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1. ¥2 3 o] mingex maxyey{®(z,y) = 01(z) — y* Az — 02(y)}
2. MR OB min{0(z)|Az = b(or > b), z € X}
3. AN min{fi(x) +0:(y)|Ax + By =b,xc X,y c Y}
4. ZRATDBEOML min{d P, 0:(x)|DF_, Aiwy = b,z € X}

T AFN(VI) TR FRER

P2 BIA(PPA) R £ S RFLRRITRIK R X,
T ANFANMPIE R BAR Attt 3 AR KEE.
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A function f(x) is convex iff \
f((1=0)z+0y) < (1-0)f(x)+0f(y)
Vo € [0, 1].

Properties of convex function

o f €Cl. fisconvexiff

fly) = flz) =2 V(@) (y — ).

Thus, we have also

f(x) = fly) = V) (x—y). £ )+ VF () (=)™

e Adding above two inequalities, we get

(v —2)T(Vf(y) — Vf(z)) > 0.

e f (! Vfismonotone. [ € C? V?f(x)Iis positive semi-definite.

Convex function

e Any local minimum of a convex function is a global minimum.




1 Optimization problem and VI

1.1 Differential convex optimization in Form of Vi

Let {2 C R, we consider the convex minimization problem

min{ f(z) | x € Q}. (1.1)

What is the first-order optimal condition ? '

x* € Q)* & z* € ()and any feasible direction is not a descent one.

Optimal condition in variational inequality form '

o Sy(z*) ={s e R" | s'Vf(z*) <0} = Setof the descent directions.

o S¢(x*) ={seRN"|s=x—2a", x €} = Setoffeasible directions.

e < e and Sp(x*)NSy(x*) =0.

FEFTELLF|E LLTnE AN Z: FRERT R EESABE LA LR

The optimal condition can be presented in a variational inequality (VI) form:
e, (x—2")'Vfx*)>0, Vre. (1.2)
Substituting V f (x) with an operator I (from " into itself), we get a classical VI.
4 e T
/

- . - ®

V f(z*) N
" 2

Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

fly) > f(2)+Vf(z)" (y—=z) andthus (z—y)" (Vf(z)—Vf(y)) > 0.

We say the gradient Vf of the convex function f is a monotone operator.
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r* € argmin{f(z)|zr € X} & z" € X, O(x)—0(z*) >0, VzedlX,

r* € argmin{f(z)|lrc X} & z* c X, (z—2")'Vf(z*)>0, Vz € X.

FEMORUCERMEFHERERERN, FERSE—ENE TEHASE:

EHE 1 Let XY C R" be a closed convex set, 0(x) and f(x) be convex func-

tions and f(x) is differentiable. Assume that the solution set of the minimization

problem min{f(x) + f(x)|x € X'} is nonempty. Then,

r* € argmin{f(x) + f(x) |x € X} (1.3a)
if and only if A s UM SR ETE

e X, 0(x) —0(x*) + (x —2*) ' Vf(z*) >0, Vox € X. (1.3b)

EIBHALIBIRRE (1.3a) AL T AF (1.3b). NHE % HIUERR.

Proof : First, if (1.3a) is true, then for any x € X', we have

(a) = 0(") | flaa) = F7) .,

- Y
(87 «

(1.4)

where
To = (1 —a)z™ +ax, Vae (0,1].

Because 6(-) is convex, it follows that
O(za) < (1 —a)f(z”) + ab(x),

and thus

0(z) — 0(z") > &) =) e o 1),

Q
Substituting the last inequality in the left hand side of (1.4), we have

O(x) —0(x™) + f(za) ; f) >0, Va e (0,1].

Using f(zo) = f(z™ + a(x — x™)) and letting o — 0, from the above inequality we
get
0(x) —0(z*) + Vf(z") (x—2") >0, Va e X.

10




Thus (1.3b) follows from (1.3a). Conversely, since f is convex, it follow that

f(@a) < (L—a)f(z") + af(z)

and it can be rewritten as

f(xa) = f(27) < a(f(x) — f(z7)).
Thus, we have

f(x) — f(:lj*) > f(ra) — f(2¥) flz* + alz —z*)) — f(z*)

(87 (87

forall a € (0, 1]. Letting & — 0, we get
f(@) = f(z") = V(") (z — 7).
Substituting it in the left hand side of (1.3b), we get
o eX, O(x)—0@x")+ f(x)— f(z¥) >0, VzeX,

and (1.3a) is true. The proof is complete. []

I-11

AR B B s U 5

W f(x), pi(x), i =1,...,m, EBENR" — REVELE AR E, 53

min  f(x)
st 1 (r) =0,
() = 0

FERZ /Y Lagrange &5 2§
L(z, \) = f(z) = > Nigi(w).
1=1

=MV EREFR:
NE AN Z N [ M)
of 9¢1  O¢2 .,  O¢m Ao
Oxo B oxo oxo Ox2 —0.
{ , :
\ ot ) \s oo ) )
\ pi(x) =0, i=1,...,m.
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1.2 Linear constrained convex optimization and VI

We consider the linearly constrained convex

optimization problem
min{f(u) | Au=>b, ueU}. (1.5
The Lagrangian function of the problem (1.5) is

L(u,\) = 0(u) — X' (Au —b), (1.6)

which is defined on U/ X R

Example 1 of the problem (1.5): Finding the nearest correlation matrix

A positive semi-definite matrix, whose each diagonal element is equal 1, is called
the correlation matrix. For given symmetric n X n matrix C', the mathematical
form of finding the nearest correlation matrix X is

min{1||X — C||% | diag(X) = e, X € ST}, (1.7)

I-14

where Sﬁ is the positive semi-definite cone and e is a n-vector whose each
element is equal 1. The problem (1.7) is a concrete problem of type (1.5).

Example 2 of the problem (1.5): The matrix completion problem

Let M be a given m X n matrix, 1L is the elements in- | A7 is low Rank, only some
dices set of M, elements of M are known.
IIc{(i)|ie{l,...,m}, je{1,...,n}}. % % ¥
The mathematical form of the matrix completion problem * * *
is relaxed to " * ) : ) * '
min{|| X||. | Xij = My, (i) €T}, g ||~ 7 7
where || - ||« is the nuclear norm—the sum of the singular . * . I . * . s *
values of a given matrix. The problem (1.8) is a convex " "
optimization of form (1.5). The matrix A in (1.5) for the * * * *
linear constraints * * * *
Xz’j = Mij, (Z]) e 11, N * N * 8 * 8
is a projection matrix, and thus || A" A|| = 1. ko ok koK
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A pair of (u*, \*) € U x R™ is called a saddle point of the Lagrange function
(1.6), if
L)\eg%m (U*, )\) S L(U*, )\*) S LUEU (’U,, )\*)

The above inequalities can be written as

u"el, L(u,\*)—Lu",\*)>0, Yuel, (1.9a)
{ A eR™ L(u",\") — L(u*,\) >0, VAeR™. (1.9b)
According to the definition of L(u, \) (see(1.6)),
L(u, \*) — L(u*, \*)
= [0(u) = (V)" (Au = )] = [0(u”) — (A")" (Au” — D)]
= O(u) — 0(u*) + (u—u*)" (=A"N)

it follows from (1.9a) that

w* elU, O(u) —0u*) + (u—u)(=AT ) >0, YVueld. (1.10)

1-16

Similarly, for (1.9b), since
L(u™, \") — L(u*, \)
= [0(u") = (\) (Au” = b)] = [0(u") — (A)" (Au” = b)]
= (A=X9)"(Au* - D),
thus we have
MeR™ A=2)(Au* —b) >0, Ve R™ (1.11)

Notice that the expression (1.11) (the inner product of the vector (Au* — b) with
any vector is nonnegative) is equivalent to

Au* = b.
Writing (1.10) and (1.11) together, we get the following variational inequality:

w* e, Ou)—0u*)+ (u—u)(-=ATX) >0, Vuel,
AT e RjR™, (A=) (Au* —0) >0, VIeR™.




Using a more compact form, the saddle-point can be characterized as the solution
of the following VI:

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, YweN, (1.12a)

where

AT
w:(u>, F(w):( A )\) and Q=UXxR". (1.12b)
A Au — b

Setting w = (u, A*) and w = (u™*, A) in (1.12), respectively, we get (1.10) and
(1.11). Because F' is a affine operator and

0 — A\ [ u 0
F = — :
) (A 0 )(A) (b)
The matrix is skew-symmetric, we have

(w— @) (F(w) — F(w)) = 0.

N

M AR ALR)RR (1.5), B T EETHAFN (1.12).

1-17

Two block separable convex optimization I

We consider the following structured separable convex optimization
min{6(x) + 02(y) | Ar+ By =b, x € X,y € V}. (1.13)

This is a special problem of (1.5) with

u:<x ) U=XxY, A=(ADB).
y

The Lagrangian function of the problem (1.13) is
L(2>($,y, )‘) — 91(:6) + 92<y) o )‘T(A'CC + By R b)
The same analysis tells us that the saddle point is a solution of the following VI:

w* € Q, Ou)—0u*)+ (w—w) Flw*) >0, YweQ (1.14)

1-18




T
T
u = ( >, O(u) =01(x)+02(y), w=| vy |, (1.15a)
Y A
— AT
F(w) = —BT)\ , and Q=X x) x R™. (1.15b)
Axz+ By — b
The affine operator F'(w) has the form
0 0 —A' x 0
Fwy=]0 0o =BT || 4 |=10
A B 0 A b

Again, due to the skew-symmetry, we have (w — W) (F(w) — F(w)) = 0.

Al DB MEARMMAEIRE (1.13), #FH#m T 5 AEFK (1.14)—(1.15).

19

Convex optimization problem with three separable functions

min{f(x) +602(y)+03(2) | Ar+By+Cz=b,x € X,y e V,z € Z},

is a special problem of (1.5) with three blocks. The Lagrangian function is
LB (x,y,2,\) = 01(x) + 02(y) + 03(2) — AT (Ax + By + Cz — b).
The same analysis tells us that the saddle point is a solution of the following VI:
w* € Q, Ou) —0(u*) + (w—w)' Flw*) >0, YweN.

where 0(u) = 601(x) + 62(y) + 03(2),

ey [
w=| "7 u = F(w) = -5
- ) — Y ) — 0T )
\A) Z \Aw+By+Cz—b)
and Q=X XYxZxR™".
ZM ARG, BEERK T EFAF. BREASAK— &S

10
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2 Proximal point algorithms and its Beyond

5|3 1 Let the vectors a,b € R", H € R™*™ be a positive definite matrix. If

bl H(a —b) > 0, then we have 1z||2 = 2Tz, ||z||2, = 2THz.
16117 < llallzr — lla — b3 (2.1)

The assertion follows from ||a||% = [0+ (a — b)||% > [|b||% + ||la — b]|%.

2.1 Proximal point algorithms for convex optimization

Convex Optimization | Now, let us consider the simple convex optimization

min{f(x) + f(x) | x € X}, (2.2)

where 0(x) and f(x) are convex but () is not necessary smooth, X is a closed

convex set. For solving (2.2), the k-th iteration of the proximal point algorithm (abbreviated

k+1

to PPA) [8, 10] begins with a given ZCk, offers the new iterate x via the recursion

sESEE| 2" = argmin{0(z) + f(z) + ng — 2Pz ex). (23

1-22

Since "1 is the optimal solution of (2.3), it follows from Lemma 1 that
O(x) — 9(xk+1)—|—(a:* — ka)T
(V"™ +r@@* —2") >0, Ve e X (2.4)

Setting £ = x™ in the above inequality, it follows that
($k+1 . ZU*)T’I“(LUk . ajk+1) Z H(xk—l—l) o x*) (mk—l—l o ﬂf*)TVf(xk—i_l).

(x7) +
Because f isconvex, (z"T1 — )TV f(2* 1) > (2FT — )TV f(2*), it follows
that

Q(xk—H) L 9(:13*) _|_ (xk—l—l L x*)TVf(ZEk—H)
> 9z —0(z") + (T =TV F(F) >0

and consequently,

(" — 2 (" — ") > 0. (2.5)
Let @ = 2® — 2* and b= 2" — 2* and using Lemma 1, we obtain
PPA BRI R | [T — 2¥|)® < ||2® — || — ||&F — 2*T1)|?, 26

which is the nice convergence property of Proximal Point Algorithm.

11




The residue sequence {||2* — 2**1||} is also monotonically no-increasing. I

Proof. | Replacing k£ + 1 in (2.4) with k, we get

0(x) — 0(z") + (x — ) {Vf(a") +r(z* —z""} >0, Ve e Xx.

Let x = :ck+

in the above inequality, it follows that
O(z" ) —0(z") + (" — V") +r(® =2 HY >0, @7
Setting x = x” in (2.4), we become
0(z") — 0z + (" — 2" TH{VFE*"TH +r@@"T —2)} > 0. (28)
Adding (2.7) and (2.8) and using (" — " TH)T [V f(z*) — Vf(2"T1)] > 0, we get
(" — 2" THT (" — ") = (" — "} > 0. (2.9)

Setting a = et —aFandb = 2" — 2 in (2.9) and using (2.1), we obtain

" —a )7 < JlaF T kP || T ) — @ -2 7 e

We write the problem (2.2) and its PPA (2.3) in VI form

For the optimization problem (2.2) , namely, min{f(z) + f(z) |z € X'},

the equivalent variational inequality form is
e X, 0(x) —0(x*) + (x —2*) ' Vf(z*) >0, Ve e X. (2.11)
For solving the problem (2.2), the PPA is
2F 1 = Argmin{0(z) + f(z) + gux _2*)2 |z € X

variational inequality form of the k-th iteration of the PPA (see (2.4)) is:

"l e X 0(x) — () + (2 — 2FTHTV (2P

> (x — " tTH (2 — 2*h) v e x. (2.12)

PPA B33 ki — &R 58 (2.3), K15 (2.2) iR KA LT AERKES.

The solution of (2.12) is Proximal Point, it has the contraction property (2.6).

12
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2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the linearly constrained convex optimization is

characterized as a mixed monotone variational inequality: TRAFN

w* € Q, Ou)—0u*) + (w—w)'Fw*) >0, YweD. (213

PPA for VI (2.13) in H-norm (EX)| For given w* and H > 0, find w**1,

wh e Q, (u) — (W ) + (w — wFTHT P | spiRsEE

> (w—w")T Hw" —uw™), Voe, (@214

wk—i—l

is called the proximal point of the k-th iteration for the problem (2.13).
(2.14) BKFEVI(2.13) I PPAEEARIEX. B HHM S A FiRFAX 2R 5 MEIH.

"4 w®*T! is the solution of (2.13) if and only if w* = w ™1 K

Setting w = w™ in (2.14), we obtain

(wk—i—l_w*)TH(wk_wk+1) 2 9(uk+1)—9(u*)+(wk+1—w*)TF(wkH).

-
Note that (see the structure of F'(w) in (1.12b))
(W — w) T F* ) = (= w*)TF(w*),
and consequently (by using (2.13)) we obtain
(w* T —w) " Hw" =™ > 0 ") —0(u*) + (0w —w*) F(w*) > 0.

Thus, we have
(w T — w*)T H(wk — w1 > 0. (2.15)

By setting @ = w® — w* and b = wkFt! — w*,
the inequality (2.15) means that b1 H (a — b) > 0.

By using Lemma 1, we obtain

lw™ ™ — w7 < Jlw” —w*|lf — llw® —w" . (@16)

We get the nice convergence property of Proximal Point Algorithm.

R : [Jwh —wh T2 < [lwb—1wP||2, BT {|lwh — wht )|y} B8R,

13
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2.3 Variants of PPA for Variational Inequalities

Let v be a sub-vector of w. The k-th iteration begins with given v* . | v &L 2 &

PPA for VI (2.13) in H-norm | For given v* and H > 0, find w® 1,

wh T e Q) 0(u) — 0wt + (w — whTHTF(wh T
> (v —v"THTH@Y — o), Y e, (2.17)

k+1

w is called the proximal point of the k-th iteration for the problem (2.13).

Y4 w*T1 is the solution of (2.13) if and only if v* = v*1T1 K

In this case, v is called the essential variables of w. In addition, we define
V* = {v" is a subvector of w™ | w* € Q" }.
Setting w = w™ in (2.17), we obtain

(Uk+1—v*>TH(Uk—Uk+1> Z 9(uk+1)—9(u*)—|—(wk+1—w*)TF(wkH).

1-28

Note that (see the structure of F'(w) in (1.12b))
(wk—H _ w*)TF(wk+l) _ (wk—l—l _ w*)TF(w*)7
and consequently (by using (2.13)) we obtain
W —o)THO" — o) > 0t — 0(u*) + (W — wt)T F(w*) > 0.

Thus, we have

(VT — T HW* — o) > 0. (2.18)

By using Lemma 1, we obtain

0" — o™ IF < o — o IF — 0" =" (@219)

We get the nice convergence property of Proximal Point Algorithm.

The residue sequence {|[v* — v*T1|| 7} is also monotonically no-increasing.

3 {||[vf — oF Y| g} REIFEARAER. ||oF -0 T2, < (o 1-0F||3,.

14




3 Augmented Lagrangian Method (ALM)

We consider the convex optimization, namely
min{f(u) | Au = b, u € U}. (3.1)
The related variational inequality of the saddle point of the Lagrangian function is
w* € Q, O(u) —0u*) + (w—w)'Fw*) >0, YweN. (3.2a)

where

u — AT\
w = , F(w) = and Q=UxR™. (3.2b)
A Au —b

Augmented Lagrangian Method

The augmented Lagrangian function of the problem (3.1) is

Lo(u,\) = 0(u) — AT (Au — b) + gHAu — b2,

1-29

The k-th iteration of the Augmented Lagrangian Method [7, 9] begins with a
given \* obtain w*T1 = (w1 \FT1) yia

(ALM) utth = argmin{Ls(u, A) | w € U, (3.3a)
ALy R B(Aukﬂ —b). 3.35)

In (3.3), uFtl s only a computational result of (3.3a) from given M\E it is called
the intermediate variable. In order to start the k-th iteration of ALM, we need only

to have \* and thus we call it as the essential variable.

The subproblem (3.3a) is a problem of mathematical form
min{6f(u) + gHAu — "% u € U} (3.4)

where 3 > 0 is a given scalarand p* = b + %)\k.

Assumption: The solution of problem (3.4) has closed-form solution or can be

efficiently computed with a high precision.

15
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Changing the constant term in the objective function does not affect the solution of the
optimization problem. Thus,

ut Tt € argmin{ Lz (u, AF) | u e}

= argmin{0(uv) — (\*)" Au+ 5| Au —b|° | u € U}

= argmin{0(u) + 2||(Au — b) — %)\k|\2 |u e}
According to Lemma 1, the optimal condition of (3.3a) is w1t e U and
O(u) — O(u" ) + (u — " THT{—A" N + AT (AT — D)} >0, Vu e U
Because \* — B(Au"Tt —b) = A*T1 the above VI can be written as
e, 0(w) — 0w ) + (u—uFTHT{—ATN Y >0, vu e U, (35)
The update form (3.3b) is

(AuF*Y — b) + %()\k“ ~ A =o.

and it is equivalent to

A= XTI (AT —b) > (A — A"’“)T%()\k — M YA e R (36)

l-31

Combining VI's (3.5) and (3.6), we get
u — uktl >T< _ AT )\k+1

A — M\etl Auktl —p

O(u) — O(u"Ft) + < ) > (A — A’““)T%(Ak =AM,

forall w = (u, A) € €. Using the notations in (3.2), we get the compact form

0(u) — O(u" ) + (w — w*THT F(w* )

> (A — )\’““)T%(A’“ —\h, vw € Q. (3.7)
This is the PPA form (2.17) in which
1
v=A and H = Elm.

The related contraction inequality (2.19) becomes
I = A <IN = NI, = AT = AT,

or
L N N [ I (3.8)

The above inequality is the key for the convergence proof of the ALM.
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4 The relaxed PPA (GEH4BiESE L)

We shall maintain our focus on the monotone variational inequality (2.13), namely,
w* € Q, Ou) —0u*)+ (w—w)'F(w*) >0, Ywe.
The PPA form (2.17) reads as
wh e Q, 0(u) — 0(u ) + (w — wTHT F(wk )
> (v — " THTH (WP — ")) vV e Q.

k

Set the output of the above VI as w", we have

a* € Q, 0(u) — 0(a") + (w — T F (@)
> (v —TH W — %), Yw e Q. (4.1)
Setting w = w™ in (4.1), we obtain

(% — )T H " — %) > 0(a") — 0(u*) + (0" — w*)T F(a®). 4.2

33

Applying (see (1.12b)) the identity
(0" — w*)' F(a") = (o* — w*)! F(w*)
to (4.2), we obtain
(0" —v)TH@O" — %) > 0(@") — 0(u*) + (@ — w*)" F(w").
Because RHS of the above inequality is , we have
(% — )T H (v — %) > 0.
We write it as

{(v*F —v*) = (W =" H@W" — %) >0

and thus

(vF — T H@P — 5% > ||oF — 57|13, Yo* € V*. (4.3)

17
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The inequality (4.3) means that (v* — ©%) is the ascent direction of the unknown

2 H _ I
Hatt e point v™.

(W =) > ok - k|, Yem eV,

distance function %Hv — ¥

(Vo =)

The task of the algorithm is to produce a decreasing sequence {[|v* — v*[|%}.
Set

v=uvk

P Ha) = vF — a(v® — oF) (4.4)
which is an v dependent new iterate. It is clear we want to maximize
I(e) = v —v"[|F = 0" () — o™ |l3 (4.5)
Note that

Ia) = [lv" v [f = (0" —v") —alv® = 3")|E

= 2a(v® —v)TH@W" — %) — a?|]v" — 0%||3  (4.6)

is a quadratic function of .

1-36

We can not directly maximize () in (4.6) because the coefficient of the linear

term 2(vF — v*)T H(vF — ©%) contains the unknown solution v*.

Using (4.3), from (4.6) we get
I(@) > 2allv® — 0|3 — a?[lv” — 0|13 (4.7)

Set
() = (2a — a?)|]v" — "3, (4.8)

which is a quadratic lower-bound function of ¥/( ). The quadratic function q(c)

reaches its maximum at o™ =
k+1 k k o~k
" =0 — (0" —07), ~€(0,2) (4.9)
The generated sequence {v"} satisfies

ot — oI < 0" = ot = (2 =)o - (4.10)

18
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1 Preliminaliers

EIE1 Let X C R" be a closed convex set, 0(x) and f(x) be convex func-
tions and f () is differentiable. Assume that the solution set of the minimization
problem min{6(x) + f(x) |z € X'} is nonempty. Then,

r" € argmin{f(x) + f(z)|x € X} (1.1a)

if and only if

e X, 0(x) —0(z*) + (x —2")'Vf(z*) >0, Vz e X. (1.1b)

5|3 1 Let the vectors a,b € R", H € R™*" be a positive definite matrix. If
b H(a — b) > 0, then we have

1117 < llallz — lla — bll%- (1.2)

The assertion follows from ||a||%; = ||b + (a — b)||3; > [|0]|% + ||a — b||%.
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. H is positive definite, |||z = (¢THz)z

N |

|z = («" )

The optimal condition of the linearly constrained convex optimization
min{f(z)|Ax = b,z € X'}
IS characterized as a special mixed monotone variational inequality:

w* € Q, O(x) —0(z*) + (w—w)'Flw*) >0, YweN (1.3

PPA with Relaxation for VI (1.3) | For given v* and H > 0, find w1,

whTt e Q) 6(x) — 0(z" ) + (w — WTHTF(w*Th)
> (v — " THTH (P — "), VY e Q. (1.4)
Relaxation: (v = w or v is a sub-vector of w)

P = 0F —a(v® —FTD), € (0,2). (1.5)

2 MRE-MEREHEXRBRFEFHNMERSE R

We consider the min — max problem (e. g. El&4:3EF Ay ROF Model [3, 16])

min, max,{®(z,y) = 01(z) —y Az — 02(y) |z € X,y € V1. (2.1)
Let (™, y™) be the solution of (2.1), then we have
e X, P(x,y")—P(z",y") >0, Vax e X, (2.2a)
{ y ey, ®(zF,y")—d(x",y) >0, Vye. (2.2b)
Using the notation of ®(x, /), it can be written as
¥ € X, 01(x)—01(z*) + (z — ") (—ATy*) >0, VzeAX,
{y* €V, 02(y) —02(y") + (y—y") (Az") >0, Vye.

Furthermore, it can be written as a variational inequality in the compact form:

w e Q, Ou)—0w)+ (u—u)"Fu') >0, VueQ, (2.3)

21




u:<§> 0(u) = 61(z) + 02(y), F(u):<_ATy>, Q=X x.

AT AT
SinceF(u):< j y>:(21 1(4)1 )<x>,wehave
L Y

For the convex optimization problem  min{f(x) | Axr = b,x € X'},

whose Lagrangian function is L(x,y) = 0(x) — y(Ax — b), we can rewrite it as
L(z,y) = 0(z) —y' Az — (=b"y),

which defined on X x R™.

Find the saddle point of the Lagrangian function is a special min — max problem
(21)whose  Oi(x) =0(x), 6Ox(y) =—bly and Y =R".

2.1 kigEoiolip JRie-% R &4 E L PDHG [18]
For given (x*, y*), PDHG [18] produces a pair of (T, y*T1). First,
k1

2" = argmin{®(z, y"*) + gH:c — 2" |z € XY, (2.4a)

and then we obtain ka via

S
y* " = argmax{®(="",y) — Slly — " I* |y € V}. (2.4b)
lgnoring the constant term in the objective function, the subproblems (2.4) are reduced to
" = argmin{6; (z) — 2" A" y" + g”w — "7 |z € &Y, (2.5a)

k : T 4 k+1 S k2
y " =argmin{fa(y) +y A" + lly -y [Py €V} (25b)
According to Lemma 1, the optimality condition of (2.5a) is T ¢ X and

01(x)—01 (" )+ (x—2" T {=A" " +r@@T =" >0, Vo e X. (26)

XEBAR, IR (2.5a) FHY 01 () 2RI HERE, Tl 18E1SE] 26) 17 BE!




When 601 () is differentiable, the optimal condition of (2.5a) is: "' € A" and

(x — a:kJrl)T{VHl(azkH) — ATy (e — ZCk)} >0, Vo e X.
We rewrite the above Vl as "™ € X and

Vo1 (" (& — 2"

+ (x — ka)T{—ATyk + (2t — xk)} >0, VzeelX (2.7)
Since 61 () is convex function, we have
01(z) — 01(" ) > Vo (" TH " (& — 2.

Substituting it in (2.7), we get (2.6). []
Similarly, from (2.5b) we get y € ) and

02(y) — 02(y* ) + (y =y T {A" T 4 sy =)} > 0, Yy € V. (28)

Combining (2.6) and (2.8), we have (z*11 ") ¢ & x Y,

T

k41 T k41
r—T —A"y
O(u) — O(u" ) + " -
y—y Ax
k41 k T/ k+1 k
r(x" " —z")+ A —
+ ( ) k(—?il ky ) >0, V(r,y) e
s(y" —y")

The compact form is u* 11 € Q,
u Tt e Q, O(u) - 0(u ) + (u — T P
> (u—u"THTQW" — ), Yueq. (2.9)

where

Q = rln AT is not symmetric
0 sl '

It does not be the PPA form (1.4), and we can not expect its convergence.
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The following example of linear programming indicates

the original PDHG (2.4) is not necessary convergent.

Consider a pair of the primal-dual linear programming :

: T
min c x e b7y
(Primal) s.t. Ax =0 (Dual) .
< c.
z>0. s.t. A'y<c
We take the following example
min 1 + 2x2 max Y

P) st x1+z2=1 (D) [1] [1]
s. t. y < 5

L1, T2 Z 0.

where A =[1,1], b=1,c= [1] and the vector x = [5131]
2 T2

IN-10
Note that its Lagrange function is

L(z,y) =c . —y' (Az —b) (2.10)

1

O] and y* = 1. is the unique saddle point of the

which defined on 8%1 N A — [

Lagrange function.

For solving the min-max problem (2.10), by using (2.4), the iterative formula is

)
2"t = argmin{c’z — 2" ATy* + Z||lz — 2"||*|z > 0}
= arg min{ 3 [lz— 2"+ 7 (A"y" —o)]||*|z > 0}
q = Pgn [z"+ 7 (ATy" —0)]

= max{[z"+1(4"y"—c)], 0},

yk—i—l — yk . %(Axk—l—l . b)

We use (25, 25;y") = (0, 0; 0) as the start point. For this example, the method is not

convergent.
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u’ ¢ (0,00 <“ P ;
u' = (0,0;1
Fig. 2.1 The sequence generated by k46 L
. u =u
PDHG Method withr = s =1
In-12
* solution poit % solution point
B initial iterate B initial iterate
final iterate final iterate
2.00
1.75
1.50
1.25
1.00
* 0.75
l 0.50
0.25
0.00
0.016
* solution poir * solution point
B initial iterate B initial iterate
final iterate final iterate
2.00
1.75
1.50
1.25
1.00 Y

0.75
0.50
0.25
0.00

1.75
2.00 0.0000

r=s=1,25,10, PDHG 7 EER U S
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2.2 Customized Proximal Point Algorithm-Classical Version

If we change the non-symmetric matrix () to a symmetric matrix H such that

0 rl, AT . rl, AT
— — — ,
0 si,, A sl,,

then the variational inequality (2.9) will become the following desirable form:

O(u) —O0(u" ™+ (u—u*THT{F () + HW T —u®)} >0, Vu € Q.

For this purpose, we need only to change (2.8) in PDHG, namely,

O2(y) — O2(y" ) + (y — ") {Az" + sy =)} >0, Vy e V.

to

O2(y) — O2(y" ) + (v — ") {A T AT — 2"
+s(y*t -y} >0, Vye .

l-13

O2(y) — O2(y" ) + (y — " )T {A22" T — 2"+ s(y" T — 9"} > 0. 211

Thus, for given (¥, y*), producing a proximal point (z**1, y**1) via (2.4a)
and (2.11) can be summarized as:

Il-14

gl = argmin{@(az,yk) + ng — :ckH2 ‘ T € X}. (2.12a)

YTl = argmax{CID([Q:I:]"'Jrl — a:k],y) — gHy — ka2} (2.12b)

By ignoring the constant term in the objective function, getting 2+ from (2.12a)
is equivalent to obtaining 2% from

it = argmin{ 01 () + ng — [a;k + %ATyk] H2 |z e X}
The solution of (2.12b) is given by

YRt = argmin{ 02 (y) + %Hy — [yk + %A(Qa:k“ — xk)} HQ }y cV}.

According to the assumption, there is no difficulty to solve (2.12a)-(2.12b).
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In the case that rs > || AT A]|, the matrix

rl, AT
H = is positive definite.
A sl

EH 2 The sequence {u® = (z* y*)} generated by the customized PPA
(2.12) satisfies

Huk+1

—u | < fut =t [l - ut (2.13)

Il-15

For the minimization problem  min{f(x) | Az = b,z € X'},

the iterative scheme is

gl = argmin{@(m) + ng — [mk + % ATyk] H2 ] T € X}. (2.14a)

1
yi = yF — Z[A228 — 2) —b]. (2.14b)

For solving the min-max problem (2.10), by using (2.12), the iterative formula is

Pt = max{[z* + 1 (ATy* — ¢)], 0},
yk+1 — yk . %[A(Zaijrl . xk) - b].

us 3
u’ = (0,0;0)
3
1 © .’U, ul — (0707 1)
u' ) .

o = (0,02
u? = (1,0;1)

3 *

1’ 9(0.,0:0) v =u.

