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1. Q:¯K minx∈X maxy∈Y{Φ(x, y) = θ1(x)− yTAx− θ2(y)}

2. �5�å�à`z¯K min{θ(x)|Ax = b (or ≥ b), x ∈ X}

3. (�.à`z min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y}

4. õ¬�©là`z min{∑p
i=1 θi(xi)|

∑p
i=1Aixi = b, xi ∈ Xi}
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A function f(x) is convex iff

f((1−θ)x+θy) ≤ (1−θ)f(x)+θf(y)

∀θ ∈ [0, 1].

Properties of convex function

• f ∈ C1. f is convex iff

f(y)− f(x) ≥ ∇f(x)T (y − x).

Thus, we have also

f(x)− f(y) ≥ ∇f(y)T (x− y).

• Adding above two inequalities, we get

(y − x)T (∇f(y)−∇f(x)) ≥ 0.

ààà¼¼¼êêê���½½½ÂÂÂÚÚÚÄÄÄ���555���

• f ∈ C1,∇f is monotone. f ∈ C2,∇2f(x) is positive semi-definite.

• Any local minimum of a convex function is a global minimum.
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1 Optimization problem and VI

1.1 Differential convex optimization in Form of VI

Let Ω ⊂ <n, we consider the convex minimization problem

min{f(x) | x ∈ Ω}. (1.1)

What is the first-order optimal condition ?

x∗ ∈ Ω∗ ⇔ x∗ ∈ Ω and any feasible direction is not a descent one.

Optimal condition in variational inequality form

• Sd(x∗) = {s ∈ <n | sT∇f(x∗) < 0} = Set of the descent directions.

• Sf (x∗) = {s ∈ <n | s = x− x∗, x ∈ Ω} = Set of feasible directions.

x∗ ∈ Ω∗ ⇔ x∗ ∈ Ω and Sf (x∗) ∩ Sd(x∗) = ∅.

\f÷ì�½ìº�OK´:¤k�1��ÑØ2´þ,��
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The optimal condition can be presented in a variational inequality (VI) form:

x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω. (1.2)

Substituting∇f(x) with an operator F (from<n into itself), we get a classical VI.'
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Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

f(y) ≥ f(x)+∇f(x)T (y−x) and thus (x−y)T (∇f(x)−∇f(y)) ≥ 0.

We say the gradient∇f of the convex function f is a monotone operator.
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Ï�·�I�^���ÆêÆ Ì�´Äu�È©Æ���Ún

x∗ ∈ argmin{θ(x)|x ∈ X} ⇔ x∗ ∈ X , θ(x)− θ(x∗) ≥ 0, ∀x ∈ X ;

x∗ ∈ argmin{f(x)|x ∈ X} ⇔ x∗ ∈ X , (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X .

þ¡�à`z�`5^�´�Ä��,wå5Ü3�åÒ´e¡�Ún:

½½½nnn 1 Let X ⊂ <n be a closed convex set, θ(x) and f(x) be convex func-

tions and f(x) is differentiable. Assume that the solution set of the minimization

problem min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (1.3a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.3b)

½nr`z¯K (1.3a)=�¤
C©Ø�ª (1.3b).e¡�Ñy².

à`z�`5^�½n

I - 10

ProofµFirst, if (1.3a) is true, then for any x ∈ X , we have

θ(xα)− θ(x∗)

α
+
f(xα)− f(x∗)

α
≥ 0, (1.4)

where

xα = (1− α)x∗ + αx, ∀α ∈ (0, 1].

Because θ(·) is convex, it follows that

θ(xα) ≤ (1− α)θ(x∗) + αθ(x),

and thus

θ(x)− θ(x∗) ≥ θ(xα)− θ(x∗)

α
, ∀α ∈ (0, 1].

Substituting the last inequality in the left hand side of (1.4), we have

θ(x)− θ(x∗) +
f(xα)− f(x∗)

α
≥ 0, ∀α ∈ (0, 1].

Using f(xα) = f(x∗ + α(x− x∗)) and letting α→ 0+, from the above inequality we

get

θ(x)− θ(x∗) +∇f(x∗)T (x− x∗) ≥ 0, ∀x ∈ X .

5
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Thus (1.3b) follows from (1.3a). Conversely, since f is convex, it follow that

f(xα) ≤ (1− α)f(x∗) + αf(x)

and it can be rewritten as

f(xα)− f(x∗) ≤ α(f(x)− f(x∗)).

Thus, we have

f(x)− f(x∗) ≥ f(xα)− f(x∗)

α
=
f(x∗ + α(x− x∗))− f(x∗)

α
,

for all α ∈ (0, 1]. Letting α→ 0+, we get

f(x)− f(x∗) ≥ ∇f(x∗)T (x− x∗).

Substituting it in the left hand side of (1.3b), we get

x∗ ∈ X , θ(x)− θ(x∗) + f(x)− f(x∗) ≥ 0, ∀x ∈ X ,

and (1.3a) is true. The proof is complete. �
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���å`z¯K��`57�^�

�f(x), ϕi(x), i = 1, . . . ,m,Ñ´l<n → <�ëY��¼ê,ïÄ¯K

min f(x)

s.t ϕ1(x) = 0,
...

ϕm(x) = 0

�A�Lagrange¼ê

L(x, λ) = f(x)−
m∑

i=1

λiϕi(x).

�`57�^�´:







∂f
∂x1
∂f
∂x2

...
∂f
∂xn



−




∂ϕ1
∂x1

∂ϕ2
∂x1

· · · ∂ϕm
∂x1

∂ϕ1
∂x2

∂ϕ2
∂x2

· · · ∂ϕm
∂x2

...
∂ϕ1
∂xn

∂ϕ2
∂xn

· · · ∂ϕm
∂xn







λ1

λ2
...

λm




= 0.

ϕi(x) = 0, i = 1, . . . ,m.

6
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1.2 Linear constrained convex optimization and VI

We consider the linearly constrained convex

optimization problem

min{θ(u) | Au = b, u ∈ U}. (1.5)

The Lagrangian function of the problem (1.5) is

L(u, λ) = θ(u)− λT (Au− b), (1.6)

which is defined on U × <m.

Example 1 of the problem (1.5): Finding the nearest correlation matrix

A positive semi-definite matrix, whose each diagonal element is equal 1, is called
the correlation matrix. For given symmetric n× n matrix C , the mathematical
form of finding the nearest correlation matrix X is

min{ 12‖X − C‖2F | diag(X) = e, X ∈ Sn+}, (1.7)

I - 14

where Sn+ is the positive semi-definite cone and e is a n-vector whose each

element is equal 1. The problem (1.7) is a concrete problem of type (1.5).

Example 2 of the problem (1.5): The matrix completion problem

Let M be a given m × n matrix, Π is the elements in-

dices set of M ,

Π ⊂ {(ij)|i ∈ {1, . . . ,m}, j ∈ {1, . . . , n}}.
The mathematical form of the matrix completion problem

is relaxed to

min{‖X‖∗ | Xij = Mij , (ij) ∈ Π}, (1.8)

where ‖ · ‖∗ is the nuclear norm–the sum of the singular

values of a given matrix. The problem (1.8) is a convex

optimization of form (1.5). The matrix A in (1.5) for the

linear constraints

Xij = Mij , (ij) ∈ Π,

is a projection matrix, and thus ‖ATA‖ = 1.

M is low Rank, only some

elements of M are known.

∗ ∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗
∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗

7
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A pair of (u∗, λ∗) ∈ U × <m is called a saddle point of the Lagrange function

(1.6), if

Lλ∈<m(u∗, λ) ≤ L(u∗, λ∗) ≤ Lu∈U (u, λ∗).

The above inequalities can be written as
{
u∗ ∈ U , L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U , (1.9a)

λ∗ ∈ <m, L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀ λ ∈ <m. (1.9b)

According to the definition of L(u, λ) (see(1.6)),

L(u, λ∗)− L(u∗, λ∗)

= [θ(u)− (λ∗)T (Au− b)]− [θ(u∗)− (λ∗)T (Au∗ − b)]
= θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗)

it follows from (1.9a) that

u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U . (1.10)

I - 16

Similarly, for (1.9b), since

L(u∗, λ∗)− L(u∗, λ)

= [θ(u∗)− (λ∗)T (Au∗ − b)]− [θ(u∗)− (λ)T (Au∗ − b)]
= (λ− λ∗)T (Au∗ − b),

thus we have

λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m. (1.11)

Notice that the expression (1.11) (the inner product of the vector (Au∗ − b) with

any vector is nonnegative) is equivalent to

Au∗ = b.

Writing (1.10) and (1.11) together, we get the following variational inequality:
{
u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U ,
λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m.

8
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Using a more compact form, the saddle-point can be characterized as the solution

of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.12a)

where

w =

(
u

λ

)
, F (w) =

(
−ATλ
Au− b

)
and Ω = U × <m. (1.12b)

Setting w = (u, λ∗) and w = (u∗, λ) in (1.12), respectively, we get (1.10) and

(1.11). Because F is a affine operator and

F (w) =

(
0 −AT
A 0

)(
u

λ

)
−
(

0

b

)
.

The matrix is skew-symmetric, we have

(w − w̃)T (F (w)− F (w̃)) ≡ 0.

�5�å�à`z¯K (1.5),=�¤
·ÜC©Ø�ª (1.12).
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Two block separable convex optimization

We consider the following structured separable convex optimization

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (1.13)

This is a special problem of (1.5) with

u =

(
x

y

)
, U = X × Y, A = (A,B).

The Lagrangian function of the problem (1.13) is

L(2)(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b).

The same analysis tells us that the saddle point is a solution of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.14)

9
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where

u =

(
x

y

)
, θ(u) = θ1(x) + θ2(y), w =




x
y

λ


 , (1.15a)

F (w) =




−ATλ
−BTλ

Ax+By − b


 , and Ω = X × Y × <m. (1.15b)

The affine operator F (w) has the form

F (w) =




0 0 −AT
0 0 −BT
A B 0






x

y

λ


−




0

0

b


 .

Again, due to the skew-symmetry, we have (w − w̃)T(F (w)− F (w̃)) ≡ 0.

�©l�5�åà`z¯K (1.13),=�¤
C©Ø�ª (1.14)–(1.15).
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Convex optimization problem with three separable functions

min{θ1(x) + θ2(y) + θ3(z) |Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z},

is a special problem of (1.5) with three blocks. The Lagrangian function is

L(3)(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b).
The same analysis tells us that the saddle point is a solution of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

where θ(u) = θ1(x) + θ2(y) + θ3(z),

w =




x
y

z

λ


 , u =




x

y

z


 , F (w) =




−ATλ
−BTλ
−CTλ

Ax+By + Cz − b



,

and Ω = X × Y × Z × <m.
�5�å�à`z¯K,Ñ=�¤
C©Ø�ª.¯K8(�¦��Q:.

10
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2 Proximal point algorithms and its Beyond

ÚÚÚnnn 1 Let the vectors a, b ∈ <n, H ∈ <n×n be a positive definite matrix. If

bTH(a− b) ≥ 0, then we have ‖x‖2 = xTx, ‖x‖2H = xTHx.

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H . (2.1)

The assertion follows from ‖a‖2H = ‖b+ (a− b)‖2H ≥ ‖b‖2H + ‖a− b‖2H .

2.1 Proximal point algorithms for convex optimization
Convex Optimization Now, let us consider the simple convex optimization

min{θ(x) + f(x) | x ∈ X}, (2.2)

where θ(x) and f(x) are convex but θ(x) is not necessary smooth, X is a closed

convex set. For solving (2.2), the k-th iteration of the proximal point algorithm (abbreviated

to PPA) [8, 10] begins with a given xk , offers the new iterate xk+1 via the recursion

�C:�{ xk+1 = argmin{θ(x) + f(x) +
r

2
‖x− xk‖2 | x ∈ X}. (2.3)
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Since xk+1 is the optimal solution of (2.3), it follows from Lemma 1 that

θ(x)− θ(xk+1)+(x− xk+1)T

{∇f(xk+1) + r(xk+1 − xk)} ≥ 0, ∀x ∈ X . (2.4)

Setting x = x∗ in the above inequality, it follows that

(xk+1 − x∗)T r(xk − xk+1) ≥ θ(xk+1)− θ(x∗) + (xk+1 − x∗)T∇f(xk+1).

Because f isconvex, (xk+1 − x∗)T∇f(xk+1) ≥ (xk+1 − x∗)T∇f(x∗), it follows

that

θ(xk+1)− θ(x∗) + (xk+1 − x∗)T∇f(xk+1)

≥ θ(xk+1)− θ(x∗) + (xk+1 − x∗)T∇f(x∗) ≥ 0

and consequently,

(xk+1 − x∗)T (xk − xk+1) ≥ 0. (2.5)

Let a = xk − x∗ and b = xk+1 − x∗ and using Lemma 1, we obtain

PPA�{�Â 5� ‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk − xk+1‖2, (2.6)

which is the nice convergence property of Proximal Point Algorithm.

11
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The residue sequence {‖xk − xk+1‖} is also monotonically no-increasing.

Proof. Replacing k + 1 in (2.4) with k, we get

θ(x)− θ(xk) + (x− xk)T {∇f(xk) + r(xk − xk−1)} ≥ 0, ∀x ∈ X .

Let x = xk+1 in the above inequality, it follows that

θ(xk+1)− θ(xk) + (xk+1 − xk)T {∇f(xk) + r(xk − xk−1)} ≥ 0. (2.7)

Setting x = xk in (2.4), we become

θ(xk)− θ(xk+1) + (xk − xk+1)T {∇f(xk+1) + r(xk+1 − xk)} ≥ 0. (2.8)

Adding (2.7) and (2.8) and using (xk − xk+1)T [∇f(xk)−∇f(xk+1)] ≥ 0, we get

(xk − xk+1)T {(xk−1 − xk)− (xk − xk+1)} ≥ 0. (2.9)

Setting a = xk−1 − xk and b = xk − xk+1 in (2.9) and using (2.1), we obtain

‖xk−xk+1‖2 ≤ ‖xk−1−xk‖2−‖(xk−1−xk)−(xk−xk+1)‖2. (2.10)
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We write the problem (2.2) and its PPA (2.3) in VI form

For the optimization problem (2.2) , namely, min{θ(x) + f(x) |x ∈ X},
the equivalent variational inequality form is

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (2.11)

For solving the problem (2.2), the PPA is

xk+1 = Argmin{θ(x) + f(x) +
r

2
‖x− xk‖2 | x ∈ X}.

variational inequality form of the k-th iteration of the PPA (see (2.4)) is:

xk+1 ∈ X , θ(x)− θ(xk+1) + (x− xk+1)T∇f(xk+1)

≥ (x− xk+1)T r(xk − xk+1), ∀x ∈ X . (2.12)

PPAÏL¦)�X�� (2.3),¦� (2.2)�),æ^�´ÚÚ�E�üÑ.

