Â,ùpdØÓ|Ü���d(u, ũ)ÚβIF (ũ),¡��éÌ)��.

3 ÝÝÝKKKÂÂÂ   ���{{{ÚÚÚ©©©���ÂÂÂ   ���{{{¥¥¥���ýýýÿÿÿ

Ú¦)·ÜC©Ø�ª�©�Â �{��,¦)üN²;C©Ø�ª (1.1)�ÝKÂ
 �{ [5, 9, 14, 6]´��æ^ÝK�ýÿ�ýÿ-���{.

3.1 ¦¦¦)))²²²;;;CCC©©©ØØØ���ªªª���ÝÝÝKKKÂÂÂ   ���{{{¥¥¥���ýýýÿÿÿ

¦)²;C©Ø�ª (1.1)�ÝKÂ �{�1k-ÚS�l�½�ukm©,ÏLî¼

�¿Âe�ÝK��ýÿ: ũk ,äNúª´

ũk = PΩ[uk − βkIF (uk)], (3.1)

Ù¥βk�ÀJ�¦÷v

βk‖IF (uk)− IF (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1). (3.2)
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½½½ÂÂÂ (ÜÜÜ������ÝÝÝKKKýýýÿÿÿ)¦)��5C©Ø�ª (1.1)�ýÿ-���{¥,é�½�~

ê ν ∈ (0, 1),eÏLÝK (3.1)���ýÿ: ũk÷v^� (3.2),K¡Ù���Ü��
ÝKýÿ.

3IF�LipschitzëY�^�e,(3.2)´U
¢y�.du ũk�±L«¤

ũk = arg min
{

1
2
‖u− [uk − βkIF (uk)]‖2

∣∣u ∈ Ω
}
,

�â�`5½n,d (3.1)��� ũk÷v

ũk ∈ Ω, (u− ũk)T {[uk − βkIF (uk)]− ũk} ≤ 0, ∀u ∈ Ω.

?
��

ũk ∈ Ω, (u− ũk)T βkIF (uk) ≥ (u− ũk)T (uk − ũk), ∀u ∈ Ω.

ü>Ñ\þ (u− ũk)T {−βk[IF (uk)− IF (ũk)]},Òk

ũk ∈ Ω, (u− ũk)T βkIF (ũk) ≥ (u− ũk)T d(uk, ũk), ∀u ∈ Ω, (3.3)

Ù¥�d(uk, ũk)´d (2.23)½Â�.

Ø�ª (3.3)éAu¦)·ÜC©Ø�ª�Ú�µe¥�ýÿ,ùp�d(uk, ũk)��

uÙ¥�Q(vk − ṽk). �O3ud(uk, ũk)¿Ø´ (uk − ũk)��5¼ê.
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ò (3.3)¥�u ∈ ΩÀ¤?¿(½�u∗ ∈ Ω∗,��

(ũk − u∗)T d(uk, ũk) ≥ (ũk − u∗)T βkIF (ũk). (3.4)

dIF�üN5Úu∗��`5,þªmà

(ũk − u∗)T IF (ũk) ≥ (ũk − u∗)T IF (u∗) ≥ 0,

Ø�ª (3.4)��à�K,��U�¤

{(uk − u∗)− (uk − ũk)}T d(uk, ũk) ≥ 0,

��

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk). (3.5)

�â d(uk, ũk)�L�ª (2.23)Úb� (3.2),|^Cauchy-SchwarzØ�ª,k

(uk − ũk)T d(uk, ũk) ≥ (1− ν)‖uk − ũk‖2. (3.6)

dþ¡ü�Ø�ª��

(uk − u∗)T d(uk, ũk) ≥ (1− ν)‖uk − ũk‖2. (3.7)

½½½ÂÂÂ (þþþ,,,������)¦)C©Ø�ª (1.1)��{¥,bX�3��~êδ > 0,�

þd(uk, ũk)÷v'Xª

(uk − u∗)T d(uk, ũk) ≥ δ‖uk − ũk‖2, ∀u∗ ∈ Ω∗, (3.8)
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K¡Ù�ål¼ê‖u− u∗‖23uk?�þ,��.

Ïd,d (2.23)�Ñ�d(uk, ũk)´��ål¼ê‖u− u∗‖23uk?î¼�e���þ

,��.�,·�¿Ø��):3=p,�´÷X��−d(uk, ũk),À�·�Ú�,�±

é�î¼�e'uk��C)8�uk+1.

3.2 ¦¦¦)))···ÜÜÜCCC©©©ØØØ���ªªª���©©©���ÂÂÂ   ���{{{¥¥¥���ýýýÿÿÿ

d�5�å�à`z¯K���·ÜC©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (3.9)

Ú�µe¥½Â�ýÿ�

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v−ṽk)TQ(vk−ṽk), ∀w ∈ Ω, (3.10)

Ù¥Ý
QT +Q´��þ�½�.ò (3.10)¥?¿�w ∈ ΩÀ¤w∗ ∈ Ω∗,·�k

(ṽk − v∗)TQ(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k). (3.11)

d

(w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗)
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Úw∗��`5, (3.11)��à�K.��d§��

(vk − v∗)TQ(vk − ṽk) ≥ (vk − ṽk)TQ(vk − ṽk).

é�½Ý
HÚH−1Q = M þª�±L«¤

〈H(vk − v∗),M(vk − ṽk)〉 ≥ (vk − ṽk)TQ(vk − ṽk). (3.12)

Ø�ª (3.12)w�·�,3^�QT +Q�½��¹e,�þM(vk − ṽk) ´H-�e�

�ål¼ê‖v − v∗‖2H3vk?���þ,��.