Fig. 2.2 The sequence generated by
C-PPA Method withr = s =1
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0.0.2 0.02
0.00 0.00 5
-0.02 X2 -0.02%

0.00 g5 0.00 .25 —-0.04
23 0.50 .75 -0.04 25 0.50 .75 0.0
75 1.00 155 /2 1.00 1.25 7 50
X1 1.50 1.75 X1 1.75

Xfr=s=1,2,5,10, C-PPA F3AENL . S, WL 1%

iN-18

Besides (2.12), (mkH, yk“) can be produced by using the dual-primal order:

yk+1 = argmax{@(mk,y) — gHy — yk‘ 2} (2.15a)

gl = argmin{CI)(a:, (kale — yk)) + ng — kaQ X € X}. (2.15b)

By using the notation of u, F'(u) and €2 in (2.3), we get uFT1 € Qand
O(u) —O(u" ) + (u—u*THT{F (W + H(uw ™ —u®)} > 0, Vu € Q,

where

rl, AT
H = .
A sl

In the both cases, 7s > || AT Al|, the matrix H is positive definite.
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Remark ' We use CP-PPA to solve linearly constrained convex optimization.

If the equality constraints Ax = b is changed to Az > b, namely,

min{f(z) | Ax =b, x € X} —, |min{f(z) | Az > b, x € X}.

In this case, the Lagrange multiplier i should be nonnegative. {1 = X" x R,

We need only to make a slight change in the algorithms.

In the primal-dual order (2.12b), it needs to change the update dual update form

yk—|—1 _ yk:_ %(A(Za:]Hl— xk)_ b) s yk—l—l _ [yk_ l(A(kaJrl_ xk)_ b)]+

S

In the dual-primal order (2.15a), it needs to change the update dual update form

Il-20

2.3 Simplicity recognition
Frame of VI is recognized by some Researcher in Image Science I

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization*

Thomas Pock Antonin Chambolle
Institute for Computer Graphics and Vision CMAP & CNRS
Graz University of Technology Ecole Polytechnique
pock@icg.tugraz.at antonin.chambollelcmap.polytechnique.fr

e T. Pock and A. Chambolle, IEEE ICCV, 1762-1769, 2011

e A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem

with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.
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preconditioned algorithm. In very recent work [10], it has
been shown that the iterates (2) can be written in form of a
proximal point algorithm [14], which greatly simplifies the
convergence analysis.

From the optimality conditions of the iterates (4) and the
convexity of G and F'™* it follows that for any (x,y) € X X
Y the iterates %! and y**1 satisfy

r— gFt! gkl phtl _ .k
— camen o SR MY s w i
Yy — 3/;"+l " y’l"+l T yf»Jrl . y}._. a1 I

(5)
where
F o1\ [ 8G(z*tY) + KT yF+
gt g AR ) - B
and 7\[ B T—l _,[{T (6)
== e -1 | G

It is easy to check, that the variational inequality (5) now
takes the form of a proximal point algorithm [10, 14, 16].

5% C-Pir=
HA189 PPA ##
FE # K b &) 1k
T WSS S #

AT IR A,
REBEHTB (6)
CHIRERE M Xt
FRIEXE, A4 W
&1 PPA F53%.

B0, FLIRFA]
A T %5 tH BY 51
T, FiERA—
E WTSHLRY.

/,

B CP 73 /A& IF

SREVEEREM, & 0 = 0, FF A BEIRUEULEL.

Xt 0 e (0,1), sz BUERR, Z 42— Open Problem.
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[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
University Press, Princeton, New Jersey, 1962.
[10] B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation image restoration. Technical
report, Nanjing University, China, 2010.

Later, the Reference
[10] is published in
SIAM J. Imaging Sci-

ence [9].
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1 Introduction

In this work we revisit a first-order primal—dual algorithm which was introduced in [ 15,
26] and its accelerated variants which were studied in [3].

We derive new estimates

for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N) rate
of convergence (where N is the number of iterations), which also generalizes to non-

Algorithm 1: O(1/N) Non-linear primal—dual algorithm

distance functions D, and D.
e Initialization: Choose (xo, yo) ceX xV, 1,0 >0
e Iterations: For each n > 0 let

e Input: Operator norm L := || K[|, Lipschitz constant L s of V f, and Bregman

Yy = PD (", Y, 2T — Xy (11)

The elegant interpretation in [16] shows that by writing the algorithm in this form

& 1Z3CHYICHR [16] =FRA1&FRTE SIAM J. Imaging Science LRI E.

B.S. He and X.M. Yuan, Convergence analysis of primal-dual algorithms for a saddle -point

problem: From contraction perspective, SIAM J. Imag. Science 5(2012), 119-149.
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Proximal point form

0 : 1 it €

BAARRER THRMNBIE ER
EMAERRT Hw; = 1 HIALER,
FHeHE w; = 0BT FAENUEL

2017E 7R, FEA
B KXEFHFERD
— B FEEEE
173 [3]. 7(‘1’&4%1 i)
—NMERSWE &
IR A B He
and Yuan gt I 2R
ik 2= (PPF), &b
IR &R (o)70
WE—0ELIT R/
LA ITAE,
FRIELH T —3k
A LG
XtiRAA, R B
BRBREFR5E
L, WAREZ
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University of Colorado Boulder Technical Report, Department of Applied Mathematics

The Chen-Teboulle algorithm is the proximal point algorithm
Stephen Becker *

November 22, 2011; posted August 13, 2019

Abstract

Werevisit thelRecent works such as [HY12] have proposed a very simple yet

on the step-size p

powerful technique for analyzing optimization methods.
1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product (x,y) on H x H*. Instead of defining the norm to be the induced norm. we define the primal
norm as follows (and this induces the dual norm)

ey =V {Va,x) = V{w,2hv,  |llly = lullv-r = V@, V-1y) = V{1, y)v-1

for any Hermitian positive definite V' € B(H.H): we write this condition as V' > 0. For finite dimensional
spaces H, this means that V' is a positive definite matrix.

2.4 Relationship to Chambolle-Pock Method

Chambolle and Pock [3] have proposed a method for solving the convex-concave
min — max problem, in short, C-P method. Applied C-P method to the problem
(2.1), it is also required s > || AT Al|.

CP method. For given (2, y*), C-P method obtains 2" 11 via

e = arg min{®(z, y*) + gH:c —2F|]? |z € &Y. (2.16a)
Then, y**+ 1 is given by

S
y* ! = arg max{®([z" " + 7 (2 — 2¥)],y) - §Hy —y*I? ly € V}
(2.16b)

where 7 € [0, 1].

Hr=1HHrs> ||A"A|, PPABZEWE. & 7 = 0, FETBERIEUEL.
X7 e (0,1), ISR BUERR, Z4 12— Open Problem.
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o [RI4-FHER &R E R(PDHG) (2.4) FiRE EHIRVSERIE S E % (C-PPA)
(2.12) #f /& Chambolle-Pock 757% [3] 3 AIEX 7 = 0 #1 7 = 1 BY45451.

o Xt 7 =0H PDHG /5% (2.4), §2.1 HEZ AN BERIEIWEL. X 7 = 1 |BY
CPPA /53% (2.12), HUSEM7E §2.2 B T 41t

o MRTFEFEAIBVENIE, XF 7 € (0,1) BY CP J73% (2.16), NS MR B EIL.
CP 737kt = 2020 £

e Chambolle F1 Pock £ 2010 Fi2 HAYK#E min — max [B]fFRAYRIG-XHEB S
&, RGBS A ET 2N MR KIS, #HFRACP k.

e Chambolle F1 Pock F ERIFE—MRA AT T2010 &6 A. {18955
BNN0,1] 2EHSH, BEXEP, RS A1 FEL TR %7
IR X BN ELUG, I X K ERWB S M #HIT T 3R

o HTHNZEMRMRERAT D AFANKEETZE RBRRELEW, S8A 1
CP %, AR AT P AER HARH AXNIRIEEHEME) Wil sE
% (PPA), Bl UL S ERR4SRIE 2. A PNBAEIM 20104FE 11 B4 H, ¥
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{iI3BEFEXIERARY EE—F8, 00-2790, 22 Fa 7E Optimization Online L. [E]B, X
S8 089 CP I3, H 138 7 AUt & ry 51+

o ZWE (0,1) IBAY CP 737K, REANBEARUEWSL, X Ma)RE = SR BfER.

e Chambolle #1 Pock fRIR&Z I T FHATHI LIE, — 1% AREHEY 2010 &£ 12 A
21 H, {18932 7E J. MIV online IEIN & %= F {1534 E 2, Chambolle
A0 Pock BE5I B THABINXE, 1122 7 HAT89IER. FIHIXEIER
A FRUAG, CP R RMABRSHIAE (0,1) BFEET.

o H5AIRGS CP AR IR BIZ AR TeA145 RV &) SR UERR. R {i17E20114F
HYIEEE ICCV WL, FREEFR (TR TAEMR A a1 7 TSI 53 4

(which greatly simplifies the convergence analysis).

o [E3KCP F53AMIEE NG S BHEANLEL RFANLERIBRIL
B A 1 B733%). 11172016 F£4EMath. Progr. & FRBIXE, 45|
FATH) PPA #25%, XERISI S HELF A2 (In particular, exploiting a
proximal-point interpretation due to [16], we are able to give a very
elementary proof). X B #J[16] £FA1 2010 FRIFRENZA 00-2790, 2012 £
& & F7E SIAM Imaging Science.
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3 From ALM to Balanced ALM

We consider the generic convex minimization model with linear constraints
min{f(x) | Ax = b, x € X}, (3.1)

where 0 : " — R is a closed proper convex but not necessarily smooth function;
X C R™isaclosed convex set; A € R™* ™ and b € ™.

The Lagrangian function of (3.1) is
L(z,)\) = 0(z) — X\ (Az — b), (3.2)

which is defined on {2 = X x R™. A pair of (2™, \™) defined on X X A is called a

saddle point of the Lagrangian function (3.2) if it satisfies the inequalities
Lyepm (2", A) < L(x*,\") < Lyex(z, \").

Alternatively, we can rewrite these inequalities as the variational inequalities:

Il-29

w* € Q, 0(z)—0x")+ (w—w) Flw") >0, YweQ, (3.3a)
Il - 30
where
x — AT\ -
w = , F(w) = and Q=X xR". (3.3b)
A Az —b

Note that for the operator F' defined in (3.3b) is affine with a skew-symmetric matrix. Thus

we have

(w— )" (F(w) — F(w)) = 0. (3.4)
We denote by {2 the solution set of the variational inequality (3.3).
EXE 3 [PPA for VI (3.3)] The sequence
w* e Q, 0(x)—0(z"T!) + (w — W TTHTF ("
> (v — " THTH@O" —o* ™), vw e Q. (3.5)
Then we have

[0t —0* |3 < |lv" — o ||F — [[0° =" T3, Yt e QF. (3.6)

" — o™ I < 0" — vl — 0" — o
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3.1 Augmented Lagrangian Method

The augmented Lagrangian method originally proposed in [12, 13, 14] for (3.1) reads as

/

"1 € argmin{ L(z, \F) + gHA:c — b)) |z e x) (3.7a)
(ALM) <

AL — arg max{ L(z"1, \) — %\M BTN (3.7b)

\

The method is implemented by
"t e arg min{6(x) — et AT 4 gHAa: —b||? |z € X}, (3.8a)
Mot — \F T(AIIH_l — b). (3.8b)

("t AN e & x R,
)
0(x) — O(z" 1) + (x — 2" THT{—ATN* —r(Az" T —b)]} >0, Vx e X

9
(= AFFOTL(AZET — ) 4 TOFFT 2 2F) > 00 WA € j

\ T

Il-32

3|38 2 For given \*, let w™ T be generated by (3.7), then we have
w*t e Q, 0(z) — 0(=") + (w — W) F(w* T

> (X — )\k“)T%(Ak MY vw e Q. (3.9)

1
ltis a form of (3.3) withv = \, H = —1I,,.
r

According to Theorem 3, the sequence {)\k} generated by ALM (8.7) satisfied

[INFFE— X512 < [INF = A2 = A" = NP2, vt e A (3.10)

Disadvantages: The x-subproblem of of the k-th iteration of ALM has the mathematical

form
min{6(z) + gHAac —p*|? |z e x). (3.11)

.
Because of the quadratic term 5 | Az — p®||?, sometimes it is difficult to get a solution of
(3.8a).
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3.2 CP-PPA method [9]

The scheme of CP-PPA method [3, 4, 9] is appropriate for (3.1). It reads as

(

"t = argmin{L(z, \*) + ng —z"||? |z € X}, (3.12a)
(CP-PPA)

At = argmax{L([2z"T" — 2], \) — §||)\ — X*|I?}. (3.12b)

\

The method is implemented by

y

gt arg min{6(x) + ng — (2" + LATXN)|? | z € X} (3.13a)

A = AP — LA — 2R —b). (3.13b)

\

k+1

5|38 3 For given w”, let w be generated by (3.12), then we have

w* e Q, 0(z) - 0(z") + (w— W THTF ("

> (w — wkH)TH(wk = wkH), Vw e ), (3.14a)
Il - 34
where
rl, AT
H = . (3.14D)
A s,

According to Theorem 3, the sequence {wk} generated by CP-PPA (38.12) satisfied (3.6)
where H is defined in (3.14Db).

Disadvantages. In order to guarantee the convergence, the parameters r and s should
satisfy

rs > ||AT A (3.15)
Unless the matrix A”'A is well-conditioned, the condition (3.15) will lead slow

convergence.

o CP-PPA BJEM) o-FI0)RE (3.12a) A, A <r||lo — 2F(|? ZBRAM EIE 2-F 9]
#i(3.7a) FH) S| Az —b||%. FARER T, BR T HEIEM H EE, i1
rs > ||AT Al rs BERF ATA WigEE.

e NERARGIAUEE, r 1 s K, 2EBFEFHER S it =
(F 1 X)) SRRk S wh = (2F, A\F) KiE. R SR, XSS
SR .
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3.3 Balanced ALM [10]

Our balanced ALM [10, 17] is to share the difficulty equally in the primal-dual steps.

(Rl — arg min{ L(z, \*) + ng —z"||? |z € X}, (3.16a)

1
N = argmax{ L([20%! = 2¥),0) = Z|]A = N7y e g} @160)

\

Replaced
AL = arg max{ L([2¢" ! — 2*], A) — gHA — AR,

in (3.12b) by

1
N = argmax{ L([22% = 2*1,0) = S |3 = M[P yuran ) b

The balanced ALM (3.16) is implemented by

)

"t =argmin{f(z) — 2T ATN* + gHw —z||? |z € X}, (3.17a)

\)\”"'Jrl:argmim{)\T(A[2:13k+1 — "] - b) + % A — )\k“?lAAT+5Im)}' (3.17b)

Il-36

Remark. A" 11 in (3.17b) is the solution of the following system of linear equations:
Ho(A — \*) + (A[22" — 2" —b) =0, (3.18)

where |
Ho = —~AAY +61,,. (3.19)
T

Because the matrix H is positive definite, there are efficient algorithms in literature for

solving such a systems of linear equations.

3|32 4 For given w”, let w* ! be generated by (3.16), then we have
wht e Q, 0(z) — (") + (w — wFTHT F(wh T
> (w—wHYTH WP —wf), Yw e Q, (3.20a)
where

rl, AT
H = is positive definite. (3.20Db)
A LAAT 4461,
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Proof. According to Lemma 1, 11 offered by (3.17a) is characterized as Tl e x
and

O(x) — 0" + (2 — 2" THTH{-ATN 4 r(@"T —2"))} >0, Vz e X
Then, for any unknown A1, we have

"t e X, 0(z) — 0" + (z — THT(—AT N
> (x — a:kH)T{r(xk — xk+1)+AT()\k—)\k+1)}, Ve e X. (3.21)

Similarly, according to Lemma 1, AL offered by (3.17b) is characterized by the
variational inequality A\*t1 € ™,

(A—Ak“)T{ (A[ka“—xk]—b)+<%AAT+5Im) (Ak“—)\k)} >0, Ve R™
It can be rewritten as \*T! € A as

> (A= NFDT{(A@" — ™) 4 (SAAT 451, ) (8 = N,
VAEA (322

Il-38

Combining (3.21) and (8.22), and using the notation in (3.3), we get the assertion of this

lemma. []

Notice that the matrix H in

poo [V (VL (/24T + o0

\/;4 0 oI,

for any w = (x, \) # 0. Thus, we have

w! Hw = ||v/rz + /AT + 8]|A)” > 0,

and therefore the matrix H is positive definite. []

IR IS R A& BA H e 7%, o-F[alE (3.16a) F1 CP-PPA HRY z-Fa]
7 (3.12a) Se2—#E. \-FIalfl (3.17b) EXRE— N ABIEMEIE EHI& Mt H T2
H. BATAXNEH T EERMEEHRER rs > [|AT Al (see (3.15)). JEE
2|, EEMERIIEP, FHONTREXTFERE Hy (see (3.19)) i— X Cholesky 77 f#.
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4 ALM in PPA-sense

The methods introduced in this section are recently published in [19].

RIFFZIEEIEE MWIEPPARIE. HEFLAEN9FEE

The convex optimization problem,
min{f(z) | Ax =b, z € X'}
is translated to the equivalent variational inequality :
w* € Q, 0(z)—0(z*) + (w—w)'F(w*) >0, YueQ, (41a)
where

x — AT\
w = , F(w) = and Q=X xR™. (4.1b)
A Ax —b

Il-40

4.1 Relaxed PPA in Primal-Dual Order

Relaxed PPA for the variational inequality (4.1) :

0(z) — (") + (w— ") F(@") > (w—a")" Hw" —a"), vw € Q, 4.2a)

where
BATA+ 61, AT
H = 1 (4.2b)
A E[m
The concrete formula of (4.2) is The underline part is F(u?k :

)
re = (7))
[ 0(z) — 0(F*) + (x — )T

X {—ATXNF + (BATA + 61,) (3" — ")+ AT(XF — X)) > 0,
(AzF —b)  +A@EGE"F -2 + (/BN =X =o.

(4.3)
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0(x) — 0(z") + (x — )T {—=A"NF + (BAT A +61,) (3" — 2))} > 0,

(A[2z" — 2" —b) + (1/B)(\" = \¥) =0.

How to implement the prediction? ' To get " which satisfies (4.3),

we need only use the following procedure: (Primal-Dual)
rxe X },

(

L 0(x) — T AT)\F
x" = Argmin
+h (@ — 2T (BAT A+ 8L,)(z — o)
Ao = Nk — B(A[23% — zF] —b).

Y/

\

Then, we use the form

to update the new iterate w” 1.

Il-42

4.2 Relaxed PPA in Dual-Primal Order

Relaxed PPA for the variational inequality (4.1) :

0(z) — 0(FF) + (w — )T F(@F) > (w — &) T H(wk — aF), Y € Q,

(4.4a)
where
BATA + 61, —AT
H = 1 , (asmallo > 0,say 0 = 0.05). (4.4b)
—A —1,,
b
Then, we use the form
wrh Tt = wh — a(w® — "), a€(0,2)

to update the new iterate w” 1.
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The underline part is F'(0"):

The concrete form of (4.4) is F(w) = ( —ATX )
Ax — b
[ 0(z) — 0(F*) + (z — 7*)7T
< {=ATXF + (BATA + 61,,,) (" — 2")—AT(NF — AF)} >0,
\ (Az® — b) —A@EF -z + (1/8) OWF=XF) =o.

’

0(z) — 0(z*) + (z — &*)T
X {—AT(2X* — 2B + (BATA + 61,,,) (2" — 2*)} > 0,
(AzF —b) + (1/8)(\F =XF) =o.

Implementation of (4.4) is (Dual-Primal)

\

y

A= \F — B(AzF —b), (4.5a)

0(z) — T AT[20F — \F] +
(x— ") T (BATA+ 61,,)(z — z*)

it = Argmin{ T € X}. (4.5b)

\

Il-44

4.3 PPA in Primal-Dual Order

Relaxed PPA for the variational inequality (4.1) :

0(z) — 0(FF) + (w — )T F(@F) > (w — &) T H(wk — aF), Y € Q,

(4.6a)
where
ol, 0
H = 1 : (4.6b)
0 —1,,
5
Then, we use the form
wrh Tt = wh — a(w® — "), a€(0,2)

to update the new iterate w” 1.
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The underline part is F'(10"):

F(w) = —AT )
The concrete form of (4.6) is \ Az —b

(AzF —b) + (1/8) (\* = AF) = 0.

{ 0(x) — 0(F) + (z — #)T{—ATN 4 ST, (3 — 2*)} > 0,

Using |XfF =X — B(AZF —b) = [\F — B(Azk — b)] — BA(EF — oF)

’

~k ~k\T _AT[)‘]C_B(Axk_b)]
O(x) —0(x x—T 0,
@I ) { +(81n + AT A)(T" — ") }2

\ N = \F — B(AZF —b).

Implementation
(. [ 6(z) — aTATNF — B(AZF — b)] +
T = Argmin - - y
%(az—az ) (BATA+01,)(x — z¥)
L N =\ — B(Az" — ).

:1:62(},
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5 Different positive definite matrices H in PPA

rl, A" rl, —AT -
H = ,  H= , rs> ||[ATA|.
A sl,, —-A sl

™|~

ATA 461, ATA + 61, —AT
I,

o1, I, 0
H — H p—
0 0 I,
F|=|
ﬁ'ﬁ

EEFEAERIEEREM O

A] AR (8] @ B SEPR
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1 Two blocks separable convex optimization

We consider the following separable convex optimization

min{0;(z) + 02(y) | Ar+ By =b, t € X,y € YV} (1.1)

Example: Best matrix approximation under some conditions

. r1
min {5

where

|X = ClIF | X € SgNSB},

St ={H € 8| Amind = H < Amax]}

and

Sp = {H € S"|Hy, < H < Hy.

It can be translated to the following equivalent problem:

minyy 3[|X - C|*+ 3]y - C|?

(1.2)

st X-Y =0, XeS},YesSs.

The problem (1.2) is a concrete problem of type (1.1).
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Smooth Optimization Approach for Covariance Selection — Statistics '

m}}n {Tr(CX) — log(det(X)) + pe’ | X|e | X € ST}

where C is a given symmetric matrix, e’ | X |e = >, > i—1 | Xij]. Its equivalent
optimization problem is
minxy Tr(CX) —log(det(X)) + pel|Y]e
st X —-Y =0,
X eSS YeR"™".

Low rank and sparse optimization problem in statistics '

minx,y [ X[« +pe’|Ye
st X+Y=H (1.3)
X, Y € R™<",

XEREERUNBFEBRFHE— TR (1.1) BIGMRHUIL[E] R

-4

2 Mathematical Background

MAERZ: EoAFN M WBiE= (PPA) B

EE1 Let XY C R" be a closed convex set, 6(x) and f(x) be convex func-
tions and f(x) is differentiable. Assume that the solution set of the minimization
problem min{0(x) + f(x) |z € X'} is nonempty. Then,

r* € argmin{f(z) + f(x) |z € X} (2.1a)

if and only if

v e X, 0(x)—0(x")+ (x —2*) V(") >0, YVeeX. (21p)
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2.1 Linearly constrained convex optimization and VI

The Lagrangian function of the problem (1.1) is

L*(z,y,A) = 01(x) + 02(y) — A" (Az + By — b).

According to Lemma 1, the saddle point is a solution of the following variational

inequality:
(e X, Oi(z)—0(x") + (x — )T (—ATA") >0, VzeX,
L AT eR™, (A=) (Ax* + By* —b) >0, VIeRm

lts compact form is the following variational inequality:

w* € Q, Ou) —0u*) + (w—w)'Flw*) >0, Ywe, 22

where
-6
T . — AT\
w=\1Y |, u= , Flw) = —B"A )
A Y Az + By — b
and
0(u) = 01(z) + 02(y), Q=X x)Y xR,

Note that the operator F' is monotone, because

(w— ) (F(w)—F(w)) > 0, Here (w — 0) (F(w)—F(w)) = 0. (2.3)

2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the problem (1.1) is characterized as a mixed monotone
variational inequality:

w* € Q, Ou) —0(u*) + (w—w)'Flw*) >0, Ywe (24
PPA for monotone mixed VI in //-norm '
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For given w”, find the proximal point w*t1 in H-norm which satisfies

wh e Q, O(u) — (U T + (w — wFtHT

(F(w* ™) + Hw* ™ —w")} >0, Vw € Q, (2.5)

where H is a symmetric positive definite matrix.

¥4 Again, w” is the solution of (2.4) if and only if w® = w®t1 YK

Convergence Property of Proximal Point Algorithm in /4 -norm I

Hwk—l—l

— w7 < [lw® —wlF — [lw® —wt (2.6)

The sequence {wk} is Fejér monotone in f{-norm. In customized PPA, via
choosing a proper positive definite matrix H , the solution of the subproblem (2.5)

has a closed form. An iterative algorithm is called the contraction method, if its

k+1

generated sequence {w"} satisfies  ||w* ™1 — w*||3; < ||[w* — w*||%.

-8

2.3 Augmented Lagrangian Method (ALM)

We consider the convex optimization, namely
min{f(u) | Au = b, u € U}. (2.7)
The related variational inequality of the saddle point of the Lagrangian function is
w* € Q, O(u)—0u*) + (w—w)'F(w*) >0, YweD. (28a)

where

u — AT\
w = , F(w) = and Q=UxR™. (2.8b)
A Au — b

Augmented Lagrangian Method

The augmented Lagrangian function of the problem (2.7) is

Lo(u,\) = 0(u) — M (Au —b) + gHAu —b||?,
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The k-th iteration of the Augmented Lagrangian Method [13, 16] begins with a
given \*, obtain w* 1 = (uf+1 \FF1) yia

ALM u "t = argmin{ Lg(u, \¥) luwelU}, (2.9a)
AL = \F — B(AuFTE — b). (2.9b)
In (2.9), uFtl s only a computational result of (2.9a) from given M\E it is called

the intermediate variable. In order to start the k-th iteration of ALM, we need only

to have \* and thus we call it as the essential variable.

The subproblem (2.9a) is a problem of mathematical form
min{f(u) + 2 || Au — p*||? |u € U} (2.10)

where 3 > O is a given scalarand p* = b+ %)\k.

Assumption: The solution of problem (2.10) has closed-form solution or can be

efficiently computed with a high precision.

i-10

The optimal condition of (2.9) can be written as w**! € O = U x R™ and

O(u) — 0(u" ™) 4+ (u — " THT{—AT N 4+ AT (Au T —b)} > 0, Yu € U,
(A= AFOTLAUFT —b) + 2 (AT = A} >0, VAe R™

The above relations can be written as

k+1\T T\ k41
k41 u—u A"\ k1T L,k k1
O(u) —0(u )—|—<)\_)\k+1> (Auk+1—b> > (A=A""") E()\ — AT,

for all w € ). Using the notations in (2.8), we get the compact form
O(u) — 9(uk+1) + (w — wkH)TF(wkH)
> (A — A’““)T%(A’“ — N v e Q. (2.11)
Setting w = w™ in (2.11), we get

()\k—|—1 . )\*)T()\k . )\k—l—l) Z 6{9(uk—|—1) . e(u*) 4+ (wk—l—l . w*)TF(wk+1)}.
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By using the monotonicity of /' and the optimality of w™, it follows that

9(uk+1) o e(u*) + (wk—l—l . w*)TF(wk:—i—l)

= () —0u) + (W —wH)T F(w*) > 0.

Thus, we have
By using the above inequality, we obtain

A" =XT17 = [T =)+ (A = AT
> ||>\k:+1 o )\*HQ _l_ H)\kz . )\k—|—1||2.

It means that

INTFE = X2 <IN = A1 = I = A2

The above inequality is the key for the convergence proof of the Augmented

Lagrangian Method.

(2.12)

(2.13)

i - 11

3 ADMM for two-block problems

Recall the separable convex optimization problem
min{6,(z) +02(y) | Ax + By=0b, t € X, y € V}.

The augmented Lagrangian function

L@y, \) = 01(x) + 02(y) — AT (Az + By — b) + 2| Az + By — b|]>

Applied ALM to solve the problem (1.1), the k-th iteration begins with given )\k,

{ ("7 ") € argmin{Ls(z,y, \") | x € X,y € Y},

(3.1a)
(3.1b)

ADMM is a relaxed ALM for the problem (1.1),the k-th iteration begins with given (*, A\¥),

(

2" € arg min{/jg(:c,yk, Ak) ‘ x € X},
y* T € argmin{Ls(z" T, y, A") |y € YV},

_/\

\
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(3.2a)
(3.2b)
(3.2¢)
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AN A 5 & BErek o) g9 ADMM 75 7% [3, 5]

Applied ADMM to the structured COP:  (y", \*) = (y* 1 A\FH1)

First, for given (y*, A\¥), 2*T1 is the solution of the following problem

_ (T kE
2+ € Argmin 01(x) 5()\ ) (A:c: By2 b)

T € X} (3.3a)

Use \¥ and the obtained ¥ 11, 4%t is the solution of the following problem

. 02(y) — (AT (Azk Tt + By —b)

k+1 2

€ Argmin ey 3.3b

g ) { LA+ + By —b2 | (595
AL = \F — B(Ax T+ ByF Tt —b). (3.3c)

Advantages ' The x and y sub-problems are separately solved one by one.

i-13

M Ilgnoring the constant term in the objective function, the sub-problems (3.22a)
and (3.22b) is equivalent to

"t e Argmin{ 01 (z) + Sll(Ax + By" —b) — %)\kHQ‘aﬁ c X} (3.4a)
and
y* T eargmin{fa(y) + SII(Az" + By —b) — gA*Ply € Y} (3.4p)
respectively. Note that the equation (3.3c) can be written as
A= A" {(Az" + By —b) + (AT = A5} >0, YA e R, (3.4c)
Notice that the sub-problems (3.4a) and (3.4b) are the type of

A= Argmin{ 61 (z) + £ || Az —pk||2|a: c X}

and
y" " € Argmin{02(y) + 5By — ¢"|I*|y € Y},
respectively. (FolRi sk 2 E R E LB EE i)
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Analysis ' According to Theorem 1, the solution of (3.22a) and (3.22b)

satisfies

CCIH_l c X, 91 (37) — (91 (Zlik—i_l) -+ (CIZ — ZEk+1)T

{-ATNF 4+ BAT (Az"tt + ByF —b)} >0, Ve e X
(3.5a)
and

y*l e Y O0x(y) — 02(y" ) + (y — yFtHT

{-BTNe+ BT (Az* 1+ Byt —b)} > 0, Vy € ),
(3.5b)
respectively. Substituting \* 1 = \¥ — B(AzF 1 + ByFt1 — b) (see (3.3¢))
in (3.5) (eliminating \* in (3.5)), we get

Pl e X, 01(x) — 01 () + (v — 28T

{—ATAk+1 + BAT B(y* — yk+1)} >0, Ve e X,
(3.6a)

i-16

and

ey, ba(y) —ba(yF )+ (y—y T T{-BTAY > 0, Yy e V.
(3.6b)
The compact form of (3.6) is u*T1 = (x**1 ¢*+1) € X x Y and

- T _ AT \k+1
O(u) — O(u**) + ( k1 > {( T\ k+1 >
y—y —B" A
A'B
+B< > (y* - y’““)} >0, (37
0

forall (x,y) € X x V.

By adding and subtracting the term 3BT B(y* — y**1), we rewrite the about
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variational inequality in our desirable form

r — P! g — AT )k ATB
0(u) — 0(u") + " R 1 R A iy
Yy —y —B" A\ B B

=~ U, T,y - X .
O /BBTB yk—l—l . yk

Combining the last inequality with (3.4c), we have the following lemma.

31E 1 LetwF Tt = (2P, yF L A\+L) € Q be generated by (3.3) with given
(y*, \F), then we have

o — okl T _ AT )\k+1 AT
9(u)—9(uk+1)—|— Y — yk—|—1 ) _ BT )\k+1 +8| BT B(yk—ka)
A= AP\ Az T - Byt — b 0
0 0 . \
+| BBTB 0 s >0, Vw € . (3.8)
)\k—|—1 . )\k
0 5 Im )

i-18

For convenience we use the notations
y *k *k *k k *k *k k
UZ(A) and V= {(y", \) | (=", %, \F) € Q).