The solution of (2.12) is Proximal Point, it has the contraction property (2.6).

12
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2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the linearly constrained convex optimization is

characterized as a mixed monotone variational inequality: C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (2.13)

PPA for VI (2.13) in H-norm (½½½ÂÂÂ) For given wk and H � 0, find wk+1,

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1) �C:�{

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω, (2.14)

wk+1 is called the proximal point of the k-th iteration for the problem (2.13).

(2.14)´¦)VI (2.13)�PPA�{�½Â.1�ùÒ¬^~f`²ù´N´���.

z wk+1 is the solution of (2.13) if and only if wk = wk+1 z
Setting w = w∗ in (2.14), we obtain

(wk+1−w∗)TH(wk−wk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (wk+1).
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Note that (see the structure of F (w) in (1.12b))

(wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),

and consequently (by using (2.13)) we obtain

(wk+1−w∗)TH(wk−wk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (w∗) ≥ 0.

Thus, we have

(wk+1 − w∗)TH(wk − wk+1) ≥ 0. (2.15)

By setting a = wk − w∗ and b = wk+1 − w∗,

the inequality (2.15) means that bTH(a− b) ≥ 0.

By using Lemma 1, we obtain

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H . (2.16)

We get the nice convergence property of Proximal Point Algorithm.

�y²µ‖wk−wk+1‖2 ≤ ‖wk−1−wk‖2,=S� {‖wk − wk+1‖H} ´üNØO�.

13



I - 27

2.3 Variants of PPA for Variational Inequalities

Let v be a sub-vector of w. The k-th iteration begins with given vk . vØ%Cþ

PPA for VI (2.13) in H-norm For given vk and H � 0, find wk+1,

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω, (2.17)

wk+1 is called the proximal point of the k-th iteration for the problem (2.13).

z wk+1 is the solution of (2.13) if and only if vk = vk+1 z
In this case, v is called the essential variables of w. In addition, we define

V∗ = {v∗ is a subvector of w∗ |w∗ ∈ Ω∗}.

Setting w = w∗ in (2.17), we obtain

(vk+1−v∗)TH(vk−vk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (wk+1).
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Note that (see the structure of F (w) in (1.12b))

(wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),

and consequently (by using (2.13)) we obtain

(vk+1 − v∗)TH(vk − vk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

Thus, we have

(vk+1 − v∗)TH(vk − vk+1) ≥ 0. (2.18)

By using Lemma 1, we obtain

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H . (2.19)

We get the nice convergence property of Proximal Point Algorithm.

The residue sequence {‖vk − vk+1‖H} is also monotonically no-increasing.

S� {‖vk − vk+1‖H} ´üNØO�. ‖vk−vk+1‖2H ≤ ‖vk−1−vk‖2H .

14
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3 Augmented Lagrangian Method (ALM)
We consider the convex optimization, namely

min{θ(u) | Au = b, u ∈ U}. (3.1)

The related variational inequality of the saddle point of the Lagrangian function is

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (3.2a)

where

w =

(
u

λ

)
, F (w) =

(
−ATλ
Au− b

)
and Ω = U × <m. (3.2b)

Augmented Lagrangian Method

The augmented Lagrangian function of the problem (3.1) is

Lβ(u, λ) = θ(u)− λT (Au− b) +
β

2
‖Au− b‖2,
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The k-th iteration of the Augmented Lagrangian Method [7, 9] begins with a

given λk, obtain wk+1 = (uk+1, λk+1) via

(ALM)

{
uk+1 = arg min

{
Lβ(u, λk)

∣∣ u ∈ U
}
, (3.3a)

λk+1 = λk − β(Auk+1 − b). (3.3b)

In (3.3), uk+1 is only a computational result of (3.3a) from given λk, it is called

the intermediate variable. In order to start the k-th iteration of ALM, we need only

to have λk and thus we call it as the essential variable.

The subproblem (3.3a) is a problem of mathematical form

min{θ(u) + β
2 ‖Au− pk‖2 |u ∈ U} (3.4)

where β > 0 is a given scalar and pk = b+ 1
βλ

k.

Assumption: The solution of problem (3.4) has closed-form solution or can be

efficiently computed with a high precision.

15
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Changing the constant term in the objective function does not affect the solution of the

optimization problem. Thus,

uk+1 ∈ argmin
{
Lβ(u, λk)

∣∣ u ∈ U
}

= argmin
{
θ(u)− (λk)TAu+ β

2
‖Au− b‖2

∣∣ u ∈ U
}

= argmin
{
θ(u) + β

2
‖(Au− b)− 1

β
λk‖2

∣∣ u ∈ U
}

According to Lemma 1, the optimal condition of (3.3a) is uk+1 ∈ U and

θ(u)− θ(uk+1) + (u− uk+1)T {−ATλk + βAT (Auk+1 − b)} ≥ 0, ∀u ∈ U .

Because λk − β(Auk+1 − b) = λk+1, the above VI can be written as

uk+1 ∈ U , θ(u)− θ(uk+1) + (u− uk+1)T {−ATλk+1} ≥ 0, ∀u ∈ U . (3.5)

The update form (3.3b) is

(Auk+1 − b) +
1

β
(λk+1 − λk) = 0.

and it is equivalent to

(λ− λk+1)T (Auk+1 − b) ≥ (λ− λk+1)T
1

β
(λk − λk+1), ∀λ ∈ <m. (3.6)
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Combining VI’s (3.5) and (3.6), we get

θ(u)− θ(uk+1) +

(
u− uk+1

λ− λk+1

)T(−ATλk+1

Auk+1 − b

)
≥ (λ− λk+1)T

1

β
(λk − λk+1),

for all w = (u, λ) ∈ Ω. Using the notations in (3.2), we get the compact form

θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (λ− λk+1)T
1

β
(λk − λk+1), ∀w ∈ Ω. (3.7)

This is the PPA form (2.17) in which

v = λ and H =
1

β
Im.

The related contraction inequality (2.19) becomes

‖λk+1 − λ∗‖21
β
Im
≤ ‖λk − λ∗‖21

β
Im
− ‖λk − λk+1‖21

β
Im

or

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2. (3.8)

The above inequality is the key for the convergence proof of the ALM.
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4 The relaxed PPA £££òòò���������CCC:::���{{{¤¤¤

We shall maintain our focus on the monotone variational inequality (2.13), namely,

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

The PPA form (2.17) reads as

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω.

Set the output of the above VI as w̃k, we have

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω. (4.1)

Setting w = w∗ in (4.1), we obtain

(ṽk − v∗)TH(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k). (4.2)
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Applying (see (1.12b)) the identity

(w̃k − w∗)TF (w̃k) ≡ (w̃k − w∗)TF (w∗)

to (4.2), we obtain

(ṽk − v∗)TH(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗).

Because RHS of the above inequality is , we have

(ṽk − v∗)TH(vk − ṽk) ≥ 0.

We write it as

{(vk − v∗)− (vk − ṽk)}TH(vk − ṽk) ≥ 0

and thus

(vk − v∗)TH(vk − ṽk) ≥ ‖vk − ṽk‖2H , ∀v∗ ∈ V∗. (4.3)

17
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The inequality (4.3) means that (vk − ṽk) is the ascent direction of the unknown

distance function 1
2

∥∥v − v∗
∥∥2
H

at the point vk.

〈
∇
(
1
2

∥∥v − v∗
∥∥2
H

)∣∣∣
v=vk

, (vk − ṽk)
〉
≥ ‖vk − ṽk‖2H , ∀ v∗ ∈ V∗.

The task of the algorithm is to produce a decreasing sequence {‖vk − v∗‖2H}.
Set

vk+1(α) = vk − α(vk − ṽk) (4.4)

which is an α dependent new iterate. It is clear we want to maximize

ϑ(α) = ‖vk − v∗‖2H − ‖vk+1(α)− v∗‖2H . (4.5)

Note that

ϑ(α) = ‖vk − v∗‖2H − ‖(vk − v∗)− α(vk − ṽk)‖2H
= 2α(vk − v∗)TH(vk − ṽk)− α2‖vk − ṽk‖2H (4.6)

is a quadratic function of α.
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We can not directly maximize ϑ(α) in (4.6) because the coefficient of the linear

term 2(vk − v∗)TH(vk − ṽk) contains the unknown solution v∗.

Using (4.3), from (4.6) we get

ϑ(α) ≥ 2α‖vk − ṽk‖2H − α2‖vk − ṽk‖2H (4.7)

Set

q(α) = (2α− α2)‖vk − ṽk‖2H , (4.8)

which is a quadratic lower-bound function of ϑ(α). The quadratic function q(α)

reaches its maximum at α∗ ≡ 1.

vk+1 = vk − γ(vk − ṽk), γ ∈ (0, 2) (4.9)

The generated sequence {vk} satisfies

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − γ(2− γ)‖vk − ṽk‖2H . (4.10)

18
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α ∗ =1 2

q(α)

γα ∗

ϑ(α)

0 α

� γ ∈ [1, 2)�«¿ã

ù�ù´ý��£. �¦Öön)£½ö´k«@¤`z¯K.�KF¼ê

�Q:ÚC©Ø�ª (VI)):��d�'X,±9PPA�{�½Â9Â 5�.
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1 Preliminaliers

½½½nnn 1 Let X ⊂ <n be a closed convex set, θ(x) and f(x) be convex func-

tions and f(x) is differentiable. Assume that the solution set of the minimization

problem min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (1.1a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.1b)

ÚÚÚnnn 1 Let the vectors a, b ∈ <n, H ∈ <n×n be a positive definite matrix. If

bTH(a− b) ≥ 0, then we have

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H . (1.2)

The assertion follows from ‖a‖2H = ‖b+ (a− b)‖2H ≥ ‖b‖2H + ‖a− b‖2H .
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‖x‖ = (xTx)
1
2 . H is positive definite, ‖x‖H = (xTHx)

1
2

The optimal condition of the linearly constrained convex optimization

min{θ(x)|Ax = b, x ∈ X}

is characterized as a special mixed monotone variational inequality:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.3)

PPA with Relaxation for VI (1.3) For given vk and H � 0, find wk+1,

wk+1 ∈ Ω, θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1)

≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω. (1.4)

Relaxation: (v = w or v is a sub-vector of w)

vk+1 := vk − α(vk − vk+1), α ∈ (0, 2). (1.5)
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2 lll���©©©-éééóóó···ÜÜÜFFFÝÝÝ{{{���UUUIII½½½���������CCC:::���{{{

We consider the min−max problem (e. g. ã�?n¥�ROF Model [3, 16])

minx maxy{Φ(x, y) = θ1(x)− yTAx− θ2(y) |x ∈ X , y ∈ Y}. (2.1)

Let (x∗, y∗) be the solution of (2.1), then we have
{

x∗ ∈ X , Φ(x, y∗)− Φ(x∗, y∗) ≥ 0, ∀x ∈ X , (2.2a)

y∗ ∈ Y, Φ(x∗, y∗)− Φ(x∗, y) ≥ 0, ∀ y ∈ Y. (2.2b)

Using the notation of Φ(x, y), it can be written as

{
x∗ ∈ X , θ1(x)− θ1(x∗) + (x− x∗)T (−AT y∗) ≥ 0, ∀x ∈ X ,
y∗ ∈ Y, θ2(y)− θ2(y∗) + (y − y∗)T ( Ax∗) ≥ 0, ∀ y ∈ Y.

Furthermore, it can be written as a variational inequality in the compact form:

u∗ ∈ Ω, θ(u)− θ(u∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (2.3)
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where

u =

(
x

y

)
, θ(u) = θ1(x) + θ2(y), F (u) =

(
−AT y
Ax

)
, Ω = X × Y.

Since F (u) =

(
−AT y
Ax

)
=

(
0 −AT
A 0

)(
x

y

)
, we have

(u− v)T (F (u)− F (v)) ≡ 0.

For the convex optimization problem min{θ(x) |Ax = b, x ∈ X},
whose Lagrangian function is L(x, y) = θ(x)−yT(Ax− b), we can rewrite it as

L(x, y) = θ(x)− yTAx− (−bT y),

which defined on X × <m.

Find the saddle point of the Lagrangian function is a special min−max problem

(2.1) whose θ1(x) = θ(x), θ2(y) = −bT y and Y = <m.
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2.1 ¦¦¦)))QQQ:::¯̄̄KKK��� ���©©©-éééóóó···ÜÜÜFFFÝÝÝ{{{PDHG [18]

For given (xk, yk), PDHG [18] produces a pair of (xk+1, yk+1). First,

xk+1 = argmin{Φ(x, yk) +
r

2
‖x− xk‖2 |x ∈ X}, (2.4a)

and then we obtain yk+1 via

yk+1 = argmax{Φ(xk+1, y)− s

2
‖y − yk‖2 | y ∈ Y}. (2.4b)

Ignoring the constant term in the objective function, the subproblems (2.4) are reduced to




xk+1 = argmin{θ1(x)− xTAT yk +
r

2
‖x− xk‖2 |x ∈ X}, (2.5a)

yk+1 = argmin{θ2(y) + yTAxk+1 +
s

2
‖y − yk‖2 | y ∈ Y}. (2.5b)

According to Lemma 1, the optimality condition of (2.5a) is xk+1 ∈ X and

θ1(x)−θ1(xk+1)+(x−xk+1)T {−AT yk+r(xk+1−xk)} ≥ 0, ∀x ∈ X . (2.6)

ùpk<¬`,XJ (2.5a)¥�θ1(x)´��¼ê,·�U�� (2.6)íºU�
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When θ1(x) is differentiable, the optimal condition of (2.5a) is: xk+1 ∈ X and

(x− xk+1)T
{
∇θ1(xk+1)−AT yk + r(xk+1 − xk)

}
≥ 0, ∀x ∈ X .