ùüa�{�ýÿ¥, (3.3)Ú (3.4)©O� (3.10)Ú (3.11)�éA.éAu²;C©Ø�

ª�ÝKÂ �{Ú·ÜC©Ø�ª�©�Â �{,Ø�ª (3.5)Ú (3.12)©OJø

�A�þ,��.§��màî��u"©Odb� (3.2)ÚQT +Q � 0���y.

4 ÝÝÝKKKÂÂÂ   ���{{{ÚÚÚ©©©���ÂÂÂ   ���{{{¥¥¥���������

��´|^ål¼ê�eü��(þ,������),¦�#�S�:3,«(½��

�¿Âel)8'�5�:�C�
.

4.1 üüüaaa���{{{¥¥¥æææ^̂̂���½½½ÚÚÚ������������
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1.CCC©©©ØØØ���ªªªÝÝÝKKKÂÂÂ   ���{{{���½½½ÚÚÚ������������ 3ÝKÂ �{¥,·����Äî¼

�e�Â .^'Xª (3.5),��ÏL

uk+1 = uk − αd(uk, ũk) (4.1)

�)#�S�:,Ù¥d(uk, ũk)´d (2.23)�Ñ�.e¡·�?ØXÛÀ�Ú�α.

ÝKÂ �{¥,·�ò^� (3.2)÷v�,dü Ú����)#S�:

uk+1 = uk − d(uk, ũk) (4.2)

��{,¡�Ð��{ (Primary Method).|^ (3.5),d{üO���

‖uk+1 − u∗‖2 = ‖(uk − u∗)− d(uk, ũk)‖2

= ‖uk − u∗‖2 − 2(uk − u∗)T d(uk, ũk) + ‖d(uk, ũk)‖2

≤ ‖uk − u∗‖2 −
[
2(uk − ũk)T d(uk, ũk)− ‖d(uk, ũk)‖2

]
. (4.3)
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|^ (2.23)Ú (3.2),�±��

2(uk − ũk)T d(uk, ũk)− ‖d(uk, ũk)‖2

= d(uk, ũk)T {2(uk − ũk)− d(uk, ũk)}

=
{

(uk − ũk)− βk[IF (uk)− IF (ũk)]
}T{

(uk − ũk) + βk[IF (uk)− IF (ũk)]
}

= ‖uk − ũk‖2 − β2
k‖IF (uk)− IF (ũk)‖2

≥ (1− ν2)‖uk − ũk‖2. (4.4)

�\ (4.3),`²d (4.2)�)�S� {uk}÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − (1− ν2)‖uk − ũk‖2. (4.5)

2.ààà`̀̀zzz©©©���ÂÂÂ   ���{{{���½½½ÚÚÚ������������ 3à`z�©�Â �{¥,·����

ÄH-�e�Â .^'Xª (3.12),��ÏL

vk+1 = vk − αM(vk − ṽk) (4.6)

�)#�S�:,Ù¥M = H−1Q.e¡·�?ØXÛÀ�Ú�α.d{üO���

‖vk+1 − v∗‖2H = ‖(vk − v∗)− αM(vk − ṽk)‖2H
= ‖vk − v∗‖2H − 2α(vk − v∗)THM(vk − ṽk) + α2‖M(vk − ṽk)‖2H
≤ ‖vk − v∗‖2H − α

(
(vk − ṽk)T [QT +Q− αMTHM ](vk − ṽk)

)
.



VIII - 22

�±��

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H − α‖v

k − ṽk‖2G, (4.7)

Ù¥

G = QT +Q− αMTHM.

�âÚ�µeÂñ5��¦,G´�½Ý
.

4.2 üüüaaa���{{{¥¥¥æææOOO���ÚÚÚ������������

1.CCC©©©ØØØ���ªªªÝÝÝKKKÂÂÂ   ���{{{OOO���ÚÚÚ������������ ·�ò (4.1)¥�uk+1P�uk+1(α),

L«#�S�:�6uÚ�α.�	�α�'�ål²� áþ,

ϑk(α) = ‖uk − u∗‖2 − ‖uk+1(α)− u∗‖2. (4.8)

�â½Â

ϑk(α) = ‖uk − u∗‖2 − ‖uk − u∗ − αd(uk, ũk)‖2

= 2α(uk − u∗)T d(uk, ũk)− α2‖d(uk, ũk)‖2.

é?¿�½�(½): u∗,þªL² ϑk(α)´ α����g¼ê.�´ u∗´���,

·�Ã{��¦ ϑk(α)�4�.|^ (3.5),é?¿� α > 0,k

ϑk(α) ≥ qk(α), (4.9)
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Ù¥

qk(α) = 2α(uk − ũk)T d(uk, ũk)− α2‖d(uk, ũk)‖2. (4.10)

Q,�g¼ê qk(α)´ ϑk(α)���e.¼ê.¦ qk(α)��4�� α∗k ´

α∗k = argmax{qk(α)} =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2
. (4.11)

5¿�ùp�α∗k´d (3.5)(½�,©f´ (3.5)�mà,©1´ (4.1)¥d(uk, ũk) �î

¼�Ý�²�.