Then, we get the following lemma:

S|1# 2 Let the sequence {w"t! = (2 T1 yFT1 A1) € O be generated
by (3.3). Then, we have

(Uk—i—l _U*)TH(Uk_Uk—i—l) > (yk—yk+1)TBT()\k—>\k+1), YV w* € 9*7
(3.9)

T
H = (53 bov ) 3.10)
0 I,

where
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Proof. Setting w = w™ in (3.8), we get

(’Uk—l_l o ’U*)TH(Uk o ’Uk+1)

k+1 * T T
" —x A
> ( e ) ( . )BB(ykyk“)
y -y B
+0(u* T —0(u") + (w* T — w*)T F(w* ), Y € QF. (3.11)

Observe the first part of the right hand side of (3.11),

T
mk—l—l —p* AT
. . |BB(y" —y")
y tt— oy B
—

_ k. k+1\T pT ik "
= (y"—y"") B B(A,B)

yk—l—l . y*
— (yF - yk+1)TBTB(Axk—|—1 + ByFt! — (Az* By"))
= (yF - yk+1)BT6(Axk—l—1 + ByFt! — b)
= (y* —y"THBT (A — \F 1), (3.12)

- 20

To the second part, since (w1 — w*)T F(w*™1) = (w* ™1 — w*)T F(w*)

and w™ is the optimal solution, it follows that

H(Uk_'_l)—@(u*) 4+ (wk-|—1 . w*)TF(wk—l—l)

= A" TH—0u*) + (Wt —w)TF(w*) > 0. (3.13)
The assertion (3.11) immediately. []

3|15 3 Let the sequence {wrt! = (zF 1, yFT1 N+l € O be generated
by (3.3). Then, we have

(y* — " THT BT (AR — X1 > 0. (3.14)

Proof. Because (3.6Db) is true for the k-th iteration and the previous iteration, we

have

O2(y) — O2(y* 1) + (y — y*THT{=B" N} >0, Vy ey, (3.15)
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and
Oo(y) — O2(y") + (y —y") {—=B" N} >0, Vy €Y, (3.16)

Setting y = y"C in (3.15) and y = yk“ in (3.16), respectively, and then adding
the two resulting inequalities, we get the assertion (3.14) immediately. []

Substituting (3.14) in (3.9), we get
(VP Tt — T H@WR — ot >0, Vo* € V¥ (3.17)

Using the above inequality, as in the last lecture, we have the following theorem,

which is the key for the proof of the convergence of ADMM.

I 1 Let the sequence {w ™1 = (21 y*+1 \FT1)1 € O be generated
by (3.3). Then, we have

[ = w7 < 0" — ot = ot =", Yot eV 318

- 21

B R ELEWSME IR BEhA

I - 22

XA R EELIBHZ M AT 2 E R AL (5] R

min{6,(x) + 02(y) | Ar+ By =0b, z € X,y € V}. (3.19)
BEREHHER L(z,y, \) = 01(z) + 02(y) — A" (Az + By — b) WERRALAZENNESTF
NI :
w* e, Ou)—0u*)+ (w—w)TF(w*) >0, VweQ, (3.20a)
Hep
- —AT )
x
w = Yy : u:< >, F(w) = —BT ) , Q=X xYxR". (3.200)
A Y Ax + By — b

ADMM HJ k HIERMNAEMZLTE 0" = (y°, \F) B%

(R = arg minq 61 (x — T ATk + B Aa:—|—BylC —b|? |z ex , (3.21a)
2
¢ ¥* T = argmin{f2(y) —y" BTA" + 8| Az + By —b||* |y € YV}, (321

L AP = 0F — gax T 4+ Byt —b). (3.21¢)
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RIBEMMSITE 1, ADMM k-SiERTFHE

(2Tl e x, 09(2) — 09T + (. — 2R THT{—ATN\F 4 gaT(Azk T 4 ByF —b)} >0, vz €

\ >\I€+1 c R™, (X — )\k+1)T{(A£Uk+1 + Byk+1 —b) + %(}\k—f—l _ Ak)} > 0, VA € R™.

Pl e v, 05(y) — 0ot + (y — T HT (BT Ak 4 gBT(Azk+L 4 ByF+T1 — )} >0, vy € W,

X,

FIA AT = \F — g(Az* T 4 By* T — b)) FEWR FAIUEIENS /K

(2T lex, 61(2) — 01" TH) + (@ — PTHT{—aTN T L saTBER — T 2 0, ve € x,

yF ey, o9(y) — 05Ty 4+ (v — JFTHT{—BTaFT!

)\kz—i—l c §Rm,

\

(A — AT T reagkt1l 4 gyt gy o %(Ak—i'l ~AFy1 >0, vaer™.

(3.22a)

} >0, Vyey, (322

(3.22c)

7E (3.220) B fEEB AN _EAI A F RN, 1S E]

[ 61(z) — 01(aFT1) 4+ (o — 2FFHTI_AT N+ 4 gAT B(yk — yR+1y } > o0,
L 0o(y) — 09(yF Ty + (y — yFTHT BT Ak+1 L gT By~ — yF Ty L T BRI — %) 1 >0,
\ (A — ARTINT foagk+l 4 gyk+l )

+ LNy > 0.

- 24

FIBETHAER (3.20), HITEIEES, 53

o(u) — 0wt 4 (w— wFTHT pwhtl

T T
+( 77 = B AL B(yF —yF Ty 4 [ YT y 8BTE 0 yt =y
y — yFTl BT A — akt1 . _

B
¥ EXPAMEEN w, ZHES v EF
Q(u*) . G(Ukz—{—l) + (w* . wk—l—l)TF(wk—l—l)
T T
T i TN (i Poro  SE S e U I A I
Z¥H, 52

1« \T/ sBTB 0 B
ARHL _oax 0 L1Im 0 LIm

Pl _gx N\ AT k ka4l k41 » k41l  s\T k41
= gL _ B gT B(y™ —vy )‘|‘\[9(u ) —0(u”) + (w —w*)" F(w )],'(3'23)

g

k _ k41 . BT B 0
J(ioin ) Eme (1) (7 )
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fiRan (3.28) A A ImIES:, IEPARE AR LR T. BT

O(u" T —o(u*) + (W —w)TF(w" ) = 0T — 0(u*) + (T —wHTF(w*) > 0.

(3.23) N AU NRIZERIES. EE M (3.23) 15 F

k+1 T k k41 h Tt — z* ’ AT k k+1
(T =) T H@" — 0" > ( - ) B( >B(y —y . (3.24)
Yy

Xt (3.24) NG I TR, B
iUkJrl—fL’*)T (AT> k k+1 k k+1\T T Pt —z*
.| B B(y" —y" ™) =" —y""H"B"8(4, B) .
< yk—|—1 —y BT yk—l—l —y
= (" —y"™THTBTB(A" T + By — (A2 + By"))  FA(Az* + By* =1b)
= (" =y B s(AT By <)

= (Y —yFTHTBT O - AT, (3.25)

FEHRMNZER (y° — y*THTBT (AP — AFTLH) > 0.

Il - 26

O02(y) — 02yt +  (y—y*THT{-BTAF!}
F 02(y) — 02(v")  + (y — y")T{-B"A*}

0, Vyey,
0, Vyel.

FIFE G3.220) F >
>
( BB y 55 ) 02(y") — 024"  + (" —y*THT{=BTA*} >o0.

ek ok E k+1
Wk y” Ay 02(y" 1) —02(y") + (T —yM)T{-BTA} >0

FLEBERAEM BE (" -y THTBTOF AT >0 (ses KA

WERA T (3.25) NG ImIAES, M ISR (3.24) NAImIES. FAILL

(T — T HOY =T > 0. (3.26)

Lemma 2 SHIFFEA:
b'H(a—b)>0 = [bl% < llallz — lla—bll%. (3.27)
EE2)FEa= (vF —ov*) M b= (v —v*), 1RIE G.26) BB X BAER

k+1 2 k 2 ko k12
o™ = Iy < vt =Ty — v = T

B [0 —o T3 < o —o* |5 — 0T =0 |13 B T, IoF =TI < 00 — vt |3
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How to choose the parameter 3. The efficiency of ADMM is heavily dependent
on the parameter [ in (3.3). We discuss how to choose a suitable 3 in the
practical computation.

Note thatif BATB(y*® — y*T1) = 0, then it follows from (3.7)
T
k41 —AT)\k+1
xr—x
O(u) — O(u 1) + >0, V(z,y) € X x ).
Y — yk+1 _BT)\k’-H
In this case, if additionally Ax*t! 4+ By*t!1 — b =0, then we have

y

01(x) — 01 (2T + (2 — 2FHT(—ATNFY) >0, Ve X
§ Oa(y) — 02y ) + (y — " THT(=BTAH) >0, Vye)
(= AFDT (Agh+1 L Byk+l _p) >0, WA € R™

\
and consequently (z*T1, y*T1 \¥*1)is a solution of the VI (2.2).

In other words, ("1, y/*+1 \F+1)is not a solution of (2.2) because

BATB(y* — ") £0  andior Azt 4+ By*tt — b £0.

Il - 28
We call

IBATB(y* —y" )| and  [JAz"T! 4 Byt — b

the primal-residual and the dual-residual, respectively. It seems that we should balance the
primal and the dual residuals dynamically. If

plBAT B(y® — " || < A" + By™ —b|| witha p > 1,

it means that the dual residual is too large and thus we should enlarge the parameter (3 in
the augmented Lagrangian function. Otherwise, we should reduce the parameter 5. A
simple scheme that often works well is (see, e.g., [9]):

[ Brxr, it p||BATBYR — ¢ Y)| < |AzF + ByFtt —b);
Bry1 =19 B/, it ||BATBWF — "t > pl|Az"t + ByFtt — bl

Bk, otherwise.

\

where 11 > 1,7 > 1 are parameters. Typical choices might be ;4 = 10 and 7 = 2. The
idea behind this penalty parameter update is to try to keep the primal and dual residual
norms within a factor of ;& of one another as they both converge to zero. This self adaptive

adjusting rule has been used by S. Boyd’s group [1] and in their Optimization Solver [6].
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4 Linearized ADMM

The augmented Lagrangian Function of the problem (1.1) is
2] _ T p 2
Lo (z,y,A) =01(x) +02(y) — A" (Axz + By —b) + §||Ax + By — b||”. (4.1)

Solving the problem (1.1) by using ADMM, the k-th iteration begins with given (yk, )\k’), it

offers the new iterate (", A**1) via
(2" = arg min{ﬁ[g](x,yk, AF) ! z € X}, (4.2a)
(ADMM) < yk+1 = arg min{ﬁ[g](:ﬁkJrl,y, )\k) ’ Yy € y}, (4.2b)
LA = AR — gAY + ByFT —b). (4.2c)

In optimization problem, the solution is invariant by changing the constant term in the

objective function. Thus, by using the augmented Lagrangian function,
k+1 : 2]/ k41 k
Yy = argmln{ﬁ[ﬁ](az JYs AT ’ y € y}

= argmin{f(y) — y" BTN + gHAzpkH + By — b||* |y eV}

il - 30

Thus, by denoting qk' —bh— AxFt! + %)\k, the solution of (3.22b) is given by

min{6s(y) + =By — " *|v € V). 43

In some practical applications, because of the structure of the matrix B, the subproblem
(4.3) is not so easy to be solved. In this case, it is necessary to use the linearized version
of the ADMM.

Notice that the Taylor expansion of the quadratic term of (4.2b), namely,
aatt 4 By —bl® = LIBy— o) + (A + ByF -0
p
= SIBu—y")IP + 8y — ") B (42" + By" — b)

+E )42t 4 By — o)
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Changing the constant term in the objective function of (4.2b) accordingly, we have
y* T = argmin{LE (2", y, \*) | y € V)
— argmin{fs(y) — yT BTA* + gHA:UkH By — bl |y e V)

| 02(y) —y" BTN+ By" BT (Az*t + By* —b)
= arg min 5 s yey
+3 1By =)l
So-called linearized version of ADMM, we remove the unfavorable term gHB(y —y")|)?

S
in the objective function, and add the term 5 ly — y"||?.

Strictly speaking, it should be a "linearization” plus "regularization” method. It can also be

interpreted as:
é kN2 S k2
The term 2||B(y y")||* is replaced with 2H3/ Tl |
In other words, it is equivalent to adding the term

|
Sly=9*llb,  (with Dy = sIn, — BB B) (4.4)

- 32

to the objective function of (4.2b), we get

. 1
y* " = argmin{ L5y, 3% + Slly — " IIb, | v € V)
| 62(y) —y" BTA* + By" BT (Az" + By* —b)
= arg min s - yey
5l =yl
. S
= argmin {02(y) + ||y — d"|* | y € Y}, (4.5)
where !
d* = y* — ;BT [B(Az" ! + By" —b) — \*].

By using such strategy, the sub-problems of ADMM is simplified. The linearized version of
ADMM are applied successfully in scientific computing [14, 17, 18, 19]. The following
analysis is based on the fact that the sub-problems (3.22a) and

. S k
min{0>(y) + 5 lly — d"[|* |y € ¥}
are easy to be solved.

Linearized ADMM. For solving the problem (1.1), the k-th iteration of the linearized

ADMM begins with given v* = (", A\¥), produces the w*t! = (1 4*T1 AR+
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via the following procedure:

(gt = arg min{[,[g](a:,yk, )\k) ’ T € X}, (4.6a)
. 1

§ v =argmin{LZ (=" y A + Clly — oD, [y €V (a6b)

LN =0 — B4R + By —b). (4.6¢)

where Dp is defined by (4.4).

First, using the optimality of the sub-problems of (4.6), we prove the following lemma as the
base of convergence.

|3 4 Let {wk} be the sequence generated by Linearized ADMM (4.6) for the problem
(1.1). Then, we have

w e Q, 0(w)—0W ) + (w—w* T F(w)
+ Bz — 2T AT (By" — By")
> (y—y"") ' Daly" — ")
1

T A= ATHIAT =X, Yweq. @)

- 34

Proof. For the x-subproblem in (4.6a), by using Lemma 1, we have
" e X, 01(x) — 01 (z")

+ (z — 2" THT{=AT N+ AT (AT + By* — b))
>0, VxelX.

By using the multipliers update form in (4.6), \*T1 = \* — B(Az*T1 + By*T1 —b),
the above inequality can be written as

e x, 01(x) —01(z")

+ (33 . $k+1)T{—AT>\k+1 + BATB(’yk . yk—I—l)}
>0, VxeX. (4.8)

For the y-subproblem in (4.6b), by using Lemma 1, we have
v eV, Oa(y) —02(y" )
+(y—y" ) {=B" X + BB (A" + Byt — b)}
+(y—y T D —y*) >0, Vy e .
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Again, by using the update form \*T1 = \* — B(Az*Tt + By**tt — b), the above

inequality can be written as
v e, Oa(y) — 0y ) + (y— o) {-B" A"}
> (y—y" ™)' De(y" —y* T}, Yy e V. (4.9)

Notice that the update form for the multipliers, \*T* = \* — (A2 ! 4+ By*T1 —b),
can be written as A* ! € R™ and

1
B

Adding (4.8), (4.9) and (4.10), and using the notation in (2.2), we get

A=XN T A" 4 By —b) + (VTP =X} >0, VA € R (4.10)

w* e Q, 0(u) — (W) + (w — WTHT P
+B(z — ") AT (By" — By" )
> (y—y"") Dely" — ")

- %(A —XFHTOF XY vw e Q. (4.11)

Il - 36

For the term (w — w*TH)T F(w**1) in the left side of (4.11), by using (2.3), we have
(w—w* ™" F(w*) = (w —w* ™" F(w).

The assertion (4.7) is proved. []

This lemma is the base for the convergence analysis of the linearized ADMM.

The contractive property of the sequence {w"€ } by Linearized ADMM (4.6)

In the following we will prove, for any w™ € €2*, the sequence
k41 * k k412
™ =vlle +lly" =y " D}
is monotonically decreasing. For this purpose, we prove some lemmas.

SIEE 5 Let {w"} be the sequence generated by Linearized ADMM (4.6) for the problem
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(1.1). Then, we have

w* e Q, 0(u) — W ) + (w — W F(w)

T
k+1 T
r—x A
+ - o | BGE =y
Y=y B
> (v — 0" THTGW" =), Yw e Q, (4.12)

where GG is given by
Dg+pB*B 0

G = 1 . (4.13)
0 EI

Proof. Adding (v — ") BBT B(y* — y*™1) to the both sides of (4.7) in Lemma 4,
and using the notation of the matrix (&, we obtain (4.12) immediately and the lemma is

proved. []

SIEE 6 Let {w"} be the sequence generated by Linearized ADMM (4.6) for the problem
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(1.1). Then, we have

(W =) GO = v > (W= A"THT B/ =), v € Q. .14

Proof. Setting the w € Qin (4.12) by any w™ € Q% we obtain
(vk—|—1 o ’U*)TG('Uk o vk—l—l)

> 0w — 0w + (W — w)T F(w®)

T
" —x A k1)

) 7 By —y (4.15)
Yy =y

+ 5

According to the optimality, a part of the terms in the right hand side of the above inequality,
O(u ) —0(u*) + (W T — w*) F(w*) > 0.

Using Az* 4+ By* = band \* — M\*t1 = g(A2" ! + ByFt! — 1) (see (4.6¢)) to

62

Il - 38




Il -39

deal the last term in the right hand side of (4.15) , it follows that

T

k+1 CC* AT

8 B(y" —y**)
yk—l—l o y* BT

8

Bl(Az* ! — Az™) + (By**' — By")" B(y" — y**)
(}\k o )\k—{—l)TB(yk o yk—|—1).

The lemma is proved. []

5|38 7 Let {wk} be the sequence generated by Linearized ADMM (4.6) for the problem
(1.1). Then, we have

1 |
N =XTEB — ") > Sl — v D — 5l =y D, @18

Proof. First, (4.9) represents

YTt e Y, Oa(y) — 2y + (y — T

{(—B" X\ 4+ Dy =y} >0, Vyedy. 417

il - 40

Setting k in (4.17) by k — 1, we have
y" eV, ba(y) —O2(") + (y —y")"
{(-B" X +Dp(y* —y" )} >0, Vye. (4.18)
Setting the y in (4.17) and (4.18) by yk and ka, respectively, and adding them, we get
(yk B yk+1)T{BT(>\k B )\k—l—l) 4 DB[(ka B yk) B (yk B yk—l)]} > 0.
From the above inequality we get
(" =y BTN =AY > (o =" Dsl(y -y ) - (T =)

Using the Cauchy-Schwarz inequality for the right hand side term of the above inequality,

we get (4.16) and the lemma is proved. []

By using Lemma 6 and Lemma 7, we can prove the following convergence theorem.
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EIR 2 Let {w"} be the sequence generated by Linearized ADMM (4.6) for the problem

(1.1). Then, we have

k41 2 ko k412
(" =™ lle +1ly™ =" lIDg)

< ([0 = v G+l = y"1IB,) — " — 0" &, YwTeQ”, (4.19)
where GG is given by (4.13).

Proof. From Lemma 6 and Lemma 7, it follows that

* 1 1 - * i
(VT =) G =0T > §Hyk_yk+1”2DB_§”yk 1_ka2DB’ Vw: € {1

Using the above inequality, for any w™ € Q0, we get

0" = 0" [[& = [[(0"TF = 0") + (0" =" TH1E
> o =0 &+ ot = T 20 o) T at - o
> [0+ — 7|+ Il* — o
+11y" =y D — v = v lIDy-
The assertion of the Theorem 2 is proved. []
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Optimal linearized ADMM — Main result in 006228 I

In the subproblem of the Linearized ADMM, namely (4.6b), in order to ensure the

convergence, it was required that
Dg = sl,, — BBTB and s> B||BTB]|. (4.20)

It is well known that the large parameter s will lead a slow convergence.

Recent Advance in : Bingsheng He, Feng Ma, Xiaoming Yuan:

Optimally linearizing the alternating direction method of multipliers for convex
programming, Comput. Optim. Appl. 75 (2020), 361-388.

We have proved: For the matrix Dg in (4.6b) with form (4.20)

e if s > 23||BT B||, the method is still convergent;

o if s < %5HBTB

|, there is divergent example.
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5 Customized PPA for Variational Inequality

We study the algorithms using the guidance of variational inequality. The optimal condition

of the linearly constrained convex optimization is resulted in a variational inequality:
w* e, Ou)—0u*)+ (w—w)" Fw")>0, YweQ.  (5.1)

5.1 Customized PPA for VI (5.1)

[Prediction Step.] With given v", find a vector " € ) which satisfying
0(u) — 0(i") + (w — T F(@") > (v =T HW" — %), Yw € Q, (5.2a)

where the matrix H is positive definite.

[Correction Step.] Determine a nonsingular matrix M and a scalar o > 0, let

VP =0 —a(® — "), a€(0,2). (5.2b)

v is a part of the elements of the vector w, v = w is also possible. I
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5.2 Convergence proof
We prove the following main convergence property.

EH 1 Let {vk } be the sequence generated by (5.2) for the problem (5.1) and " is
obtained from (5.2a). Then we have

[0" " — o[ < 0" — 0" — a2 = a)llv" =5 ||F, Yo" e V. (53)
where V* = {v™* | v™¥is apart of w™, w* € Q*}.
Proof. Setting w = w™ in (5.2a), we get
(0" — v )THW" — %) > 0(a") — 0(u*) + (0" — w*)"F(a"), Yu* € Q*.
By using (0" — w* ) F(@") = (0" — w*)*F(w*) and the optimality of w*, we have
(" — v THW" =) >0, ww*e V.
It can be written as

{(W* —v*) = (V" =)V HO" —3") >0, W' eV,

and thus
(v —oTHW" = %) > ||[v* — "%, Yot e V. (5.4)

65




Let

I(ar) = ||v* —v*[|F — lva ™ — "7

It follows that
da) = | —v |l — [lva™ — oI5

L k * (12

= ot -l

k * k ~k\ (12
— (0" =) = a(ot = )
= 2a(v" —oTHO" — ") :
0 =1 yo?* 2 V' a

—a? || — "% (5.5) o
B~ e [1,2) BInEE

Using (5.4), we get
RN ARERRME Ha), 2R

Ia) > 2a||v” — %% — o2 — 0°||% 9(a) B ol ZIREE, B M
,%";& 2(’Uk _ U*)TH(,UIC _ @k) |:|:|
= 5.6
(@) =:0) 2BARMB v, FIH (5.4), EE
The assertion (5.3) follows from (5.5) and (5.6) im- V() T FE B g(a). R
mediately. L] q(a), aj = 1. FTLULSEIESA.
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6 Applications for separable problems

6.1 ADMM in PPA-sense

RHE PPA BUEMEK  ®ITRV A ImAERE AXFRIEE. EAEERI 17 [20]

In order to solve the separable convex optimization problem (1.1), we construct a
method whose prediction-step is

O(u) — O(i*) + (w — )T F(@F) > (v — T H@F — %), Y € Q,

(6.1a)
where

BBTB +61,, —BT
H = . (asmalld > 0). (6.1b)
—B %Im

Since H is positive definite, we can use the update form of Algorithm | to produce
the new iterate v¥ 11 = (y*T1, A¥T1). (In the algorithm [2], we took § = 0).
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The concrete form of (6.1) is The underline part is F(wk):

[ 01(x) — 01(3F) + (z — )7 AT
{=ATX*} >0, F(w) = —BTA
 0ay) — 0:() + (y— 1) ArtBvh

{=B")\' + (BB"B + 6I1,.,)(§" —y")—BT(\* = A")} >0,
L (AF* 4+ Bj*—b)  —B@" -4 + (1/8) \F =X =0

In fact, the prediction can be arranged by

(7" € Argmin{0; (z) —2" AT\ + 18| Az + By* —b|)? |z € X}, (6.22)
A = \F — B(AZ* 4+ By* —b), (6.2b)
9
a(y) — yT BT2AE — A
?jkEArgmin{ , 2(y) yk 2[ , | - |y€y}. (6.2¢)
\ +581B(y —y")II° + 36lly — 7|l

XN S 2B B HE0E (3.3) H8E, A (5.2b) KIE, STNIRIEE.
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k

According to Lemma 1, the solution of (6.2a), £~ satisfies

e x, 601(z)—0,(z")
+ (z — F)T{—ATNF + BAT (AZ" + By — b))} >0, Vz e X.

By using (6.2b), \* = \* — B(AZ* 4+ By"* — b), the above variational inequality can

be written as

iFeXx, 01(zx)— 0@+ (@ —F)T{=A" N}y >0, vz e .

The equation (6.2b) can written as

(Ai" + Bj* —b)—B(j* —¢*) + (1/8) (A" = X*) = 0.

The remainder part of the prediction (6.2c), namely,

02(y) — 02(5°) + (y — §°)"
{=B")* + (BBTB + 6I.,) (7" — y*)—BT(\* = \*)} >0

can be achieved by

i . - 1 1
g = Argmm{92(y)—yTBT[2>\k—>\k]+§5\|3(y—yk)|!2+§5||y—ykH2 ly €V}
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INERIE (6.2) FELS = 0, FHFEBMEIZ A (=", A o), MEEKR KA

" € Argmin{6; (:U)—J:TATAk+§||Aa: + By" —b||? |z € XY, (6.3a)

q ML= \F — g(Az" T + ByF —b), (6.30)

y* € Argmin{62(y) — y' BT 22" =] + gHB(y — ") |y € Y}6.30)

\
JEETE (6.3c) A,

. B
yF T € Argmin{02(y) — yT BT [2AF 1 —\F] + S I1By - yI)I1? |y € Y}

. B
:Argmln{eg(y) . yTBTAk—i—l . yTBT()\k+1—>\k) + 5HB(y o yk)HQ ’y c y}

1
:Argmin{@g(y) —yTBTXFTL 4 §||B(y — yk) — E()\k+1 — Ak)H2 ‘y S y}

| B 1
=Argm|n{92(y) — yTBT>\]€—|_1 + EHB(?J — yk) + E(Ak - Ak+1)||2 ‘y = y}

. B
:Argmm{@g(y) — yTBT)\IH_l + EHB(?J — yk) + (A$k+1 + Byk — b)||2 ‘ (IS y}

= Argmin{ 02 (y) — yT BTXFTL 4 §||Awk+1 + By — bl|? |y € V}.
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FTEA, (6.3) Bla

’

" € Argmin{6; (:U)—:UTAT)\k+§\|A;U + By" —b||? |z € XY, (6.4a)

_/\

AT = \F — B(AZ"T 4+ By" —b), (6.4b)

TAaR= Argmin{ 02 (y) — y BTN 4 §||Axk+1+By—b||2 |y € V}.(6.40)

\
1H/ER, £ HAY ADMM 2
2"t e Argmin{0i(z) —2T ATA*+2||Ax + By" — b |z € X},

THRE= Argmin{QQ(y) —yTBT\F 4 g||A:1f;k+1—|—By—b||2 ’y € y},

)\k—l—l — )\k . B(A$k+1 i Byk—l—l . b)
FREL, (6.3), X T y, NIRFFRIAZE S RVA. BT ATLARH
P = 0" — a0 =", a € (0,2).

BEE o = 1.5, UTSE R
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6.2 Linearized ADMM-Like Method
XERT, F 5y — y*||? R %Hy - ka%BBTBJrcSInQ)

2t

L Fa]8h (6.2¢c) KEH

By using the linearized version of (6.2c), the prediction step becomes

0(u) — 0(a") + (w — ") F(@®) > (v —")"HW" — o), vw € Q, (6.5)

where
sI —B7T ‘ BB +6I,, —B*
H = [ ] o RE (6.1) B Y b 2 . (6.6)
-B  §In -B 51m
The concrete formula of (6.5) is The underline part is F(f&}’“):
[ 01(2) — 013" + (z — &F)T AT
{=AT)\"} >0, F(w) = —BTX
B B Ax+ By — b
¢ O2(y) — 62(5°) + (y — 5°)" Y (6.7)

{=B"M + s(* —y")—BT(\* - A"} >0,
- (AzF + BFF —0)—-B@@" - v*) + (1/8)(ZF = M) =0.
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How to implement the prediction? ' To get w"* which satisfies (6.7),

we need only use the following procedure:

2

7" € Argmin{01(z) — z" ATA* + 18||Ax + By* — b||* |z € X},

~

$ M=)\ — B(Az" + By* —b), (6.8)

- . ~ S
§" = Argmin{62(y) — y" BT [2A% — X\*] + Sy - y*|I? |y € V}.

A zlly—v* P RE 2(BIIBy — v")II” + 8lly — v*|I?), AIRIEUEL,
EE s> B|B'B|. MAER B >0, KA s SEIUTSHRRE.

RELSBEIRIA 28| By — v°)||? SI&KBEME, B rEE

Then, we use the form

P = of — a(v® — o), a €(0,2)

to update the new iterate v* 1.
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7 Solving the primal subproblem in parallel

RIE PPA BUARVERK TRV A ImAERE AR FRIEE .

Primal-Dual Order

O(u) — 0(a") + (w — )T F(a®) > (w — o"T Hw"® —aF), Yw € Q,

(7.1a)
where
[ BATA + 61, 0 AT
H = 0 B8BTB + 61,, BT (7.1b)
\ A B 2T

The both matrices

BATA +61,, AT B8BTB +61,, BT
1 -~ 0, 1 )
A Ll B Ll
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The concrete form of (7.1) is

[ 01(x) — 61(F%) + (x — 3T
{=ATMN + (BATA + 61,,) (7 — )+ AT (W = \F)} >0,

02(y) — 02(5°) + (y — §°)"
{=BTXN* + (BBTB + 61..,) (7" — y*)+ BT (\* — \¥)} >0,

N\

| (AF* + Bg* - b)+AGEE — 2"+ BG* - yF) + (2/8) (\F - AF) = 0.

gy =
[ 01(z) — 01(F°) + (v — )T {—ATAF + (BAT A + 61,,) (& — 2*)} > 0,

O2(y) — 02(5") + (y — §°) " {—B"X\* + (BB" B + 61,) (5" — y*)} > 0,

[2(Az" + Bj* — b) — (Az® + By® — b)] + (2/8)(\F — A\F) = 0.
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In fact, the prediction can be arranged by

/

T ATk
7" :argmin{ ) 91(@,{: a; Al)\ - xEX} (7.2a)
+5BIlA(z — 2%)[|” + 3oz — 27
| - . 02(y) — yT BT\
g = argmm{ ) 2(y)k y2 ) Lo ‘y c y} (7.2b)
+381B(y —y*)II" + 36[ly — ¢~
LN =0 - 5 [Q(A:Ek + Bj" —b) — (Az" + By" — b)] (7.2¢)

(7= arg min{0:(z) —z" A" N + 2(z — ") (BATA + 61, ) (x — 2¥) |z € X}

¢ gF=argmin{f2(y) —y"' BN\ + L(y — y*)" (BB'B+ 01, (y — y")|ly € V}

| A= 0F — 18[2(A%F + B¥ — b) — (Az" + By" —b)]
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Dual-Primal Order

(7.3a)
where
[ BATA + 41, 0 —AT
H= 0 B8BTB +61,, —BT |. (7.3b)
2
\ -4 -B 21 )
The both matrices
BATA +61,, —AT BB'B +6I,, —B7?
— 1 =0, , ~ 0
—A BIm —B Blm
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The concrete form of (7.3) is

/

01(x) — 01(:%’“) + (x — :E’“)T

{ZATX + (BATA + 61,,,) (8" — z*)— AT (X — A"} > 0,
¢ O2(y) — 02(5°) + (y — g°)*"

{=B" X + (BB"B + 61.,)(§* —y*)—BT(\* = A")} > 0,
(AZ" + B§* —b)—A(F* —2")—B(5" —y*) + (2/8) (A" = X¥) = 0.

\

ZFEHP[H—T152

2

01(x) — 01(F%) + (z — F)T{—AT (2\F — \¥)

+(BAT A+ 61,,) (3" — 2*)} > 0,
$ Oa2(y) — 02(5%) + (y — §°)"{—BT (2\" = A¥)

+(BBT B +61n,) (3" —y*)} >0,
(Az* 4+ By® —b) + (2/8)(\F = \F) = 0.