We rewrite the above VI as xk+1 ∈ X and

∇θ1(xk+1)T (x− xk+1)

+ (x− xk+1)T
{
−AT yk + r(xk+1 − xk)

}
≥ 0, ∀x ∈ X (2.7)

Since θ1(x) is convex function, we have

θ1(x)− θ1(xk+1) ≥ ∇θ1(xk+1)T (x− xk+1).

Substituting it in (2.7), we get (2.6). �

Similarly, from (2.5b) we get y ∈ Y and

θ2(y)− θ2(yk+1) + (y−yk+1)T {Axk+1 + s(yk+1−yk)} ≥ 0, ∀ y ∈ Y. (2.8)
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Combining (2.6) and (2.8), we have (xk+1, yk+1) ∈ X × Y ,

θ(u)− θ(uk+1) +


x− x

k+1

y − yk+1



T 



−A

T yk+1

Axk+1




+


r(x

k+1 − xk) +AT (yk+1 − yk)

s(yk+1 − yk)





 ≥ 0, ∀(x, y) ∈ Ω.

The compact form is uk+1 ∈ Ω,

uk+1 ∈ Ω, θ(u)− θ(uk+1) + (u− uk+1)TF (uk+1)

≥ (u− uk+1)TQ(uk − uk+1), ∀u ∈ Ω. (2.9)

where

Q =

(
rIn AT

0 sIm

)
is not symmetric.

It does not be the PPA form (1.4), and we can not expect its convergence.
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The following example of linear programming indicates

the original PDHG (2.4) is not necessary convergent.

Consider a pair of the primal-dual linear programmingµ

(Primal)

min cTx

s. t. Ax = b

x ≥ 0.

(Dual)
max bT y

s. t. AT y ≤ c.

We take the following example

(P)

min x1 + 2x2

s. t. x1 + x2 = 1

x1, x2 ≥ 0.

(D)

max y

s. t.

[
1

1

]
y ≤

[
1

2

]

where A = [1, 1], b = 1, c =

[
1

2

]
and the vector x =

[
x1

x2

]
.
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Note that its Lagrange function is

L(x, y) = cTx− yT (Ax− b) (2.10)

which defined on <2
+ ×<. x∗ =

[
1
0

]
and y∗ = 1. is the unique saddle point of the

Lagrange function.

For solving the min-max problem (2.10), by using (2.4), the iterative formula is




xk+1 = arg min{cTx− xTAT yk + r
2
‖x− xk‖2|x ≥ 0}

= arg min{ r
2
‖x−[xk+ 1

r
(ATyk−c)]‖2|x ≥ 0}

= P<n
+

[xk+ 1
r
(ATyk−c)]

= max{[xk+ 1
r
(ATyk−c)], 0},

yk+1 = yk − 1
s
(Axk+1 − b).

We use (x01, x
0
2; y0) = (0, 0; 0) as the start point. For this example, the method is not

convergent.
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t(1,0;1)u∗
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rr(0,0;0)u0
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u4u4

u5u6

Fig. 2.1 The sequence generated by

PDHG Method with r = s = 1

u0 = (0, 0; 0)

u1 = (0, 0; 1)

u2 = (0, 0; 2)

u3 = (1, 0; 2)

u4 = (2, 0; 1)

u5 = (2, 0; 0)

u6 = (1, 0; 0)

u7 = (0, 0; 1)

uk+6 = uk
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2.2 Customized Proximal Point Algorithm-Classical Version

If we change the non-symmetric matrix Q to a symmetric matrix H such that

Q =

(
rIn AT

0 sIm

)
⇒ H =

(
rIn AT

A sIm

)
,

then the variational inequality (2.9) will become the following desirable form:

θ(u)−θ(uk+1)+(u−uk+1)T {F (uk+1)+H(uk+1 − uk)} ≥ 0, ∀u ∈ Ω.

For this purpose, we need only to change (2.8) in PDHG, namely,

θ2(y)− θ2(yk+1) + (y − yk+1)T {Axk+1 + s(yk+1 − yk)} ≥ 0, ∀ y ∈ Y.
to

θ2(y)− θ2(yk+1) + (y − yk+1)T {Axk+1+A(xk+1 − xk)

+ s(yk+1 − yk)} ≥ 0, ∀ y ∈ Y.

θ2(y)− θ2(yk+1) + (y− yk+1)T {A[2xk+1 − xk] + s(yk+1− yk)} ≥ 0. (2.11)

II - 14

Thus, for given (xk, yk), producing a proximal point (xk+1, yk+1) via (2.4a)

and (2.11) can be summarized as:

xk+1 = argmin
{

Φ(x, yk) +
r

2

∥∥x− xk
∥∥2 ∣∣x ∈ X

}
. (2.12a)

yk+1 = argmax
{

Φ
(
[2xk+1 − xk], y

)
− s

2

∥∥y − yk
∥∥2} (2.12b)

By ignoring the constant term in the objective function, getting xk+1 from (2.12a)

is equivalent to obtaining xk+1 from

xk+1 = argmin
{
θ1(x) +

r

2

∥∥x−
[
xk +

1

r
AT yk

]∥∥2 ∣∣x ∈ X
}
.

The solution of (2.12b) is given by

yk+1 = argmin
{
θ2(y) +

s

2

∥∥y −
[
yk +

1

s
A(2xk+1 − xk)

]∥∥2 ∣∣ y ∈ Y
}
.

According to the assumption, there is no difficulty to solve (2.12a)-(2.12b).
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In the case that rs > ‖ATA‖, the matrix

H =


 rIn AT

A sIm


 is positive definite.

½½½nnn 2 The sequence {uk = (xk, yk)} generated by the customized PPA

(2.12) satisfies

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H − ‖uk − uk+1‖2H . (2.13)

For the minimization problem min{θ(x) |Ax = b, x ∈ X},
the iterative scheme is

xk+1 = argmin
{
θ(x) +

r

2

∥∥x−
[
xk +

1

r
AT yk

]∥∥2 ∣∣x ∈ X
}
. (2.14a)

yk+1 = yk − 1

s

[
A(2xk+1 − xk)− b

]
. (2.14b)

II - 16

For solving the min-max problem (2.10), by using (2.12), the iterative formula is

{
xk+1 = max{[xk + 1

r (AT yk − c)], 0},
yk+1 = yk − 1

s [A(2xk+1 − xk)− b].

t
(1,0;1) u∗6

6@
@
@
@
@@R

t

r

r

u0 (0,0;0)

u1

u2

u3

Fig. 2.2 The sequence generated by
C-PPA Method with r = s = 1

u0 = (0, 0; 0)

u1 = (0, 0; 1)

u2 = (0, 0; 2)

u3 = (1, 0; 1)

u3 = u∗.
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Besides (2.12), (xk+1, yk+1) can be produced by using the dual-primal order:

yk+1 = argmax
{

Φ
(
xk, y

)
− s

2

∥∥y − yk
∥∥2} (2.15a)

xk+1 = argmin
{

Φ(x, (2yk+1 − yk)) +
r

2

∥∥x− xk
∥∥2 ∣∣x ∈ X

}
. (2.15b)

By using the notation of u, F (u) and Ω in (2.3), we get uk+1 ∈ Ω and

θ(u)−θ(uk+1)+(u−uk+1)T {F (uk+1)+H(uk+1−uk)} ≥ 0, ∀u ∈ Ω,

where

H =

(
rIn −AT

−A sIm

)
.

Note that in the primal-dual order,

H =

(
rIn AT

A sIm

)
.

In the both cases, rs > ‖ATA‖, the matrix H is positive definite.
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Remark We use CP-PPA to solve linearly constrained convex optimization.

If the equality constraints Ax = b is changed to Ax ≥ b, namely,

min{θ(x) | Ax = b, x ∈ X} ⇒ min{θ(x) | Ax ≥ b, x ∈ X}.

In this case, the Lagrange multiplier y should be nonnegative. Ω = X × <m+ .

We need only to make a slight change in the algorithms.

In the primal-dual order (2.12b), it needs to change the update dual update form

yk+1 = yk− 1
s

(
A(2xk+1− xk)− b

)
⇒ yk+1 =

[
yk− 1

s

(
A(2xk+1− xk)− b

)]
+

In the dual-primal order (2.15a), it needs to change the update dual update form

yk+1 = yk− 1
s

(
Axk − b

)
⇒ yk+1 =

[
yk− 1

s

(
Axk − b

)]
+
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2.3 Simplicity recognition

Frame of VI is recognized by some Researcher in Image Science

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization∗

Thomas Pock
Institute for Computer Graphics and Vision

Graz University of Technology
pock@icg.tugraz.at

Antonin Chambolle
CMAP & CNRS

École Polytechnique
antonin.chambolle@cmap.polytechnique.fr

Abstract

In this paper we study preconditioning techniques for
the first-order primal-dual algorithm proposed in [5]. In
particular, we propose simple and easy to compute diago-
nal preconditioners for which convergence of the algorithm
is guaranteed without the need to compute any step size
parameters. As a by-product, we show that for a certain
instance of the preconditioning, the proposed algorithm is
equivalent to the old and widely unknown alternating step
method for monotropic programming [7]. We show numer-
ical results on general linear programming problems and
a few standard computer vision problems. In all examples,
the preconditioned algorithm significantly outperforms the
algorithm of [5].

1. Introduction
In [5, 8, 13] first-order primal-dual algorithms are stud-

ied to solve a certain class of convex optimization problems
with known saddle-point structure.

min
x∈X

max
y∈Y
〈Kx, y〉+G(x)− F ∗(y) , (1)

where X and Y are finite-dimensional vector spaces
equipped with standard inner products 〈·, ·〉. K : X → Y
is a linear operator and G : X → R ∪ {∞} and F ∗ : Y →
R ∪ {∞} are convex functions with known structure.

The iterates of the algorithm studied in [5] to solve (1)
are very simple:
{
xk+1 =(I + τ∂G)−1(xk − τKT yk)

yk+1 =(I + σ∂F ∗)−1(yk + σK(xk+1 + θ(xk+1 − xk)))

(2)
They basically consist of alternating a gradient ascend in
the dual variable and a gradient descend in the primal

∗The first author acknowledges support from the Austrian Science Fund
(FWF) under the grant P22492-N23.

Figure 1. On problems with irregular structure, the proposed pre-
conditioned algorithm (P-PD) converges significantly faster than
the algorithm of [5] (PD).

variable. Additionally, the algorithm performs an over-
relaxation step in the primal variable. A fundamental as-
sumption of the algorithm is that the functions F ∗ and G
are of simple structure, meaning that the so-called proxim-
ity or resolvent operators (I + σ∂F ∗)−1 and (I + τ∂G)−1

have closed-form solutions or can be efficiently computed
with a high precision. Their exact definitions will be given
in Section 1.1. The parameters τ, σ > 0 are the primal and
dual step sizes and θ ∈ [0, 1] controls the amount of over-
relaxation in x. It is shown in [5] that the algorithm con-
verges as long as θ = 1 and the primal and dual step sizes
τ and σ are chosen such that τσL2 < 1, where L = ‖K‖
is the operator norm of K. It is further shown that a suit-
ably defined partial primal-dual gap of the average of the
sequence ((x0, y0), ..., (xk, yk)) vanishes with rate O(1/k)
for the complete class of problems covered by (1). For
problems with more regularity, the authors propose acceler-
ation schemes based on non-empirical choices on τ , σ and
θ. In particular they show that they can achieveO(1/k2) for
problems where G of F ∗ is uniformly convex and O(ωk),
ω < 1 for problems where both G and F ∗ are uniformly
convex. See [5] for more details.

A common feature of all numerical examples in [5] is
that the involved linear operators K have a simple struc-
ture which makes it very easy to estimate L. We observed
that for problems where the operator K has a more compli-

1

• T. Pock and A. Chambolle, IEEE ICCV, 1762-1769, 2011

• A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem

with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.
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dual variables into a vector y and all linear operators into a
global linear operator K. Then, applying the precondition-
ing techniques proposed in this paper leads to an algorithm
that is guaranteed to converge to the optimal solution with-
out the need to solve any inner optimization problems.

Figure 3 shows some results of standard minimal parti-
tioning and segmentation problems. We compared the orig-
inal approach solving inner optimization problems and us-
ing PD to P-PD applied to (27). We first precomputed the
optimal solution using a large number of iterations and then
recorded the time until the error is below a threshold of tol.
The timings are presented in Table 4. In all cases, the pro-
posed algorithm clearly outperforms the original approach
of [5].

PD P-PD Speedup
Synthetic (3 phases) 221.71s 75.65s 2.9
Synthetic (4 phases) 1392.02s 538.83s 2.6

Natural (8 phases) 592.85s 113.76s 5.2
Table 4. Comparison of the proposed algorithm on partitioning
problems.

4. Conclusion

In this paper we have proposed a simple precondition-
ing technique to improve the performance of the first-order
primal-dual algorithm proposed in [13, 5]. The proposed
diagonal preconditioners can be computed efficiently and
guarantee the convergence of the algorithm without the
need to estimate any step size parameters. In several nu-
merical experiments, we have shown that the proposed al-
gorithm significantly outperforms the algorithm in [5]. Fur-
thermore, on large scale linear programming problems, an
unoptimized implementation of the proposed algorithm eas-
ily outperforms a highly optimized interior point solver and
a GPU implementation of the proposed algorithm can eas-
ily compete with specialized combinatorial algorithms for
computing minimum cuts.

We believe that the proposed algorithm can become a
standard algorithm in computer vision since it can be ap-
plied to a large class of convex optimization problems aris-
ing in computer vision and has the potential for parallel
computing. Future work will mainly concentrate on the
development of more sophisticated preconditioners that are
different from diagonal matrices.

References
[1] A. Bhusnurmath and C. Taylor. Graph cuts via `1 norm min-

imization. IEEE Transactions on Pattern Analysis and Ma-
chine Intelligence, 30:1866–1871, 2008.