3¢SO�¥,·������tµÏf γ ∈ [1.2, 1.8],-

uk+1 = uk − γα∗kd(uk, ũk), (4.12)

�â (4.8)Ú (4.9),d (4.12)�)� uk+1÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − qk(γα∗k). (4.13)

Ù¥

qk(γα∗k) = 2γα∗k(uk − ũk)T d(uk, ũk)− γ2(α∗k)2‖d(uk, ũk)‖2

= γ(2− γ)α∗k(uk − ũk)T d(uk, ũk). (4.14)

d	,l (4.4),·�®²k2(uk − ũk)T d(uk, ũk)− ‖d(uk, ũk)‖2 > 0,Ï
�
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â (4.11)��α∗k >
1
2

(�(4.4)).(Ü (3.6),

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 1
2
γ(2− γ)(1− ν)‖uk − ũk‖2. (4.15)

Ø�ª (4.5)Ú (4.15)`²,^�½Ú�ÚO�Ú���{�)�S� {uk}Ñ´Â Ú
k.�.|^ù
'�Ø�ª,N´y²Âñ½n.

�,ÝKÂ �{�ù
(ØÑ3b� (3.2)÷v�â¤á,�´�IF´LipschitzëY,

æ^Armijo{KÀ�·��βk¢��ýÿ (3.1),´U
¦^� (3.2)÷v�.æ^e¡§

S��{·�¡Ù�ÝKÂ �{-I.
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¦¦¦)))²²²;;;üüüNNNCCC©©©ØØØ���ªªª���ÝÝÝKKKÂÂÂ   ���{{{-I

�½β0 = 1, µ = 0.4, ν = 0.9, u0 ∈ Ω.

For k = 0, 1, . . .,bXÊÅOKÿ�÷v, do

1). ũk = PΩ[uk − βkIF (uk)],

rk :=
βk‖IF (uk)− IF (ũk)‖

‖uk − ũk‖
,

while rk > ν, βk := 2
3
βk ∗min{1, 1

rk
},

ũk = PΩ[uk − βkIF (uk)]

rk :=
βk‖IF (uk)− IF (ũk)‖

‖uk − ũk‖
,

end(while)

2). d(uk, ũk) = (uk − ũk)− βk[IF (uk)− IF (ũk)],

α∗k =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2
,

uk+1 = uk − γα∗kd(uk, ũk),

3). If rk ≤ µ then βk := βk ∗ 1.5, end(if)

4).- βk+1 = βk Ú k := k + 1, m©#��gS�.

• 3�ÝKýÿ (3.1)��ÿ,�¦÷v^� (3.2).ùp��ν = 0.9,´²��.3Ý



VIII - 26

KÂ �{-I� 1)¥,�rk > ν�,^

βk := 2
3
βk ∗min{1, 1

rk
}

éβk�N�.ùp�ü«ØÓ�/´:�rk ∈ (ν, 1]�m,Ò�βk := 2
3
βk ;

�rk > 1�,��ur�5�βk �rk�2¦þ (2/3).N�ëêβk±�,­�

�gÝKýÿ,^� (3.2)��U
��÷v.ùp� (2/3)�´²��,¢SO�

¥,��±U¤ (3/4).

• 3^� (3.2)÷v�cJe,·�Ó�F"

βk‖IF (uk)− IF (ũk)‖
‖uk − ũk‖

Ø���.�â·�O���
~f,§S¥�@é

If rk ≤ µ then βk := βk ∗ 1.5, end(if)

´Ø�"��.Ò�&6��{ [16]¥�&6��»,3S�O�L§uyL��

I�O�,Ù¥�1.5�´²��.

2.ààà`̀̀zzz©©©���ÂÂÂ   ���{{{OOO���ÚÚÚ������������ ©�Â �{�O�Ú�����{��

â´ (3.12).|^HM = Q¿�Äål¼ê‖v − v∗‖2H�eü,#�S�:vk+1d

vk+1 = vk − γα∗kM(vk − ṽk), (4.16a)
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�),Ù¥

α∗k =
(vk − ṽk)TQ(vk − ṽk)

‖M(vk − ṽk)‖2H
. (4.16b)

©f´ (3.12)�mà,©1‖M(vk − ṽk)‖2H�±ÏL

‖M(vk − ṽk)‖2H = (vk − ṽk)TMTHM(vk − ṽk) = (vk − ṽk)TMTQ(vk − ṽk)

��.üNÂ 'Xª÷v

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H −

γ(2− γ)

2
α∗k‖v

k − ṽk‖2
(QT +Q)

, ∀ v∗ ∈ V∗.

à`z©�Â �{�Ú�µe
g²;üNC©Ø�ª�ÝKÂ �{.ØÓ�

´µÝKÂ �{ÏLÝK��ýÿ:¿Jøî¼�e�eü��,©�Â �{K

´ÏL¦)�
f¯K��H-�e�eü��.

5 ÝÝÝKKKÂÂÂ   ���{{{¥¥¥���ÌÌÌ)))������ÚÚÚWWW~~~���{{{

·�3²;üNC©Ø�ª¦)�¡uL�O�Ú��ÝKÂ �{ [5, 9],�ó§å
Æ.��
Æö^5)û
�
�Ï(6¦��ñèó§¯K [17, 18].�§4.2¥0�
�ÝKÂ �{-I�éA�ÝKÂ �{-II,§�©O�Ì)������Ï���
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��Ó�Ú�,���éW~�{.�â·��ê�Á� [9]Úó§.�O�¢
� [17, 18],�{-II�'�{-I�Çp�
.ù�!,·�;�ù�eÄuÓ�ýÿ��

éÌ)��ÚW~�{.

½½½ÂÂÂ (ÌÌÌ)))������)¦)²;C©Ø�ª��{¥,bXd(uk, ũk)´��þ,��,K¡

©?Ø�ª (3.3)ü>�

βkIF (ũk) Ú d(uk, ũk), (5.1)

��éÌ)��.