\
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In fact, the prediction can be arranged by

(- 1

2o = \F — > B(Az® + By* —b), (7.4)

K . 01 (x) — xT AT[20F — NF]

T € argmin , o1 L T e X ;(7.4b)
< +3BI1A(z — 2M)|? + o]l — 2|

T nToYE _ \k

it e argmin{ | 02(y) ka2 [2>\1 AY] = ye y}.(7.4c)

\ +358B(y — y*)|I* + 56y — y"|
wh Tt = wh — a(w® —a®), ae€(0,2).

(1= F ADMM BYFF 3R, 36 F 1997 &£, £— ADMM F RIS X A &
F 1998 £E. X —iff 1 §4-86 1T 4BAY ADMM 2 75 3%, RTLAM [20] 3% E).
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FBTHAER (V) FSHE S E 3% (PPA), 8 H A% ADMM 2245 3 E 5%
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1 OIS REUERENSG—IER
EMNERRAZESAFN (V) IESEZRI, M AR ARIR)TE A T EAVE
PAFN:

w*eQ, Ou)—0w)+w—w)" Fw*)>0, YweQ.  (1.1)

Algorithms in a unified framework

V-2

A unified Algorithmic Framework for (1.1) 2 —HEZR AR TIUM -8 1E PR ER 99 4E Ak
[Prediction Step.] NEERI v* K&, KEFM S oF € Q FHFBHBE

0(u) — 0(@") + (w — )T F(@") > (v — )T QMW" — %), Vw € Q, (1.2a)

B QA—EXR B QT + QEE.
[Correction Step.] te— N EEHIIEFTF MG M, B TRAHBEFANENR =

P =0 — M (0" — ). (1.2b)

Q F1 M 53 7l AU {8 F0 B Ba F0 4% 1E RE R
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Convergence Conditions

For the matrices () and M, there is a positive definite matrix H such that

HM = Q. (1.3a)
In addition,

G=Q"+Q-M"HM = 0. (1.3b)

Bz QEFN (1.2a) FERIFUNEERE Q 7% 2
QT +Q -0,
A2 AT LLEL
0<G=<Ql+0.

REIe

D=(Q"+Q) ¢,
m D =02

MTHM = D.
FXERE S FELE MRS
HM =Q, HM =Q, H=QD 'Q7,
~ ~
MTHM = D. QTM = D. M=Q TD.

RS2 B WS SR IR IE B M.
SEBRTE S, FARAZRIERERE M.
H 1 G R 2RI UEB S 5= 8.

angih, RE
QT +Q 0.
AT AT LUERNIEEIERE D - 0F G = 0, 5F15
D+G=Q"+Q.

1% (1.2b) PEURIEFERE M BYUAK
M=Q TD

FH(1.3)BRAREE.
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We consider the min — max problem

min, max, {®(z,y) = 01(z) —y Az — O2(y) |z € X,y € V1. (2.4)

Let (2™, y™) be the solution of (2.4), then we have IRIEEE =AY E X

(2%, y") e X xY, ®(z",y) <P(z",y") <P(z,y"), V(x,y) € X x .

FHEARNNZFRNT A RFNY
{ e X, ®(x,y")—P(z",y") >0, Vx e X, (2.5a)
y €Y, ®(z7,y" ) —®(z7,y) >0, Vye ). (2.5b)

Using the notation of ®(z, ), it can be written as | RE & (x, y) BIF N EFH X

{x* cX, O1(z)—01(z*) + (x —a)T(—ATy*) >0, Ve X, ()
yel, Oa(y)—0:20y") + (y—y" ) (Az") >0, Vyel. (o)

IV-5

Furthermore, it can be written as a variational inequality in the compact form:

we, Ou)—0u)+(u—u) Fu") >0, YueQ, (2.6)

where | X EXNFEERu e QT ABu = (z,y*) Flu = (z*,y), BLBE () F (o).

u:(i'f) 0(u) = 01 (z) + Oa(y), F(u):<_ﬁ§y>, Q=X x).

The output of Original PDHG algorithm [16] as predictor
For given (x*, y*), PDHG [16] produces a pair of (Z~, 7j*). First,

~

#* = argmin{®(z, y*) + ng — 2" |z € XY, (2.72)

and then we obtain §* via

~

- S
§" = argmax{®(z",y) — Sy = y°|1? |y € VY. (2.7b)
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Ilgnoring the constant term in the objective function, the subproblems (2.7) are reduced to

~

#* = argmin{0; (z) — 2T ATy" + gHaﬁ — 2" |z € XY, (2.82)
. - S
g = argmin{fa(y) +y" AZ" + Sy —y"|* |y € V}. (2.8b)

According to the basic lemma, the optimality condition of (2.8a) is #* € X and
1(z) — 01(Z°) + (. — &) {-A"y*  +r(@E* -2} >0, Vz e X. (29
Similarly, from (2.8b) we get §* € ) and
O2(y) — 02(5") + (y — §°) {AZ" +s(3" —y")} 20, Vy €Y. (210

Combining (2.9) and (2.10), we have

T

~k T ~k

Kk kK r—x —A"y
w €8, 0(u)—0(u")+

R (y—@’“) {< A>

N (r(ff:k — M)+ AT (" — yk>>} >0, Y(x,y)€Q.

s(7" — y")

IV -

The compact form is 4~ € ,
O(u) — (@) + (u — @) {F@") + Q(@" —u*)} >0, Vu e Q, (2.11a)

where

rl, AT
= : 2.11b
Q ( 0 sl ) ( )

XX RERO TN, 128 PR EL B s B RO AR IE
= uf — M (W — a") (2.12)

RIE. B M R E=FAiEREs A A N =AM, &M (1.3)

e H >0 and HM = Q.

e G=Q"+Q—-M"HM > 0.

AT A s F T EY

(i), H>=0 and H=QM™ 1.
i) G=Q'+Q—-Q'M = 0.
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IV-9

—. RIEFEME M AR T =/A%ERE Hebpy K 2 ER.

I, O I, 0
M = m wM1= .

XMEE (), BRINEZ—ERTHESTKRKEXNMKWEAERX BT H=QM ' IEE,
B R IENTREY. B

0 sim K  In —sK slm

W INTHR, HELS

In O rl, + 1ATA AT
M = , , H= .
_EA Im A SIm

SHEER r, s > 0, 55/ H 2IEERY.

]l

IV-10

T =15 (i),
G = QI+Q-M'HM=Q"+Q-Q'M

_ (2L, AT\ (v, O In 0

- A 251, A s, —%A Im

o 2rl, AT _(rIn 0 ([ riy AT

- A 281, 0 slm - A sly, )

ZiEfE G IEE, AA rs > ||AT A

K PDHG 70, B N =AFEMRRIE, TE rs > ||[AT A|.

—. RIEREM M AR =A%k G4, Heh i K 2EFER.

M In K m Al — In —K |

FEHE (), BNESZ—IERTHESTREZNMKWEGFEX. A TH=QM ' EE,
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BRW X FREY. B

oM rl, AL I, —-K rl, —rK+ AT
H=QM - = —

WIS ER, HES

]l

SEER r,s > 0, % HZIEEH.

IV-12

T Xt 5% 145 (i),
G = Q'+Q-M'HM=Q"+Q-Q'M

_ (27°In AT ) B (ﬂn 0 )([n %AT>
B (27“In AT ) B (rln AT>

A 281, A sl
_ (rln 0 )

0 sl — tAAT )

F5EME G IEE, B rs > || AT A|.

S PDHG T, 2437 E = AFEFFIRIE, B rs > || AT A
BB BERIEYSEY) PDHG F7ABUERR T WS A, BR, rs WERBRETEK.
HAH B ¥R, 2N (2.8) FHISH rs FBINEETR.
XF(2.11) FEY Q, FATAE

T B orl] AT
¢ +Q< A 23[)
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R%ra>5mﬂwﬁ@¢QT+Q%%EEm.

4 (Q1 + Q) IEERT, FATE

IV-13

D = %(QT +Q), #*4% M'HM=D. (2.13)
X FLBEIRIE ,
G=QT+Q—-MTHM = 5(QT+Q) > 0.
e H>0 and HM = Q. . (i) HM = Q.
TUREHE |
e G=Q"+Q—-MTHM > 0. iy MTHM = D.
HM =Q, HM =Q, H=QD 'Q7T,
< = (2.14)
MTHM = D. QTM = D. M=Q TD.
BAanER, 4 (QT + Q) = 0, B
1 AT
p=| " 2 . M=Q "D
EA SI
IV-14
T B F &R . ™
—1
Q_T _ rl 0) _ ;I 0
A sl -+ A 1
M = o-TD — I 0 rl AT
LA 1] A sl
I = AT
_ ) 2v~1 . (2.15)
— A I—5-AA
FIA _EEHIRIERERE M
xk—l—l — 5:]“ . %AT(’yk . gk:)
yRrl = gF L Al(eR - 3F) + S AT (yF - gF)).

X DUEAA] [14] RIBE—ERIRENGE HEMREGRAES.

1 rs KORAIET 3, B TRAMSE.
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3 Convergence proof in the unified framework

In this section, assuming the conditions (1.3) in the unified framework are satisfied, we

prove some convergence properties.

I 1 Let {v"} be the sequence generated by a method for the problem (1.1) and W" is

k+1

obtained in the k-th iteration. If v* , U and " satisfy the conditions in the unified

framework, then we have

6(u) — 0(a") + (w — @")" F (")
1 1 N
> S(llv- o HE = o —o"|E) + §|Iv’“ — "G, Vw e Q. (3.1)
Proof. Using () = H M (see (1.3a)) and the relation (1.2b), the right hand side of (1.3a)

. ,Uk—l—l)

can be written as (v — %) H (v* and hence

0(u) — 0(a") + (w — ) F(@") > (v—")"H@W" —o"™), vw € Q. 3.2

Applying the identity Q(v* —oF) = HM(v® — o%) = H(v" —oFT1).

1 1
(a— b H(c—d) = S {lla—dl% — lla — ellf} + 5 {lle = bll3 — Ild — bl },

IV-16

to the right hand side of (3.2) with
a=v, b=20", c=0v", and d=0"",
we thus obtain

2(v — ’Dk)TH(vk — ka)

k+1

= (Il = " Il — o [F) + (0" — TN E [0 — 31 @9

For the last term of (3.3), using HM = Q and 2v” Qv = v* (Q* + Q)v, we have

[v* = "7 — 0" = "
ko =k 2 k -~k ko k+1y)2
= o7 = 0" — " = 57) = (" =" )
(1.3a) ko ~k2 k -~k ko ~ky(2
= 0" =07 — (|07 = 07) = M(v" = 5[

Substituting (3.3), (3.4) in (3.2), the assertion of this theorem is proved. []

81




IvV-17

15.3. Convergence Analysis of AD-PMM 429

We will use the followi ion:
| & = xk+1
2k = g,
7* = y* + p(AX"H £ BZF —¢).

Using (15.15), (15.16), the subgradient inequality, and the above notation, we obtain
that for any x € dom(h1) and z € dom(h2),

hy(x) — hy (%) + <pAT (A_)'('c +BzF —c+ 1y") + G(xF —xb),x - )'ck> >0,
p

ha(z) — ha(2") + <pBT (Aik +Bz" —c+ ly"“) +Q(zF —2z"),z - ik> > 0.
P

Using the definition of §*, the above two inequalities can be rewritten as
hu(x) = b (%) + (ATF* + GE* - x*),x - %) >0,
ha(z) — ha(2F) + (BT§* + (pBTB + Q) (z* — 2*),z — ) > 0.
Adding the above two inequalities and using the identity
Y —yF = p(Ax* + B2 —c),

- ATgH Gk — =)
H(x,z) — H(x*,2") + 2 |, BTy -| otz | )=0
. —AZ* —Bz* +¢ %(yk_yk+l)
(15 17)

- where C = pBYB+Q. We will use the following identity that holds for any positive
. C " = 1 semidefinite matrix P-

¥ i
BB : 2z Higmy i “ 1
= BI— D3] 4 7 5 ER |(ﬂ—b)TP(c—d)= 5 (la=dlp —lla—c|p + b —c|p —b-d|p).
; - “ ! —EL - ﬁ; Using the above 1dentity, we can conclude that

| F e . g N .
& (x = %)TG(" —xF) = 5 (Il —xMI& — flx — x1E + % —x"|1&)

I : 1 - 1

a s > L 1 - Bl - <A, (15.18)

1 el 1
iR .»_Le as well as

T EL] 1 B 1 1 1
b - (2 - 2)7CE —2) = a2} Sz — 2% + Sl — 25 (1519)

2 F Fl=1

L) R bl ES B i and
—~j~1=1- il -t~ 2y — )T ()
N Oy, SN TELL =y =y* P = lly = y* I + 19" = y* 17 = 5" - y*1
. =lly =17 = lly — ¥*I* + p*| AX* + Bz* —c|®

~ly* + p(AZ* + Bz — ¢) - y* — p(A%* + B2 — )|
= Iy —¥**1 2 = lly — y¥I? + P2l AZ* + Bz* — o2 — p2|B(z* — 2°)|%.

3.1 Convergence in a strictly contraction sense

T2 Let {'Uk’} be the sequence generated by a method for the problem (1.1) and " is

k+

obtained in the k-th iteration. vak, v* L and wF satisfy the conditions in the unified

framework, then we have

W =T |E < o =0T E = 0" =3 E YT e V. (3.5)

Proof. Setting w = w™ in (3.1), we get

k+1 . 'U*H?_I

> |0 = F)% + 2{0(@") — 0(u*) + (@" —w)TF(@")}.  (38)

k 2
[0 — o[ — lv

By using the optimality of w™ and the monotonicity of F'(w), we have

0(@") —0(u*) + (0" —w)"F(@") > 0(@") —0(u*) + (0" —w*)" F(w*) >0

and thus

L e I i <2 (3.7)

The assertion (3.5) follows directly. L]
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/EEE'I ':F'E,]énlb( )
0(u) — 0(a") + (w — )T F (")

1 k12 k2 Lok k2
> 5(\|U—U N = lv—w HH)+§||‘U — 07|, Yw € Q.

& FIWUSEUGR 2= B IERA T A 25 HY.

S, FATATLUBEE (3.2)
0(u) — 0(a"®) + (w — )T F(@F) > (v — o%)T Hw" —oF 1), vw € Q.

PLw =w*, 5%
(vF — P THT H (5% — v*) > 0. (3.8)

EAEE T
1 1
(a—b)"H(c—d) = —{Ila —d|f — lb—dllf} - —{Ha —clF = llb—ellF )

FF (3.8) KU L, & vF, b=kt c=oF 1 d = v*, F{115E)

(’Uk . ”Uk—i_l)TH(’f) . ’U*)

1
k * k * k ~k k ~k
= 5{Ilv el [ el e (9 §{|lv — 05 — Il = ()
IV -20
RE (3.8) 7B
[0 — o |13 — [0 — o™ |13 > 0" = &%)13 — [T — 313 (3.9)
B ERXAmLE—T,
~k k ~k
[0 — * )13 — ([T — 3" |F
~k k ~k k k
= " —d"FH = (0" = 3F) = (0 —oF I
(1.2b) k ~k k ~k
=7 P = E = I = 0F) = M(* - )%
= 2 =M THM®WF — %) — (WF = ") T MTHM (v* — &%)
= (" ="TQT+Q—-MTHM)(W" — i)
(1.3b)

[0® — 5% |2, (3.10)

1% (3.10) KA 3.9 BB RIS IERZEIL. O

3.2 Convergence rate (FAEEXTEHIPE)

Convergence rate in an ergodic sense [10]

ATEREZBHEX THIEREZRMY, HNFEXNTSAFN (1.1) BUEE MR
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E. BT (1.1) PASFEF F a8
(w—w")"F(w*) = (w —w*)" Fw),
Lo ANE B
w* € Q, 0(u) —0(u*) + (w—w*)'Fw*) >0, Vw € Q,

i
w* € Q, 0(u) —0u*)+ (w—w )T Fw) >0, VweN

2EFNH. BRIMNAEBEEXZERAFR (1.1) FNLUE. AT e > 0, MR 0 FHE

W e Q, Ou)—0(@)+ (w—w)F(w)> —e, Ywe D) (3.11a)
H
Dig) = {w € Q||Jw — 0] < 1}, (3.11b)
AU T AHFR (1.1) B c IE R, ERTAFNHRRAK
w € €, ES%p {0(a) — 0(u) + (0w — w)TF(w)} <e. (3.12)
WEH(w)

AMIBABRZ: MBREM e > 0, R ZDREARFTEI—P 0w € Q, £ (3.12) AAL

XM NZETEBREX FTHUSURZE. Wit hH =X T RIBEE, X7 (1.3) /Y
*BP%E H F0 G, REXk E¥IEE.

IV -22

Theorem 1 is also the base for the convergence rate proof. Using the monotonicity of F',

we have

(w— ") F(w) = (w—a")" F(a").
Substituting it in (3.1), we obtain

1 1
O(u) — 0(a") + (w —5")" F(w) + Sllo—o*5 = Sllo =", vw e Q.

(3.13)
Note that the above assertion is hold for G > 0.

EI 3 Let {v"} be the sequence generated by a method for the problem (1.1) and W"

k+1

obtained in the k-th iteration. Assume that v" , U and " satisfy the conditions in the

unified framework and let w; be defined by

~

W ! i
t = —— :
t+1k:0

(3.14)

Then, for any integer numbert > 0, w; € §2 and

0(iie) — O(u) + (1 — w)T F(w) < ——

02
_ — Q. 3.15
_2(t+1)||’0 v |7, Yw € ( )
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Proof. First, it holds that " € € for all k > 0. Together with the convexity of €2, (3.14)

implies that w; € (). Rewriting the inequality (3.13) in its equivalent form
~ - 1 1
0(a")—0(u)+(@" —w)" F(w) + Sllv =" < Sllv—o"|F, Yw € Q.
Summing the last inequality over £ = 0, 1, ..., ¢, we obtain

Z@(u —(t+1)0 —|—(Zw (t41) )TF(w)g%Hv—vOH%I, Vw € Q.

Use the notation of w;, it can be written as

1
0(a b —w) Flw) < — Y%, Yw e Q.
le W + (@ —w) F(w) < sllo =o', Vwe
(3.16)
Since 0(u) is convex and
¢
i ! "
t — [ . 41 ’
t+1k:0
IV - 24
we have
1 < y
0(u;) < —— g(u”).
() < g 20

Substituting it in (3.16), the assertion of this theorem follows directly. [

Recall (3.12). The conclusion (3.15) thus indicates obviously that the method is able to
generate an approximate solution (i.e., W) with the accuracy O(1/t) after ¢ iterations.
That is, in the case G > 0, the convergence rate O(1/t) of the method is established.
1112012 £ %4 % 7£ SIAM Numerical Analysis B93£32[10] B2 R XFARIFEA T X
BREEEBHEX T O(1/t) WSUER. XHIAABNERXE R RIEFEB—
WEZNGER, XERARHM, HERNTFE R —ERESF GG AT 2.

Convergence rate in a pointwise iteration-complexity [12]

1112015 F£ & F7E Numerische Mathematik B9 3 [12]1EFR T XX B F A 2=
N TF— R EZNSR.

WA = P2 g < lo® — " g

MR E M —LeZ kA MNiEADMM. TEIEAXNERGHFES S —HEZRIL
JSI R At ER R L. ERAE R EEERERE 0 F1 G IEE.
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JEIR 4 For solving the variational inequality (1.1), let {w"}, {"} be the sequence
generated by (1.2). If the conditions (1.3) are satisfied, then we have

e N i e (G B e A | ERN AL

Proof Note that we have
0(u) — 0(a") + (w — )T F(w") > (v — )T Q0" — &%), Vw e 0
and

0(uw)—0(a" T+ (w—a" T F@" ) > (v=0"HT QW T =5, vw € Q.

k+

Set the vector w in the above two inequalities by w L and " , respectively, we get

e(akﬂ) _ e(ak) 1 (U~)k:+1 B wk)TF(wk) > (6k+1 B ,Dk:)TQ(vk B 17’“)
and

e(ak) B 9(@k+1) I (wk _ wk—H)TF(wk—}—l) > (rbk _ 6k—|—1)TQ(vk—|—1 _ @kﬁ—l).
Adding the above two inequalities, it follows that

(@k . 6k—|—1)TQ{(/Uk . @k) o (vk—l—l . @k+1)} > O

IV - 26

Adding {(vF — %) — (VP —FFDTQ{(vF — o) — (vF+1 — %+ 1)} to the both

sides of the last inequality, we get

k_ k+I\T k ~k k41 ~k+1 k ~k k41 ~k+1y(2
(0" =" Q" =) = (T ="} = ST =0") = (0" =) {7 ).

and thus

(P =R T H{ (R =P ) — (P —oF )} > 1| (0F —%)—(FH —a* )2 -
(3.18)

Finally, by using ||a||%, — ||b]|%; = 2a’ H(a — b) — ||a — b]|3, and (3.18), we get

lo* — 0" HE — [l ="
_ 2(’Uk o ’Uk+1)TH{(’Uk o Uk—I—l) . (’Uk+1 o Uk:+2)}

—[I(" = ") = (" =TI

> (Uk _ @k) B (vk—|—1 B {]k—i—l) ?QT—i—Q) _ ”(vk _ vk—l—l) _ (Uk—i—l _ Uk—|—2)||%[
— (vk — ") — (Uk—'_l — @k-H) ?QTJFQ_MTHM)
_ (Uk _ @k) B (vk—|—1 B @k—i—l) 2G

This is the equivalent form of (38.17) and the proof is complete. []
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4 ADMM for problems with two separable blocks

This section concern the structured convex optimization problem namely,
min{6;(z) + 02(y) | Ar+ By =b, x € X,y € V}. (4.1)
The Lagrangian function and the augmented Lagrange Function of (4.1) are
L (z,y,\) = 61(z) + 02(y) — A" (Az + By — b).
and
2] _ T p 2

respectively. Recall the model (4.1) can be explained as the VI

w* €, O(u)—0u*)+ (w—w)"Fw") >0, YweqQ. (4.3a)
where

. T

u = , O(u) =01(x)+020y), w=| vy |, (4.3b)
Yy A

IV - 28
— A"
F(w) = — BT\ , and Q=X xY xR, (4.3c)
Ax+ By — b

Using the augmented Lagrange function, the recursion of the alternating direction method

of multipliers for the structured convex optimization (4.1) can be written as
(
= Argmin{ﬁ[ﬂz](x, y* N e XY,

TaaRN= Argmin{E[g](a:k+1, y, \*) |y € Y}, (4.4)
)\k—l—l — )\k . /B(A:Uk—i—l i Byk—I—l . b)

/G

\

Note that the essential variable of ADMM (4.4) is v = (y, ).

Z—iEZ2TEY ADMM.| ADMM scheme (4.4) is also a special case which belongs to

the unified algorithmic framework (1.2) and the Convergence Condition is satisfied.

In order to cast the ADMM scheme (4.4) into a special case of (1.2), let us first define the

artificial vector w* = (&%, 7%, \¥) by

PP =g g =yt and NP = 0 - 5(Aa:k+1 + By"* — b), (4.5)
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where (211, 4/**1) is generated by the ADMM (4.4).

HA1EEE A Beck 7EftEEYEZE First-Order Methods in convex optimization [1], H2.3% B
T IX FhEE R,

Prediction

According to the scheme (4.4), the defined artificial vector w

y

% € Argmin{0; (x) — zT ATNF + §||Aaz + By" —b||? |z € X},

¢ 7" € Agmin{0a2(y) — y" BTN* + £||AzZ" + By — b |y € V}, (4.6)

L A= )\F — B(Az* + By* — ).

* satisfies the following VI:

oF e Q,

/\

)

\

01 (x) — 01 (%) + (x — 2F)T{—AT Xk} > 0, VoeX,
O2(y) — 02(5%) + (y — ") T{—BTX* + BBTB(§* —y*)} >0, Vye,

1 -
(Az* + Bj* —b) — B(g5* — y*) + B(A’“ — A =o0.

This can be written in form of (1.2a) as described in the following lemma.

IV -29
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15.3. Convergence Analysis of AD-PMM 429

We will use the followingnotation:

&F = xFH

g — g+
Sk _ Uk k+1 k
N N =y" 4 p(Ax + Bz" —c).
—GUHIBIE T AR LYY )
Using (15.15), (15.16). the subgradient inequality, and the above notation, we obtain
that for any x € dom(h,) and z € dom(hs).

1
hy(x) — hy (%) + <pAT (AJ"{"c +BzF —c+ ;yk) + G(xF —xb),x - )”(k> >0,

ha(z) — ha(2%) + <pBT (Aik +BzF —c+ ly"“) +Q(zF — 2",z - ik> >0.
P

Using the definition of ¥*, the above two inequalities can be rewritten as
ha(x) — k1 (%) + (ATF* + G(F - x*),x - &%) >0,
ha(z) — ha(2F) + (BT§* + (pB"B + Q)(z" — z").z — 2F) > 0.

Adding the above two inequalities and using the identity
v —y* = p(ARF + BZF - ¢),

(15 17\

. : . % AT Gk — %)
H(x,z) — HEZ 7" + # |, BT§* -| cE -3z 20,
W S . s T v —Ax* - Bz +c %(y’c -y

where C = pBYB+Q. We will use the following identity that holds for any positive
semidefinite matrix P-

(a=b)'Pc~d) = % (la=dfp —lla—clp+[b-clp —[b-d[p).

+ i
Using the above identity, we can conclude tha
~ _ 1 _ _
(x = %)TGO" = x) = 5 (e = xM|G — [ — %G + K —%*(18)
1 o 1
TN > gl =% = g% (15.15)
=N e ¥ as well as
| g | . - 1 - 1 1 =
2 (2 - 3)7C( — %) = glla— 2% — 3llz — 2% + gl —21E  (15.19)
105,60 P and
LB 1 O 2y — ¥Ry
N Opn,: SREEEE =y =y = ly = y*IP + 15* — ¥* 17 = 15" —y*I?

=y —=¥*2 = ly — ¥*II* + Al A%* + Bz* — ¢||?
—[ly* + p(AX* + Bz* —¢) — y* — p(A%* + BZ* - ¢)|?
=lly =¥* 1 = lly — ¥*I” + A*| AX* + Bz* — ¢|* - p*|| B(z" — 2")|>.
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5|38 1 For given v™, let w* ! be generated by (4.4) and W" be defined by (4.5). Then,

we have

) > (v—3°)" Q" — 7)), Yw € Q,

( )

Recall the essential variable of the ADMM scheme (4.4) is (y, A). Moreover, using the

w* € Q, 0(u) —0(a”
where

BB'B
—B

0
1
31

Q

(4.7)

definition of wk, the A*T1 updated by (4.4) can be represented as

ARt A — B(AZ" + Bg" —b)

N — [-BB(y" — ") + B(Az" + By* — b)]
N — [=BB" - §") + (A" = \9)].

Therefore, the ADMM scheme (4.4) can be written as

k+1 k I 0 k ~k
GO G R G [ GO B
A\l AP —BB I AF 2P
IV - 32
which corresponds to the step (1.2b) with
— ( 1 0 ) and o =1. (4.8b)
—pB 1

B ESTSUE SR

Now we check that the Convergence Condition is satisfied by the

ADMM scheme (4.4). Indeed, for the matrix M in (4.8b), we have

A[*::( I 0)
6B 1
Thus, by using (4.7) and (4.8b), we obtain
T I 0
rea= (7 01

89

ISE H 3 IFE
T

:<:5B B ]p >,m9)
0 21




and consequently I G FIFIERE
G = Q"+Q-—-aM"HM = Q" +Q-Q'M
B (253TB —BT) (5BTB —BT)< I 0)
- 2 - 1
—B 21 0 51 —8B I
B (QBBTB —BT) B (2/33TB —BT> B (0 0 ) (410
B 21 —B 51 0 I A

Therefore, H is symmetric and positive definite under the assumption that B is full column

rank; and (G is positive semi-definite. The Convergence Condition is satisfied; and thus the

convergence of the ADMM scheme (4.4) is guaranteed. g3 [10]

WM aRYE N TELSIRE. | FRA1IF LAY ADMM %5 —HEZL & = R PR Rl T
M-FRIEF73%. 233 (4.6) TN LR, BB

T = oF — M (vF — oF) (4.11)

RIE. XFE5—ERMER (1.2). £ (4.9) F1 (4.10) P EKAIS HEIE T H A G 2

IV -33

HIEER. Eit, RIBEIR 4B
R — o* 2 g < o* =¥ g, VE > 0. (4.12)

H (4.12), SMEERIEZEHt > 0,

1 t

ot =0t HE < —— [ [
t+1 o
1 O
< P ||Uk — Uk+1||%{
k=0
(4.12) 1 )
< 7H_—1||UO —v* |3
MNMFEHA vt — o2 BIRNEIETLENSE . i3 [12]
H
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5 FIAS—HEZ218F ADMM 35 3k a9 &t

5.1 3ZMIMFRIZE 7 R

152 B ADMM (4.4) FRKFR y-FRIREAIFIE X\ BIINFr 32 #E, 188

(gl ¢ Argmin{ﬁ[g](az, yF N |z e XY,
Aetl o — Ak B(AxFtl 4 ByF —b), (5.1)
Ly e Agmin{ LRy, M [y € V),

I\

BEIR whtl = (FTL yF L NFTO MERTUN S, 2RSS

k+1 — k k k+1
Y = Yy —7% —Y )
{ ( ) (FAShIEFh) (5.2)
ARFL = AR (AR - AR,
XE e (0,2). MES “=" R~ (5.2 AW (v, N\ BHEENAIHHS

(5.1) /. (5.2) Lin A — T —SERFBEAZER (yF L ), st E 0/, X+
TE1ERE MR EL.
FEE, G FROLTELR v = (v, \). & 5.1) FEM wF KEE XN

IV - 36

=k, B
fk xk—l—l
o = gk | = yht+1 , (5.3)
Ak N — B(AzF+1 4+ ByF —b)

MR L (2, y, ) FER, TIRIRFHZE S EEER AR (5.1) TURFR

f

i* € argmin{0; () — T ATXF + gHAac + ByF —b||? |z € X}, (5.4a)

NP =)\ — g(Azk 4+ ByF —b), (5.4b)

g% € argmin{0s(y) — yT BT AF + gHA:Tck + By —b||? |y € V). (5.4c)

\

FAH Gt —HEZRFRIERA ST HRITUF BRI 32 73 [ (5.1)-(5.2) BYUELTE. B4R (5.4) K
BRI Wt HERIRZEN (1.22) TR A K.

BT RIEE—HEEIR 1, 5.4a) IRMMEFHR
i e x, 01(2)—01 (") +(z—2")T{—AT N 4847 (AZF+ByF—b)} > 0, V2 € X.
FIA N = \k — B(AZF + Byk —b), LRHE

01(z) — 01(%) + (x — ) T{=ATX*} >0, Ve e X. (5.5a)

91




IV -37

RKAth, RIS —HIWER 1, (5.4c) WRMMHEFHZE
7" €Y, 02(y)—02(F")+(y—7")" {-BT N +B8BT (Az*+Bj*-b)} > 0, Vy € V.
BHF AP = \F — B(AzF + By* —b), ®#l1A
—BT)\k 4+ 8BT (AZF + By —b)

= —B'N'+6BTB(5" —y*) + BT (AZ" + By* - b)

— _BT)k 4 5BTB@1< B yk) B BT(S\k B )\k)_
Eltt, y-FiolRh (5.4c) MR =

ey, 0a2(y) — 02(5") + (v — §°) {=BT N\ + BB B(g" — y¥)
—~ BT\ - X"} >0, Yye). (550

ST (5.4b) LA HEAI NF = N — B(AzF + Byk — b), AILERTRA

1 -
(Az* + B§" —b) — B(5" —y") + E(A’“ -2 =0,

IV -38

AP e ™, (A= AT {(AZ" + BgF - b)

— B(j" —y)—l—ﬁ( — A1 >0, VAER™.  (55c)

4% (5.5a), (5.5b) #1 (5.5¢) tA A TE—iE, SEERI T RIEIR D = (4.3) B F(wF), FA{115E)
THEAISIE.