[2] S. Boyd and L. Vandenberghe. Convex Optimization. Cam-
bridge University Press, 2004.

[3] Y. Boykov and V. Kolmogorov. An experimental comparison
of min-cut/max-flow algorithms for energy minimization in
computer vision. In A. J. M. Figueiredo, J. Zerubia, edi-
tor, Energy Minimization Methods in Computer Vision and
Pattern Recognition, volume 2134 of LNCS, pages 359–374.
Springer, 2001.

[4] A. Chambolle. Total variation minimization and a class of
binary MRF models. In Energy Minimization Methods in
Computer Vision and Pattern Recognition, pages 136–152,
2005.

[5] A. Chambolle and T. Pock. A first-order primal-dual al-
gorithm for convex problems with applications to imaging.
Journal of Mathematical Imaging and Vision, 2010. online
first.

[6] T. Chan and S. Esedoglu. Aspects of total variation regu-
larized L1 function approximation. SIAM J. Appl. Math.,
65(5):1817–1837, 2004.

[7] J. Eckstein. Splitting Methods for Monotone Operators with
Application to Parallel Optimization. PhD thesis, MIT, 1989.

[8] E. Esser, X. Zhang, and T. Chan. A general framework for
a class of first order primal-dual algorithms for convex opti-
mization in imaging science. SIAM J. Imaging Sci., 3:1015–
1046, 2010.

[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
University Press, Princeton, New Jersey, 1962.

[10] B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation image restoration. Technical
report, Nanjing University, China, 2010.

[11] J. Lellmann, D. Breitenreicher, and C. Schnörr. Fast and
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1 Introduction

In thisworkwe revisit a first-order primal–dual algorithmwhichwas introduced in [15,
26] and its accelerated variants which were studied in [5]. We derive new estimates
for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N ) rate
of convergence (where N is the number of iterations), which also generalizes to non-
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Moreover, from the convexity of f and (4) it follows

f (x) ≥ f (x̄) + 〈∇ f (x̄), x − x̄〉 ≥ f (x̂) + 〈∇ f (x̄), x − x̂
〉 − L f

2
‖x̂ − x̄‖2.

Combining this with the previous inequality, we arrive at

f (x) + g(x) + 1
τ

Dx (x, x̄) + L f

2
‖x̂ − x̄‖2

≥ f (x̂) + g(x̂) + 〈
K (x̂ − x), ỹ

〉 + 1
τ

Dx (x̂, x̄) + 1
τ

Dx (x, x̂). (9)

In the same way:

h∗(y) + 1
σ

Dy(y, ȳ) ≥ h∗(ŷ) − 〈
K x̃, ŷ − y

〉 + 1
σ

Dy(ŷ, ȳ) + 1
σ

Dy(y, ŷ). (10)

Summing (9), (10) and rearranging the terms appropriately, we obtain (8) �	.

3 Non-linear primal–dual algorithm

In this section we address the convergence rate of the non-linear primal–dual algorithm
shown in Algorithm 1:

Algorithm 1: O(1/N ) Non-linear primal–dual algorithm

• Input: Operator norm L := ‖K‖, Lipschitz constant L f of ∇ f , and Bregman
distance functions Dx and Dy .

• Initialization: Choose (x0, y0) ∈ X × Y, τ, σ > 0
• Iterations: For each n ≥ 0 let

(xn+1, yn+1) = PDτ,σ (xn, yn, 2xn+1 − xn, yn) (11)

The elegant interpretation in [16] shows that by writing the algorithm in this form
(which “shifts” the updates with respect to [5]), in the Euclidean case, that is ‖·‖x =
‖·‖y = ‖·‖2, and Dx (x, x ′) = 1

2‖x − x ′‖2
2, Dy(y, y′) = 1

2‖y − y′‖2
2, then it is an

instance of the proximal point algorithm [27], up to the explicit term ∇ f (xn), since

(
K ∗ + ∂g

−K + ∂h∗
)

(zn+1) + Mτ,σ (zn+1 − zn) �
(−∇ f (xn)

0

)
,

where the variable z ∈ X ×Y represents the pair (x, y), and the matrix Mτ,σ is given
by

Mτ,σ =
( 1

τ
I −K ∗

−K 1
σ

I

)
, (12)

which is positive-definite as soon as τσ L2 < 1. A proof of convergence is easily
deduced. Moreover, since in our particular setting we never really use the machinery
of monotone operators, and rely only on the fact that we are studying a specific

123

A proof of convergence is easily
deduced.
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Abstract

We revisit the Chen-Teboulle algorithm using recent insights and show that this allows a better bound
on the step-size parameter.

1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product 〈x, y〉 on H×H∗. Instead of defining the norm to be the induced norm, we define the primal
norm as follows (and this induces the dual norm)

‖x‖V =
√
〈V x, x〉 =

√
〈x, x〉V , ‖y‖∗V = ‖y‖V −1 =

√
〈y, V −1y〉 =

√
〈y, y〉V −1

for any Hermitian positive definite V ∈ B(H,H); we write this condition as V � 0. For finite dimensional
spaces H, this means that V is a positive definite matrix.

We discuss the canonical proximal point method in a general norm; this generality has been known for a
long time, and the novelty will be our specific choice of norm. This allows us to re-derive the Chen-Teboulle
algorithm [CT94], which, even though it is not widely used, appears to be the first algorithm in a series
of algorithms [ZC08, EZC10, CP10, HY12, Con13, Vũ13]. Among other features, a benefit of these new
algorithms is that they can exploit the situation when a function f can be written as f(x) = h(Ax) for a
linear operator A. In particular, this is useful when the proximity operator [Mor62] of h is easy to compute
but the proximity operator of h ◦ A is not easy (the prox of h ◦ A follows from that of h only in special
conditions on A; see [CP07]).

The benefit of this analysis is that it gives intuition, allows one to construct novel methods, simplifies
convergence analysis, gives sharp bounds on step-sizes, and extends to product-space formulations easily.

1.1 Proximal Point algorithm

All terminology is standard, and we refer to the textbook [BC11] for standard definitions. Let A be a
maximal monotone operator, such as a subdifferential of a proper lower semi-continuous convex function,

and assume zero(A)
def
= {~x : 0 ∈ A~x} is non-empty. The proximal point algorithm is a method for finding

some ~x ∈ zero(A). It makes use of the fundamental fact:

0 ∈ A~x ⇐⇒ τ~x ∈ τ~x+A~x

for any τ > 0. This is equivalent to

~x ∈ (I + τ−1A)−1~x
def
= Jτ−1A(~x)

∗University of Colorado Boulder, USA. Work was also performed 2011–2014 while author was at IBM Research, Yorktown
Heights, NY, USA and at Laboratoire Jacques-Louis Lions, University Paris-6, under a fellowship from the Fondation Sciences
Mathmatiques de Paris (FSMP) and by a public grant overseen by the French National Research Agency (ANR) as part of the
“Investissements d’Avenir” program (reference: ANR-10-LABX-0098)
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2.4 Relationship to Chambolle-Pock Method

Chambolle and Pock [3] have proposed a method for solving the convex-concave

min−max problem, in short, C-P method. Applied C-P method to the problem

(2.1), it is also required rs > ‖ATA‖.
CP method. For given (xk, yk), C-P method obtains xk+1 via

xk+1 = arg min{Φ(x, yk) +
r

2
‖x− xk‖2 |x ∈ X}. (2.16a)

Then, yk+1 is given by

yk+1 = arg max{Φ([xk+1 + τ(xk+1 − xk)], y)− s

2
‖y − yk‖2 | y ∈ Y}

(2.16b)

where τ ∈ [0, 1].

� τ = 1¿�rs > ‖ATA‖, PPA�{Âñ.� τ = 0,�{ØU�yÂñ.

é τ ∈ (0, 1),Âñ5vky²,�8�´�� Open Problem.

32



II - 27

• �©-éó·ÜFÝ{(PDHG) (2.4)ÚUI½���C:�{(C-PPA)

(2.12)Ñ´ Chambolle-Pock�{ [3]©O� τ = 0Ú τ = 1�A~.

• é τ = 0� PDHG�{ (2.4), §2.1¥®²`²ØU�yÂñ.é τ = 1�

CPPA�{ (2.12),ÙÂñ53 §2.2¥k
(Ø.

• �â·���£,éu τ ∈ (0, 1)� CP�{ (2.16),Âñ5�vk½Ø.

CP�{�cP 2020c9�

• ChambolleÚ Pock3 2010cJÑ�¦)min−max¯K��©-éó�

{,3ã�?n+�kX2��A^Úé��K�,�¡�CP�{"

• ChambolleÚ Pock�{�1����úÙu2010c6�.¦���{¥

k� [0, 1]�m�ëê,�3©Ù¥,�éëê�1��{�
y².Ö


¦��ù�©Ù±�,·�éùa�{�Âñ5?1
ïÄ.

• du·�õcïÄüNC©Ø�ª�¦)�{,é¯uy,ëê� 1�

CP �{,�±)º�C©Ø�ªH-�(H�é¡�½Ý
)��C:�

{ (PPA),ÏdÂñ5y²AO{ü.Ê��Ø�� 2010c 11� 4F,·
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�r�'y²�1�v, OO-2790,úÙ3 Optimization Onlineþ.Ó�,é

ëê� 0� CP�{,·�é�
ØÂñ�~f.

• ëê3 (0, 1)m� CP�{,UØU�yÂñ,ù�¯K�8vk)û.

• ChambolleÚ Pocké¯uy
·��ó�,��õ��� 2010c 12�

21F,¦��©Ù3 J. MIV online�ªuL.·�p,/w�, Chambolle

Ú Pock®²Ú^
·��©Ù,�J�
·��y².·��©Ù�ª

uL±�, CP�5ÒØ2Jëê3 [0, 1)m��{
.

• AOa�CP�{��Mö@�·��Ñ�{üy².¦�32011c

�IEEE ICCV¬ÆØ©¥,¡7·��ó�4�/{z
Âñ5©Û

(which greatly simplifies the convergence analysis).

• �5CP�{��öqkõ��'�©ÙuL(�¡�©Ù¦�Ñ�?Ø

ëê� 1��{).¦�u2016c3Math. Progr.uL�©Ù¥,UY|^

·�� PPA)º,©Ù�Úó¥ÒmªÙú (In particular, exploiting a

proximal-point interpretation due to [16], we are able to give a very

elementary proof).ùp�[16]´·� 2010c�ý<� OO-2790, 2012c

SuL3 SIAM Imaging Science.
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3 From ALM to Balanced ALM

We consider the generic convex minimization model with linear constraints

min{θ(x) | Ax = b, x ∈ X}, (3.1)

where θ : <n → < is a closed proper convex but not necessarily smooth function;

X ⊆ <n is a closed convex set; A ∈ <m×n and b ∈ <m.

The Lagrangian function of (3.1) is

L(x, λ) = θ(x)− λT (Ax− b), (3.2)

which is defined on Ω = X × <m. A pair of (x∗, λ∗) defined on X × Λ is called a

saddle point of the Lagrangian function (3.2) if it satisfies the inequalities

Lλ∈<m(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗).

Alternatively, we can rewrite these inequalities as the variational inequalities:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (3.3a)
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where

w =


 x

λ


 , F (w) =


 −ATλ

Ax− b


 and Ω = X × <m. (3.3b)

Note that for the operator F defined in (3.3b) is affine with a skew-symmetric matrix. Thus

we have

(w − w̃)T (F (w)− F (w̃)) ≡ 0. (3.4)

We denote by Ω∗ the solution set of the variational inequality (3.3).

½½½nnn 3 [PPA for VI (3.3)] The sequence

wk+1 ∈ Ω, θ(x)−θ(xk+1) + (w − wk+1)TF (wk+1)

≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω. (3.5)

Then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀w∗ ∈ Ω∗. (3.6)

‖vk − vk+1‖2H ≤ ‖vk − v∗‖2H − ‖vk+1 − v∗‖2H .
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3.1 Augmented Lagrangian Method

The augmented Lagrangian method originally proposed in [12, 13, 14] for (3.1) reads as

(ALM)





xk+1 ∈ arg min
{
L(x, λk) +

r

2
‖Ax− b‖2

∣∣ x ∈ X
}

(3.7a)

λk+1 = arg max
{
L(xk+1, λ)− 1

2r
‖λ− λk‖2}. (3.7b)

The method is implemented by




xk+1 ∈ arg min
{
θ(x)− xTATλk +

r

2
‖Ax− b‖2

∣∣ x ∈ X
}
, (3.8a)

λk+1 = λk − r
(
Axk+1 − b

)
. (3.8b)

(xk+1, λk+1) ∈ X × <m,




θ(x)− θ(xk+1) + (x− xk+1)T {−AT[λk − r(Axk+1 − b)]} ≥ 0, ∀x ∈ X

(λ− λk+1)T {(Axk+1 − b) +
1

r
(λk+1 − λk)} ≥ 0, ∀λ ∈ <m
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ÚÚÚnnn 2 For given λk , let wk+1 be generated by (3.7), then we have

wk+1 ∈ Ω, θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1)

≥ (λ− λk+1)T
1

r
(λk − λk+1), ∀w ∈ Ω. (3.9)

It is a form of (3.3) with v = λ, H =
1

r
Im.

According to Theorem 3, the sequence {λk} generated by ALM (3.7) satisfied

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2, ∀λ∗ ∈ Λ∗. (3.10)

Disadvantages: The x-subproblem of of the k-th iteration of ALM has the mathematical

form

min
{
θ(x) +

r

2
‖Ax− pk‖2

∣∣ x ∈ X
}
. (3.11)

Because of the quadratic term
r

2
‖Ax− pk‖2, sometimes it is difficult to get a solution of

(3.8a).