·���±l��'Xª (2.22)Ú (2.24)�L§¥��,ù�éÌ)��´dÄ�Ø�

ª�ØÓ|Ü)¤�.

½½½ÂÂÂ (WWW~~~���{{{)¦)²;üNC©Ø�ª��{¥,dÓ��ýÿ: ũkJø
�

é (5.1)¥�Ì)��d(uk, ũk)ÚβkIF (ũk).^�Ó�Ú�α,©Od

uk+1(α) = uk − αH−1d(uk, ũk) (5.2)

Ú

uk+1(α) = arg min{‖u− [uk − αβkH−1IF (ũk)]‖2H |u ∈ Ω} (5.3)

�Ñ#�Â S�:��{¡��éH-�eÂ �W~�{.

3H�ü 
��ÿ, (5.3)�mà´î¼�e�þ [uk − αβkIF (ũk)]�Ωþ�ÝK.
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·�k?Øî¼�e�6Ú�α�W~�{,©O^�eI�

uk+1
I (α) = uk − αd(uk, ũk) (5.4)

Ú

uk+1
II (α) = PΩ[uk − αβkIF (ũk)] (5.5)

L«ØÓ�{�6Ú�α�#�S�:.é?¿�½� u∗ ∈ Ω∗,·�^

ϑk(α) = ‖uk − u∗‖2 − ‖uk+1
I (α)− u∗‖2 (5.6)

Ú

ζk(α) = ‖uk − u∗‖2 − ‖uk+1
II (α)− u∗‖2 (5.7)

w¤´�gS��?Úþ,§´Ú�α�¼ê.�â§4.2�©Û (�(4.8) - (4.10)),

ϑk(α) ≥ qk(α) = 2α(uk − ũk)T d(uk, ũk)− α2‖d(uk, ũk)‖2. (5.8)

e¡�½n`²,éÓ�� α, ζk(α)�e.Ø�uϑk(α)�e..

½½½nnn 4 �uk+1
II (α)d (5.5))¤.é?¿� α > 0,éd (5.7)½Â�ζk(α)k

ζk(α) ≥ ‖uk+1
I (α)− uk+1

II (α)‖2 + qk(α), (5.9)

Ù¥qk(α)d (4.10)�Ñ.

yyy²²².Äk,Ï� uk+1
II (α) = PΩ[uk − αβkIF (ũk)]Ú u∗ ∈ Ω,�âÝK�5
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� (� (2.5)),·�k

‖uk+1
II (α)− u∗‖2 ≤ ‖uk − αβkIF (ũk)− u∗‖2

− ‖uk − αβkIF (ũk)− uk+1
II (α)‖2, ∀u∗ ∈ Ω∗ (5.10)

'

&

$

%

qu
HHH

HHHquk − αβkIF (ũk)uk+1
II (α) q
qu∗






��
�
��

�
��

Ω

ã6.1.Ø�ª (5.10)�AÛ)º
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Ïd,|^ ζk(α)�½Â(� (5.7)),·�k

ζk(α) ≥ ‖uk − u∗‖2 − ‖(uk − u∗)− αβkIF (ũk)‖2

+‖(uk − uk+1
II (α))− αβkIF (ũk)‖2

= 2α(uk − u∗)T βkIF (ũk) + 2α(uk+1
II (α)− uk)T βkIF (ũk)

+‖uk − uk+1
II (α)‖2

= ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− u∗)T βkIF (ũk). (5.11)

ò (5.11)¥mà����� (uk+1
II (α)− u∗)T βkIF (ũk)©)¤

(uk+1
II (α)− u∗)T βkIF (ũk) = (uk+1

II (α)− ũk)T βkIF (ũk) + (ũk − u∗)T βkIF (ũk),

(5.12)

|^ (ũk − u∗)T βkIF (ũk) ≥ (ũk − u∗)T βkIF (u∗) ≥ 0, (5.12)mà����Ü©�
K.�\ (5.11)�mà,?�Ú��

ζk(α) ≥ ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− ũk)T βkIF (ũk). (5.13)

Ï� uk+1
II (α) ∈ Ω,^§O� (3.3)¥�?¿u ∈ Ω,��

(uk+1
II (α)− ũk)T βkIF (ũk) ≥ (uk+1

II (α)− ũk)T d(uk, ũk). (5.14)
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ò§��\ (5.13)�mà,Òk

ζk(α) ≥ ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− ũk)T d(uk, ũk). (5.15)

éþªmà,|^uk+1
I (α)Úqk(α)�L�ª (�(5.4)Ú(4.10)),?�Úz¤

ζk(α) ≥ ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− ũk)T d(uk, ũk)

= ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− uk)T d(uk, ũk)

+2α(uk − ũk)T d(uk, ũk)

= ‖(uk − uk+1
II (α))− αd(uk, ũk)‖2 − α2‖d(uk, ũk)‖2

+2α(uk − ũk)T d(uk, ũk)

= ‖uk+1
I (α)− uk+1

II (α)‖2 + qk(α).