SI1FR 2 KBEDAFEN (4.3), FEAEER 0*, B (5.4 IR 08 HE
€ Q, 0(u) —0(@") + (w— ") TEF@") > (v—"THWF — %), Yw e Q,

Hrh
BBTB —BT
H = : (5.6)
—B %Im

XEMERE HZHFIEER, lla = 1FENKRIE, iR E (5.1). ERNISEIRE L H
B ADMM (4.4) 7| £ —2. B2, AR MF FLAYFAGhZE{R, ik

vt = oF —a(* —5F), a=1.5¢€(0,2),

MBS T 7374 (5.1)-(6.1), IR E XS H 30% HES
MIRIR LR, (5.6) FRIFEFE H BMETE B 7imixfIFHE B 2+ EER, EXH A0
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RGBSR, HA, 1T LURE E-Fiolfl (5.4c) BY B Rk 3 P 1R —
2 |ly — y*||2, ShEE(E #ER A H B

b BBTB +6I,, —B7T
—B L Im

XMEERYB,6 > 0, LHEAY H  BFE R EEM.

5.2 XA E S MBE

MIJIBTFRHLENFFIRE T ELE (4.4) KEZO)R (4.1). MEIRE (41) KBE, [RIFT
S My 2FER, EEXZRIT EEENF o My FOIE, 2R BRTITZEFE. Fit
BANRBAXRHRZZE F L 6], ER LS EREEMNAGER (vF, \F) Frig, @i

B ARRN= argmin{ﬁ[g] (z,y%, \F) |z € &Y, (5.7a)

SADMM) < A2 = \F pB(AzFTt + ByF —b), (5.7b)
yF Tl e argmin{ﬁg] (F Ty, )\k+%) ly € V}, (5.7¢c)

[ AR = ARTS ,LLB(Aa:k+1 + ByFtl — b). (5.7d)

BEFENER B whTL = (F T YT NRTL) Hedh € (0,1) (@BEBR u = 0.9).

IV - 40

S = 18, 778 (5.7) AT A HAUEHAI R G189, IS —HESIERAXS AR B e +32
BHENE .7) S, L2 E 5.7) FEER TUN- K IERER Y. XTH (5.7) 4%
B F T f gy BRI T AR E TN = o

fk xk—l—l
o = gk | = gkl . (5.8)
Mk N — B(AxF+t + ByF —b)

FA LY (2,9, )) BFER, HRENRTREHRERER AR TURTRENH
(

¥ € argmin{0; () — 2T ATNF + §||A:E + By* — b)) |z € X, (5.9a)
A2 — Ak _ u8(AFR + ByF — b), (5.90)

1
g% € argmin{0s(y) — yT BT \Ft2 gHA:Z’k + By —b|]? |y €YV}, (59)

L NP =)0F — B(A4z" + By —b). (5.9d)
TEHENSCHKE 5.9 HHE 0 EHE—IEZRF R (1.22) T AR
RIBE—HNEIERL, 5.92) WRMEHEZGEE

i e x, 01(x)—01 (@) +(x—a)T{—AT N +8AT (AZF+By*—b)} >0, Vo € X.
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FIB AR = \F — B(AzF + Byk — b)), ERXBE

01(x) — 01(2%) + (x — )T {—ATXF} >0, V2 e x. (5.10a)
AU, IRIBE—HIEE L, (5.9c) WM MERHRZ
7* €Y, 02(y)—02(7")+(y—7") T {~ BTN 2 +8BT (AT +BF—b)} > 0, Vy € V.

FIF N = Ak — B(AZF + Byk —b), &{1AE

Vet ok u(NF = XF) = 3 4 (u— 1)(AF — AR,
7
B(AZ® + ByF —b) = —(\F — AF).
ES)l: e
_BTX\k+3 4 8BT (A% + Bg* —b)
= =BT 4+ (u—1)(A* = M) + 8BTB(5* — y*) + BT (Az* + By* — b)
= BTN+ (1 - BT (N —\*) + BBTB(5" — y*) — BT (A — \F)
= —BT"X*+B8BTB(§"* —y*) — uBT (N = XF).

IV -42

Fa]f (5.9¢c) WM EHE =2
g* €Y, 02(y) — 02(5%) + (y — §")T {=BT)\* + BT B(§* — y*)

—uBT(\F -2 >0, wye.
(5.10b)

HF (5.9d) FEMBINF = Ak — B(AzF+1 + Byk — b), BF
(AZ* + Bg* —b) — B(§* —y*) + (1/8)(X* = \*) =0,
A LAFR7RAX
e ™ (A= X)T{(Az" + Bg® - b)
— B(@" —y*) + (1/8) (A = A"} >0, VAeR™. (5.100)
1% (5.10a), (5.10b) F0 (5.10c) LA A HE—HEFH FIH (4.3) FHIIE S, THMNBETHEHAISIFE.
5138 3 KT A TEFR (4.3). WEEM v*, Wk ZH (5.9) 12y, NH
w* € Q, 0(u)—0(i")+(w—a®)T F(@F) > (v—")TQ*—o%), Yw € Q, (5.1a)
H o

BTB —uBT
Q:(”BB 1“1 ) (5.11b)
_ LIm
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BERNESER (1.20) WIIEX RN, FIF (5.8), H (5.7d) 2 HHI N1 AT AR IRER
AL = 3RS [-BB(yR - §F) + B(AZ® + By® — b)]
= N = =N = pu[-BBY* — %) + B(Az* T + By® —b)]
= A" — [—uBB" — ") 4+ 2u(AF — ). (5.12)
Ryt = ghEEE—&, A

,yk:+1 _ yk B I 0 ykz . ﬂk
et A\ —uBB  2ulm N — \k

FElitk, FATE T ERYS[EE.

5| H 4 KERZTHAER 4.3). TFLEER vF, T wFt B (5.7) 1. IBAXH (5.8) EX
B ok, 318

T = ok — M(vF — 5F), (5.13a)

I 0
M = : (5.13b)
( _MﬁB 2/'LIm )

A2 ZEITHREY ADMM (5.7) 3R FRRY (5.11) FUFIUNFD (5.13) FUFRIE. F TRV EF L = 1R

He

IV -44

PEG—HEZS A BTSSR 4 (1.3) BE B ARV S M. X (5.13b) PRYZERE M, B

< I O >
M~ = .
3BB  5.Im

2

BH=QM 53

< BBTB —uBT )( I 0 ) < (1-swpBBTB —:BT )
H = = .
B Y g L1, 1B Lo

B
Lt

VvVBBY 0 (2—wI —I VBB 0
5.14
< 0 \/EI>< —I i])( 0 é[) >

<(2—u) —1>_ =0, pe(0,1)
—1 % N >0, p=1.

FREA, SRR BRI 1 € (0, 1), 2 B FiEFAE 3R MG H 2 XTHRIEE .

H =

N | =

TEE
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BEEREG=QT+Q - MTHM.BAMTHM = MTQ, i

MTQ - (1 —uBBT >< sBTB —uBT > B < (1+up)BBTB —2uB”T )

0 2uln —B %Im —2uB 2,u%]m
153
G = QQ'+Q) -M'HM
B 286BTB  —(14 p)BT < (1+up)BBTB —2uB”T )
—(1+p)B 25 Im —2uB 2015 I'm
BBTB —BT
— (1 _ ,u) , . (5.15)
-B  ZIm

G4, SER AR 1 € (0,1), 2 BYHRLETRERE G IEE. FTLA, IRIBG—HESR (1.2a)-(1.2b),
FERWSR, HMNE THNERE.

IV - 46

EH 5 KRENTER (4.3). AEM oF, Wb+ 8 (5.7) R4 &A1
L g (e e [ Al PR (TS A

HehoF B (5.8) EX,

1 1
2B 55 Im
A0
BBTB —BT
G=(1-p) ,
—B 21Im

BT u e (0,1), 5585 H F1 G 7£ B 5@ #kETE 2 IEE /Y.

7EFEMF B N—EFHFKRIETR, 260% H F1 G FIEE. HAHE R EIE I MEE 4 H I+
KSR ZR MR
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V-1

1 Problem with three separable blocks
X—HE R IRAI B AL B
min{601(z) + 02(y) + 03(2)|[Ac+ By+Cz=b, x € X,y€ V,z€ Z}  (1.1)
HISK AR A, XA R RIAE R H R =
L(z,y,2z,A) = 01(x) + 02(y) + 03(2) — AT (Az + By + Cz — b).
[B]& (1.1) BRI LURALE AT 5 AF o)
w* €Q, 0u)—0u*)+ (w—w)TF(w*) >0, YVweqQ, (1.2a)
Hef 0(u) = 01(x) +02(y) +03(2), Q=X XY x ZxR™

[ o) x [ cama )
w=| "7 : u(y ), F(w) = —BA : (1.2b)

z —CT)
\ A ) \ Az + By +Cz—b

z
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N EVE AR H R BUE A(ERITE TR S EXH)
L5 (@,y,2,)) =01(2) + 02(y) + 03(2) = A (Az + By + Cz — b)

+ §||Aa:—|—By—|—Cz—b||2. (1.3)

B3 (9 ADMM 3Kk i = 3R] 43 55 i8] 73 AS fR uE ST &5

N =R BRI, KA EEET BIRFRB R A £ LDIEARBNGE
ok = (y*, 28, \F) B %, Bt

( zFtl ¢ argmin {EE](x,yk,zk,)\k) ‘ x € X},

y*t1 €  argmin {E[BS] (k1 gy, 28, AF) ‘ Yy € y},

zk+1 ¢ argmin {E[Bg] (xF+1 yk+1 2 AF) ‘ z € Z},

\ )\k:-l—l — )\k: L B(Axk_l'l 1 Byk:-l—l 4 Czk:-l—l L b),

SKEFRNIER S wht! = (aF+1 k1 2Rt N\t 5B A B, CHAERIMRE
FHIERZRIRHE, A7 0E (1.4) KERIRE (1.1) 2UCEEY BAAX =R AT 53 E(0)RE, SCPR
FHRYFAERAT S ERYIEIRE. S —HRAI = RAT 43 S5 0) 80, 2 A RERIEUTETAY [1].

[HiS®EMR AR MNIEE

ZEiR, =Nl EHRASCRRE)RE F, Mt 2 REERE
A=[AB,C| B FEzLE—N22MFER B, A=[A B,I].

BT RYADMM ALE X S ML SEPRAY =R 47 B ER AV [a] &, BR /< B UERAULAN, B
RAEZERG, XMAR—NABEXFFHNEEXRIEIRE ! 245 2R 57K E:

o NIRRT AR E]RE
min{; (z) + 62(y)|Az + By =b, z € X,y € Y} EUEIHY.
o BWHERLARMHKAFRLR, [O) ALK
min{6; (z) + 02(y)|Az + By < b, x € X,y € V}.
o HUM=ANA2BERIFRAARGIDRZ
min{60;(x) + 02(y) + 0| Az + By+z2z=0b, x € X,y € Y,z > 0}.

o EESHEI HUSRTFRE L RIA (1.4) LB EEX M, HABE2WHH, ERES
AUERAYSE. ISR R — ME BRI E Bt 1ty a) & |
FEXTEREHET B ADMM (1.4) IERRA T WU BIBHIR, FRATRE F 3 =R 7] 53 B A (o] &
RE—EZIERE

L=
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2 G—ERNFMNRT

BER: w* e Q, O(u)—0u")+ (w—w*) F(w*)>0, YweQ. (@1

(B 5 k- SR MAE LT 8 o FHE, RIBFON & o, 15
w* € Q, 0(uw)—0(@")+(w—a") T F(@F) > (v=")TQF—o%), Vw € Q, 2.2

AL BPEREQ + QRIEEM. | AmEEE VM v BART 0. R Q AT
[RRIE] RIBFFNGEIR oF, HHOTE v BIFMER R 0" TR A

v = oF — M(v* — %), (2.3)

AR M AREFERE. v AL ZE, v AIUAZ w, BAIUR w NED T E

WS SR XA E BTIUMRERE Q, ESKIL TRV IE B RS M s B a0 T 5= 1
JIEERERE H>0 £S5 HM=Q. (2.4a)
tE5h, BE WS RIE

G=Q'+Q—-M"HM - 0. (2.4b)

REVT =0 — M(v" — o), EHES L HEBEIE R HAIRIERERE M 2

(T 2B Q: QT +Q - 0 (D=0, G0,
. LSS 5515 (2.4) - SESERE M HIEESK: — D+G=Q"'+Q,
3H > 0, suchthat HM = Q, M'HM = D,
G=Q"+Q—-M'HM = 0. . HM = Q.
(D>0, G0, ‘D=0, G=0,
. <D+G=QT+Q, — <D+G=QT+Q,
Q'M = D, M =Q TD,
| HM = Q. \ H=QD'Q".

IMERMCE: BT TNEERE Q, ATLUAE D, HEBE0< D < Q' + Q.

SHEERHE Q' + Q > 0T, NIFAEZEL—NFE BIHABIRE—REE

BF M =Q TD KEEy)ZENTF QT (v —0v*)=D@E" —v"). (25)
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3 TWHYFEITH A0 ADMM ML IE 53k

X—THFERE 2009 FX R3], Bz B FETE, IERMF = (yF, 25, \F)
B oktl = (yktl ZR+1 AR+ Q2FITAIER oy F 2-FO)30, BEE . #Ra1ER, 38

( 2k +1 € argmin{6; (z) — xTATNF + gHAa: + ByF + CzF — b||2‘az € X},

) Tan = argmin{ﬁg(y) — yTBT)\F + gHAwarl + By 4+ CzF — bHQ‘y € y}, o)
2Pl € argmin{63(z) — z2TCTAF + §||Aa:k+1 + By* + Cz — b||?|z € Z}, |

\ )\k—i—l :)\k o B(Axk—l—l + Byk—i—l + Czk—i—l o b)

FERREI S (oL gt 2R TN S BT EFREN—S. BEER
z FIEJREFATAIE, B IBIILLEHN )\ #KEH EEKE. REARE

vt = oF — a(v* — R, a € (0,2 - V2). (3.2)

BEON3, BATAT LAY o = 0.55. SFEE] (3.2) AR vF Tl = (yhtl, 2+l \k+1) B
FH (3.1) f= i AY.

HAAG—ELRRBIEX MBS FATH RN TN A £ 801E. 38R 6.1) £ M
B (L, gt 2R AL (35, g, 20), HEX

A =\F — B(AZF + By* + CzF —b). (3.3)

XEE, TN A (25, gF, 20, NF) sRATIABE A TRERK:

(%% € argmin {E[ﬁg] (z,y%, 2F AF) |z € X},, (3.4a)
) §"* € arg min {5[53] (fk,y, 2k )\k) Yy € y}, (3.4b)

3% € arg min {/LE] (%, yF, 2, \F) | z € Z4, (3.4c)
(A =\ — B(AZ* + ByF + C2F —b). (3.40)

A A& R B H ek % (1.3), FIolRk (3.4a) HHE T

7" = argmin{01(z) — 2" ATA* + 18||Az + By" + Cz" — b||* |z € &},
RERMMESIIE, 2° € X,
01(x)— 01 (%) + (x — ) T{—AT Nk 1 BAT (AZ* + By +C2F —b)} > 0, Vo e X.

HiRYE (3.4d), Bi B Fl (3.4d) X \F, ATLLE (3.52) 1 — AT AF BEIRE “BEE”
P ex, 01(x) —01(E°) + (x —2)T{=ATX "} >0, Vo e X. (3.5a)
Fa) & (3.4b) HHY T

§* = argmin{02(y) — y* BT A* + 18||Az" + By + C2F —b|? |y € Y},
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EIHRESRMMERESIE B~ c ),

O2(y) — 02(5°) + (y — §°)" {—B" X\* + BB" (Az" + B§* —b)} >0, Yy e ).

HRTE (3.4d), FiB AXNHIEN, 3.50)F —BT X FEM “BR” 28BTB(5F —y~)

e, 62(y) —02(5%) + (y— §°) T {=BTX\*
+BBTB(F* —y*)} >0, vyey. (35
[E13E, XfF[elFh (3.4c) B
e Z, 03(2) — 03(ZF) + (2 — ZF)T{=CT )\
+sCcTC(zF — 2P >0, Vze Z. (350

FEZ) (3.4d) AT A X
(Az® + Bj* + CzF —b) — B(g* —y*) —C(ZF — 2°)+ (1/8) (\F —AF) = 0. (3.5d)

(3.5 P ARAEE—E TSR GE—ERF TR K
ke Q, 0(u)—0@F)+(w—a")TF@P) > (v—"TQW* —oF),vw € Q, 3.6a)

7N l:P
BBTB 0 0
Q = 0 gCctc 0 : (3.6b)
1
—B —C 31

BISkKE A (3.1)-32) ELZ—IERPHIREIZEAR . AT

18 (3.4) BYE B AE A TN =BT, FIIE 23X (3.2) BLAT LASRIR A

yk—{—l ykz I 0 0 ykz _ gkz
Zhtl = | 2k — 0 I 0 2k — 3k
et Ak —B8B —BC I Ak — Nk
i, FIRA T 5—HEZRS (3.6) XHFEMTUNFRIA, 757 (3.1)-(3.2) WRIEEARZ
T = ok — M(vF — 5F), (3.72)
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T

- 11

I 0 0
M = o 0 I 0 (3.7b)
—B8B —pC I
XIXAER Q FA M, 1%
BBTB 0 0
H=—- 0 BCTC 0 :
0 0 %1
B HM = Q, ARSI SR 2.
RIEZ—HEZR, EZXF 3.70) PFHI M FHE—a > 0, FIEEH
G=Q"+Q —M'HM -0
. B RNERERESE
28BTB 0 — BT
QT+ Q= 0 opcTCc  —C7T
-B —C %1
-12
F0
I 0 —-BBT BBTB 0 0
M'Q = a| 0 1 —-BCT 0 BcTc o
0 0 I —B —C %I
28BTB pBBTC —-BT
= «a| pBCTB 28CTCc -—-CT
-B —C 51
FrLAB
2(1 - a)BBTB —apBTC —(1 — )BT
G=Q'+Q-M'Q= —aCTB 2(1 —a)BCTC —(1—a)CT
—(1—a)B —(1-a)C (2—a)g51Im
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BT

VBBt 0 0 2(1 — a)l —al —(1—a)l
G = 0 VBCT 0 —al 2(1 —a)I —(1—a)l
0 0 %I —(1—-a)l —(1—-—a) 2—-a)l
VBB 0 0
0 vBC 0 .
0 0 ﬁ[
REWE, ¥4/ o > 0, 786
2(1 — o) — —(1 - )
— 2l—a) —(1—«a) | »0. (3.8)

—(1—-a) —(1-a«a (2 —a)

ST E, SRBR o € (0,2 — v2), (3.8) FHIZEFFIETE, YIS S 2.

-13

4 wmETEMKAE ADMM 53E

Direct extension of ADMM

’

= argmin{[l[;’](az,yk,zk,)\k) |z e X},
y" T € arg min{ﬁf] ("1 y, 2", 0%) |y € Y},

2Pl ¢ arg min{ﬁ[g] (Rt Rt 2, A | 2 € Z},

Nt = \F — B(Az" T 4+ Byt + C2F T —b).

\

FANFE (1] FIUERR, X =R S S RAV AL LB, BT RY(4.1) FARIEUE.

FLZw), TANFAEFHZR—LEKB=RA o EROMALEEBTTE (5, 6]

BRI RIRT B A ENE 41) =P EFRE@ A g RIE S, EE A ELIES
RIZLTER y M 2-FE) A AT REFNBIERSF 4.1) = 3R

104
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(yFtL, 2R+1 AR+ YT, REAR K

yk—I—l yk I —(BTB)_lBTC 0 yk _ yk—l—l
e+l = 2k | —=v ] 0 1 0 2k — gkt | (4.2
pLan A\ 0 0 I Ak — 2kl

Hevy € (0,1), AimAY (yFtL, 21 N0 28 4.1) 121, XN AR A REDG). 18
SEERNT, SRE MR 4D, A% Bt b, AT GLA (4.1) 2R N1, Ri@sd

yk—l—l B yk I _(BTB)—lBTC yk _ yk—l—l i
Zht1 - 2k v 0 I 2k — Rkt . (#3)

KRIE y M2 (EEREN. BFAT—SERIFEHES (ByFt!, C2FL L) A1
NEMEb 43 EE B

By**t\ _(By*\_ (1 —I\( By - By"+! »
ol .z B WP, 0 I Czk — Czkt1 |~ 4.4)

-15

4.1 The prediction matrix () — Triangular Matrix

FAVEEEHET (4.1) PR of D = (aF L gt 2D Beg af = (2%, g%, 2F),

XA
[ 3k ¢ argmin{ﬁg’](x,yk,zk,)\k) |z e X},

_/\

gt € arg min{ﬁg’] (Z%,y, 2%, %) |y € Y}, (4.5)

| 2P e argmin{ﬁg](fék,gk,z,)\k) |z € Z}.

z,y,z TR ZE

p

7* € argmin{6;(z) — 2" AT A" + %BHA@" + By* + C2* —b|)? |z € X},

2/

1
g* € argmin{62(y) —y" B*\* + 55”14:%’“ + By + Cz" —b|? |y € V},

z¢ € argmin{03(z) — 2" CT A" + %BHACE’“ +By*+Cz—b|? |z € 2}.

\
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- 16




FAMRIBFANE S AERZBFENXRNSIEL 53] oF c U,
[ 01(z) — 01(F%) + (z — )T {—ATNF
+6AT(A:7:k + By* + Oz~ — b)} >0, Ve e X,

02(y) — 02(") + (y — ?J’“)T{—BTA‘“
+8B"(Az" + Bg* + Cz" —b)} >0, Vye ),
)"

63(2) — 93(5k) ( k { CT)\k
\ +8C"(Az" + Bg* + Cz" —b)} >0, Vz € Z.
(4.6)
EX
AP =2 — B(Az" 4+ By" + C2F — 1), (4.7)

ERATUERFNHIFN

(AF" + Bg* +C5* —b) = B(i* —y*) — C(3* — 2"+ (3 —\F) = 0. (48)

B
WFAER AT € R™ #10 B8 p, KX AR B ATUS A

AeR™ A=X)Tp>0, VAeR™.

-17

% (4.6) #1 (4.8) ME—RE, FIPTHFZERER (1.2), HNEBE @° € Q,

[ 01(z) — 01(&") + (z — 3)T{=ATX )} >0, Ve X,
O2(y) — 02(5°) + (y — ") {=B"\* + BBTB(§* — y*)} >0, Vye,

_CTS\k_l_ CTB ~k  _k
$ 03(2) —03(ZF) 4+ (z = 20T —— BC B~y >0, Vz € Z,

+BCTC(5F — )
AZ* + B+ C3F — b

(A—AR)T{(QS% yk Z~k )k >0, VAEA

\ —B(y" —y")—C(Z" — 27) + 5 (A" = A")
(4.9)

EER (4.9 RAPMTRIZHWOBRTE (1.2 hEXH F (o), &HER "
0(uw) — 0(@") + (w — ) F(@") > (v = )" QO" — %), Yw € Q, @.10)
HepmEov = (y, 2, \) FUNFER

BB 0 0
Q=1 gc*B pCctc 0o . (4.11)
—B —C %Im
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BRIE: FIFSX R TN A, BASIE o 70 2 BTN (4.3) GEEN T #0 0\F B9 &) ATl
=454

Than Yk vI  —v(BTB)"'BTC 0 Y — "
L = 2F — 0 vl 0 2k 3k
A\FF1 AP — 8B —B8C I A \F

R 2, AR —IERNKIEANH, B

vl —v(B'B)"'B'C 0

M = 0 ] 0 |. (4.12)
~- BB —BC I
X FREFE
18B"B 18BC 0
H=| ipc"B 1ip[c"C+C"B(B"B)"'B'(C] 0 |, (413
0 0 51

A LABGUE HM = Q. B & EZT#

BTB BTC I —(B"B)"'BTC
cﬂEaBTB)l CTB CcTc+cCTB(BTB)"'BTC/\o I

BTB BTC\|[I —-BTB)]fﬂkj BTB 0
0o cCTc I o cTc)

1S H 7 B, C HiATRBTIEE. 5,

G = Q"+Q-M"HM=Q"+Q) -M"Q
28BTB pBBTC —-BT (1+v)BB'B BBTC — BT
= pCcTB 28CcTc -CT |- BCTHB (1+v)pCTC —-CT
B —C %I -B —C %I
(1-v)BBTB 0 0
= 0 (1—-v)BCTC 0
0 0 %1

BT v e (0,1), 8B, CHmIkETERE G EE. i—1EZRP IS FHHE.
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5 Implement the correction by using (2.5)

3T (4.11) REYFUNEERE Q, Fi1B

- 21

26B'B  BB'C —B*
Q' +Q = | pc'B 280"C -C*
2
—B —C 2Im
BY 0 o0 26Lm BlLn —I.\{B 0 0
=10 ct o 8L, 28I, —In|lO0 C 0 (5.1)
o 0 I, —I,, —I, %Im 0 0 I,
T
28I, Bln —In Bl Bln —In Bl,, O 0
8I,, 28L. —-I.|=1|8l. BL. —-I.|+| 0 BIL. 0
2 1 1
~Ip  —Im  2In ~Iy —Ipm  5Inm 0 0 5Im
2 FE4ERE, X46pE B #1 C 2YERGERRM, 584 QT + Q EE.
V-22
3 0 < D < QT + Q TR ACEEMNSE TERE—LHIFME.
I — et py D SHEZM v € (0, 1), 5Bk
2681, BlLn —In vBIl,, O 0 (2 — v)BIn BI,, I,
Bl 28I, —In| = 0 vBL, 0 |+ B (2 —v)BIm —Inm
2 1 1
Ly —ln 21 0 0 £lm —1I,, —1I,, 5 1m
IR T A IEEFERE. Eitk, AT LUE
BT 0 0 vBI 0 0 B 0 0
D = 0o Cc" o0 0 vBI 0 ||O C O
0 0 I, 0 0 %Im 0o 0 I,
vBBT B 0 0
= 0 vBCTC 0 (52)
1
0 0 5 Im
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i\Z.Hq-s

(2—-v)BB'B BBTC —BT
G=0"+Q-D= B3CT B 2-v)gctc —-ct |. (63
-B -C 51m

Algorithms for the model (1.1)
[Prediction Step.] Obtain (z”, §*, Z*) via the direct extension of the ADMM (4.5)

and define \* by (4.7).

[Correction Step.] Get v* ™1 by solving QT (v*T1 — v¥) = D(o% — v¥).

BIERYFLE A QT (VP T — o) = D(oF — o®) KE VT 2 FA1HNE

- 23

sB'B pB'C —-B' BB" 0 0 \(B C —5In
Q=1 o pcfc -cT|=|o0 BT o [0 C —3I.|,
1 1
0 0 ST 0 0 4In/\0 0 In
-24
A0
vBB'B 0 0 BT o0 o0 \(vB 0 O
D = 0 vpe*tc o0 =1 o pCct o 0 vC 0
0 0 1In 0 0 5Im/\o o0 I,

SHHERE Q1 F1 D MR AHERNART. Eit, REEHIZH

QWM — of) = D(* — "),

A] LU
B C —5Im\ [y*T —y* vB 0 0 gk — y*
0O C —%Im R+l k| = 0 vC 0 sk _ 4k
0 0 I, A+l \k 0 0o I N \F
K15, bRk FEEFENTHIEA
I I —%I Byktl — Byk vI 0 O B{* — Byk
0 I —%1 Czktl —Czk | =1 0 vI 0 Czk — CzF
0 0 I AE+1 _ 2K o 0 I N \F

109




ARREBAERIRE VT -\, (CFH — C2F), (ByFt — By¥),
RIEBETFET—RIERAEER (By* !, C2F T A,

D N—EHM TG

1% (5.2) # (5.3) Y D 1 G BRI E, a)igii, B

(2—-v)3B'B BBTC —-BT
D = BCTB 2 -v)gCctc -C*
B e 51m

XFF[E) A R T, 45 1E AT LAE

I 1 —3I Bykt+l — Byk (2 —v)I I —I\ (Bg*
0 I —%I Czhtl —C2F | = I (2—v) —I Czk —
0 0 I Ao+l _ 2k I —1 I MF

BRI T — SR FFEE (ByF T, 28t A1),

_ Byk

Czk

—\E

EED =a(Q! +Q), ac (0,1) A

XEf D=a(Q+Q) M G=(1-o)(Q" +Q) #RIEEI .

(zﬁBTB BB'C  —B"

D=alQ"+Q]=a| BCcTB 28CTC -CT
\ -B c 2, )
XF T EIFERY TN, #1E AT LA T
I I =17 Byk+l — Byk oI I I Bik — ByF

B

o I -1 Czktl —Czk | =a| T 2I —I Czk — Ok

B
I

0 0 ARt \E I —I 2I N \E

BRFBTRERAEEM (By T, C2F T ),

MNFABEZZLE—T A& BANENRE—ERE X
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6 I{BHFITIEMMIENMIRE ADMM /53%
KN LHEEHIEHT B ADMM K= 5 =R B B A BEARIEULEL [1], R
ENiZ2X Rigizx DT =R y F 2 B F @B e fE BB A, £ §4 KA 7 B4

B FE. SR, a0 TS BY & Ead kS 1TRY 7 & A BE AR IEUR &K

fE] EA b
sl 1 A
z F
ANBEPRIE
| AW

[ gkl = arg min {5[53] (x,y", 2%, \F) ‘ € X},
< y**1 = argmin {EE] (k1 gy, 28, AF) ‘ Yy € y},
ZFtl = argmin {E[Bg] (xF+1 gk, 2, AF) ‘ z € Z},
\ A+l — \E ﬂ(Aa:kJrl + Byktl 4 CzF+1 — b).

TEFEAE FESES| ST, F i 5 00 E NI B 2 fR R (5] 35

.

\

¥t = arg min {E%(w,yk,zk,)\k) |z € X},
y**T1 = arg min {E%(wk+1,y,zk,)\k) + 58/ B(y — yk)|‘2|y S y}7
2kl = argmin {ﬁ%(xk+1,yk,z, A+ Z8)1C(2 — 27)|1*|z € 2},
Mo+l = Nk B(Agh+l 4 Byk+l 4 Cpk+l _p).

y, z FIEJRLFAT, AR IEME AR, S e 1R ER i1 E N5

(r > 0hRS

)

- 27

LR HBEEES T

k+1

Y € arg min-

2F+t1 ¢ arg miny{

\
,

\

4

02(y) — yT BTk + 8| Azk+1 + By + C2F —b|?
+ZB8I1B(y — y*)|I?

03(2) — 2T CTAF + B ||Az*+1 + ByF + Cz — b||?
+ZBIC (= — 2F) |2

\ )\k—l—l — )\k . B(A:Uk+1 + Byk—i—l + Czk—i—l o b),

FER
y"tt e arg min{HQ(y) —yTBTAT §||Axk+1 + By + C2F — b|?
+ZBIIB(y — y*)|I?

02(y) + Z||(Az*+1 + By* + C2F — b) + B(y — y*)|?

- argmin{ T RT \k k(|2
—y* B* XY + 8By — y")|

. {92(y) —y" BT\ — B(Az* T 4+ ByF 4- C2F — b)]
= argmin

+2B8IB(y — v*)||1? + Z8||B(y — y*)||2

111

yey,,

z € Z p,

( 2FT1 € argmin {61 (z) — 2T ATNF + gHAa: + ByF 4+ CzF — b||2‘ € X},

\

J

yey}
yey}
'yey}.