35



II - 33

3.2 CP-PPA method [9]

The scheme of CP-PPA method [3, 4, 9] is appropriate for (3.1). It reads as

(CP-PPA)





xk+1 = arg min
{
L(x, λk) +

r

2
‖x− xk‖2

∣∣ x ∈ X
}
, (3.12a)

λk+1 = arg max
{
L([2xk+1 − xk], λ)− s

2
‖λ− λk‖2

}
. (3.12b)

The method is implemented by




xk+1 = arg min
{
θ(x) +

r

2
‖x− (xk + 1

r
ATλk)‖2

∣∣ x ∈ X
}
,(3.13a)

λk+1 = λk − 1
s

(
A[2xk+1 − xk]− b

)
. (3.13b)

ÚÚÚnnn 3 For given wk , let wk+1 be generated by (3.12), then we have

wk+1 ∈ Ω, θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω, (3.14a)
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where

H =


 rIn AT

A sIm


 . (3.14b)

According to Theorem 3, the sequence {wk} generated by CP-PPA (3.12) satisfied (3.6)

where H is defined in (3.14b).

Disadvantages. In order to guarantee the convergence, the parameters r and s should

satisfy

rs > ‖ATA‖. (3.15)

Unless the matrix ATA is well-conditioned, the condition (3.15) will lead slow

convergence.

• CP-PPA�{� x-f¯K (3.12a)¥,^ 1
2
r‖x − xk‖2 �O�ALM�{ x-f¯

K(3.7a)¥� 1
2
r‖Ax− b‖2. �{´{ü
,��
¦Ý
H �½,·�7L�

rs > ‖ATA‖. rs��uATA�Ì�».

• lS�úª (3.12)�±wÑ, r Ú s �, ¬½¦#�S�: wk+1 =

(xk+1, λk+1) �C�5�:wk = (xk, λk) �C. 3éõ�ÿ, ù¬K�Â

ñ�Ý.
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3.3 Balanced ALM [10]

Our balanced ALM [10, 17] is to share the difficulty equally in the primal-dual steps.




xk+1 = arg min
{
L(x, λk) +

r

2
‖x− xk‖2

∣∣ x ∈ X
}
, (3.16a)

λk+1 = arg max
{
L([2xk+1 − xk], λ)− 1

2

∥∥λ− λk
∥∥2
( 1
r
AAT+δIm)

}
. (3.16b)

Replaced

λk+1 = arg max
{
L([2xk+1 − xk], λ)− s

2
‖λ− λk‖2

}
,

in (3.12b) by

λk+1 = arg max
{
L([2xk+1 − xk], λ)− 1

2

∥∥λ− λk
∥∥2
( 1
r
AAT+δIm)

}
.

The balanced ALM (3.16) is implemented by




xk+1=arg min
{
θ(x)− xTATλk +

r

2
‖x− xk‖2

∣∣ x ∈ X
}
, (3.17a)

λk+1=arg min
{
λT
(
A[2xk+1 − xk]− b

)
+

1

2

∥∥λ− λk
∥∥2
( 1
r
AAT+δIm)

}
. (3.17b)
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Remark. λk+1 in (3.17b) is the solution of the following system of linear equations:

H0(λ− λk) +
(
A[2xk+1 − xk]− b

)
= 0, (3.18)

where

H0 =
1

r
AAT + δIm. (3.19)

Because the matrix H0 is positive definite, there are efficient algorithms in literature for

solving such a systems of linear equations.

ÚÚÚnnn 4 For given wk, let wk+1 be generated by (3.16), then we have

wk+1 ∈ Ω, θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω, (3.20a)

where

H =


 rIn AT

A 1
rAA

T + δIm


 is positive definite. (3.20b)
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Proof. According to Lemma 1, xk+1 offered by (3.17a) is characterized as xk+1 ∈ X
and

θ(x)− θ(xk+1) + (x− xk+1)T
{
−ATλk + r(xk+1 − xk)

}
≥ 0, ∀x ∈ X .

Then, for any unknown λk+1, we have

xk+1 ∈ X , θ(x)− θ(xk+1) + (x− xk+1)T (−ATλk+1)

≥ (x− xk+1)T
{
r(xk − xk+1)+AT(λk−λk+1)

}
, ∀x ∈ X . (3.21)

Similarly, according to Lemma 1, λk+1 offered by (3.17b) is characterized by the

variational inequality λk+1 ∈ <m,

(λ−λk+1)T
{(
A[2xk+1−xk]−b

)
+
(1

r
AAT+δIm

)
(λk+1−λk)

}
≥ 0, ∀λ ∈ <m.

It can be rewritten as λk+1 ∈ Λ as

(λ− λk+1)T (Axk+1 − b)

≥ (λ− λk+1)T
{

(A(xk − xk+1) +
(1

r
AAT + δIm

)
(λk − λk+1)

}
,

∀λ ∈ Λ. (3.22)
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Combining (3.21) and (3.22), and using the notation in (3.3), we get the assertion of this

lemma. �

Notice that the matrix H in

H =



√
rIn√
1
rA



(√

rIn,
√

1
rA

T
)

+


 0 0

0 δIm


 ,

for any w = (x, λ) 6= 0. Thus, we have

wTHw =
∥∥√rx+

√
1
rA

Tλ
∥∥2 + δ‖λ‖2 > 0,

and therefore the matrix H is positive definite. �

þ(�O2.�KF¦f{, x-f¯K (3.16a)Ú CP-PPA¥�x-f¯

K (3.12a)����. λ-f¯K (3.17b)�¦)��XêÝ
�½��5�§

|.·�^ù�O�
î­K�Âñ�Ý� rs > ‖ATA‖ (see (3.15)).5¿

�,3��S�L§¥,·���éÝ
H0 (see (3.19))��gCholesky©).
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4 ALM in PPA-sense

The methods introduced in this section are recently published in [19].

�âý��½Ý
 �EPPA�{. �{�±3 [19]¥��.

The convex optimization problem,

min{θ(x) | Ax = b, x ∈ X}

is translated to the equivalent variational inequality :

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀u ∈ Ω, (4.1a)

where

w =


 x

λ


 , F (w) =


 −ATλ

Ax− b


 and Ω = X × <m. (4.1b)
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4.1 Relaxed PPA in Primal-Dual Order

Relaxed PPA for the variational inequality (4.1) :

θ(x)− θ(x̃k) + (w− w̃k)TF (w̃k) ≥ (w− w̃k)TH(wk− w̃k), ∀w ∈ Ω, (4.2a)

where

H =




βATA+ δIn AT

A
1

β
Im


 (4.2b)

The concrete formula of (4.2) is





θ(x)− θ(x̃k) + (x− x̃k)T

{−AT λ̃k + (βATA+ δIn)(x̃
k − xk) +AT (λ̃k − λk)} ≥ 0,

(Ax̃k − b) +A(x̃k − xk) + (1/β)(λ̃k − λk) = 0.

(4.3)

The underline part is F (w̃k):

F (w) =

(
−ATλ

Ax− b

)
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



θ(x)− θ(x̃k) + (x− x̃k)T {−ATλk + (βATA+ δIn)(x̃k − xk)} ≥ 0,

(
A[2x̃k − xk]− b

)
+ (1/β)(λ̃k − λk) = 0.

How to implement the prediction? To get w̃k which satisfies (4.3),

we need only use the following procedure: (Primal-Dual)




x̃k = Argmin

{
θ(x)− xTATλk

+ 1
2 (x− xk)T (βATA+ δIn)(x− xk)

∣∣∣∣x ∈ X
}
,

λ̃k = λk − β
(
A[2x̃k − xk]− b

)
.

Then, we use the form

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2)

to update the new iterate wk+1.
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4.2 Relaxed PPA in Dual-Primal Order

Relaxed PPA for the variational inequality (4.1) :

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TH(wk − w̃k), ∀w ∈ Ω,

(4.4a)

where

H =




βATA+ δIn −AT

−A 1

β
Im


 , (a small δ > 0, say δ = 0.05). (4.4b)

Then, we use the form

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2)

to update the new iterate wk+1.
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The concrete form of (4.4) is




θ(x)− θ(x̃k) + (x− x̃k)T

{−AT λ̃k + (βATA+ δIn2)(x̃
k − xk)−AT (λ̃k − λk)} ≥ 0,

(Ax̃k − b) −A(x̃k − xk) + (1/β) (λ̃k − λk) = 0.





θ(x)− θ(x̃k) + (x− x̃k)T

{−AT (2λ̃k − λk) + (βATA+ δIn2)(x̃k − xk)} ≥ 0,

(Axk − b) + (1/β)(λ̃k − λk) = 0.

Implementation of (4.4) is (Dual-Primal)




λ̃k = λk − β(Axk − b), (4.5a)

x̃k = Argmin

{
θ(x)− xTAT [2λ̃k − λk] +

1
2 (x− xk)T (βATA+ δIn)(x− xk)

∣∣∣∣x ∈ X
}
. (4.5b)

The underline part is F (w̃k):

F (w) =

(
−ATλ

Ax− b

)
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4.3 PPA in Primal-Dual Order

Relaxed PPA for the variational inequality (4.1) :

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TH(wk − w̃k), ∀w ∈ Ω,

(4.6a)

where

H =




δIn 0

0
1

β
Im


 . (4.6b)

Then, we use the form

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2)

to update the new iterate wk+1.
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The concrete form of (4.6) is




θ(x)− θ(x̃k) + (x− x̃k)T {−AT λ̃k + δIn(x̃k − xk)} ≥ 0,

(Ax̃k − b) + (1/β) (λ̃k − λk) = 0.

Using λ̃k = λk − β(Ax̃k − b) = [λk − β(Axk − b)]− βA(x̃k − xk)





θ(x)− θ(x̃k) + (x− x̃k)T

{
−AT [λk − β(Axk − b)]

+(δIn +ATA)(x̃k − xk)

}
≥ 0,

λ̃k = λk − β(Ax̃k − b).

Implementation




x̃k = Argmin

{
θ(x)− xTAT [λk − β(Axk − b)] +

1
2
(x− xk)T (βATA+ δIn)(x− xk)

∣∣∣∣x ∈ X
}
,

λ̃k = λk − β(Ax̃k − b).

The underline part is F (w̃k):

F (w) =

(
−ATλ

Ax− b

)
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5 Different positive definite matrices H in PPA

H =

(
rIn AT

A sIm

)
, H =

(
rIn −AT

−A sIm

)
, rs > ‖ATA‖.

H =

(
rIn AT

A 1
rAA

T + δIm

)
, H =

(
rIn −AT

−A 1
rAA

T + δIm

)

H =

(
βATA+ δIn AT

A 1
β Im

)
, H =

(
βATA+ δIn −AT

−A 1
β Im

)

H =




δIn 0

0
1

β
Im


 , H =


 In 0

0 Im




�±�â¯K�¢SI�,ÀJØÓ��½Ý
H
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1 Two blocks separable convex optimization
We consider the following separable convex optimization

min{θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y} (1.1)

Example: Best matrix approximation under some conditions

min
X
{ 1

2‖X − C‖2F |X ∈ SnΛ ∩ SB},

where

SnΛ = {H ∈ Sn |λminI � H � λmaxI}
and

SB = {H ∈ Sn |HL ≤ H ≤ HU}.
It can be translated to the following equivalent problem:

minX,Y
1
2‖X − C‖2 + 1

2‖Y − C‖2

s.t X − Y = 0, X ∈ SnΛ, Y ∈ SB .
(1.2)

The problem (1.2) is a concrete problem of type (1.1).
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Smooth Optimization Approach for Covariance Selection — Statistics

min
X
{Tr(CX)− log(det(X)) + ρeT |X|e

∣∣∣ X ∈ Sn+}

where C is a given symmetric matrix, eT |X|e =
∑n
i=1

∑n
j=1 |Xij |. Its equivalent

optimization problem is

minX,Y Tr(CX)− log(det(X)) + ρeT |Y |e
s.t X − Y = 0,

X ∈ Sn+, Y ∈ Rn×n.

Low rank and sparse optimization problem in statistics

minX,Y ‖X‖∗ + ρeT |Y |e
s.t X + Y = H

X, Y ∈ Rn×n.
(1.3)

ù
Ý
`z�êÆ�.��Ò´��/X (1.1)�(�.`z¯K.
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2 Mathematical Background

ü�Ä�VgµC©Ø�ª Ú �C: (PPA)�{

½½½nnn 1 Let X ⊂ <n be a closed convex set, θ(x) and f(x) be convex func-

tions and f(x) is differentiable. Assume that the solution set of the minimization

problem min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (2.1a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (2.1b)
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2.1 Linearly constrained convex optimization and VI

The Lagrangian function of the problem (1.1) is

L2(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b).

According to Lemma 1, the saddle point is a solution of the following variational

inequality:




x∗ ∈ X , θ1(x)− θ1(x∗) + (x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X ,
y∗ ∈ Y, θ2(y)− θ2(y∗) + (y − y∗)T (−BTλ∗) ≥ 0, ∀ y ∈ Y,
λ∗ ∈ <m, (λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0, ∀ λ ∈ <m.

Its compact form is the following variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.2)

where

III - 6

w =




x
y

λ


 , u =


 x

y


 , F (w) =




−ATλ
−BTλ

Ax+By − b


 ,

and

θ(u) = θ1(x) + θ2(y), Ω = X × Y × <m.
Note that the operator F is monotone, because

(w− w̃)T(F (w)−F (w̃)) ≥ 0, Here (w − w̃)T(F (w)−F (w̃)) = 0. (2.3)

2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the problem (1.1) is characterized as a mixed monotone

variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (2.4)

PPA for monotone mixed VI in H-norm
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For given wk, find the proximal point wk+1 in H-norm which satisfies

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)T

{F (wk+1) +H(wk+1 − wk)} ≥ 0, ∀ w ∈ Ω, (2.5)

where H is a symmetric positive definite matrix.

z Again, wk is the solution of (2.4) if and only if wk = wk+1 z

Convergence Property of Proximal Point Algorithm in H-norm

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H . (2.6)

The sequence {wk} is Fejér monotone in H-norm. In customized PPA, via

choosing a proper positive definite matrix H , the solution of the subproblem (2.5)

has a closed form. An iterative algorithm is called the contraction method, if its

generated sequence {wk} satisfies ‖wk+1 − w∗‖2H < ‖wk − w∗‖2H .
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2.3 Augmented Lagrangian Method (ALM)

We consider the convex optimization, namely

min{θ(u) | Au = b, u ∈ U}. (2.7)

The related variational inequality of the saddle point of the Lagrangian function is

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (2.8a)

where

w =

(
u

λ

)
, F (w) =

(
−ATλ
Au− b

)
and Ω = U × <m. (2.8b)

Augmented Lagrangian Method

The augmented Lagrangian function of the problem (2.7) is

Lβ(u, λ) = θ(u)− λT (Au− b) +
β

2
‖Au− b‖2,
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The k-th iteration of the Augmented Lagrangian Method [13, 16] begins with a

given λk, obtain wk+1 = (uk+1, λk+1) via

(ALM)

{
uk+1 = arg min

{
Lβ(u, λk)

∣∣ u ∈ U
}
, (2.9a)

λk+1 = λk − β(Auk+1 − b). (2.9b)

In (2.9), uk+1 is only a computational result of (2.9a) from given λk, it is called

the intermediate variable. In order to start the k-th iteration of ALM, we need only

to have λk and thus we call it as the essential variable.