ù�Ò�¤
½n(Ø (5.9)�y². �

½n 4`², qk(α)�´ ζk(α)�e..éÓ�� α, ζk(α)`u ϑk(α),Ø

�uk+1
I (α) = uk+1

II (α).3¢SO�¥,ùéW~�{©Oæ^��úª

(ÝKÂ �{-I) uk+1 = uk − γα∗kd(uk, ũk) (5.16)

Ú

(ÝKÂ �{-II) uk+1 = PΩ[uk − γα∗kβkIF (ũk)] (5.17)
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�)#�S�:,Ù¥�α∗kÑd (4.11)�Ñ.duζk(γα∗k) ≥ qk(γα∗k),§�¤�)�

S�S�{uk}Ñ÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)α∗k(uk − ũk)T d(uk, ũk). (5.18)

¯¢þ,duα∗k >
1
2

,(Ü'Xª (3.6),l (5.18)��

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 1
2
γ(2− γ)(1− ν)‖uk − ũk‖2. (5.19)

ùÒ´§4.2¥� (4.15).�âþ¡ù�Ø�ª,|^{ü�©Ûâ�Ò�±y²ÝKÂ

 �{�Âñ5.

æ^��úª (5.16)�Ð?´)¤uk+1Ø^2�ÝK.¢S¯K¥,�Ωþ�ÝK�

d  ´Øp� (~XΩ~~´���%�½öµ/),Ïd~æ^��úª (5.17).ù
�¡�nd·�3Ø© [14]¥k��[�`².
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¦¦¦)))²²²;;;üüüNNNCCC©©©ØØØ���ªªª���ÝÝÝKKKÂÂÂ   ���{{{-II

�½β0 = 1, ν ∈ (0, 1), u0 ∈ Ω.

For k = 0, 1, . . .,bXÊÅOKÿ�÷v, do

1). ũk = PΩ[uk − βkIF (uk)],

rk :=
βk‖IF (uk)− IF (ũk)‖

‖uk − ũk‖
,

while rk > ν, βk := 2
3
βk ∗min{1, 1

rk
},

ũk = PΩ[uk − βkIF (uk)],

rk :=
βk‖IF (uk)− IF (ũk)‖

‖uk − ũk‖
,

end(while)

2). d(uk, ũk) = (uk − ũk)− βk[IF (uk)− IF (ũk)],

α∗k =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2
,

uk+1 = PΩ[uk − γα∗kβkIF (ũk)],

3). If rk ≤ µ then βk := βk ∗ 1.5, end(if)

4).- βk+1 = βk Ú k := k + 1, m©#��gS�.
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lÝKÂ �{-I�ÝKÂ �{-II,�´ò

uk+1 = uk − γα∗kd(uk, ũk) U¤
 uk+1 = PΩ[uk − γα∗kβkIF (ũk)].

Ø© [17, 18]¥)ûñèó§¯K^�Ò´ù�!��{.�â·��ê�²� [9]Ú
¦��O�¢�,�{-II��Ç'�{-I��Çp�
.

3^� (3.2)÷v�Ü�ýÿ (3.1)�Ä:þ,����±^

uk+1 = PΩ[uk − βkIF (ũk)]

¢y.ù�ÿ,ýÿ-���3�åÒ´ ũk = PΩ[uk − βkIF (uk)],

uk+1 = PΩ[uk − βkIF (ũk)].
(5.20)

ùÒ´<�¤`�Korpelevich	FÝ{ [15].

à`z�©�Â �{�ýÿ,Ó�Jø
�éÌ)��.XÛ/�ÝKÂ �{¥�

Ì)��ÚW~�{,·�3 [8]¥mÐ
�
?Ø.
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6 ÝÝÝKKKÂÂÂ   ���{{{333¦¦¦)))���©©©lllààà`̀̀zzzþþþ���AAA^̂̂

��ÝKÂ �{3¦)�©là`zþ�A^,·��Ä���ü¬�©là`z

¯K

min {θ1(x) + θ2(y) |Ax+By = b (½ ≥ b), x ∈ X , y ∈ Y}. (6.1)

b�¯Kk)¿�θ1(x)Úθ2(y)©O3�¹à48XÚY���m8þ��.¯

K (6.1)�.�KF¼ê´½Â3X × Y × Λþ�

L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b),

Ù¥

Λ =

 <m, ifAx+By = b,

<m+ , ifAx+By ≥ b.

.�KF¼ê�Q: (x∗, y∗, λ∗) ∈ X × Y × Λ÷vØ�ª

L(x∗, y∗, λ) ≤ L(x∗, y∗, λ∗) ≤ L(x, y, λ∗), ∀(x, y, λ) ∈ X × Y × Λ.

ù¿�X 
x∗ ∈ X , L(x, y∗, λ∗) ≥ L(x∗, y∗, λ∗) ∀x ∈ X ,
y∗ ∈ Y, L(x∗, y, λ∗) ≥ L(x∗, y∗, λ∗) ∀y ∈ Y,
λ∗ ∈ Λ, L(x∗, y∗, λ∗) ≥ L(x∗, y∗, λ) ∀λ ∈ Λ.
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�Ò´`
x∗ ∈ arg min

{
θ1(x) + θ2(y∗)− (λ∗)T (Ax+By∗ − b) |x ∈ X

}
,

y∗ ∈ arg min
{
θ1(x∗) + θ2(y)− (λ∗)T (Ax∗ +By − b) | y ∈ Y

}
,

λ∗ ∈ arg max
{
θ1(x∗) + θ2(y∗)− λT (Ax∗ +By∗ − b)|λ ∈ Λ

}
.

�θ1(x), θ2(y)���,�â�`5�½n,·�k
x∗ ∈ X , (x− x∗)T (∇θ1(x∗)−ATλ∗) ≥ 0, ∀x ∈ X ,
y∗ ∈ Y, (y − y∗)T (∇θ2(y∗)−BTλ∗) ≥ 0, ∀ y ∈ Y,
λ∗ ∈ Λ, (λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0, ∀ λ ∈ Λ.