- 28




V-29
A, &S
1
Aet2 = \F — B(AF T + ByF 4+ C2F —b),
XNFEME
[ R+l ¢ argmin{f1(z) — xT AT F + §||Ax + ByF + CzF — b|]?|x € X'},
A3 — Ak B(AzkTt + ByF + CzF —b)
Yt cargmin{0z(y) — yTBTAT 2 + 82| B(y — y*)|2 |y € V),
2kl cargmin{03(2) — ZTOT \k+3 + %HC(Z — 2012 |z € 2},
\ )\k—l—l — )\k o B(Axk+1 + Byk—i—l + Czk—l—l o b),
6.1)
Hepp=7+ 1 FNTTTLEEZKH 1.
B (6.1) EREY
(1, R AR T (26,8, 25,0, 62)
- 30
X AT A R /9
(2% = argmin{6;(z) — T ATNF + gHAZU + ByF + CzF —b||? |z € X},
g% =argmin{02(y) — y" BTN + £2||B(y — y*)||? |y € V1, 69

zF = argmin{f3(z) — 2TCTN\F + %HC(Z — 2% |z € Z},

| M= \F — B(Azk + Byk + CzF —b).

ful (6.3) F - FlEl@ I RMMEFH=

7" = argmin{01(z) — 2T ATA* + 18||Az + By" + Cz" — b||* |z € &},
RIFBRMMESITE, 2° € X,
01(x) — 01 (") +(z— ") T{—ATXF + BAT (AZ* + By* +C2F —b)} >0, Vz € X.
BIRIE N\ = \F — B(AzF + Byk + C2F —b), BA

P e Xx, 01(x) —01(E°) + (x —2)T{=AT) "} >0, Vo e X. (6.4)
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EIHER B R UM SR 5 38, Tl (6.3) FR y-F el I s LM SR 1 =2
7" €Y, 0a(y) — 02(5") + (v — §")T{=BT I\

+uBBTB(G* —yF)} >0, wye.
(6.4b)

[E3E, FUM (6.3) F 2 FlElRE A s MR 2
P e 2, 03(z) —03(2F) + (2 = 2T {—CT N\
+ uBCTC(zF —2F)} >0, Vze Z. (640

RIE N BIE X, 31118
(AzF 4+ BgF + CzF —b) — B(§" — %) —C(ZF —2F)+(1/8) Ok = X\F) = 0. (6.44)

XA, A RSN EBEMESAFN (1.2 RN, TN AT A kg —ER P

w* e Q, 0(u)—0(@")+(w—a")TF@F) > (v—%)T Q" —oF),vw € Q, (6.59)

7 \I:P
uBBT B 0 0
Q= 0 uBCTC 0 : (6.5D)
1
—B —C BI

BT M\ =2k — B(AzkT! + By*k + CzF — b) 0
)\k—l—l — )\k . B(Axk:—l—l i Byk—l—l i Czk—l—l . b),
P X AR TGN 2, KLIE o #0 2 AR CEE ML A F X R) SAT A B X

k+1 k ~
Y Y 1 0 0 yk — gk
2L 1 = 2k — 0 I 0 2k — 3k
k NG

Akt \F —B8B  —BC I AT = A

R, AR —HERNKIEARH

I 0 0
M = 0 I o |. (6.6)
BB —BC I
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X T 3ERE

- 33

uwBBT B 0 0
H = 0 uBCTC 0 ,
1
0 0 31
A LAGE H IEEHB
uwBBT B 0 0 I 0 0
HM = 0 uBCTC 0 0 I 0
0 0 %I —B8B —pC I
uwBBT B 0 0
= 0 uBCTC 0 = Q
1
—B —C 31
- 34
e,

G=@Q"+Q-M"HM=Q"+Q)-M"Q

2uB8BT B 0 —BT (1+p)psBTB BBTC — BT
= 0 2uBCct'c —-ct | — BCTB (1+p)Bctc —-CT
2 1
—B —C 51 —B —C 51
(u—1)BBTB —BBTC 0

= -BCTB (pn—1)BCTC 0

1
0 0 BI

BT u > 2, %G EE, WM EHHERE. 772015 2IIERR.

f5an, ATLARY = 2.01. XEARLE6, 8] NEELRE R ity Mz KB, NPES
RIE, ABsiFse M ENMBHEENABES KIE. [6] FHIF :E# UCLA Osher ZFHI IR R
¢H B Th A S Sk i =45 P 44 [a) 73 [2].
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This method is accepted by Osher’s research group'

e E. Esser, M. Mdller, S. Osher, G. Sapiro and J. Xin, A convex model for
non-negative matrix factorization and dimensionality reduction on physical
space, IEEE Trans. Imag. Process., 21(7), 3239-3252, 2012.

IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 21, NO. 7, JULY 2012 3239

A Convex Model for Nonnegative Matrix
Factorization and Dimensionality
Reduction on Physical Space

Ernie Esser, Michael Moller, Stanley Osher, Guillermo Sapiro, Senior Member, IEEE, and Jack Xin

poo B (D max(Tiy) + (RuoCu, T)

suchthat YT — X, =V — X, diag(e). (15)

- 35

Since the convex functional for the extended model (15) is
slightly more complicated, it is convenient to use a variant of
ADMM that allows the functional to be split into more than
two parts. The method proposed by He et al. in [34] is appro-
priate for this application. Again, introduce a new variable 7

Using the ADMM-like method in [34], a saddle point of the
augmented Lagrangian can be found by iteratively solving the
subproblems with parameters 6 > 0 and p > 2, shown in the

tion refinement step. Due to the different algorithm used to solve
the extended model, there is an additional numerical parameter
1+, which for this application must be greater than two according
to [34]. We set i equal to 2.01. There are also model parame-

[33] E. Candes, X. L1, Y. Ma, and J. Wright, “Robust principal component
analysis,” 2009 [Online]. Available: http://arxiv.org/PS cache/arxiv/
pdf/0912/0912.3599v1.pdf

[34] B. He, M. Tao, and X. Yuan, “A splitting method for separate
convex programming with linking linear constraints,” Tech.
Rep., 2011 [Online]. Available: http://www.optimization-on-
line.org/DB_FILE/2010/06/ 2665.pdf

115

- 36




ADMM + Parallel-Prox Splitting ALM

FBEAE, o7 ER. KENTMMESWENDT(r > 1), FIARBERIEIE.

(T = argmin{ﬁ(x,yk,zk,)\k) ‘ x € X}, (6.7a)
: y* T = argmin{L(z"*,y, 25 X)) + ZIBy - y*)* |y € Jf},(6 "
2T = argmin{L(z", y", 2, A¥) + Z||C(z — 2M)|? | z € Z},

L N = 0\ — (AT 4 By R — ). (6.7¢)

- 37

Notice that (6.7b) can be written as

k+1 1 -y |’
B : k+1 k y—Y cJ
(ng)_argmm{E(aZ 7yaz7>\)+2‘ o _ Lk gEZ }’
DBC’
where
+BTB _—BTC
DBC’ — T T . o
-C*B 71C°C

D, . is positive semidefinite when 7 > 1.
However, the matrix [, . is indefinite for 7 € (0, 1).

In other words, the scheme (6.7) can be rewritten as
(2 = arg min{ﬁ(x,yk,zk,)\k) ’ r € X},
k-+1 k|2
: — SN
3 (y ) = ar mm{ﬁ ety 2 NP 4 2 JY J },
Zhtl 5 ( Y ) ol |-t Dy, |7 € Z
\ )\k—|—1 _ )\k . (A$k+1 i Byk—l—l i Czk—i—l . b),
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The algorithm (6.7) can be rewritten in an equivalent form:  (u =74+ 1 > 2).

p

2"t = argmin{6: (z) + £||Az + By"* + C2" — b — %)\kHQ |z € X},
AFFs = \F B(Ax*t 4+ By* + C2F —b)

M =argmin{0a(y)— (\T2) By + LL(|B(y — y*)|1? |y € Y},

2P —argmin{fs(z)— (A*13)7C0z + 22||C(z — 2*)|12 | z € 2},

ALy kL B(Axkﬂ + ByFtt L 0 - b),

The related publication:
e B. He, M. Tao and X. Yuan, A splitting method for separable convex program-
ming. IMA J. Numerical Analysis, 31(2015), 394-426.

In the above paper, in order to ensure the convergence, it was required

7>1 (in(6.7)) which is equivalent to w > 2 (in(6.9)).

-39

This method is accepted by Osher’s research group I

e E. Esser, M. Mdller, S. Osher, G. Sapiro and J. Xin, A convex model for
non-negative matrix factorization and dimensionality reduction on physical
space, IEEE Trans. Imag. Process., 21(7), 3239-3252, 2012.

tion refinement step. Due to the different algorithm used to solve
the extended model, there 1s an additional numerical parameter
11, which for this application must be greater than two according
to [34]. We set p equal to 2.01. There are also model parame-

Thus, Osher’s research group utilize the iterative formula (6.9), according to our

previous paper, they set

u = 2.01, it is only a pity larger than 2.

Large parameter 1/ (or 7) will lead a slow convergence. I
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ATk RE: mAUIENEEFREE- 006235 BI45iS

Bingsheng He, Xiaoming Yuan: On the optimal proximal parameter of an ADMM-

like splitting method for separable convex programming. Mathematical methods

in image processing and inverse problems, 139 — 163, Springer Proc. Math.
Stat., 360. Springer, Singapore, 2021.  Optimization Online 6235.

Our new assertion: In (6.7) For convex optimization prob-
lem (1.1) with three separable
e if 7 > 0.5, the method is still convergent; || objective functions, the param-

eters in the equivalent methods
(6.7) and (6.9) :

Equivalently in (6.9) : e 0.5is the threshold factor of
the parameter 7 in (6.7) !

e if 7 < 0.5, there is divergent example.

e if u > 1.5, the method is still convergent; ,
e 1.5is the threshold factor of

o if u < 1.9, there is divergent example. the parameter 1 in (6.9) !

7 FHASG—EZR IR PPAR L

KIBZDAEFR (1.2) B PPABIEEESKTUN (2.2) FRIFERE Q KRS R—NES X H #Y
SFRIEEREFE. XA, BAVIERXAVFERE Q1IEA H. ZREFZET, BATHFENRIAIR
IF@I) /vt Bp M = of, LFREEH, —KBla € [1.2,1.8].

INRILAVAKE (1.2) ISR TUN AKX I oF HE

o € Q, 0(u) —0(@F) + (w—F)TF@F) > (v - THW* — %), vYweQ,

(7.1a)
/\I:P
BBTB 4+ 681, 0 —BT
H = 0 pcTtc +61,, —-C7T 1, (7.1b)
2
—B —C 51m
HA g >0/ > 0MBEELRENATENESR. AT
BBTB +6I,, 0 —BT 0 0 0
H = 0 0 0 +10 pCctc+é6I1, -—-CT|,
1 1
—B 0 5Im 0 —C 31m
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SHEERIB > 0,6 > 0Ffv = (y,z,\) #0,
v" Ho = || /BBy - %AHQ +||vBe: - %/\H2 +5(Ilyll2 + 12112) > 0.

M HZ2IEER. BN ELAARIE (2.3) BRIFAER S oF T IRIBG—IESE,
EEm 2Ry, FEitt, B)8RY3LE AN SLIE R (7.1) TN, B (1.2) 1 F(w) BRIA
X, 7N HEFERBHERME oF = (3F, 5, \F) € Q, F5
(01(x) — 01(&°) + (z — M) {=AT X} >0, Vzex, (7.2a)
02(y) — 02(5") + (v — §°) " {=B"\* + BB B(7" — v*) +6(5" — ")

—BT(\* — X"} >0, Yyey, (7.2b)

03(z) — 03(2%) + (z — 25)T{—CTN\F + 50Tg(g: — z:) + 5(3% — 2F)
—C* (A" =X} >0, Vze Z, (7.2c)

N\

(AzF + BjP + CzF — b) i
\ —B(GF —yF) —CEF=2F)+(2/8) OWF=AF)=0. (7.29)

X, BTRRIZREE—E B2 (7.1) P F(0F). 38(7.2) MEAFE RS HkH

- 43

8 gk = (7F, 5%, 3F) € Q, 1518
(01(x) — 01(3%) + (z — ) T{—ATI*Y >0, Vzc X, (7.33)

O2(y) — 02(5°) + (y — §*)T{—BT (2A* — A\F)

+B8BTB(§* —y*)+ 6" —y*)} >0, Vyey, (730
03(2) — 03(ZF) + (z — 2F)TCT (23F — X\F)

+B8CTC(EF — 2P+ 6(3F -2} >0, Vze 2, (730
| (AZ" + ByF + C2F —b) + (2/8) OF = X\F) = 0. (7.3d)

MRS
i* = argmin{0; (z) — 2T ATXF + %BHAw + ByF + C2F —b||? |z € X}, (7.4)
RIBRAERIERE, B/ (7.4) WRAERHR TF e X,

01(z)—01 (") +(z—z") T {—AT N+ 1BAT (AZF + By +CzF —b)} > 0, Vz e X.
(7.5)
BENX
A= 2F — 1B(Az" + By* + C2F —b). (7.6)
15 (7.6) 1N (7.5), B R T (7.32). SE=F (7.6) X.F0(7.3d) 1. XK, BT Nk, EBIH

119

-44




2 (7.30) B3 7 FOHE (7.3¢) 0 2%, IRIBEA M RAVEIE, REH BBt

02(y) —yT BT[2)\F — NP
g min{ 2(y) — vy [ |+ y y}
SBlIC(z — 27)||2 + 36|z — 2|2

sBIBy — v + 36lly — v*|?
e z}
152, ZZ EFmA, 28 2, )\ (y, 2) IFEITE:
(" € argmin{0; () — 2T ATNF + iﬁHAw + ByF + C2F —b||? |z € X}, (7.7a)

F0
& . { 03(z) — zTC’T[ZS\k — )\k]—i—
argmin

A° = \F — B(AZF + By* + CzF —b), (7.70)

BBy — y®)|?

¢ g = argmin{Qz(y) —yTBT[20F — \F] + (
+15|ly — y*|I?

‘y € y}, (7.7¢)

3BlIC(z = 2|2

1
+30llz — 2°|?

N3
|

& argmin{Hg(z) —2TCT2XNF — \F) + ( ‘ z € Z}, (7.7d)

MASREE R (7.1) VFUN <. BTN BB FRIERE, FTHVIE R = 7T LR A it
M R AR LT FLRYARS AL IE1S 2.
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VI -1

1 pRASGEORELEENESAFN

p-ERA] oy E 1 [a) 5

min{ Ep: 91 (xz
1=1

The Lagrangian function is

)

p
ZAixi =b(or>b), x; € Xi}.

1=1

p p
L(z1,...,2p,A) = Y 0i(z:) = AT () Aiwi — b),
1=1 =1

which is definedon Q = [F_; & X A, where

A=<

.

\

%m, if Zle A;x; = b,

%T_f, if Zle A;xi > b.
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Let (z7,...,2,, A") € € be a saddle point of the Lagrangian function, then
Laea(xl, ... x5, A\) < L(z7, ..., 25, \") < Lg,ex, (T1, ..., Tp, \7).
The optimality condition of (1.1) can be written as the following VI:
w* € Q, 0(z)—0x")+ (w—w") Flw") >0, YweQ, (1.2a)
where
(o) (ot
| (1) |

w = : , T = |, Fw) = : : (1.2b)
— AL\

x) ) Ay

and
D

O(z) =) bi(z:), Q= ﬁ»@- x A.

1=1 1=1

Again, we denote by 2™ the solution set of the VI (1.2).

VI -

2 WRBFAREZEFINET

Let us consider the general separable convex optimization model
min {01 (z) + 02(y) | Az + By = b,z € X,y € V}. (2.1)
The augmented Lagrangian function is
Ls(z,y,\) = 61(x) + 02(y) — X\ (Az + By — b) + §||A:I: + By — b||?

Applied the classical ADMM [1, 2] to the problem (2.1):

ADMM for (2.1) From (y*, A*®) to (y*T1, AF+1)
(2"t e argmin{Ls(z,y", ) |z € X},
¢ Yyt e argmin{Ls(z" T, y, \*) |y € Y}, (2.2)
L AT = 0F B4R+ Byt —b).
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VI-5

lgnoring some constant terms in the objective functions of the corresponding subprob-
lems, we can rewrite the ADMM (2.2) as

(

2"t e argmin{6:(z) — 2T ATN + Z||Az + By* - b)||? |z € X}

01 (x) —xt AT\
3 k k k , |TEAX
+5||A(x — 2%) + (Az" + By"™ —b)||
:UEX}

01(z) — 2T AT[N* — B(Az* + By* — b))
+5) Az — 2F)||?
) yk—H c argmin{ez(y) — yTBT)\k + gHAazk’H + By — b)||2 | yc y}
+2|B(y — y*) + (Az**' + By* — b))
0s(y) — yT BTN — B(Az® + By* — b)) y c y}
_|_§||A(;U’“+1 — ")+ By — y")||?

)\k—l—l — )\k—ﬁ(A.I'k+1 i Byk—l—l . b)

= argmin{

= argmin{

= argmin{

= argmin{

(2.3)

VI-6

anRic
Aotz = \F B(Axz" + By" —b). (2.4a)

ADMM IE X T (2.3) FEAT A B A%,
(2" e argmin{6i(z) — 2TATN* 4+ 2| Az + By® —b)|? | z € X}

T AT k+2
O1(x) —x” A" A" 2 ‘ZCEX}

= argmin{
+5 1A — 2¥)|?

S € argmin{fa(y) — yT BTN* + 2 A 4 By — )| |y € V)

. 92(y) . yTBT)\k—l—% ‘ }
= argmln{ yey
+E2[ A T — 2%) + By — y")|?
)\k—l—l — )\k_B(Axk—i—l i Byk—l—l o b)
| = N B(Ast B ) 4 AGE - o) £ BB -

(2.4b)
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a s \ 1 ~ ~ K4 =N
B N =Ntz gh =gt gh =4t E TR

N = \F — B(Az" + By —b)

) @ e agmin 6i@) AT 4 JAG@ -2 e X}

02(y) — yT BT \F | ) c y}
+2]|A(F* — 2*) + B(y — y")|I?

Y S argmin{

EHA B(Az" + Byt —b) = Nk — Xk,
M= M _B(Ad® + Byt —b) + BA(" — ") + BB(Y" — )
= A (W = 3F) = BA(z® — %) — BB(YF — )
KIE

N A N | 0 0 [zF—3")

AN ) A B 1, ) \ WX

VI-8

2.1 ADMM with wider applications

Let us consider the general two-block separable convex optimization model
min {61 (x) + 62(y) | Ax + By =b(or > b),z € X,y € Y}. (26

The linear constraints can be a system of linear equations or linear inequalities.
We define

( R™, if Ax + By = b,
A =4

\ R, if Ax + By > b,

and denote the projection on A by Py [-]. For such special A, the projection on A

IS clear !

The only difference: ~ Prm(A) = A, Ppm(A) = max{\,0}.
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A Dual-Primal Extension of the ADMM for (2.6).
From (Az®, Byk, \¥) to (Azk 1, Byk+ Xet1): Find wF = (&F, %, \*) via

N = Py [)\k — B(A:Uk + ByF — b)],

{ ZF € argmin{0: (x) — e AT Nk 4 %ﬁHA(ZE —z®)||? |z € X},

| 9% € argmin{02(y) — yT BTAF + 38||A(E" — 2¥) + B(y — y*)|1 |y € V}.
(2.7)

FUM ST 8 Primal BR47, B4 Dual BB 47, Nt 7] AR SR
A Primal-Dual Extension of the ADMM for (2.6).

From (Az*, By* M) to (Axk+1, Byk+1 Net+1). Find wk = (2, g%, \F) via
r

zk € argmin{ 61 (z)— 2T ATNF + %6”14(% —zR))? |z € X},

¢ ¥ €argmin{Ba(y)— yT BTAF + 2 B||A(ZF — oF) + By — y")|1? |y € V},

| A= Py [\F — B(AzF + BjF —b)].

(2.8)

it = dual-primal, 1 & primal-dual 5%, 0] LA e] Z R (O) i B ST

Vi-10

% B o) @ (1.2) B DUAL-PRIMAL 7]  Prediction I

WNEBTER (Arah, Ao, - Apah, \F) BIFRMS o = (&), 35, , 25, M):
Prediction Step. With given (A1x%, Asxh, - Apxlh M), find 0" € Q:

.

M = AW — BT, Ayt —b)
% € argmin{0; (z1) — z? AT)\k §||A1(:131 — )| | z1 € X1}

Zk € argmin{0s(z2) — I AT Nk 4 gHAl(fﬁl — zf) + Ag(z2 — zh)||? | 22 € X2 };

I} € argming, ex, {0i(2:) — af ATAR + G 32771 Ay (2% — 2f) + Ai(as — 2)IP}:

S

\ 1; € argming cx, {Hp(xp)_ nggS‘k + §|| Z A (5’3 — L ) + Ap(zp — xk)“ }
(2.9)

TN Se 3T EEIRIG. S9SN RIRT = F o) &R —1gF K.
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%Z 0] @R (1.2) BY PRIMAL-DUAL Fi ] Prediction I

}‘Aé /:EE,J (A1x17A2:,U2,"' 7A ) EIJTﬁ:I/)\I]l XYY w (jl]?,j’jg,"‘ ,il;,j\k):
Prediction Step. With given (A1x%, Asxh, - Apxlh AF), find 0" € Q:
( &k ¢ argmin{ 61 (z1) — 1 ATAF + §||A1(:U1 — )| | z1 € X1}

Tk € argmin{0s(z2) — L AT A + §||A1(3~51 — k) + Ag(z2 — zh)||? | z2 € X2 };
{ #F cargming,cx, {0;(z;) — L ATAF + 5||zz 1 LA (@@ — k) 4+ Az — 28|12}

€ arg minxpexp{ep(f’/’p)— ngg)\k + g” 25;11 (57 k)"‘Ap(xp - xk)H };

N = Py (M — B(32E_ Ajzh — b)),

\ 71=1
(2.10)
TS IR BXHE. XA 9 BENRIRT = FolEE —iRF K.
VI-12
3 X H Primal-Dual 757 &% 7500 55 B4
Analysis for the P-D Prediction | ¥{15t%& (2.10) F = F[a]&
1—1
:}Ef € arg min{@i(azi) — a:;TFAzT)\k — g” Z A;j (:’fzéC — az";) + Aj(x; — a:f)||2|xz € Xi}.
j=1
REHMMES IR SHEMEGRE 2F e X M0
j=1
EALIRERK 28 € X; MM EW =, € X; B
0i (i) — 05 () + (ws —&5) T{—ATN + BAT (> A; (@5 —a)) + AT\ = AF)} > 0.
=1
! (3.1a)

TMEIHBERS A = PA[AF — (30, Ak —b)], FHER

71=1

~

A = argminf{||A — [X\¥ — B(XF_, 4;3% —b)]||*| X € A}
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mINMEFREHR

e, A=X)T{(3Zh_ 428 —b) +

(AF —XF)} >0, VA€ A.  (3.1b)

1
J=1 6}

where

Summating (3.1a) and (3.1b), for the predictor Wk generated by (2.10), we have wk € Q,

0(z) — 0(Z%) + (w — W°)TF (@) > (w — 0®)TQ (W — w¥), Yw e Q, (3.2a)

[ BAT Ay 0 0 AT )
BATA, pATA, . E AT
3.2b
. 0 . (9:20)
BATA, BATA, ... BATA, AT
1
\ 0 (R R

VI-13

3.1 TERBMTRIFNERE

The optimization problem (1.1) has been translated to VI (1.2), namely,

w* € Q, 0(z) —0(z*) + (w—w)'F(w*) >0, YweN.

For the easy analysis, we need to denote the following notations:

(\/BAl

0

Lo

0 0 ) (\/BANH\
VBAs VBA2x2
, z=Pw=
VBA, 0 VBApTy
0 (ANB)Im) \ (IAV/B)A )
(3.3)

Accordingly, we define

and

Z:{z\z:Pw,weﬂ},

Z* = {z*| z* = Pw*, w* € Q*}.
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Using the notation P in (3.3), for the matrix () in (3.2b), we have

(L 0 - 0 In)
O e
Q=P'QP, where Q= ' 0 ' (3.4)
Iy Iy - Ip Iy
\ 0 0 - 0 I.)
Thus, for the right hand side of (3.2a), we have
(w— ") Q" —u®) = (w—a")"PTOPW" —a")
= (z—232"T9(:" - 5").
Then, it follows from (3.2) that we have the following VI for the P-D prediction:
w* e Q, 0(z)—0(E") + (w— ") F(a")
> (z — 27 0(z" — %), Ywe Q. (3.5)

where Q is given in (3.4).

VI-15

3.2 TENMTHNELE—IESR

Prediction-Correction Framework for VI (1.2).
1. (Prediction Step) With given w” and z¥ = Pw"”, find w* € Q such that

W* e Q, 0(x) — 0(F%) + (w — W) T F (")
> (2 —

2 —ZTQ(F — 28, Yw e Q, (3.6a)

with @ € RPTLMX(p+1)m anq the matrix Q1 + Q is positive definite.

2. (Correction Step) With the predictor w* by (3.6a) and 2¥ = Pw", the new
iterate z* 11 is updated by

L= R M(2F = FF), (3.6b)

where M € RETLmMX(p+1)m g 5 non-gingular matrix.

VI-16
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VI-17

EIR 1 For the matrices Q and M in the algorithm (3.6), if there is a positive
definite matrix H € REPTImX(P+)m gych that

HM = 0O (3.7a)

and

G:=0"+Q—- MTHM 0, (3.7b)

then we have

|5 =2ty <2 =2t llg — 17 = 28IG, Vere 2t 38

Proof. Setting w in (3.6a) as any fixed w* € £2*, and using

(0" —w*) " F(a") = (0° — w")" F(w"),

(F — 2T Q(F — %) > 9(a%) —0(u*) + (0F —w*) T F(w*), Yw* € Q*.

VI-18

The right-hand side of the last inequality is non-negative. Thus, we have
(28 — 29T Q2% — 2F) > (28 — M) Q2% — 3F), Vz*eZ*. (3.9

Then, by simple manipulations, we obtain

k+1 2
=2y

OB 1R = 22, — (IR = ) — M(F - )|,
Y 2(h — )T — ) — MG - )y

k * 12
127 = 27|y — ||

> o(h - TQ(F — ) — M - 2|3,
— ("= TQT + Q) — MTHM|(Z* — 5¥)

The assertion of this theorem is proved. []

We call (3.7) the convergence conditions for the algorithm framework (3.6).

The inequality (3.8) is the key for the convergence proofs, for details, see [9]
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4 EF Primal-Dual 7l B9 %3 1E /5 3%

For given Q which satisfies Q1 + Q = 0, we chose D and G, such that

D-=0, G»=0, D+¢G=0"+0.

Then, the correction matrix M in (3.6b) is given by

M=0 'D.

EFETEREN 0 < D, WiE MAHEHH! TEENBLEIZL F “9E” Lk M

First, we give some correction examples which satisfy conditions (3.7) in Theorem 1.

In order to simplify the notations to be used, we define the following p X p block matrices:
(]m o --. ()\ ([m o .- 0\

Im I, 0 Im -

0 0

\];n I ]m) \() o0 ]m)

We also define the 1 X p block matrix

5T=(Im I - Im). (4.2)

VI-19

Using the notations (4.1)-(4.2), the matrix Q in (3.4) has the form

L € - T+EET ¢
Q = and Q° + Q= . (43
0 In gL 21,

In order to construct a convergent algorithm, we need only to give the matrices M and H

and to verify the convergence conditions (3.7)

By setting

M = : (4.4)

For the above matrices Q and M, the remaining tasks is to find a positive definite matrix

‘H., such that the convergence conditions (3.7)are satisfied.

(4.4) PRI M ZFAVE[S] H =7 LHKAY.
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How to improvise a correction matrix M ? | EHR HM = Q,

H=0OoM L

BRAE— "RTI=A%EE" MiEWEMEFAVE? E9R T = ARV B
R T =A%k, & M BIERERER A

[V X 0
Y I, |

H = OM ™1 MiZZXTFREERE

;) L & X 0 LX+EY €
H=0OM ! = = . (45)
0 Inm Y I Y In

EAHBY =ETfMX =517, § BE—MFENIEENEFE. Frd
S=12T ¢ £-Ts 0
ML= HE M= .
( eT I, ) ( ~_ETr-Ts 1, )

e ET TR RIS = vIFATLAT, FANREES T H.

VI -22

T T cr 0 £-TSs 0
MHM = Q' M =
ET I, —ETL=TS I
EShs
L+ & T+e&ET &
Q' +9= =
et Im, ET 21,
S =v meeE o' + Q- MTHM = 0.

LY =T, X =S"12T f1 S =vZ R\ (4.5), #B

N LX+EY € 2oLt 4 e €
B Y Im | eT I |
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|3 1 For the matrices Q and M given by (4.3) and (4.4), respectively, the matrix

et +eEt €
H = with v € (0,1) (4.6)
et I,
is positive definite, and it satisfies HM = Q.
Proof. It is easy to check the positive definiteness of 7{. In addition, for the block matrix O

in (3.4), we have

1oLt + et € vt 0
HM =
et L, et I,
L £
0 In
The assertions of this lemma are proved. []

EEEHRAMIN, EBEBEQ + Q- M HM - 0? TEERE—T.

VI-24

|3 2 Let O, M and H be defined in (3.4), (4.4) and (4.6), respectively. Then the matrix
G:=(Q"+9) - M"HM (4.7)

is positive definite.

Proof. By elementary matrix multiplications, we know that

- - £t o vt 0 vI 0
ET 1. )\ —vETL T T, 0o I,

Then, it follows from £1 + £ =T 4+ EET (see (4.1)-(4.2) ) that

G = (Q"+Q)— MTHM
[ L+ L € vI 0\ [ A-v)I+eEE" €
gT 21, 0o I, gr I'm

Thus, the matrix G is positive definite for any v € (0, 1). []
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Finally, correction step can be written

k+1 k ko~
=2 - M2 - %

(4.8)

Lemma 1 and Lemma 2 have verified the convergence conditions (3.7) and thus the key

convergence inequality (3.8) holds. The algorithm (2.10) & (4.8) is convergent.

VI -25

Recall the respective definitions £ and £ in (4.1) and (4.2). We have

[ In —In 0

0 )

[;—T _ 0 Im 0
5 o
\ 0 0 Im /
and
=1 = (Im 0 0) ,
VI- 26
Thus
/Vlm —vim 0 0 \
0 Vi :
M= o 0 - 4.9
o\ —wETT I, | ol 0 (4.9)
0 0 vim 0
\~vIm O 0 Im}
By a manipulation, we have
/A1x’1f+1\ /Alaj]f\ /VIm —vl,, O 0 \(Alivlf —Alffjlf
A2$]§+1 A2$§ 0 v, 0 AQQBS — A2j372€
| - : —vim
k1 )
\Apafp+ ) \Apﬂ?];) \ 0 0 vig, / \Apx’; — Apx];
(4.10)
and
AL = AR L up(Aral — Arah). (4.11)
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RIEFEER TEEBRRN BRELANSTRERZE:

(Alxlfﬂ\ (Alx’f\ (Im —I, O 0 \ (Alzclf —Ali“lf\

Agxitt Aoxh o I, . 0 Aoz — AoTh
= — UV )
: : —Im
KApxlzijl) \Apm];) K o - 0 In ) \Apx]; - Apf;)
(4.12)
AL = 2R —pB(Arah — A ER) + (O = X))
= N+ up(Azh — A13Y). (4.13)

VI -28

5 More Choices based on the predictions

RE o' B8, MEREEME MNFEHIH! SIEESHM.

The matrix Q in (3.4) has the form

L €& - T+EET &
Q = and thus Q" + 0 =
0 I, g 21,

To further analyze the correction steps associated with the correction matrix M,
let us take a closer look at the matrix Q_T.