The subproblem (2.9a) is a problem of mathematical form

min{θ(u) + β
2 ‖Au− pk‖2 |u ∈ U} (2.10)

where β > 0 is a given scalar and pk = b+ 1
βλ

k.

Assumption: The solution of problem (2.10) has closed-form solution or can be

efficiently computed with a high precision.
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The optimal condition of (2.9) can be written as wk+1 ∈ Ω = U × <m and



θ(u)− θ(uk+1) + (u− uk+1)T {−ATλk + βAT (Auk+1 − b)} ≥ 0, ∀u ∈ U ,

(λ− λk+1)T {(Auk+1 − b) + 1
β

(λk+1 − λk)} ≥ 0, ∀λ ∈ <m.

The above relations can be written as

θ(u)− θ(uk+1) +

(
u− uk+1

λ− λk+1

)T(−ATλk+1

Auk+1 − b

)
≥ (λ− λk+1)T

1

β
(λk − λk+1),

for all w ∈ Ω. Using the notations in (2.8), we get the compact form

θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (λ− λk+1)T
1

β
(λk − λk+1), ∀w ∈ Ω. (2.11)

Setting w = w∗ in (2.11), we get

(λk+1 − λ∗)T (λk − λk+1) ≥ β{θ(uk+1)− θ(u∗) + (wk+1 −w∗)TF (wk+1)}.
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By using the monotonicity of F and the optimality of w∗, it follows that

θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1)

= θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

Thus, we have

(λk+1 − λ∗)T (λk − λk+1) ≥ 0. (2.12)

By using the above inequality, we obtain

‖λk − λ∗‖2 = ‖(λk+1 − λ∗) + (λk − λk+1)‖2

≥ ‖λk+1 − λ∗‖2 + ‖λk − λk+1‖2.

It means that

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2. (2.13)

The above inequality is the key for the convergence proof of the Augmented

Lagrangian Method.
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3 ADMM for two-block problems

Recall the separable convex optimization problem

min{θ1(x) + θ2(y) |Ax+By = b, x ∈ X , y ∈ Y}.

The augmented Lagrangian function

Lβ(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) + β
2
‖Ax+By − b‖2.

Applied ALM to solve the problem (1.1), the k-th iteration begins with given λk ,
{

(xk+1, yk+1) ∈ arg min
{
Lβ(x, y, λk)

∣∣ x ∈ X , y ∈ Y
}
, (3.1a)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (3.1b)

ADMM is a relaxed ALM for the problem (1.1),the k-th iteration begins with given (yk, λk),




xk+1 ∈ arg min
{
Lβ(x, yk, λk)

∣∣ x ∈ X
}
, (3.2a)

yk+1 ∈ arg min
{
Lβ(xk+1, y, λk)

∣∣ y ∈ Y
}
, (3.2b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (3.2c)
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üüü������©©©lll888III¼¼¼êêê¯̄̄KKK��� ADMM���{{{ [3, 5]

Applied ADMM to the structured COP: (yk, λk)⇒ (yk+1, λk+1)

First, for given (yk, λk), xk+1 is the solution of the following problem

xk+1 ∈ Argmin

{
θ1(x)− (λk)T (Ax+Byk − b)

+β
2 ‖Ax+Byk − b‖2

∣∣∣∣∣x ∈ X
}

(3.3a)

Use λk and the obtained xk+1, yk+1 is the solution of the following problem

yk+1 ∈ Argmin

{
θ2(y)− (λk)T (Axk+1 +By − b)

+β
2 ‖Axk+1 +By − b‖2

∣∣∣∣∣y ∈ Y
}

(3.3b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (3.3c)

Advantages The x and y sub-problems are separately solved one by one.
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Remark Ignoring the constant term in the objective function, the sub-problems (3.22a)

and (3.22b) is equivalent to

xk+1 ∈ Argmin
{
θ1(x) + β

2
‖(Ax+Byk − b)− 1

β
λk‖2

∣∣x ∈ X
}

(3.4a)

and

yk+1∈Argmin
{
θ2(y) + β

2
‖(Axk+1 +By − b)− 1

β
λk‖2

∣∣y ∈ Y
}

(3.4b)

respectively. Note that the equation (3.3c) can be written as

(λ− λk+1){(Axk+1 +Byk+1 − b) + 1
β

(λk+1 − λk)} ≥ 0, ∀λ ∈ <m. (3.4c)

Notice that the sub-problems (3.4a) and (3.4b) are the type of

xk+1 ∈ Argmin
{
θ1(x) + β

2
‖Ax− pk‖2

∣∣x ∈ X
}

and

yk+1 ∈ Argmin
{
θ2(y) + β

2
‖By − qk‖2

∣∣y ∈ Y
}
,

respectively. (f¯K¦)k(JNo?n�3�¡ù)
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Analysis According to Theorem 1, the solution of (3.22a) and (3.22b)

satisfies

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T

{
−ATλk + βAT

(
Axk+1 +Byk − b

)}
≥ 0, ∀x ∈ X

(3.5a)

and

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T

{
−BTλk+βBT

(
Axk+1+Byk+1−b

)}
≥ 0, ∀ y ∈ Y,

(3.5b)

respectively. Substituting λk+1 = λk − β(Axk+1 +Byk+1 − b) (see (3.3c))

in (3.5) (eliminating λk in (3.5)), we get

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T

{
−ATλk+1 + βATB(yk − yk+1)

}
≥ 0, ∀x ∈ X ,

(3.6a)
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and

yk+1 ∈ Y, θ2(y)−θ2(yk+1)+(y−yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y.

(3.6b)

The compact form of (3.6) is uk+1 = (xk+1, yk+1) ∈ X × Y and

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T{( −ATλk+1

−BTλk+1

)

+β

(
ATB

0

)
(
yk − yk+1)

}
≥ 0, (3.7)

for all (x, y) ∈ X × Y .

By adding and subtracting the term βBTB(yk − yk+1), we rewrite the about
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variational inequality in our desirable form

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T{( −ATλk+1

−BTλk+1

)
+β

(
ATB

BTB

)
(
yk − yk+1)

+

(
0 0

0 βBTB

)(
xk+1 − xk

yk+1 − yk

)}
≥ 0, ∀ (x, y) ∈ X × Y.

Combining the last inequality with (3.4c), we have the following lemma.

ÚÚÚnnn 1 Let wk+1 = (xk+1, yk+1, λk+1) ∈ Ω be generated by (3.3) with given
(yk, λk), then we have

θ(u)−θ(uk+1)+



x− xk+1

y − yk+1

λ− λk+1




T






−ATλk+1

−BTλk+1

Axk+1+Byk+1− b


+β



AT

BT

0


B(yk−yk+1)

+




0 0

βBTB 0

0 1
β
Im





 yk+1 − yk

λk+1 − λk







≥ 0, ∀w ∈ Ω. (3.8)
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For convenience we use the notations

v =

(
y

λ

)
and V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗}.

Then, we get the following lemma:

ÚÚÚnnn 2 Let the sequence {wk+1 = (xk+1, yk+1, λk+1)} ∈ Ω be generated

by (3.3). Then, we have

(vk+1−v∗)TH(vk−vk+1) ≥ (yk−yk+1)TBT (λk−λk+1), ∀w∗ ∈ Ω∗,

(3.9)

where

H =

(
βBTB 0

0 1
β Im

)
. (3.10)
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Proof. Setting w = w∗ in (3.8), we get

(vk+1 − v∗)TH(vk − vk+1)

≥
(

xk+1 − x∗

yk+1 − y∗

)T(
AT

BT

)
βB(yk − yk+1)

+θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1), ∀w∗ ∈ Ω∗. (3.11)

Observe the first part of the right hand side of (3.11),
(
xk+1 − x∗

yk+1 − y∗

)T(
AT

BT

)
βB(yk − yk+1)

= (yk − yk+1)TBTβ
(
A,B

)
(
xk+1 − x∗

yk+1 − y∗

)

= (yk − yk+1)TBTβ
(
Axk+1 +Byk+1 − (Ax∗ +By∗)

)

= (yk − yk+1)BTβ
(
Axk+1 +Byk+1 − b

)

= (yk − yk+1)BT (λk − λk+1). (3.12)
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To the second part, since (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗)

and w∗ is the optimal solution, it follows that

θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (wk+1)

= θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0. (3.13)

The assertion (3.11) immediately. �

ÚÚÚnnn 3 Let the sequence {wk+1 = (xk+1, yk+1, λk+1)} ∈ Ω be generated

by (3.3). Then, we have

(yk − yk+1)TBT (λk − λk+1) ≥ 0. (3.14)

Proof. Because (3.6b) is true for the k-th iteration and the previous iteration, we

have

θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y, (3.15)
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and

θ2(y)− θ2(yk) + (y − yk)T
{
−BTλk} ≥ 0, ∀ y ∈ Y, (3.16)

Setting y = yk in (3.15) and y = yk+1 in (3.16), respectively, and then adding

the two resulting inequalities, we get the assertion (3.14) immediately. �

Substituting (3.14) in (3.9), we get

(vk+1 − v∗)TH(vk − vk+1) ≥ 0, ∀ v∗ ∈ V∗. (3.17)

Using the above inequality, as in the last lecture, we have the following theorem,

which is the key for the proof of the convergence of ADMM.

½½½nnn 1 Let the sequence {wk+1 = (xk+1, yk+1, λk+1)} ∈ Ω be generated

by (3.3). Then, we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀ v∗ ∈ V∗. (3.18)
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�O��{Âñ5y²� 2�ã

�O��{?n�´ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+ By = b, x ∈ X , y ∈ Y}. (3.19)

òÙ.�KF¼êL(x, y, λ) = θ1(x) + θ2(y) − λT (Ax + By − b)�Q:8(��d�C©Ø�
ª�):µ

w
∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w

∗
) ≥ 0, ∀w ∈ Ω, (3.20a)

Ù¥

w =




x

y

λ


 , u =

(
x

y

)
, F (w) =




−ATλ
−BTλ

Ax+ By − b


 , Ω = X × Y × <m. (3.20b)

ADMM�kÚS�l�½�Ø%Cþvk = (yk, λk)Ñu





x
k+1

= arg min
{
θ1(x)− xTATλk + β

2 ‖Ax+ By
k − b‖2

∣∣ x ∈ X
}
, (3.21a)

y
k+1

= arg min
{
θ2(y)− yTBTλk + β

2 ‖Ax
k+1

+ By − b‖2
∣∣ y ∈ Y

}
, (3.21b)

λ
k+1

= λ
k − β(Ax

k+1
+ By

k+1 − b). (3.21c)
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�â�`5Ún1, ADMM k-ÚS�÷v





xk+1 ∈ X , θ1(x) − θ1(xk+1) + (x − xk+1)T
{
−AT λk + βAT(Axk+1 + Byk − b)} ≥ 0, ∀x ∈ X ,

yk+1 ∈ Y, θ2(y) − θ2(yk+1) + (y − yk+1)T
{
−BT λk + βBT(Axk+1 + Byk+1 − b)} ≥ 0, ∀y ∈ Y,

λk+1 ∈ <m, (λ − λk+1)T {(Axk+1 + Byk+1 − b) + 1
β

(λk+1 − λk)} ≥ 0, ∀λ ∈ <m.

|^ λk+1 = λk − β(Axk+1 + Byk+1 − b) þ¡�ªf�±�nU�¤




x
k+1∈X , θ1(x) − θ1(x

k+1
) + (x − xk+1

)
T {−ATλk+1

+ βA
T
B(y

k − yk+1
)} ≥ 0, ∀x ∈ X , (3.22a)

y
k+1∈Y, θ2(y) − θ2(y

k+1
) + (y − yk+1

)
T {−BTλk+1 } ≥ 0, ∀y ∈ Y, (3.22b)

λ
k+1 ∈ <m, (λ − λk+1

)
T {(Axk+1

+ By
k+1 − b) + 1

β
(λ
k+1 − λk)} ≥ 0, ∀λ ∈ <m. (3.22c)

3 (3.22b)���Ü\þÚ�"�ü�,��





θ1(x) − θ1(xk+1) + (x − xk+1)T
{
−AT λk+1 + βATB(yk − yk+1)

}
≥ 0,

θ2(y) − θ2(yk+1) + (y − yk+1)T
{
−BT λk+1 + βB

T
B(y

k − yk+1
) + βB

T
B(y

k+1 − yk)
︸ ︷︷ ︸

} ≥ 0,

(λ − λk+1)T {(Axk+1 + Byk+1 − b) + 1
β

(λk+1 − λk)} ≥ 0.
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|^C©Ø�ª (3.20),?1Ün�Ü,��

θ(u) − θ(uk+1
) + (w − wk+1

)
T
F (w

k+1
)

+


 x − x

k+1

y − yk+1



T

β


A

T

BT


B(y

k−yk+1
) +


 y − y

k+1

λ − λk+1



T
βB

TB 0

0 1
β
Im




 yk+1 − yk

λk+1 − λk


 ≥ 0.

òþª¥@�?¿�w,�¤):w∗Bk

θ(u
∗
) − θ(uk+1

) + (w
∗ − wk+1

)
T
F (w

k+1
)

+


 x
∗ − xk+1

y∗ − yk+1



T

β


A

T

BT


B(y

k−yk+1
) +


 y
∗ − yk+1

λ∗ − λk+1



T
βB

TB 0

0 1
β
Im




 yk+1 − yk

λk+1 − λk


 ≥ 0.