^PÒ

∇θ1(x) = f(x), ∇θ2(y) = g(y),

�A�;n/ª�üNC©Ø�ªÒ´

w∗ ∈ Ω, (w − w∗)T IF (w∗) ≥ 0, ∀w ∈ Ω, (6.2a)
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Ù¥

w =


x

y

λ

 , IF (w) =


f(x)−ATλ
g(y)−BTλ
Ax+By − b

 , Ω = X × Y × Λ. (6.2b)

bX�O��{¥f¯K¦)'�(J,
θ1(x)Úθ2(y)�FÝ�Ã��¿

�LipschitzëY,�±�Ä^ÝKÂ �{¦)����5�åà`z¯K�d�C

©Ø�ª (6.2).é�½�wk = (xk, yk, λk),ÏL
x̃k = PX

{
xk − 1

r
[f(xk)−ATλk]

}
, (6.3a)

ỹk = PY
{
yk − 1

s
[g(yk)−BTλk]}, (6.3b)

λ̃k = PΛ

{
λk − β(Axk +Byk − b)

}
, (6.3c)

��ýÿ: w̃k = (x̃k, ỹk, λ̃k).Ù¥� r, s > 0´·�À���~ê¦�

‖f(xk)− f(x̃k)‖ ≤ νr‖xk − x̃k‖, Ú ‖g(yk)− g(ỹk)‖ ≤ νs‖yk − ỹk‖. (6.4)

�f(x)Úg(y)LipschitzëY�,ù´�±���.

e¡éýÿ (6.3)?1©Û.ÏLÝK (6.3a)��� x̃k´4�z¯K

min
{∥∥x− [xk − 1

r
[f(xk)−ATλk]

]∥∥2|x ∈ X}
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�),�â�`5^��½n,k

x̃k ∈ X (x− x̃k)T
{
x̃k −

[
xk − 1

r
[f(xk)−ATλk]

]}
≥ 0, ∀x ∈ X .

ù�±�¤

x̃k ∈ X , (x− x̃k)T
{
f(xk)−ATλk + r(x̃k − xk)

}
≥ 0, ∀x ∈ X .

|^ (6.2),·�k

x̃k ∈ X , (x− x̃k)T

 f(x̃k)−AT λ̃k +AT (λ̃k − λk)

+
[
r(x̃k − xk)−

(
f(x̃k)− f(xk)

)]
 ≥ 0, ∀x ∈ X .

(6.5a)

ÏLÝK (6.3b)��� ỹk ,k

ỹk ∈ Y, (y− ỹk)T

 g(ỹk)−BT λ̃k +BT (λ̃k − λk)

+
[
s(ỹk − yk)−

(
g(ỹk)− g(yk)

)]
 ≥ 0, ∀y ∈ Y. (6.5b)

�â (6.3c)��� λ̃k ,·�k

λ̃k ∈ <m, (λ− λ̃k)T

 (Ax̃k +Bỹk − b) + 1
β

(λ̃k − λk)

−A(x̃k − xk)−B(ỹk − yk)

 ≥ 0, ∀λ ∈ <m.

(6.5c)
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ù��,´�
4þ¡n�ªf¥eÅ«��Ü©Ü3�åÒ¤
 (6.2)¥�IF (w̃k).

ÚÚÚnnn 3 l�½�wk = (xk, yk, λk)Ñu,d (6.3)�)�ýÿ:w̃k = (x̃k, ỹk, λ̃k) ÷

v

w̃k ∈ Ω, (w − w̃k)T IF (w̃k) ≥ (w − w̃k)T d(wk, w̃k), ∀w ∈ Ω (6.6a)

Ù¥

d(wk, w̃k) =


[
r(xk − x̃k)−

(
f(xk)− f(x̃k)

)]
+AT (λk − λ̃k)[

s(yk − ỹk)−
(
g(yk)− g(ỹk)

)]
+BT (λk − λ̃k)

1
β

(λk − λ̃k)−A(xk − x̃k)−B(yk − ỹk)

 . (6.6b)

yyy²²² ò (6.5)�nÜ©�3�å¿|^IF (w)�½Â²�nB�Ún�(Ø. �

e¡·�y²d (6.6b)�Ñ�d(wk, w̃k)´þ,��.ò (6.6)¥?¿�w��á

uΩ∗�w∗,Kk

(w̃k − w∗)T d(wk, w̃k) ≥ (w̃k − w∗)T IF (w̃k). (6.7)

|^IF�üN5Úw∗��`5,

(w̃k − w∗)T IF (w̃k) ≥ (w̃k − w∗)T IF (w∗) ≥ 0.

Ïd

(wk − w∗)T d(wk, w̃k) ≥ (wk − w̃k)T d(wk, w̃k). (6.8)
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|^d(wk, w̃k)�L�ª (6.6b)Úýÿ^� (6.4)��

(wk − w̃k)T d(wk, w̃k)

= r‖xk − x̃k‖2 − (xk − x̃k)T (f(xk)− f(x̃k))

+s‖yk − ỹk‖2 − (yk − ỹk)T (g(yk)− g(ỹk)) + 1
β
‖λk − λ̃k‖2

≥ (1− ν)
(
r‖xk − x̃k‖2 + s‖yk − ỹk‖2

)
+ 1
β
‖λk − λ̃k‖2. (6.9)

duν ∈ (0, 1),þªmà�u0.ùp� (6.8)Ú (6.9) ��u§3¥� (3.5)Ú (3.6).Ïd,

d(wk, w̃k)´ål¼ê‖w − w∗‖2�þ,��.