According to the primal-dual prediction (2.10), the matrix Q in (3.4), we have

—1
. £ 0 T 0
T I, —£TLT
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and
(I, —In O 0 )
e\ 0 I,
_ETeT o, | ~lm 0
0 -~ 0 I, 0
T O - 0 I,/

The calculation M = Q1D is essentially very easy for different D |

VI - 30

Since
- T+EET €
Q° +Q= :
L 21,
it can be decomposed as
- vZ 0 (1—-v)Z+EET €&
Q"+ 9= +
0 I, gl I,

The both matrices in the right hand side are positive definite. If we chose

vZ 0 (1—-v)ZT+&EY €
D = andthus G = ,
0o I, T I,

it is just the correction in Section §4.
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Conversely, we can also choose

(1—-v)Z+EET & vl 0
D = andthus ¢ =
Er I, 0 I,

and thus get the another correction method.

There are many positive definite decompositions of QT + @, for example,

. (1—v)Z 0 VT + EET E
Q" + 0= +
0 (1 —v)l, T (14 v)ly,

and

Q'+ Q0=D+G=0a(Q"+Q)+(1 -a)(Q' +Q9), ac(0,1).

X ZF Dual-Primal TR0 75 7%, BIUEE B 2 ZAWERKIERER M.

VI - 32

X—R R Z RO 3 B MR A, AR A FIE
ZE TN BYFIN- 132 1E /5 3%. 2 F Primal-Dual 1 Dual-Primal B8 Gauss B 50, 4 5]
152 500 %6 fE

(BATA, 0 0 AT

BATA, BATA, . 5 AT
Qpp = 0

BATAy - BATA,_, BATA, AT
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3% (3.12), (3.13) IE—iE, FIAB (w° — o) T (F (@) — F(w* 1)) = 0, 53
(" =T - - (" = >0
xt_EF Ak
{(F =) — (T =T of(e" — &) — (€ -y
HAMA ¢ = 2¢7(Q" + Q)¢, HANZE
(6" =T o{(e" = &) — (" =)}
> I~ 8 — (€ - )20
FHEREHFE QO = HMFREALAT (3.6), m5E] (3.11).
@, HZOEESR (a2 — b))%, = 20" H(a —b) — |la—b||%, FB
a= (" - b= (M - M), 17E
g™ — M5 — 11657 — €772 I15
= 208" —"HTH{(E" - = (M M)
—[[(&" = ") — (" ="
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FA @) BB®R LLEFAARNE—I, F2
S S 7R T S
> (6" = &%) — (" =" D)Ifary 0
—I(€" =" = (" ="l (3.14)
RARRIEAT (3.6) B LR AiHESE
1" —€F) — (6" =" D{ar o) — I(E7 =€) — (€57 = ")
— ||(f]\C — gk) — (§k+1 - gk+1)‘|?QT+Q—MT’HM)'

BT (QT + Q) - MTHM =G = 0, 3.14) HimdEs, FBEWHIE O

=R (3.9) 70 (3.10) it AR, TEEMR THI X PPA B L EH B &1 PPA B %
BYMERR (1.4) %0 (1.5).

T X 48k 2 B A (Generalized PPA)H, BZIEEPE M 28 (3.2) F R FH NI %E
fE QME—FRERY. 2NR (3.2) A O B FREY, IRIBFEXBIE N, IRIEFEEA

M=3I+Q77Q) & M=3(T+9"9Q), (3.15)
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M BN, BAMSRIER M FIER AR, ERFIINEF (1.4)-(1.5) X
KMRMEE AT XBEREE.

4 HFH—KIENT X PPAE L

BI— TR E, FUNA~ER Q RBER— 1B S KRS —1 T XXk
—REFERYAL. BAIXT X AR B BTN, /T X B R FIENRIE AT

4.1 Primal-Dual 78 X PPA &%

E N2 B E—3FF A Primal-Dual T 45 £ /Y, FN1B 2240 (3.2) I 43 4~
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ZF3, Hep
(Im 0 0 Im\
I, I. . . I,
Qpp = | S - (4.1)
I Inm Im  Inm
\0 0 0 In)

MAB—HEHI L, £ Ba

Q—Eg (4.2)
PD o 1. ] -

1 _
Mpp = 9 (IP+1 + QPDT QPD)’

BAEREE—T 0570, FE3

o _ £ 0 - T _ L 0
P e I wp _ETp-T I

BT

Vil - 16

T

. B T o0\ (L €
%0 Qo = _grpr 0 I
£Tr LT
— (4.3)
_ETLTL I, —ETLTE

SBIE 05T 0., KIPUIR. FH
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}FE OO, LR,
(I, ~Im 0 0\ (In © 0\
PR (U 0 Im I 3
- — I E 0
\ 0 0 Im ) \Im In I
(0 —In 0 0 )
= - ¥ (4.4)
0 0  —Inm
\ I Im I
VIl - 18
FERE O Opp, ALAR,
(Lo <L 0 0\ (1, [0)
e |0 Im 0 If _ | (4.5
' . I, ; 0
0 0 In ) \In) \In/
SR Q5T 0, KAk, FIF (4.4), 52
(0 ~I, 0 0 )
T = (1,1, 1) ] a0
( o 0
\7nn  Tn I, |
= (<2m 0 - 0). (4.6)
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¥ Opp Opp AT AR,

PN

[0 —I, 0 0\
0
I, 0 0 0)
VII - 20
= E 152
(I, —I. O 0 )
. 0 | .
Mpp = 5(Tot1+ Qop Qep) =5 | 0 0 I, I, 0| ®9
I, I, 2@ Inm
\~Im 0 -+ 0 In)
FIRAI— AR, KA (4.9) FHIFERE My, BIKZIE (3.6) AT AT BFMNHY
(At (A (In —Tn 0 -0\ [k - A
AQQZ‘I;—'_l AQQZ‘I; 0 : AQQSS — AQZT?S
. 1 |
: = 5| 0 0 I, -I. O
Apxpt! Apxp I o Im 2@n 5Im || Aprp — Apy
R A O A e I A AN U
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4.2 Dual-Primal M9 X PPA Bk

1% FUM BT B BT —13F B9 Dual-Primall 045 H BY. (1152240 (3.2) I 0 A
Z, H

[ In 0o - 0 0 \
Im I, ' 0
QDP = 0 . (4.11)
I  Inm Im O
I —In I I )
FAIES L, € B
O p = ( £ O) . (4.12)
~&r I,
AT
Mpp = %(Z+ QEPTQDP)'
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HMNEREZ—T O, . O p. FEE

£t —& c~t rc7te

0o I, 0 I
IE=]
0-To  — A L 0 B cte—rc-tegt 1¢
o 0 I, J\=-&'" I, —&r 1. |

(4.13)

DATESRIERE O 2 O p FHITUHE. M (4.4)F1(45) HRITEEET
(0 —In 0 0 ) [0 )

. 0 E

o --- 0 —I 0

\7nn - In Imm) \ I |
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=itk (4.13) W E ERBE 5

e rtee”

[0
LhL - |
0
Ly
(0 —In O
0 0
\ 0 0
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%60 O-T 0, B LBERSY, L~ TE 1 (4.5)hEZE T K. Bl

rp Opp

(LZTL _[-TggT p-Tg

162

_&T
[0 —I. 0
0 0
0O ... 0
\_]m

[m
0°)

—In O
0 In

|

I, In )

(4.14)
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& fa, FA 152

(Im I, O 0 \
.
1 . 1
MDP:§(I+ Opp QDP):§ o =1, 0 - (419)
0o - 0 I, In
\I, - In In 2In)
FHHENBT %, A (4.15) PFRIFERE M, BIRIE (3.6) AT LAE BFMNHY
(k™) (A (Im Dm0 00\ fAyak - Ayah)
Agx;““ Asxh 0 ' ' ' : Aoy — Aok
| 1
: — D) —I, O
Apxp ™! Ayt 0 e 0 I, %[m Apxl — ApTh
\ A ) \N ) e, L, o 8L, 21, )\ N =R

(4.16)
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%)

5 ETHTHRIEMI X PPARK

BN §T AR R, UM~ E R QR — B HKEIERES —1T X
TR_ZEFERIFN. T~ X PPARIRRIESE 2 = TR ERY. Fitt, I~ XL R EIA
RERFFNIER: O 45 HHN AIRIEREFE M.

5.1 Primal-Dual FiMa9 X PPA Bk

WU 2B 7S §7.1 AR 777 #FAY Primal-Dual 70 25t BY, {11522
NGB MTZAFN, EF I 0FKii1ER Qpp .

( I, O 0 I \
I, I I
L £
Opp = 0 = (gT g[m> (5.1)
I, I, L Im
\ I, I Im 51/
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HMNESRH |

M = §Q1;g(QIZD + QPD)?

EHREAH ST MR, BB §7. 198 (7.14) R

o 2 (LTTEETLTT —L7Tg =T 0
D3\ _gTp-T I Lo o)

o [L7TEET LT —L7TE N "0 C
=y Im 0 O R

3
(£T€8T£T£ £ TeeT [TeETLTE - g£T5>

o

QISDT QPD — {
2
3

—ETLTL 4 ET -
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IR IERE P
1 1 1

Mpp = §Q_DT(QIZD + QPD) — gBPD + §CPD7 (5.2)

T

Lrtegt =1 - ~1eet E_TSETE_Tg——%E_Tg
Bpp = (5.3)
_Ef 4 gt _Efrte 4+ %Im

I+L'c £
0 I

AR EXEME By FITUSR. FIA (B2 R BN §7.175)

[0 (I 0 o 0]

\Im) K[m I, ]m)
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eE
[0 0 0\ (Im O -
LTeeTL T = I
0 0 0 } 0
\Im 0 0) \In I Im )
(0 0 o
o o 0
\Im 0 - 0
il
(0 0 - 0)
creet = :
0 0 0
\In In - In)

Vil - 30

LGP By, B9 (1,1) 3R

creet e —Tee” =

XeBE Bpp HY(1,2) 3R

LTeET L Te — gﬁ_TS - |-

N | Ot
|
|
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%E/E Bop B (2,1) 3R
(10 0 0
L Inm '
et -&tc'c = & —(Im, 0,...,0) |
: 0
\ Im In I
= (0, Im, ..., Im)
5 T o—T _§
SAm —ELTNE = ST,
VIl - 32
T
[0 o0 0 0 )
Bpp = 0 0 0 0 (5.5)
0 —In I =21,
\ 0 Inm Im 2L, )
F A
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1S3
(I ~In 0 0 0)
o[ TreTe e o ’
PD 0 I 0 0 L, —-I,, O
I, L, 2L, In
\ 0 0 Inm |
(5.6)
VIl - 34

BT (5.5) %0 (5.6), B IEXEPE

Mpp = éPDJ’_%CPD
[0 0 0 0 )
| .
= 3]0 0 0 0
0 —Im I —32I,
\ 0 In Im  3In

|0 0
T3 0 0 L, —I. 0
I, Iy 2@m  Im

RN EIFEE 2.
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5.2 Dual-Primal FiMa9 X PPA Bk

7N §7.2 AR RV 75 5% P AYDual-Primal TN 25 /Y, F 1158240 (3.2) BY
TRAFEN, EF 0 FA1iER 9.

( I, 0 0 _ m\
Ip  Im 1 —In . .
QDP = ' - : = . (5.7)
: "L : T 5
: 0 : —& >Im
.[m .[m c Im _.[m
\_Im _Im c e _Im glm)

BESR S |
M= 053 (Qh, + ),

BRESL O, BN, BHEARWET. 2T HAN(7.21)

I L2 £TeeTr-T r-Tg
il o of 3 7T I, |
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c-regtcot Lre N =" 0 L =€
erct Im 0 0 & 2,

2
3
(ET&‘ZTETﬁ —LTEET  —LTEETLTE + gLTg)

=2

QEE QDP — {
2
3

ETLTL—ET T Te + 20,
L —LTE
+ .
0 0
(=l e IE 3B F%
1 1 |
/\EI]
g [LTEETETL oL TeeT o TeeTe e 3T
o ETL T — &7 _ETLTe 4 20, |
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A0
<I+£T£ £T<€>
Cop = . (5.10)
0 I,
1% (5.9) R (5.3) L3R, FIFH (5.5), B
(0 0 -~ 0 0 )
Bpp = 0 0 0 0 (5.11)
0 —1I,, ~In 321,
\0 —1In —Im  31n)
VII - 38
1% (5.10) BR (5.4) k%, #IFH (5.6), B
T+ T —£77¢
CDP —
0 I,
(I —I. 0 0 0 )
0 ' 0
= 0 0 I, —In 0 (5.12)
I, I, 2I. —1I,.
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E7T (5.11)F1(5.12), KIEXEPE

1 1
MDP — g DP‘|‘§CDP

(0 0 -~ 0 0 )

1
= 3]0 o0 0 0
0 —I, Iy 2
\ 0 —In I 3l
(I ~In 0 0 0 )
oo
510 o I, —-I, O
Im Im 2L, —I,

2N AEE B 2 Y.
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6 Conclusions

o RHNEAMEFERN—ITEER “BEOMILN S RNAEEE- BT VI A1 PPA
RKEE , RIENET AN FABEN THPPARE, XEHRARAE(14]. FBkRX
87 —Le A S g FUM AR P T B RS AR IE ERBRERY /5 E (1, 3], B3EFA12021 &£
IR RS E FERYIET AR BA B3k FIA [17]. AR BATRIRXEM G EAREE
#l B PPA - (Customized PPA).

o XTFUMAERE Q AIEXTFREVFM-FIE 53X, FI A & —HEZRHIE FSUEBA S, & 47
H I 7E Fr FN R BERA (Xiaoming Yuan) 2012 £ SIAM BUE S ATRSCE [13] &, BEFA]
EIFEI—LiR3L[8, 10, 11, 16], BAXNERIEFAULE . REAEAGE—IELR, &
ARARKEFTIEY L, AR EFK 2013 FRFRAH], UEER R HIMEIRE “i#
SIIRE” X AR E B PPT A,

o F—RAEENLMMBRBEIXNMAE—IER, 27 2016 F (SRITEBFFR) A
AP LE (4] F. 2018 FHRA(EBEFZF M) NEGREXE “FMkFXEHE
& 20 7 [5] i, FAT& RV IEER AT LA X MESR AR & S tiE PRI S L. 2
S AR R IR —EZR B R AR ERRA 2018 £-7E COAP RIS E [15].

o M201SEF IR HREBCHIRSTMLX[7]H, R HHGE—IEREWEEELETE
T RIRWEEHZE “E” . IR B E R TN REfE Q & L iH B IS S RIRIEFE
B M. {DLF45 AN —FhHE LA RO FFb B .
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o 2022 FH)IAERIDAMIREETA AL X AR EIRE, 155K 3 X AEFRAFEAR M
% P&, BHFEK, 52 —LH, ZER TEM R STREE.

o WNIMFUNEREFZEE QT +Q - 0k, RITEFHHM = Q, B
H=QM 1.

B % H 2 IERSERE, AR, M ERXNES, H B ERT Q. BELABANEE
F QT thiglk— N5 E BN, AR AN ERERR D, MIE

H=QD 'Q".
tbis @A, #1188 M~ =D~ 1QT, At
M=Q Th.

XA ERATABAE 10 FRIRAIE. LEHEEZRIEFER D MiZ2 MR BEER.
o Ett, HANENHER M D EFHEARMH 4 HE—TWSMEFMFH MTHM,
MTHM = (DQ™ 1Y) (@D~ Q") (Q ' D) = D.
EXELH TR 2018 M MW S PIRH X, R B ERIHE—D.
e FIRERFG=QT +Q - MTHM > 0, IMFEWIEEIEN D AEEHRTE
0<D<Q"+Q (AR 0<G=QT+Q-D)
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FATLT . BARIX — 4%, 1535 T 9 2022 SERURAERAITA (& T), M 70 sh ALK (%
EyubhR, REIRNEZ, FHEERHFE.

o THik TiHE LR FHBIZER D LUS, IRIEFAER Q 1 D, $X AR FFEME H F1 M £15
HM=Q % MV'HM =D,
ENWBRMIER T .
o XHER M 1 H: AILUBIE K #E T ERZEREHFI22H 153,
HM = Q, HM = Q, H = QD 'Q7,
{MTHM = D. = {QTM = D. = {M = QTD.
o EFEAERHEFHIEN D (XIFEES) MEIPENRERZE BN,
D=a[Q" +Q], a€(0,1).
o BI—URYTTE, XM —MRE M RO ILIBIRE, SR A primal-dual T, (o] B4 5K #

2 ADMM EBZENER]. BHNFZN QT HAEEHR. Z2H). EFEM
MR IE. AT ERE, WIEERRD, N A 555 !

o FAVHFAIER “FUN-KIE”, LEEZHRMAMRNDBIRE. EHNZERIRK, 255
RIRIE. IR E—MIRIE, SAMEERAR ! ZERFFUN, FFR T @)@ X
E; £ REAKIE, #LIE T U7 HE.
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o FIUM-#XIE 75 AR AT LA FH S sk iR N AR BV (0] R, X AT AR SRR R A F X LR AT (0]
A& A N —RENEE SR AT 53 S/, BRSNS IR £ % —.

o EASEEI MEEASASEMME? MEHADMMIBRAIMRAITEINFRLAR
ML EBlRE, FANTA R —HERIN TR IERMRZ B B AR KER, 5 AR
B9 ADMM R EBEL S, KX B R Z R

e Question A. In the prediction step, how to arrange a “good” prediction matrix whose matrix O
satisfies

Q'+ 01T

e Question B  For the given prediction matrix O, what are the criteria for choosing matrix D
which satisfies

0<D=<9"+0.
o X—iFMBHI X PPAELE, ZEI TN — TR, XA ERITONAER Q, BY
D=23QT+Q), ™M ot =u"—Q TDw"-"),
ST {0F )} BE (R H = QD1QT)
L g [ e [k i

F0

k+1 k+22 k k+12
||’UJr — ot ||H§H’U — vt ||H-
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AR 2 RBATERERETEME T —EHBENE X B RERN T EV?

B ToRERMMESELARRIINEETR. A —AXTHEMRKHNE, #5%
EEIRETHTER V), AR SRENBINESE L (PPA), REZ M AR
o) @RISR A& BA H 3k F7£ (ALM) 23T \ B PPARE.

o FHANBLMARMMEIKBIIMEERB— N FNNEBE B FT S IEFER, AFR
AT AT P AFRNE PPARE, 1118 T PPA BRI S M JR.

o THAFXNMWPPATRIZXNE—X, BT AET B4, SRR —LE R

NG R AFN, KX L NPT o AFN, X LUEIE K #HE N B o]
RRSEE.

o FRINNETET VIBIFUN-#IE ARG —HESR, BEr] LU BRI IEE AR
S, XA E “REiT” kB oBEOMm e EE ImERINS AN
[E]AYIZ 4E.

o X MiZR#EEOERILIN, BEZE ADMM, EHEMSth T H ALM, X T 3kF A
B9 PPA E %, [EIBT AT LASEE, SkERLL M AR LIEE, ALM 2N E =S T
FE.

RN ARSZNSERAKBU S, SHHAEE, AXSRNIEHITELE.
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T AFNIER TSR
LR o R TR

VIIL W B AR AT L el B R B R T

S EIERR LEMHSNE

BBNAFHF —REDULRIE

] £ FERKEBFER
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Vil - 2

1 5|5

RO D B GEE EZN G —HELR, IR RS R R AT A F NS
W4 EA[1,3,4,5,6,9,10, 11, 14| BEZYNE R THOAER EHHA T &0
H=xTH AEERFNITEHESEE ZHMNA.

®QCRB—NMNESHMNE, F E R — R f—/ ST RMNEFBERPFTHSAER

VIQ,F) uw e, (u—u)TFw")>0 Yue (1.1)
IR ToAFR(11) Bif, BEEFHEF FREE
(uw — ) (F(u) — F(v)) >0, Yu,veR"(FE Q). (1.2)

XERNREET F A LRIFE MR, Bl TROMILERTRNT S A SN P75
BT F, HPhR R EME R FREM, B&MR

(u— )T (F(u) — F(v)) >0, Yu,veR"(ZH Q).

ATABRXA, FX—HIITIE S, TATEBEMAROMNLCBRERSKRNTE T F
RNMARELETAFN, ERA () WNESAFAMAZRET S AF.
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EEMEHEREE—RKHERNESAFA
EFE—uT, Filmndie L iERE
min{ f(x) | x € Q}. (1.3)

ERRMMEFG
z*eQ, (x—z")IVf(z*) >0, Vxe

HQ =R B BB TIRESHELERNEDTAFN
z* >0, (x—z)TVf(z*)>0, Vz>O0.
K F &R = R N—PMET. EHEMR R} EBoAFRARN—RENAZ

VIR, IF) x>0, (' —2)'F(z)>0, Va' >0. (1.4)

LB R ERMUIBR S FZEAF—RREZNEE. EWRFRINZ

(NCP) r>0, IF(x)>0, z IF(x)=0. (1.5)

Lk NCPEQ = %7 H—XTHRER.

Vill - 4

1 EGEMREERT S AF (1.4) FIE M) (1.5) 2FMNEY.

HERR NR x 2 E4Ma)RRE (1.5) AR, BB x > 0l F(x) > 0. W FEEM 2’ > 0
o' 'F(z) >0 XEzTF(z) =0, FTAB

>0, (' —2)TF(2)=2"F(z)—2TF(z) >0, Vz' >0.
Rz B VI(RY, F) (1.4) -9—/ M.
AR, MRz 2 VI(RY, F)(1.4)BI— N, M 2 > 0. F 2’ =2z Fz’ = 0K
(2" —x)' F(x) >0,
BR LT F(x) >0 FHitk 27 F(x) = 0.

FIERA = REAMAIEE (1.5) (98, AR F () > 0 REIERR, 3R A KIEE. 40
R F(z) FIRDDE I () <0, HATE', 45

Li = . :
x;+1, ife=7

X 2 >0.18 (2 —2)TF(x) = Fj(z) < 0, X5 2 Z2VI(RY, F) (1.4) T E.

B, 75 Q = R7 B, AMORKETE (1.3 S— P EANTEZH.
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ZHBIRTHAFANRPWHET Z L —MFIUN-KRIEG A RHTESAFAER
TR AR E At A Mt LR AT UL iR R KRR i 7 — L AR
X—HRIABTRAFL,

o BEANMAZHNBRFTNAFAREFNIREHIE

o ZHTHNAFNIFWHRE ZMOM 57 Z AR E A I

o ZHMTHRAFNIRPWH B AZMOMN T FN AT E PRI FUNEE

o MW BEATHNFEE T RMPBIKT A

o MEWHEAERBIBEOMKLHNA

Vill - 6

2 ESEITAFAN—EERMNR

BREWREELZTNERACEENITEERE 2 H R LRRE.

2.1 BEZHERMR
A Po() BREMKER TENE QO LSS, 2Bt

Po (v) = Argmin{||lu — v|| |u € Q}.
R Q =R} (- ERIAEREMNR), A Po(v) HEITTER

(PQ(’U))J'Z{ vy 1=

0, otherwise.

IR Q 2 n-HEFEPLL c ABODFERE R r BEK, B4

r(v—c) : .
—F +c, if ||lv—c|l > r;
Poe) { e v —cl

v, otherwise.

Eloo M REXTH “BABK” RN TNERR:
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A v A
PB (’U)
(7
Pp (u)
-
B
Fig. 1. Projection on B Fig. 2. Projection on B1

B, &A1

i = Polu — IF(u)].

SIEE1 " Q C R" RAICE, NA
(v — Po(v))1(u— Pa(v)) <0 Youe R™Yuc. (2.1)

Vil - 8

S

u — Po(v)

Pq(v)

\ Q v — Pq(v) -

AFN(2.1) B LT RRE.

HERA. B, RIE Po(v) IEN, B
v — Po()|| < |lv—wl||, Yw e Q. (2.2)

FEEHEERN v e R, E#B Po(v) € QBT Q C R 2HOE, NXHEERN v e Q
AMoe(0,1) 8B

w:=0u+ (1 —0)Pqo(v) = Po(v) + 0(u— Pqo(v)) € Q.
XA w, FA (2.2), B

lv = Pa(v)|I* < [lv — Pa(v) — 0(u — Po(v))|*.
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¥ ERXBIF, SMEENwec QMO c(0,1), #A

[v — Po(v)]" [u — Pa(v)] < g\lu — Po(v)|*.

%0 — 0y, 53BRNEIE O

ERFEHREEN ST, AFN 1) 2— 1M EEERANERTIR. RNELMmiRZ
AREETFHNITEAFN HE1), EFZIERATERSEE

513 2 & Q C R" @HOEK A

[1Po(v) = Po(u)| < [lv—wull, Vu,veR". (2.3)
|Po(v) —ul| < |[lv—ul, VYveR" uell. (2.4)
|Pa(v) —ul|® < ||lv—ul|* = ||jv — Pq(@)||?, Yv € R™,u € Q. (2.5)

FAHEX L MERRE R 1%EE B CXUERR.

22 THAFAFNMHREZFIE

WEDAFN (1.1) WEE QO FF=. B o* RER—MRENES. XHEERI 8 > 0,
TR AFAENTIRERIE

Vill - 10

ue QN & u= Pylu— GIF(u).
_ut = BIF(u”)

IF(u*) u*|Polu™ — B]F(u*)r
M J

uw* BVIQ, F) BBENT v = Pou* — BIF(u*)] BYJLITHER

ME 2, KEZEDAFAFLUALE 3K
e(u, 8) :=u— Polu — BIF(u)] (2.6)

H— AT o, BERS A HIER. Eik, SHEN 8 > 0, ||e(u, 8)|| THBE—H
REMEREY. BT HE BOVEEE e(u, 1) B e(w).

EE2 % B>0 v 2 VIQ,F)W@EIENEe(u*, B) =0.
WERR. IR EM. B o B VI(Q, F) B, N w* € Q. AT Q ¢ R™ 2FAGOE, 7
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H@21) =2
(v— PQ(U))T(u* — Pq(v)) <0, YveR"

ERBE v = u* — BF(u*), WE (e(u*, 8) — BF(u*)) " e(u*, 8) <0, B
le(u®, B)|I7 < Be(u*, B)" F(u*). (2.7)
S5—FHE, BT Pou* — F(u*)] € Q MA v* BLERAFRNAIME, RIEA.1) TTLLUEE
{Polu* — BF(u*)] — u*}' F(u*) >0,

B
e(u*, B) IF(u*) < 0. (2.8)

BAER (2.7)F (2.8) A 5e(u*, B) = 0.
BIER M. v = u* — BF(uw*), FIA (2.1) 1 e(u*, ) BIFTRIEN, B
{e(u™,B) — BF(U*)}T{U — Polu® — BF(u*)]} <0, Vue€q. (2.9)

RIFEFH e(uv*,8) =08 u*=Pqu(:) €eQ M Pou* — BF (u*)] = u*. KALF
I (2.9), ATLASE]

w* € Q, (u—u")TF@wW*) >0, Vueq,

B w* BVI(Q, F) B EEIE O

VIII - 12
THENEERA |e(u, B)| & 8 ABEE, ™ {|le(u, 8)||/8} =& 8 WAEERE. X1
EBEMAR AR —T RAFRNMFRFATEAEFK (2.1), EFMRTF[19].
EIE3 MFANuweRTFE> 8> 0, KA
le(u, B)|| > |le(u, B)|] (2.10)
Zi )
IIe(uB,B)II < ||e(ué5)|l | 211
IERA. & ¢ = |le(x, B)||/|le(x, B)||, EIBHILEIL AR T Z1FRR
1§t§%.
AEINENFNRERXR t H—TZRAFK
(t—-1)(t-5)<o (2.12)
M. B ALEAFK (21), F®NA
(v — Po(w)T (Pa(v) —w) >0, Yw € Q. (2.13)

E213)FS w:= Polu — BF(U)] Mo :=u— BIF(u), FIA e(u, B) BIEXF

Polu — IF(u)] — Polu — BIF(u)] = e(u, B) — e(u, 8),

179




Vil - 13

3111152 )
{e(u,B) — BF (u)} {e(u, B) — e(u,B)} > 0. (2.14)
AN ENE LR TR 1 8 B E), A5
{e(u, B) — BIF(u)}T {e(u, B) — e(u, 3)} > 0. (2.15)
DHIFARER (2.14) F1(2.15) T L 4 F1 8, RIFEIFEA14EM, FKi1152)
{Be(u, B) — Be(u, B)} {e(u, B) — e(u, B)} >0 (2.16)
HE

Blle(z, B — (B + B)e(z, B)" e(x, B) + Blle(=z, B)||* < 0.
3t ERX R A Cauchy-Schwarz &R, i A

Blle(x, B)II? = (B + B)lle(x, B)II - lle(z, B)|| + Blle(z, B)||I> < 0.
i 217) B Blle(z, B)|I?, FRIA ¢ BIEXER

—~

2.17)

~

t2—(1+g)t+g§0.

F Ltk AER (2.12) sz, EIBEIE O

EHE 3, B |le(u, B) [ TEAFNINRERE, BH 5 > 0FAEEX, BAEE /). —
RREL &0 RIEE B TE.

Vill - 14

2.3 BEWHRBEZEZN=AEELFF\

" u* REDAFERVIQ, F) #9f#E. i2

= Pqlu — BIF(u)] (2.18)
RIBTSAERNEX (1.1), BE—NMEEXLER
FIl) (@ —u*)TBF(u*) >0, Yu* € Q*. (2.19)

BT u* € Q HEI18)HHM R [u— fF (uv)] EQ EHIRE. ERENERMERAF
NENP, Falgv =u— fF(u) FEENETOMu =u*, NB

FI2) (@ —u*) {[u—BF(u)]—-a} >0, Vu* € Q*. (2.20)
s, IRIERFAFE TR, B
(F13) (@ —u")"{BIF(d) — BF(u*)} >0, Vu* € Q*. (2.21)

AT (2.19)-(2.21) AR BZWHREEEZPH =N ERAIFR [5]. X ER (2.19),
(2.20) #0 (2.21) IREE—#C, FL1IFE!

(@ —u*)Td(u,a) >0, Vu* € Q*. (2.22)

Hh
d(u, ) = (u—u) — BIF(u) — F(a)]. (2.23)
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IR D% (2.19)F1 (2.21) InE—i2, BRIWE
(@ —uT{BF (@)} >0, Vu* € Q*. (2.24)

EERIELEN, XEHREAS BRI d(u, 0) ¥ SF(a), HA—HEE S,

3 WEWEARE AN W4 F A ru T

FKRFREE TN AFAND RNERE Z—H, KRR IPZATHAFN (1.1) iU
#FX[5, 9, 14, 6] 2— MR A AT FUN- I E 77X,

3.1 KBEMTHAFANREWAE AP RITN
KIBAZBTDAEFR (1.1) PR GEE LN E k- HiERMNAER u” TR, BB
EENXTHHRESATN S o~ EAARE
i" = Po[u® — BpF(u))], (3.1)
Hh 3, BNRFEZE KA E
BrllF(u*) — F(a")| < vilu® —@*||, v e (0,1). (3.2)

Vill - 16

EX (i) kLM E o AEFR (1.) WTUN-RIER AP, MEENE
B e (0,1), HBIRY (6.1) FRIRTUNA o HREH (3.2, WHREA— AR
FEZ TN
£ IF 79 Lipschitz BRI T ,(3.2) REEBSLINAY. BT 4~ ATLAFRRER
@* = argmin{ §|lu — [u® — B F(u)]||? | u € O},
RIBRMAMEEIE, B (3.1) BRI~ HE
a* e Q, (u—aP)T{{uf - B F(u*)] —a*} <0, Yueq.

e TR

ik € Q, (u—a")TBLF(Wr) > (u— a7 (W* —dF), Vueq.
FENER I L (v — aF)T{— B [F(uF) — F(a*)]}, G

ik € Q, (u—a")TBLF (") > (u—a®)TdWr, a*), vueQ, (3.3)
Heppd(u®, %) 2/ (2.23) X H.