²=�,��


 yk+1 − y∗

λk+1 − λ∗



T
 βBTB 0

0 1
β
Im




 yk − yk+1

λk − λk+1


 �¡P v =


 y

λ


 , H =


βB

TB 0

0 1
β
Im




≥


 xk+1−x∗

yk+1−y∗



T

β


 AT

BT


B(y

k−yk+1
) + [θ(u

k+1
) − θ(u∗) + (w

k+1−w∗)T F (w
k+1

)]
︸ ︷︷ ︸

. (3.23)
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bX (3.23)ªmà�K,y²ÒÄ�þ�¤
.du

θ(u
k+1

)− θ(u∗) + (w
k+1 −w∗)TF (w

k+1
) = θ(u

k+1
)− θ(u∗) + (w

k+1 −w∗)TF (w
∗
) ≥ 0.

(3.23)ªmàey�Ü©�K.Ïdl (3.23)ª��

(v
k+1 − v∗)TH(v

k − vk+1
) ≥

(
xk+1 − x∗

yk+1 − y∗

)T
β

(
AT

BT

)
B(y

k − yk+1
). (3.24)

é (3.24)ª�mà?1?n,k

(
xk+1 − x∗

yk+1 − y∗

)T
β

(
AT

BT

)
B(y

k − yk+1
) = (y

k − yk+1
)
T
B
T
β
(
A,B

)
(
xk+1 − x∗

yk+1 − y∗

)

= (y
k − yk+1

)
T
B
T
β
(
Ax

k+1
+ By

k+1 − (Ax
∗

+ By
∗
)
)

|^(Ax∗ + By∗ = b)

= (y
k − yk+1

)
T
B
T
β
(
Ax

k+1
+ By

k+1 − b
)

= (y
k − yk+1

)
T
B
T

(λ
k − λk+1

). (3.25)

�¡·��y² (yk − yk+1)TBT (λk − λk+1) ≥ 0.
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|^ (3.22b)k
θ2(y)− θ2(yk+1) + (y − yk+1)T

{
−BTλk+1} ≥ 0, ∀ y ∈ Y,

Ú θ2(y)− θ2(yk) + (y − yk)T
{
−BTλk} ≥ 0, ∀ y ∈ Y.

(
ò?¿�y©O

�¤ yk Ú yk+1

)
θ2(yk)− θ2(yk+1) + (yk − yk+1)T

{
−BTλk+1} ≥ 0.

θ2(yk+1)− θ2(yk) + (yk+1 − yk)T
{
−BTλk} ≥ 0.

(òþ¡üª�\,Òk) (y
k − yk+1

)
T
B
T

(λ
k − λk+1

) ≥ 0. ((3.25)ªmà�K)

y²
(3.25)ªmà�K,?
�� (3.24)ªmà�K.¤±

(v
k+1 − v∗)TH(v

k − vk+1
) ≥ 0. (3.26)

Lemma 2 w�·�:

b
T
H(a− b) ≥ 0 ⇒ ‖b‖2H ≤ ‖a‖

2
H − ‖a− b‖

2
H . (3.27)

3 (3.27)¥� a = (vk − v∗) Ú b = (vk+1 − v∗),�â (3.26)Ò��Âñ�'�Ø�ª

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H − ‖v

k − vk+1‖2H .

d ‖vk−vk+1‖2H ≤ ‖vk−v∗‖2H − ‖vk+1−v∗‖2H �
∑∞
k=0 ‖vk−vk+1‖2H ≤ ‖v0−v∗‖2H .
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How to choose the parameter β. The efficiency of ADMM is heavily dependent

on the parameter β in (3.3). We discuss how to choose a suitable β in the

practical computation.

Note that if βATB(yk − yk+1) = 0, then it follows from (3.7)

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T(−ATλk+1

−BTλk+1

)
≥ 0, ∀(x, y) ∈ X × Y.

In this case, if additionally Axk+1 +Byk+1 − b = 0, then we have




θ1(x)− θ1(xk+1) + (x− xk+1)T (−ATλk+1) ≥ 0, ∀x ∈ X
θ2(y)− θ2(yk+1) + (y − yk+1)T (−BTλk+1) ≥ 0, ∀y ∈ Y

(λ− λk+1)T (Axk+1 +Byk+1 − b) ≥ 0, ∀λ ∈ <m

and consequently (xk+1, yk+1, λk+1) is a solution of the VI (2.2).

In other words, (xk+1, yk+1, λk+1) is not a solution of (2.2) because

βATB(yk − yk+1) 6= 0 and/or Axk+1 +Byk+1 − b 6= 0.
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We call

‖βATB(yk − yk+1)‖ and ‖Axk+1 +Byk+1 − b‖
the primal-residual and the dual-residual, respectively. It seems that we should balance the

primal and the dual residuals dynamically. If

µ‖βATB(yk − yk+1)‖ < ‖Axk+1 +Byk+1 − b‖ with a µ > 1,

it means that the dual residual is too large and thus we should enlarge the parameter β in

the augmented Lagrangian function. Otherwise, we should reduce the parameter β. A

simple scheme that often works well is (see, e.g., [9]):

βk+1 =





βk ∗ τ, if µ‖βATB(yk − yk+1)‖ < ‖Axk+1 +Byk+1 − b‖;
βk/τ, if ‖βATB(yk − yk+1)‖ > µ‖Axk+1 +Byk+1 − b‖;
βk, otherwise.

where µ > 1, τ > 1 are parameters. Typical choices might be µ = 10 and τ = 2. The

idea behind this penalty parameter update is to try to keep the primal and dual residual

norms within a factor of µ of one another as they both converge to zero. This self adaptive

adjusting rule has been used by S. Boyd’s group [1] and in their Optimization Solver [6].
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4 Linearized ADMM

The augmented Lagrangian Function of the problem (1.1) is

L[2]
β (x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By− b) +

β

2
‖Ax+By− b‖2. (4.1)

Solving the problem (1.1) by using ADMM, the k-th iteration begins with given (yk, λk), it

offers the new iterate (yk+1, λk+1) via

(ADMM)





xk+1 = arg min
{
L[2]
β (x, yk, λk)

∣∣ x ∈ X
}
, (4.2a)

yk+1 = arg min
{
L[2]
β (xk+1, y, λk)

∣∣ y ∈ Y
}
, (4.2b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (4.2c)

In optimization problem, the solution is invariant by changing the constant term in the

objective function. Thus, by using the augmented Lagrangian function,

yk+1 = arg min
{
L[2]
β (xk+1, y, λk)

∣∣ y ∈ Y
}

= arg min
{
θ2(y)− yTBTλk +

β

2
‖Axk+1 +By − b‖2

∣∣ y ∈ Y}.
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Thus, by denoting qk = b−Axk+1 + 1
β
λk , the solution of (3.22b) is given by

min{θ2(y) +
β

2
‖By − qk‖2 | y ∈ Y}. (4.3)

In some practical applications, because of the structure of the matrix B, the subproblem

(4.3) is not so easy to be solved. In this case, it is necessary to use the linearized version

of the ADMM.

Notice that the Taylor expansion of the quadratic term of (4.2b), namely,

β

2
‖Axk+1 +By − b‖2 =

β

2
‖B(y − yk) + (Axk+1 +Byk − b)‖2

=
β

2
‖B(y − yk)‖2 + β(y − yk)TBT (Axk+1 +Byk − b)

+
β

2
‖Axk+1 +Byk − b‖2
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Changing the constant term in the objective function of (4.2b) accordingly, we have

yk+1 = arg min
{
L[2]
β (xk+1, y, λk)

∣∣ y ∈ Y}

= arg min
{
θ2(y)− yTBTλk +

β

2
‖Axk+1 +By − b‖2

∣∣ y ∈ Y
}

= arg min





θ2(y)− yTBTλk + βyTBT (Axk+1 +Byk − b)
+β

2
‖B(y − yk)‖2

∣∣∣∣ y ∈ Y



 .

So-called linearized version of ADMM, we remove the unfavorable term
β

2
‖B(y − yk)‖2

in the objective function, and add the term
s

2
‖y − yk‖2.

Strictly speaking, it should be a ”linearization” plus ”regularization” method. It can also be

interpreted as:

The term
β

2
‖B(y − yk)‖2 is replaced with

s

2
‖y − yk‖2.

In other words, it is equivalent to adding the term

1

2
‖y − yk‖2DB (with DB = sIn2 − βBTB) (4.4)
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to the objective function of (4.2b), we get

yk+1 = arg min
{
L[2]
β (xk+1, y, λk) +

1

2
‖y − yk‖2DB

∣∣ y ∈ Y}

= arg min





θ2(y)− yTBTλk + βyTBT (Axk+1 +Byk − b)
+
s

2
‖y − yk‖2

∣∣∣∣ y ∈ Y





= arg min
{
θ2(y) +

s

2

∥∥y − dk
∥∥2 ∣∣ y ∈ Y

}
, (4.5)

where

dk = yk − 1

s
BT
[
β(Axk+1 +Byk − b)− λk

]
.

By using such strategy, the sub-problems of ADMM is simplified. The linearized version of

ADMM are applied successfully in scientific computing [14, 17, 18, 19]. The following

analysis is based on the fact that the sub-problems (3.22a) and

min{θ2(y) +
s

2
‖y − dk‖2 | y ∈ Y}

are easy to be solved.

Linearized ADMM. For solving the problem (1.1), the k-th iteration of the linearized

ADMM begins with given vk = (yk, λk), produces the wk+1 = (xk+1, yk+1, λk+1)
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via the following procedure:




xk+1 = arg min
{
L[2]
β (x, yk, λk)

∣∣ x ∈ X
}
, (4.6a)

yk+1 = arg min
{
L[2]
β (xk+1, y, λk) +

1

2
‖y − yk‖2DB

∣∣ y ∈ Y
}
, (4.6b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (4.6c)

where DB is defined by (4.4).

First, using the optimality of the sub-problems of (4.6), we prove the following lemma as the

base of convergence.

ÚÚÚnnn 4 Let {wk} be the sequence generated by Linearized ADMM (4.6) for the problem

(1.1). Then, we have

wk+1 ∈ Ω, θ(u)−θ(uk+1) + (w − wk+1)TF (w)

+ β(x− xk+1)TAT (Byk −Byk+1)

≥ (y − yk+1)TDB(yk − yk+1)

+
1

β
(λ− λk+1)T (λk − λk+1), ∀w ∈ Ω. (4.7)
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Proof. For the x-subproblem in (4.6a), by using Lemma 1, we have

xk+1 ∈ X , θ1(x)− θ1(xk+1)

+ (x− xk+1)T {−ATλk + βAT (Axk+1 +Byk − b)}
≥ 0, ∀x ∈ X .

By using the multipliers update form in (4.6), λk+1 = λk − β(Axk+1 +Byk+1 − b),

the above inequality can be written as

xk+1 ∈ X , θ1(x)− θ1(xk+1)

+ (x− xk+1)T {−ATλk+1 + βATB(yk − yk+1)}
≥ 0, ∀x ∈ X . (4.8)

For the y-subproblem in (4.6b), by using Lemma 1, we have

yk+1 ∈ Y, θ2(y)− θ2(yk+1)

+ (y − yk+1)T {−BTλk + βBT (Axk+1 +Byk+1 − b)}
+ (y − yk+1)TDB(yk+1 − yk) ≥ 0, ∀ y ∈ Y.
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Again, by using the update form λk+1 = λk − β(Axk+1 +Byk+1 − b), the above

inequality can be written as

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T {−BTλk+1}

≥ (y − yk+1)TDB(yk − yk+1)}, ∀ y ∈ Y. (4.9)

Notice that the update form for the multipliers, λk+1 = λk − β(Axk+1 +Byk+1 − b),

can be written as λk+1 ∈ <m and

(λ−λk+1)T {(Axk+1 +Byk+1− b) +
1

β
(λk+1−λk)} ≥ 0, ∀λ ∈ <m. (4.10)

Adding (4.8), (4.9) and (4.10), and using the notation in (2.2), we get

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

+ β(x− xk+1)TAT (Byk −Byk+1)

≥ (y − yk+1)TDB(yk − yk+1)

+
1

β
(λ− λk+1)T (λk − λk+1), ∀w ∈ Ω. (4.11)
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For the term (w − wk+1)TF (wk+1) in the left side of (4.11), by using (2.3), we have

(w − wk+1)TF (wk+1) = (w − wk+1)TF (w).

The assertion (4.7) is proved. �

This lemma is the base for the convergence analysis of the linearized ADMM.

The contractive property of the sequence {wk} by Linearized ADMM (4.6)

In the following we will prove, for any w∗ ∈ Ω∗, the sequence

{‖vk+1 − v∗‖G + ‖yk − yk+1‖2DB}

is monotonically decreasing. For this purpose§we prove some lemmas.

ÚÚÚnnn 5 Let {wk} be the sequence generated by Linearized ADMM (4.6) for the problem
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(1.1). Then, we have

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (w)

+ β


 x− xk+1

y − yk+1



T 
 AT

BT


B(yk − yk+1)

≥ (v − vk+1)TG(vk − vk+1), ∀w ∈ Ω, (4.12)

where G is given by

G =


 DB + βBTB 0

0 1
β
I


 . (4.13)

.

Proof. Adding (y − yk+1)TβBTB(yk − yk+1) to the both sides of (4.7) in Lemma 4,

and using the notation of the matrix G, we obtain (4.12) immediately and the lemma is

proved. �

ÚÚÚnnn 6 Let {wk} be the sequence generated by Linearized ADMM (4.6) for the problem
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(1.1). Then, we have

(vk+1−v∗)TG(vk−vk+1) ≥ (λk−λk+1)TB(yk−yk+1), ∀w∗ ∈ Ω∗. (4.14)

Proof. Setting the w ∈ Ω in (4.12) by any w∗ ∈ Ω∗, we obtain

(vk+1 − v∗)TG(vk − vk+1)

≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗)

+ β


 xk+1 − x∗

yk+1 − y∗



T 
 AT

BT


B(yk − yk+1). (4.15)

According to the optimality, a part of the terms in the right hand side of the above inequality,

θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

Using Ax∗ +By∗ = b and λk − λk+1 = β(Axk+1 +Byk+1 − b) (see (4.6c)) to
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deal the last term in the right hand side of (4.15) , it follows that

β


 xk+1 − x∗

yk+1 − y∗



T 
 AT

BT


B(yk − yk+1)

= β[(Axk+1 −Ax∗) + (Byk+1 −By∗)]TB(yk − yk+1)

= (λk − λk+1)TB(yk − yk+1).