dud(wk, w̃k)´ål¼ê‖w − w∗‖2�þ,��,�â (6.6),©?Ø�ª (6.6a)ü>
�

IF (w̃k) Ú d(wk, w̃k),

��éÌ)��.·��±^H-�e�W~�{?1��.é�½��½Ý
H ,��

úª-IÏL

(������úúúªªª-I) wk+1 = wk − γα∗kH
−1d(wk, w̃k), γ ∈ (0, 2) (6.10a)

�)#�S�:.Ù¥

α∗k =
(wk − w̃k)T d(wk, w̃k)

‖H−1d(wk, w̃k)‖2H
. (6.10b)
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½½½nnn 5 ¦)C©Ø�ª (6.2),d (6.3)ýÿÚ (6.10)���)�S�{w̃k}Ú{wk}÷v

‖wk+1−w∗‖2H ≤ ‖w
k−w∗‖2H−γ(2−γ)α∗k(wk−w̃k)T d(wk, w̃k), ∀w ∈ Ω, (6.11)

Ù¥d(wk, w̃k)d (6.6b)�Ñ.

yyy²²² kò (6.10a)¥�γα∗k��?¿�α > 0,¿òÑÑP�wk+1
I (α),¿P

ϑH
k (α) = ‖wk − w∗‖2H − ‖w

k+1
I (α)− w∗‖2H . (6.12)

ù�

ϑH
k (α)

(6.10a)
= ‖wk − w∗‖2H − ‖(w

k − w∗)− αH−1d(wk, w̃k)‖2H
= 2α(wk − w∗)T d(wk, w̃k)− α2‖H−1d(wk, w̃k)‖2H

(6.8)
≥ 2α(wk − w̃k)T d(wk, w̃k)− α2‖H−1d(wk, w̃k)‖2H
=: qHk (α). (6.13)

é�g¼êqHk (α)¦4��� (6.10b)¥�α∗k .� (6.13)¥�α = γα∗k�,

ϑH
k (γα∗k) ≥ qHk (γα∗k)

= 2γα∗k(wk − w̃k)T d(wk, w̃k)− γ2(α∗k)2‖H−1d(wk, w̃k)‖2H
= γ(2− γ)α∗k(wk − w̃k)T d(wk, w̃k).

y²������ª¦^
 (6.10b)¥
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�α∗k‖H
−1d(wk, w̃k)‖2H = (wk − w̃k)T d(wk, w̃k).½n(Ø�y. �

æ^ (6.10)��,nØþ�±��ê���?Û�½�Ý
.é (6.6)�Ñ�d(wk, w̃k),

ïÆ�

H =


rI 0 0

0 sI 0

0 0 1
β
I

 , (6.14)

ù�,H´�½�êþé�Ý
,

H−1d(wk, w̃k) =


(xk − x̃k)− 1

r

[(
f(xk)− f(x̃k)

)
−AT (λk − λ̃k)

]
(yk − ỹk)− 1

s

[(
g(yk)− g(ỹk)

)
−BT (λk − λ̃k)

]
(λk − λ̃k)− βA(xk − x̃k)− βB(yk − ỹk)

 .

éAu��úª (6.10),·���±æ^W~�{¥�,�«�{��,d

(������úúúªªª-II) wk+1 = arg min
{
‖w − [wk − γα∗kH

−1IF (w̃k)]‖2H |w ∈ Ω
}

(6.15)

�)#�S�:wk+1,Ù¥γ ∈ (0, 2), α∗kd (6.10b)Jø,�±������

{ (6.10)Ó��Â 5�.

½½½nnn 6 ¦)C©Ø�ª (6.2),d (6.3)ýÿÚ (6.15)���)�S�{w̃k}Ú{wk}÷v

‖wk+1−w∗‖2H ≤ ‖w
k−w∗‖2H−γ(2−γ)α∗k(wk−w̃k)T d(wk, w̃k), ∀w ∈ Ω, (6.16)
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Ù¥d(wk, w̃k)d (6.6b)�Ñ.

yyy²²².kò (6.15)¥�γα∗k��?¿�α > 0 ¿òÑÑP�wk+1
II (α).·��	

ζHk (α) = ‖wk − w∗‖2H − ‖w
k+1
II (α)− w∗‖2H (6.17)

Äk,Ï�wk+1
II (α) = arg min

{
‖w − [wk − αH−1IF (w̃k)]‖2H |w ∈ Ω

}
,�â�`5

�½n,k

(w − wk+1
II (α))TH{wk+1

II (α)− wk + αH−1IF (w̃k)} ≥ 0, ∀w ∈ Ω.

òþ¡?¿�wO�¤w∗,ÒkØ�ª

(wk+1
II (α)− w∗)TH{[wk − αH−1IF (w̃k)]− wk+1

II (α)} ≥ 0. (6.18)

3ð�ª

(a− b)TH(c− a) = 1
2

(
‖c− b‖2H − ‖c− a‖

2
H

)
− 1

2
‖a− b‖2H

¥�

a = wk+1
II (α), b = w∗ Ú c = wk − αH−1IF (w̃k)

¿|^ (6.18),Kk

‖wk − αH−1IF (w̃k)− w∗‖2H
− ‖wk − αH−1IF (w̃k)− wk+1

II (α)‖2H − ‖w
k+1
II (α)− w∗‖2H ≥ 0.
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Ïd,

‖wk+1
II (α)− w∗‖2H ≤ ‖(wk − w∗)− αH−1IF (w̃k)‖2H

−‖(wk − wk+1
II (α))− αH−1IF (w̃k)‖2H .