AEFX GBI MU TKRIFEEET S AFRANE —ERPHITON, XBH d(u”, a*) 1B
FEAH QW — o). EJNET d(u, o) HAZ (uf — o) MR
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% (3.3) P u € QIEMEEREN v* € O, 155
(@F —w)Tdwk, %) > (@ — u*)T B P (aF). (3.4)
B FRREFAMN &M, XA
(@° —u*)"F (") > (@® —u*)" F(u*) >0,
AER (3.4) WAIRKIED, BEES B
{(u® —u*) — (u¥ —@")}Td(u”,@") > 0,

=Z
(u® —u®)Tdw®, ak) > (W — )T dr, o). (3.5)
RAE d(uF, o) BFRIET (2.23) FRI% (3.2), FI A Cauchy-Schwarz A&, &
(u® —a®) T d(u”®, ") > (1 - v)|u® — a¥|?. (36)
B EERNFXSH
(u* —u*) d(u®, a") > (1 = v)|lu® —a"|?. (3.7)

EX (EAFE) KRBT AFN (1.1) WFZER, BONGFE—TERS > 0,0
Eduf, P HBREXEN

(u® —u)Td(uk, a) > 6||u® —a®|?, Yu* e QF, (3.8)

Vil - 18

NIFRE RBEE R ||u — u*||? FEuF R EFASE.

FEitt, B (2.23) A d(uF, 0F) BARFEE R ||u — v*||? FE u® R KR TR —1P L
HAHEE. BARABRMNHERANERSEWE, BREGERE —dWk, o), £EUELHK, ATIL
HEIBCAE T oF R ER oL

3.2 XFRETDAFANIHWAET APy
HE&MARNORKEBSREEZETAFN
w* €Q, 0(u)—0u*)+ (w—w ) Flw*) >0, YweQ. (3.9)
G —HEZR P E MR TN
w* € Q, 0(u)—0@")+(w—a")TF(@F) > (v—")T Q" —oF), Yw e Q, (3.10)
HpsEE QT + QRARLEIEER. 15 B.10) FEEM w € Qi w* € QF, 1A
(@ — o) T QMW" — %) > 0(a") — 0(u*) + (@" —w*) " F(@"). @11

(,J)k . w*)TF(’LZ)k) — (ﬁ)k . ’LU*)TF(’UJ*)
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Mw* WERMKH, 6.11)WEinIES. BEEHRERSE
(% — v*)TQF — %) > (v* — 5F)TQF — o).
MEEHEETFMHA 1Q =M EXFAJURTHK
(H(v* —v*), M(v* — 5F)) > (vF = )T Q" — 7). (3.12)

AFEK B12) HFIFREAN, EXH QT + QEEMFERT, BE M(v* — oF) 2 HIETR
FEEE R v — o* |2, ok LB—A EFA T E.

XA ERTUN A, (3.3) F1(3.4) 9 RIER (3.10) F0(3.11) tHHXT L. XL TR 8T 525
NN GERE ERE ST A FNN o B HE L, 1~F K (3.5) #1(3.12) 7 B2 4
THERN EAAE. EMMNAmREEXTFEIANBERE G2 MQT + Q - 052RIE.

™

4 FEWEAREEM T R AGAR AP RIR]L

RIEZF HESEB TERR(LEFAR RN R R), EEHENR S AR E IR
WEXTEMELERNSEIL—LL.

4.1 BRFZEPXHEE LS KHKIE

Vil - 20

1. ERAFARFZWEHET LB EL KNKIE ERFZWERED, BI1—RZEEIR
HET RV EE. <& (3.5), RIEEEE

ufF Tt =oF — ad(uk,f&k) (4.1)
FEEFTHNE R 2, Edhd(u”, o) 2/ (2.23) AHE). TEFRITTHLMAHEERE K o
WA, TAEEM G.2) R, ARMUPKRIEFEFNIERS

wF Tt = — d(u®, a") (4.2)
W 7335, #RA¥IEE 7 3% (Primary Method). FIF8 (3.5), AfSj it E Al 15
lu "t — w2 = (6 —u*) = d(u”, @)

= JJu® —u)? = 2(u® — ) d(u®, ") +[ld(u”, a")|?

< =t = [20aF — @) Tdb, @) — @, @))?). @
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FIFH (2.23) F1 (3.2), AT LIS Z]

2(u” — @) d(u, @) — ||d(u®, @*)|?
—  dwP, @) T2k — @F) — d(uF, @)}
= {(F = @) = BF(u*) — F@)]}T{(u? - @F) + B[P (u*) — F(aM)]}
= |luP —@*|? - BE|F(uF) — F(ah)|?

> (1= )|k - aF|2. (4.4
RN (4.3), IRBAE (4.2) FFEBIFS {uF) HE
JubHt — % < — )] — (1= %) ek — @R 4.5

2. ML S RBW R E B E P KK IE O s RIgEE A, ®i1—k=
FE HAR2 TR s B<FI (3.12), KIEEE

vt = oF — aM(vF — o) (4.6)
FEHERS, HP M = H1Q. TEHRITITIRUNALERZK o HERITEARS
[ —o*(|F = (0" = v*) —aM (" —")[|F
= |0 =" | — 2a(v" — ") HM (0" — ") + o?|| M (v" — %)%
< = o*1F — a(@F = )TQT + Q — aMT HM](v* —3%)).
VIII - 22
AT LS E]
[P — o 13 < l0* —o* |13 — allv® — 8|12, (4.7)
Hrh
G=QT +Q—aMPHM.
RIEZ—HEZRIESIERESK, G BIEEERE.
4.2 BRFEPXKITEPKIKIE
TRAFABBWRELZTELKIRIE H11% @.1) FRSTHIER T ),
%%?ﬁﬁ’]ﬁﬁﬁﬁ%%ﬁ?ﬁit’c a. BE5oBXNEEE L E,
Ok (@) = [[u® —u*||? — [u* ! (a) —u*|?. (4.8)
RIBE X
Ir() = [lu® —u|? = lu® —u* —ad(u®,a")|?
= 2a(uf —u)Td(W®, @) — o2||d(u*, 3|2,
MEERENHERS o, EXFTRA I (o)  a —1P2REH. RZ o™ RFRY,
HATEEREK 95 (o) BITRK. FIA (3.5), W{EER o > 0,8
Ui (a) > qr(a), (4.9)
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Heh
gr () = 2a(u® — a®)Td(uk, a®) — o?||d(u”, )| (4.10)
BESR ZIRERH g (a) & Vi (o) I— DT HREE. £ g, (o) BEIRKRE of B
(uk ~k)Td( k ~k)

oy, = argmax{qg ()} = (4.11)

ld(uk, @)||?

AERIXEN o BH G5 HERN, 7F2 6.5 AW 7E=Z 4.1) R d(ur, ak) R
RKENER.

AP ES, BN —RE— s ETF ~ € [1.2,1.8], <

w1 = uF — yagd(u®, ), (4.12)
RIE (4.8) # (4.9), A (4.12) FFEM T HE
[uft — w12 < luf —uw*)? = gr(yag). (4.13)

Hrh
2vai (uk — af)Td(u®, ak) — 42 (af)?||d(uk, @)
= (2 yaf(ub —a*)Td(u", "), (4.14)

SR, M (4.4), FRATEZ B 2(u* — @) Td(WF, aF) — [|d(uF, a%)||? > 0, AR

dk (7047;)

Vil - 24

411158 of > < (H(4.4). 55 (3.6),

||uk—|—1 . U*HQ < ”u . u*HQ . %7(2 _ ’Y)(]- _ y)||uk — ﬂk||2 (4.15)

AE (4.5) F1(4.15) A, BEIE S KM ELSKNEE~ERFT] {u*} BR2UWHEF
AAH. FAXLXBAFN, B 5 UERRSUEE.

BRI B EN X LI HRE IR (3.2) F B A B, B2 F =2 Lipschitz 4L,

S Armijo ;ENHEEUE R By SEHEAITRM (3.1), BREWB(ESH G2 /@R, KB TEE
FHI A BTN FR B A AR .
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KGR AT S AFANRZWER AT
BEL=1p=04rv=0.9u0 Q.
Fork =0, 1,..., BRUEHLENRERFHEE, do
1). ak = PQ[’U,k — BkF(uk)],

_ Bl F(ub) - F(a¥)|

| lub — @k ’

while 7, > v, [ = %Bk + min{1, %}
ik = Pouf — B IF(uk)]
_ Bl F@F) — @b

(| |

end(while)
2). d(uf,a*) = (uf —@*) — By [F(u*) — F(a)),
e (uk . ﬂk)Td(uk’,&k)
o Jld(uk,ak)|?

k41 k

= uF — yagd(uF, ),
3.1f 71 < u then B := B *1.5 end(if)
4). @ Bri1 =B M k:=k+1, FRHFHI—REXK.

Uu

o TEMFZFLTIM (3.1) RUBHE, KM B F M (3.2). XEHRI v = 0.9, B2 NE. #ER

VIl - 26

SUEEE T 1) B, Yy, > VB,
Bk := 5By * min{l, -}
%t By, WOAIE. X BHIFAMARIERR: Ly € (v, 1) Z1E8, BB Sy, == 264
Hre > 1, EHETHIERR B, 5/ rp EHELE (2/3). HIESH B UG, EM

—IRIRFLTN, £ (3.2) —MREEWBISEIHE. XEM (2/3) BRAWE, XhritE
B, AT LABAR (3/4).

o HEFM (3.2)MERRIET, FAIEIRHE

Bell I (u*) — IF(@*)]
[k — @k

AEX D RBBHRITEN—EHF, FZFP AR
If 7, <pu then B := B 1.5, end(if)

A ATHRDH. MIREBIBRT A [16] FREBEFZ, EERTEIREA I/ B
FEEX HF 15 2R NE.

2. A S RIEF AT E S KNKIE DREBEENHE S KK IER ERR
BRG12). MR HM = QHERBEERY ||v — v*||3, BT, FEER S 0T &

k+1 k

= v" — yar M (v

v k—ﬁk),

(4.16a)
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=5, H

k _ ~k\T k  ~k
af = (v* 9 )kf?(f; - ) (4.16b)
| M (vF — ok)|[3,

DT R 312 IEE, 58| MF — oF)|2, TLED
MW" —9)% = (W = )T MTHM " — %) = (v = 3")T M Q" — ")
BF) BIPNEE R

k+1 2 k s Y(2—7) ko ~k|2
[0 T —o*|15 < v g — 5 ag||[v® — o ||(

Vo* e V*.

QT+Q)’

L D RGBT ZN G —ERIFEB LR R PT S AFARNREEEGEE LR AERY
& IEWHREABEREER TN R FH R AR TR R ES[E, 57 R GE AN
B K E— LT SR HAR TR R [E.

5 EWRFEAPHEERREMBKSE

EMNAEZHBRBPT o AFIRBLEATNITTES KW EARE L5, 9 #ITIEN
FAN—EFERRBRT —LEREE NS LTIZ0R (17, 18]. 5 §4.2 N4
Wi B A T X R WA E AL B2 3NEE R EZ—1EATER G

Vil - 28

MEVERIRY 2K, 138 —X ik 77 7%, RIBFINBVBEIR T (9] M TIEF A ESE
B [17,18], EOA- NI ZE B A THRES—&. X—1, HEFNNH—TETE—FN—
X EREE 5 (B FOSh IR 73 0.

EX EEFE) RBEBAT SAFRNNGZED, B d(uF, aF) B—DEFH A0, NFR
SRAER (3.3) AL
BpF(@") M d(u”, "), (5.1)

H—FFTZESE FH ).

HATEATLANERIXERR (2.22) F1 (2.24) B F 2P E0E, X—XEE Ao 2BHERLE
RN EEE SRR

ENX (k5% KBZMBIETAANFRNNGED, AR— NN S af 8t T —
Xt (5.1) FEIZEE FEId(uF, @) F1 8, F(4F). AHEREIMNEK o, 958

w1 () = uf — aH td(u®, a") (5.2)

i
uF T (o) = argmin{||u — [u® — afL H 1 F(@")]||% | v € Q} (5.3)

B HFT R AEE K SRV VAR 9 —X H-E USRIk 73 7%
£ H AR PEREHE, 5.9 AmMEMKIETEE [u* — of, F(aF)] 2 Q RS,
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BEAFRVHE AR TRHIZ K o ISR TT X, 7 AT THREY

T (@) = uP — ad(u®, @) (5.4)
A0
ui (o) = Polu® — B F (@) (5.5)
RRNEF AR K o WFTHER 2. IMEBEREW u* € QOF, 1A
I (a) = [Ju* —u*||* = luf™ (o) — || (5.6)
A0
Ce(a) = lu® —u*||* — Juf ™ (@) — u*|)? (5.7)
BERERXEARNHALE, ERPK o R, RIE 420957347 (I (4.8) - (4.10)),
Ik (@) > g (@) = 2a(u® — @*)"d(u”, @) — o?||d(u”, a")||%. (5.8)

THERERRMA, MR o, G (o) ITERADTF I (o) ITH.
EIE 4 %o (o) B (5.5) /K. FHEER o > 0, XH (5.7) EXHICL(a) B
Ce(a) > Jluf ™ (o) —uf H (@)]I? + qr (@), (5.9)
Hh gy, (o) B (4.10) 45 .
HERR. B4, B vt () = Polub — afp F(a%)] #lu* € Q, iRIBIREA0M

Vil - 30

R (W (2.5)), #1118
[uft (@) —u*||? < |JuP — aBRIF(aF) — u*||?

— ||uf — aBp F(a") — 5 (@))%, Yu* € Q" (5.10)

4 )
uf () \k — afpIF (i)
()

\_ g

El6.1. &R (5.10) B LA R
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Eitt, FIF ¢u (o) BIEX (R (5.7), HA1E
() > |lub —u*ll2 |(uF — u*) — afpF(a*)]|?
H(u® — ub (@) — aBy F(aF))|?
= 2a(u” —u")TBLF (@) + 2a(ult (@) — uP)T B F (")
+uP — it ()2

= [lu* —ufTH (@) + 20(u (@) — w) T BLIF(T). (5.11)
% (5.11) PABNRE—T (uit (o) — u*)T B IF(aF) PRk

(uf ™ (a) —u*) T BRIF (@) = (uff ™ (o) — @) B IF (@) + (@* — u*)" B P (%),

(5.12)
FA (aF —u)TBLF(aF) > (aF — u)T L F(u*) > 0, (5.12) iR EE—EB 73k
71 RN (5.11) W Aim, H—P153

G (@) > |luP —uf 1 (@))1? + 2a(uf (@) — @) T BRI (3"). (5.13)
EA uft (o) € Q AEENK (3.3) RHER U € Q, 5E
(Wi (@) — @F)T B P (a®) > (ufit (@) — @) T d(u®, a*). (5.14)
VIII - 32

BENRAN (5.13) AR BB
Cr(@) > [|u* —ufH(@)|? + 20(uf™ (@) — N’“)Td(uk a*). (5.15)
st ERA, FA T (@) F g (o) BIRIER (0(5.4)F0(4.10)), #H—HEL
(@) > lu® —uff (@) + 2a(uff™ () — ~’“)Td(uk,’& )

= |u® - ul}fl(a)ll2 +2a(up (@) —uF)Td(u”, a")

—1—2a( ~k)Td(uk ~k)
= |(w* —ui (@) — ad(u®, @")|? — o?||d(u”, @*)||?
+2a( )Td(uk, ~k)

= Jluft (o) - u]fIH( )17 + qr ().
XHEFLTER T EELEIL (5.9) /IMEER. O
IR 41, qr (o) B2 (o) TR MEHM o, (o) BT I (o), BR
Eut T (@) = bt (). HLERTE S, XIFHHF AN HIRARELAR
RPMAEEETD o T = o — yafd(u®, o) (5.16)

A0
BEEBHEEEL) T = Polu® — ya B F (@) (5.17)
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VIl - 33

FEMERS, BRm o] #H 4.11) SE. AT G (vay) > ap (o), ENAER
ERFH {uF) BT

[l — w2 <t = w2 = (2 = y)ag (- at)d(u”, ab). (5.18)
FXE BT o) > 5 HAEXEREX(3.6), M (5.18) 15|
luf = w2 <l —ut)? = 3y (2 =) =yl —ab2 a9

XELRE §4.2 FHRY (4.15). 1RIFELERXDAFN, FI A &2 7 ARER AT LUERR SRR
U RRST S

KAKREATR (5.16) FARERM o T THBMIRS. LhREEG, 2 Q EayigsK
MEERASH BN QEEE— N EIRFEFER), AL ERBKELN (5.17). X
FHEEEBZNEIRX [14] P B EIFMAYRAR.

VIl - 34

kiR f{T s AFANBE BRI
HBTEB =1,v e (0,1),u’ € Q.
Fork = 0,1,..., RASEHLEN SRR E, do
1). @* = Polu® — B IF(uF)],
Bl F(a*) - F(a¥)|
| Juk —a*|| ’
while 75 > v, B := 28 * min{l, i}
ut = Poluf — B IF(u®)],
_ BllF() - F(aN)|
| Juk — k|| ’

end(while)
2). d(uF,aF) = (uf —aF) — BL[IF(uF) — F(a")],
* (uk o '&’k)Td(ukaﬂk)

O"f ld(uF, @F)]|2
ukFtl = Poluf — yalk B IF (")),
3.1f rr < u then PBi:= Br*1.5, end(if)
4). % Bri1 =B M k:=k+1, FHEFFHHI—KIERK.
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VIIl - 35

NI SR -1 PR SR B 1T, R 2
= uf —qapd(W®, @) BT W = Poluf — yag B F (7).

I3 [17, 18] PR AE L TIZRR A B ERX — TR A, IRIFEFRATEELZLE [9]F0
MRt E SR, BA- IR E R IERS—£.

S (3.2) M ERSBTUN (3.1) BYEAL £, RIEWATLAA

uP T = Po[u® — B IF(a")]

u

SKI. XEHE, FUN- R IEEE—ERE

a* = Polu* — BrIF(u))],
uPtt = Poluf — B (@),

(5.20)

X2 A1EriE ) Korpelevich Skt 3% [15].

LU 53 R AR E R RV FIUN, RIAF R T — X2 A 5 [, anfal & SR E A Y
TEFZ EFMBEKTE FRAVE . PR T —EFTE.

VIII - 36
6 WEWHRBEAEXBASEOME LM
EARFWHRE AR BA RO LA, RNBRERE—RFERATEOML
8] e
min {61 (z) + 02(y) | Az + By =b (X > b), z € X, y € V}. (6.1)

FRZE)EEFEIFR 01 () F 02 (y) HAEESCHAE X FY BI— P FE LA ([
(6.1 RSEAHRBERENTEX x Y x A EH

L(z,y,A) = 01(z) + 62(y) — A" (Az + By — b),
Heh

R, if Ax+ By > b.
RIRBAH R AER S (%, y*, ") € X X YV X ATHEAFR
L(z* y*,\) < L(z™,y*,\*) < L(x,y, \*), VY(x,y,\) € X x)Y x A.

XERE

A{ R™, if Ax + By = b,

(¥ e X, Lz,y*,\*) > L(z*,y*, \*) Vz €A,
y* €y, L(z*,y,\*)>Lx*,y*,\*) Vye),
A e A, L(z*,y*,\*) > L(z*,y*,\) VA€EA.

7\

\

191




VIl - 37

z* € argmin{6;(z) + 02(y*) — (A\*)T (Az + By* —b) |z € X},
§ y* € arg min{@l(a:*) +02(y) — (N1 (Ax* + By —b) |y € y})
A* € argmax {01 (x*) + 02(y*) — M (Ax* + By* —b)|)\ € A}.

H01(x), 02(y) AIRERT, IRIBRU MR EIE, FA1B

e

e X, (z—x)T (VO (z*)— ATX*) >0, Vzecdk,
y €Y, (y—y*)(Vo2(y*) - BTX*) >0, Vye),
e A, A=2)T(Az* + By* —b) >0, vV eA.

N\

Aic=
Voi(z) = f(z), Vb2(y) =9g(y),
HEMNEEERXNR AT OANEFRFZE

w* €Q, (w—w)TFWw*) >0 YweqQ, (6.2a)
VIl - 38
/\I:P
x f(x) — AT )
w = Y ; F(w): g(y)—BT)\ , =X XY xXA. (6.2b)
A Ax+ By — b

RN 5 E)E A T o) oKk R EL B ME, T 01 () #1002 (y) BUEE EREF I 155
B Lipschitz F4£:, AT LAE [E RS WA B 5 K R mT i AV 2 14 29 SR L AL R F ) BY 2R
SAER (6.2). MEER wF = («F, yF, \F), @i

(&% = Px{a" — L[f(z") — ATAM]}, (6.3a)
< = Py{y* — Llg(y*) — BT \*]}, (6.3b)
\ 2\ = PA{)\k — ﬁ(Aac + ByF — b)}, (6.3¢)

BRFUS wF = (2%, g5, 2F). HF# r,s > 0 REYEMNYESHIES
1f (") = F@EM <wrllz® =%, F 1lg(y") — 9@ < wslly® —§"Il. (6.4
2 f(x) # g(y) Lipschitz ZEL4ERT, iX 2 7] LLHEIH.
TEXFUN (6.3) #HITHHT. BT E (6.32) BRIAY z¢ /Kol
min{||z — [zF — L[f(z®) — ATA*]]||?|z € &)
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VIl - 39

R, IRIEHEMMEFHRIEE B

iPex (z—zF)T{aF - [2¥ - L[f(z") — ATA*]]} >0, Vz e x.
XA A S X
it e x, a:—:z:k)T{f ATAk+r(:'ék—:13k)}20, Ve e X.

FE (6.2), 318

~k _ATS\k AT S\k _)\k
it e x, (:c:'i:k)T{ f([x) N ( )

>0, Vr e X.
r(zF — xP) — (f(@*) — f(z*))] }

(6.5a)
Bid3% 5 (6.3b) B2 ¢, B

~L Tk T (\Fk k
ey (y—i)T 9(7) = B A7 + BT = AT)

R#E (6.3c) BEIRI NF, &I1AB

}>O Yy € V. (6.5b)

AZF - Bk —b) + L(OF = Nk
(A2 J )+ 5 ) >0, VAeR™.
F—yk)

Ao erm (A= AT
—A(Z* —2*) - B(g* -

(6.5¢)

VIl - 40

EHE, AT EA=ARNFPRTRIULENEIEE—EMKT (6.2) FHY I (0F).

513 3 NAER wF = (28, y*, \F) Bk, B (6.3) FEMTUN mwF = (:1:"’, gk, Nk
E

ok e Q, (w—a")TF@W*) > (w—a")Tdw*, o), YweQ (6.6a)
H e
[r(z? — &F) — (f(a*) — f(@F))] + AT (AF = AF)
d(w®, ") = | [s(y® —§%) — (9(v*) — g(@))] + BT(\F —=XF) |.  (66b)
5(\F = XF) — A(ak — 2F) — B(y* — §)

HERR F 65 =B EHE—RHFA F(w) WENX ZEIBFESS B2 4. O

TEEAERRE (6.6b) A H 80 d(w”, o) £ EF751H. ¥ (6.6) PIEERI wiE /B
FO*Bw*, MAB

(@F — w*) " d(w®, @) > (0 — w*)" F(5"). (6.7)
FIF I B MR w0 BRI,

(@* — w*)TIF(@*) > (0" — w*)" F(w*) > 0.

ES)lie
(WP — w)Td(w®, %) > (W — )T d(w®, ). (6.8)
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VIl - 41

FIF d(w”, ©F) BIFRIETN (6.6b) F TN &4 (6.4) 52|
(wk . ?I)k)Td(wk,?I)k)
= rll® =& - " - @M (F(=") - F(E"))
+slly® = 7717 = (* = )" (9(y") — 9(")) + FIIA" = A¥|?

> (L=v)(rllz® = 2% + slly® — g° %) + F A" = AF|%. (6.9)

BFve(0,1), EXXA®mATFO0. XERY (6.8) F1(6.9) FHLTFE3 1Y (3.5) F1(3.6). Ak,
d(w®, w*) ZREERH |w — w*||? B EFHFE.

BT d(wF, oF) BEERY ||lw — w*||? B LFHSE, RIE (6.6), 7 F (6.6a) Fill
1Y
F@®) M dw®, o),
A—XZEE R FHATAT LR HAR TSR G EHITRIE. TR ERIEEF R H, KRI1E
NE-1 B
WEEAR-D)  wrftl =wF — ’yaZH_ld(wk,’LDk), v € (0,2) (6.10a)
FEFIER = BEe
(wk L tbk)Td(wk, wk)

oy = - : (6.10b)
| H=td(wk, wk)||3;

VIl - 42

EI 5 KETHAEFR (6.2), H (6.3) FUMA (6.10) KIEZERFF {w” )} 1 {w”} HE
lwh T —w* |1 < [lw —w*||F —y(2—y)ak (wk —@*) T d(w®, %), vw e Q, @6.11)
Hrhd(w”®, wF) K (6.6b) 4.
EBA 4£4% (6.10a) PHIyar BREEM o > 0, FHFMBIER 0T (o), FHiB
9 (@) = [[wf —w*||F — [wft (@) — w*||F. 6.12)
Xk
I (@) "= wf —w |} — (wP - w*) — aH " d(w, @0)]|3
= 2a(wf —w)Tdw®, @%) — o?|H d(w*, &")||3
S 2a(wh — @) Tdwk, BF) — 0| H dw®, &)1
— (). (6:19)
X ZIREH g (o) KRBTSRI (6.10b) Fl . 2 (6.13) M a = yaf T,
I (vey) > qf (val)
= 2yaj(w® — @F)Td(w", @) — v*(ag)? | H - d(w", o3
= 72— Yaj(wk —a*) T d(wk, b").

WA R E—1NFNEA T (6.100) A
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VIl - 43

B ot || HLd(wk, @%)]|12, = (wk — oF)Td(wk, o). EBLEIRHIE O

X (6.10) #%X1E, 3216 AT LABN S BOAEAC BT 1] IE E RO SERE. 3T (6.6) LA HHAY d(w”, wF),
FEILEY

rl O 0
H = 0O sI 0 , (6.14)
1
0 0 BI

XEf, H Z2IEERNHEX AFER,
(aF — &%) — L[(f(a) = f(@F)) — AT(AF — AF)]
H~'d(w", o) = | (y* - ~"C) (9" — g(@®)) — BT (Ak — XF)]
(AF = AF) — BA(zF — &%) — BB(y* — g*)
R FRIEQI (6.10), AT AT LR AR5 AP 7 —M G ERKIE, H
EEEARN v T = argmin{||lw — w* — yaf H 1 F(@")]|F|w € Q} (6.15)

FEEFHIE R R wh T By € (0,2), of H (6.100) 1214, ATLUSRIERKIIE S
7% (6.10) [E1HEROUST 414 R

T 6 KRBT HAEFR (6.2), H1(6.3) FUMA (6.15) KR IEZERIFF {wF ) F1 {w* )} i#HE

! —w [ < ot —w [f—v(@-aif ") Tdwt,ab), v e Q. 616

VIl - 44

Hrehd(w”®, w*) B (6.6b) AL
ERR. 5045 (6.15) M var BEREEM o > 0 FHMHEIE R v (). BAIEE
¢ (@) = w* —w* |13 — lwf ™ (@) —w*||h (6.17)

B BA w’;1+1(oz) = argmin{||w — [wF — aH 1 F(@")]||%|w € Q}, RE\EAMME
REE, B

(w — wit ()T H{w™ () — w* + aH ' F(@*)} >0, vw e Q.
W EEEEN B RE W, RETER
(Wi (@) —w)T H{[w* — aH ' F(0*)] —wi (@)} > 0. (6.19)
wiaE
(a=b)TH(c—a)=(llc—bl} — lle—all}) — 3lla—bll%
&

a—w];1+1(oz), b=w* M c=wF—aH 1F@")
HFIMA (6.18), MH
lw* —aH™ F(@") — w* |3

k+1 k+1 *
— lw* —aH " F(@") — wi (o) |7 — llwj ™ (@) —w*[|F > 0.
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E it
lwit (@) —w*|F < [[(w* —w*) —aH  F@*)|%
—[|(w* —wi (@) — aH ™ F (@))%
LR (6.17), FA1B
@) > lw* —w*|F = [[(w® —w*) —aH ' F@")|%
+Hl(w* — wif ™ (@) — aH 7 F(@")||%
= 2a(w® —w)TF(@@"*) + 2a(wi (a) — w*)T F (@)

Hlw® — a5 (@))%
= [wf — WS (@) + 2a(wi (@) — w*) T F(@"). (6.19)

1% (6.19) P ABAMRE—T (whiT! (o) — w*)T F(w*) DR
(wi ™ (@) —w*) T F (@) = (wif (o) — d") T F(@*) + (0% — w*)T F (@),

FH
(,ij . ’w*)TF(’LZ)k) > (UNJk . *)TF(U)*) > 0,

EFRAmNEEFE—ETIES. (KA (6.19) VG Im, H—S15F|
¢H (@) > |lwF —whiT (@)% + 2a(wi (o) — %) T F(aF). (6.20)

VIl - 45

B wi (o) € Q AEEK (6.6a) FRIEEw € Q, 53|

(wir (@) = @) TF@F) > (wi™ (@) — @) d(w”, @). (6.21)
FENMRA (6.20) AR, BAE
G (@) > lwF —wi (@)|1F + 2a(wi™ (@) — @) Td(w, @F).
Xt ER A, H—HHB
Gl (@) > Jlw® —wp (@)1 + 2a(w) ™ (@) — @F)Td(w®, o")

= Jw® —wiH (@) + 2a(wi (@) — wF)Td(w®, o")

+2a(w® — &) T d(wk, wF)

= |(w* —wi () — aH~ d(w®, &)1} — o?|H d(w”, o")|13
+2a(w® — )T d(wk, wF)

= JlwiH ) —wi (@) |3 — ®|H (", aF) 1%
+2a(w® — wF)Td(wk, w")

> 20(w® — )T d(w”, w*) — o?||H d(w", 'L’[)k)||%{) (6.22)

7E E XA o = v 351 (6.100) FH

i |Hd(w®, @) |7 = (w* — ") d(w”, @),
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VIl - 47

M (6.22) 53
CH(vag) > 72 —ag(w® — ") d(w®, o).

XHEEFSERR T EIELEIL (6.16)AVUERR. O

HATFZOKRIEAR-IL(6.15) TSR], B TF 6.14) FHH ZE5 Q = X x Y x AN
KR =EFEME. FIR T E5%EH, #1858

min{|jw — [w* — ap H 1 F(@")][|F |w € Q}

| 2= 2 —ap2(f@*) — ATXR)] || zex ]

= mindq || y— [¥* —arl(g(@*) — BTAF)] yey ¢
A= [A’“—akﬂ(Ax +Bg" =b)] ||, AeA
(e — [eF — aRl(f(EF) — ATIR)2 [z ex

~

= ming  +slly — [y* — axi(9(@*) - BTXR)]|? |y € Y
+3lIx = [A\F — apB(AZ* + BFF —b)]|IP[A € A

Ve

VIl - 48
Fit,
gkt argmin{||z — [z* — Ozk%(f(a"ck) — ATS\’“)H 2|z e X}
yRrL | = argmin{fly — [v* — ar$(9(7%) = BTAR)]|I? |y € Y}
AFH1 argmin{||A — [A\* — apB(AZ* + BgF —b)]||2 | X € A}
BanEi,
whT = argmin{||w — [W* — ar H 1F @))% |w € Q}
= argmin{||w — [wW* — o, H 1 F(0")]||? |w € Q}
=  Pow® —apH 1 F(w")]. (6.23)

XE HRMNEEH—XEE ERXIEY HEF40(6.14) BUIEE DR S 56 ERT A -
s, FEitk, KRBT 9 AER (6.2), H(6.3) TN, 18T (6.15) K IE2H

[ ght = Py {ab — —[f( By — AT Xk1Y, (6.24a)
o 5 ~

VY =Py - = le@®) - BT, (6.24b)

| N = Py {\F — apB(AZ" + BgF —b)}, (6.24c)

SR, BEHRITHEZERTHIE X, YA ERERIR RS
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