òd�\ (6.17),·�k

ζHk (α) ≥ ‖wk − w∗‖2H − ‖(w
k − w∗)− αH−1IF (w̃k)‖2H

+‖(wk − wk+1
II (α))− αH−1IF (w̃k)‖2H

= 2α(wk − w∗)T IF (w̃k) + 2α(wk+1
II (α)− wk)T IF (w̃k)

+‖wk − uk+1
II (α)‖2H

= ‖wk − wk+1
II (α)‖2H + 2α(wk+1

II (α)− w∗)T IF (w̃k). (6.19)

ò (6.19)¥mà����� (wk+1
II (α)− w∗)T IF (w̃k)©)¤

(wk+1
II (α)− w∗)T IF (w̃k) = (wk+1

II (α)− w̃k)T IF (w̃k) + (w̃k − w∗)T IF (w̃k),

|^

(w̃k − w∗)T IF (w̃k) ≥ (w̃k − w∗)T IF (w∗) ≥ 0,

þªmà����Ü©�K.�\ (6.19)�mà,?�Ú��

ζHk (α) ≥ ‖wk − wk+1
II (α)‖2H + 2α(wk+1

II (α)− w̃k)T IF (w̃k). (6.20)
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Ï�wk+1
II (α) ∈ Ω,^§O� (6.6a)¥�?¿w ∈ Ω,��

(wk+1
II (α)− w̃k)T IF (w̃k) ≥ (wk+1

II (α)− w̃k)T d(wk, w̃k). (6.21)

ò§��\ (6.20)�mà,Òk

ζHk (α) ≥ ‖wk − wk+1
II (α)‖2H + 2α(wk+1

II (α)− w̃k)T d(wk, w̃k).

éþªmà,?�Úz¤

ζHk (α) ≥ ‖wk − wk+1
II (α)‖2H + 2α(wk+1

II (α)− w̃k)T d(wk, w̃k)

= ‖wk − wk+1
II (α)‖2H + 2α(wk+1

II (α)− wk)T d(wk, w̃k)

+2α(wk − w̃k)T d(wk, w̃k)

= ‖(wk − wk+1
II (α))− αH−1d(wk, w̃k)‖2H − α

2‖H−1d(wk, w̃k)‖2H
+2α(wk − w̃k)T d(wk, w̃k)

= ‖wk+1
I (α)− wk+1

II (α)‖2H − α
2‖H−1d(wk, w̃k)‖2H

+2α(wk − w̃k)T d(wk, w̃k)

≥ 2α(wk − w̃k)T d(wk, w̃k)− α2‖H−1d(wk, w̃k)‖2H
)
. (6.22)

3þª¥�α = γα∗k¿|^ (6.10b)¥�

α∗k‖H
−1d(wk, w̃k)‖2H = (wk − w̃k)T d(wk, w̃k),
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l (6.22)��

ζHk (γα∗k) ≥ γ(2− γ)α∗k(wk − w̃k)T d(wk, w̃k).

ù�Ò�¤
½n(Ø (6.16)�y². �

·�'%��úª-II (6.15)XÛ¢y.du (6.14)¥�H´�Ω = X × Y × Λ�éA

�©¬êþÝ
.|^�©l(�,·�k

min{‖w − [wk − αkH−1IF (w̃k)]‖2H |w ∈ Ω}

= min


∥∥∥∥∥∥∥∥
x− [xk − αk 1

r
(f(x̃k)−AT λ̃k)]

y − [yk − αk 1
s

(g(ỹk)−BT λ̃k)]

λ− [λk − αkβ(Ax̃k +Bỹk − b)]

∥∥∥∥∥∥∥∥
2

H

∣∣∣∣∣
x ∈ X
y ∈ Y
λ ∈ Λ


= min


r‖x− [xk − αk 1

r
(f(x̃k)−AT λ̃k)]‖2 |x ∈ X

+s‖y − [yk − αk 1
s

(g(ỹk)−BT λ̃k)]‖2 | y ∈ Y
+ 1
β
‖λ− [λk − αkβ(Ax̃k +Bỹk − b)]‖2 |λ ∈ Λ

 .
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Ïd,
xk+1

yk+1

λk+1

 =


argmin{‖x− [xk − αk 1

r
(f(x̃k)−AT λ̃k)]‖2 |x ∈ X}

argmin{‖y − [yk − αk 1
s

(g(ỹk)−BT λ̃k)]‖2 | y ∈ Y}
argmin{‖λ− [λk − αkβ(Ax̃k +Bỹk − b)]‖2 |λ ∈ Λ}

 .

�é{`,

wk+1 = arg min{‖w − [wk − αkH−1IF (w̃k)]‖2H |w ∈ Ω}

= arg min{‖w − [wk − αkH−1IF (w̃k)]‖2 |w ∈ Ω}

= PΩ[wk − αkH−1IF (w̃k)]. (6.23)

ùp,·�I�2�grN,þª�k�H´/X (6.14)��½©¬êþÝ
�â¤
á.Ïd,¦)C©Ø�ª (6.2),d (6.3)ýÿ,ÏL (6.15)��´d

xk+1 = PX
{
xk −

αk

r
[f(x̃k)−AT λ̃k]

}
, (6.24a)

yk+1 = PY
{
yk −

αk

s
[g(ỹk)−BT λ̃k]}, (6.24b)

λk+1 = PΛ

{
λk − αkβ(Ax̃k +Bỹk − b)

}
, (6.24c)

¢y�.$��1�Ì�´©O3X , YÚΛþ�î¼�e�ÝK.
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