The lemma is proved. �

ÚÚÚnnn 7 Let {wk} be the sequence generated by Linearized ADMM (4.6) for the problem

(1.1). Then, we have

(λk − λk+1)TB(yk − yk+1) ≥ 1

2
‖yk − yk+1‖2DB −

1

2
‖yk−1 − yk‖2DB . (4.16)

Proof. First, (4.9) represents

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T

{−BTλk+1 +DB(yk+1 − yk)} ≥ 0, ∀ y ∈ Y. (4.17)
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Setting k in (4.17) by k − 1, we have

yk ∈ Y, θ2(y)− θ2(yk) + (y − yk)T

{−BTλk +DB(yk − yk−1)} ≥ 0, ∀ y ∈ Y. (4.18)

Setting the y in (4.17) and (4.18) by yk and yk+1, respectively, and adding them, we get

(yk − yk+1)T
{
BT (λk − λk+1) +DB [(yk+1 − yk)− (yk − yk−1)]

}
≥ 0.

From the above inequality we get

(yk− yk+1)TBT (λk−λk+1) ≥ (yk− yk+1)TDB [(yk− yk+1)− (yk−1− yk)].

Using the Cauchy-Schwarz inequality for the right hand side term of the above inequality,

we get (4.16) and the lemma is proved. �

By using Lemma 6 and Lemma 7, we can prove the following convergence theorem.
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½½½nnn 2 Let {wk} be the sequence generated by Linearized ADMM (4.6) for the problem

(1.1). Then, we have
(
‖vk+1 − v∗‖2G + ‖yk − yk+1‖2DB

)

≤
(
‖vk − v∗‖2G+‖yk−1 − yk‖2DB

)
−‖vk − vk+1‖2G, ∀w∗∈Ω∗, (4.19)

where G is given by (4.13).

Proof. From Lemma 6 and Lemma 7, it follows that

(vk+1−v∗)TG(vk−vk+1) ≥ 1

2
‖yk−yk+1‖2DB−

1

2
‖yk−1−yk‖2DB , ∀w

∗ ∈ Ω∗.

Using the above inequality, for any w∗ ∈ Ω∗, we get

‖vk − v∗‖2G = ‖(vk+1 − v∗) + (vk − vk+1)‖2G
≥ ‖vk+1 − v∗‖2G + ‖vk − vk+1‖2G + 2(vk+1 − v∗)TG(vk − vk+1)

≥ ‖vk+1 − v∗‖2G + ‖vk − vk+1‖2G
+ ‖yk − yk+1‖2DB − ‖y

k−1 − yk‖2DB .

The assertion of the Theorem 2 is proved. �
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Optimal linearized ADMM – Main result in OO6228

In the subproblem of the Linearized ADMM, namely (4.6b), in order to ensure the

convergence, it was required that

DB = sIn2
− βBTB and s > β‖BTB‖. (4.20)

It is well known that the large parameter s will lead a slow convergence.

Recent Advance in : Bingsheng He, Feng Ma, Xiaoming Yuan:

Optimally linearizing the alternating direction method of multipliers for convex

programming, Comput. Optim. Appl. 75 (2020), 361-388.

We have proved: For the matrix DB in (4.6b) with form (4.20)

• if s > 3
4β‖BTB‖, the method is still convergent;

• if s < 3
4β‖BTB‖, there is divergent example.
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5 Customized PPA for Variational Inequality

We study the algorithms using the guidance of variational inequality. The optimal condition

of the linearly constrained convex optimization is resulted in a variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (5.1)

5.1 Customized PPA for VI (5.1)

[Prediction Step.] With given vk , find a vector w̃k ∈ Ω which satisfying

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω, (5.2a)

where the matrix H is positive definite.

[Correction Step.] Determine a nonsingular matrix M and a scalar α > 0, let

vk+1 = vk − α(vk − ṽk), α ∈ (0, 2). (5.2b)

v is a part of the elements of the vector w, v = w is also possible.
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5.2 Convergence proof

We prove the following main convergence property.

½½½nnn 1 Let {vk} be the sequence generated by (5.2) for the problem (5.1) and w̃k is

obtained from (5.2a). Then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α(2− α)‖vk − ṽk‖2H , ∀v∗ ∈ V∗. (5.3)

where V∗ = {v∗ | v∗ is a part of w∗, w∗ ∈ Ω∗}.
Proof. Setting w = w∗ in (5.2a), we get

(ṽk − v∗)TH(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k), ∀w∗ ∈ Ω∗.

By using (w̃k−w∗)TF (w̃k) = (w̃k−w∗)TF (w∗) and the optimality ofw∗, we have

(ṽk − v∗)TH(vk − ṽk) ≥ 0, ∀v∗ ∈ V∗.

It can be written as

{(vk − v∗)− (vk − ṽk)}TH(vk − ṽk) ≥ 0, ∀v∗ ∈ V∗,

and thus

(vk − v∗)TH(vk − ṽk) ≥ ‖vk − ṽk‖2H , ∀v∗ ∈ V∗. (5.4)

65



III - 45

Let

ϑ(α) = ‖vk − v∗‖2H − ‖vk+1
α − v∗‖2H .

It follows that

ϑ(α) = ‖vk − v∗‖2H − ‖vk+1
α − v∗‖2H

= ‖vk − v∗‖2H
−‖(vk − v∗)− α(vk − ṽk)‖2H

= 2α(vk − v∗)TH(vk − ṽk)

−α2‖vk − ṽk‖2H . (5.5)

Using (5.4), we get

ϑ(α) ≥ 2α‖vk − ṽk‖2H − α2‖vk − ṽk‖2H
:= q(α) (5.6)

The assertion (5.3) follows from (5.5) and (5.6) im-

mediately. �

α ∗ =1 2

q(α)

γα ∗

ϑ(α)

0 α

� γ ∈ [1, 2)�«¿ã

·���4�z ϑ(α), �,

ϑ(α)´α��g¼ê,��5�

Xê2(vk−v∗)TH(vk− ṽk)¥

¹k���v∗, |^ (5.4), ��

ϑ(α)�e.¼êq(α). 4�z

q(α), α∗
k ≡ 1.�±tµòÿ.
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6 Applications for separable problems

6.1 ADMM in PPA-sense

�â PPA�{��¦ �O�màÝ
�é¡�½.äN�{�ë� [20]

In order to solve the separable convex optimization problem (1.1), we construct a

method whose prediction-step is

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω,

(6.1a)

where

H =


 βBTB + δIn2

−BT

−B 1
β Im


 , (a small δ > 0). (6.1b)

Since H is positive definite, we can use the update form of Algorithm I to produce

the new iterate vk+1 = (yk+1, λk+1). (In the algorithm [2], we took δ = 0).
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The concrete form of (6.1) is




θ1(x)− θ1(x̃k) + (x− x̃k)T

{−AT λ̃k} ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + (βBTB + δIn2)(ỹ
k − yk)−BT (λ̃k − λk)} ≥ 0,

(Ax̃k +Bỹk − b) −B(ỹk − yk) + (1/β) (λ̃k − λk) = 0.

In fact, the prediction can be arranged by




x̃k ∈ Argmin{θ1(x)−xTATλk+ 1
2β‖Ax+Byk − b‖2 |x ∈ X}, (6.2a)

λ̃k = λk − β(Ax̃k +Byk − b), (6.2b)

ỹk ∈ Argmin

{
θ2(y)− yTBT [2λ̃k − λk]

+ 1
2β‖B(y − yk)‖2 + 1

2δ‖y − yk‖2

∣∣∣∣ y ∈ Y
}
. (6.2c)

ù�ýÿ�²;��O��{ (3.3)��,æ^(5.2b)��,¬\¯�Ý.

The underline part is F (w̃k):

F (w) =




−ATλ

−BTλ

Ax+By − b



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According to Lemma 1, the solution of (6.2a), x̃k satisfies

x̃k ∈ X , θ1(x)− θ1(x̃k)

+ (x− x̃k)T {−ATλk + βAT (Ax̃k +Byk − b)} ≥ 0, ∀x ∈ X .

By using (6.2b), λ̃k = λk − β(Ax̃k +Byk − b), the above variational inequality can

be written as

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀x ∈ X .

The equation (6.2b) can written as

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0.

The remainder part of the prediction (6.2c), namely,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + (βBTB + δIn2)(ỹ
k − yk)−BT (λ̃k − λk)} ≥ 0

can be achieved by

ỹk = Argmin
{
θ2(y)−yTBT [2λ̃k−λk]+

1

2
β‖B(y−yk)‖2+

1

2
δ‖y−yk‖2

∣∣ y ∈ Y
}
.
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XJr (6.2)¥�δ = 0,¿òÙÑÑP� (xk+1, λk+1, yk+1),KS�ª�




xk+1 ∈ Argmin{θ1(x)−xTATλk+
β

2
‖Ax+Byk − b‖2 |x ∈ X}, (6.3a)

λk+1 = λk − β(Axk+1 +Byk − b), (6.3b)

yk+1 ∈ Argmin
{
θ2(y)− yTBT [2λk+1−λk] +

β

2
‖B(y − yk)‖2

∣∣ y ∈ Y
}
.(6.3c)

5¿3 (6.3c)¥,

yk+1 ∈ Argmin
{
θ2(y)− yTBT [2λk+1−λk] +

β

2
‖B(y − yk)‖2

∣∣ y ∈ Y
}

= Argmin
{
θ2(y)− yTBTλk+1 − yTBT (λk+1−λk) +

β

2
‖B(y − yk)‖2

∣∣ y ∈ Y
}

= Argmin
{
θ2(y)− yTBTλk+1 +

β

2
‖B(y − yk)− 1

β
(λk+1 − λk)‖2

∣∣ y ∈ Y
}

= Argmin
{
θ2(y)− yTBTλk+1 +

β

2
‖B(y − yk) +

1

β
(λk − λk+1)‖2

∣∣ y ∈ Y
}

= Argmin
{
θ2(y)− yTBTλk+1 +

β

2
‖B(y − yk) + (Axk+1 +Byk − b)‖2

∣∣ y ∈ Y
}

= Argmin
{
θ2(y)− yTBTλk+1 +

β

2
‖Axk+1 +By − b‖2

∣∣ y ∈ Y
}
.
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¤±, (6.3)Ò´




xk+1 ∈ Argmin{θ1(x)−xTATλk+
β

2
‖Ax+Byk − b‖2 |x ∈ X}, (6.4a)

λk+1 = λk − β(Axk+1 +Byk − b), (6.4b)

yk+1 ∈ Argmin
{
θ2(y)− yTBTλk+1 +

β

2
‖Axk+1+By−b‖2

∣∣ y ∈ Y
}
. (6.4c)

�5¿,²;� ADMM´

xk+1 ∈ Argmin{θ1(x)−xTATλk+ β
2
‖Ax+Byk − b‖2 |x ∈ X},

yk+1 ∈ Argmin
{
θ2(y)− yTBTλk + β

2
‖Axk+1+By−b‖2

∣∣ y ∈ Y
}
,

λk+1 = λk − β(Axk+1 +Byk+1 − b).

¤±, (6.3),Ò´��
 y, λ^S��O��{.du�±æ^

vk+1 := vk − α(vk − vk+1), α ∈ (0, 2).

Ï~� α = 1.5,Âñ�¯.
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6.2 Linearized ADMM-Like Method

�f¯K (6.2c)¦)k(J�,^ s
2‖y − yk‖2�O 1

2‖y − yk‖2(βBTB+δIn2
)

By using the linearized version of (6.2c), the prediction step becomes

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω, (6.5)

where

H =

[
sI −BT

−B 1
β
Im

]
, �O (6.1)¥�

[
βBTB + δIn2 −BT

−B 1
β
Im

]
. (6.6)

The concrete formula of (6.5) is




θ1(x)− θ1(x̃k) + (x− x̃k)T

{−AT λ̃k} ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + s(ỹk − yk)−BT (λ̃k − λk)} ≥ 0,

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0.

(6.7)

The underline part is F (w̃k):

F (w) =




−ATλ

−BTλ

Ax+By − b



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How to implement the prediction? To get w̃k which satisfies (6.7),

we need only use the following procedure:




x̃k ∈ Argmin{θ1(x)− xTATλk + 1
2
β‖Ax+Byk − b‖2 |x ∈ X},

λ̃k = λk − β(Ax̃k +Byk − b),

ỹk = Argmin{θ2(y)− yTBT [2λ̃k − λk] +
s

2
‖y − yk‖2 | y ∈ Y}.

(6.8)

^ s
2
‖y − yk‖2�O 1

2
(β‖B(y − yk)‖2 + δ‖y − yk‖2),��yÂñ,

I� s > β‖BTB‖. é�½� β > 0, ��� s¬K�Âñ�Ý.

�k�d�g� 1
2
β‖B(y − yk)‖2Úu¦)(J,â^�5z�{.

Then, we use the form

vk+1 = vk − α(vk − ṽk), α ∈ (0, 2)

to update the new iterate vk+1.
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7 Solving the primal subproblem in parallel

�â PPA�{��¦ �O�màÝ
�é¡�½.

Primal-Dual Order

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TH(wk − w̃k), ∀w ∈ Ω,

(7.1a)

where

H =




βATA+ δIn1 0 AT

0 βBTB + δIn2
BT

A B 2
β Im


 . (7.1b)

The both matrices

 βATA+ δIn1

AT

A 1
β Im


 � 0,


 βBTB + δIn2

BT

B 1
β Im


 � 0.
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The concrete form of (7.1) is




θ1(x)− θ1(x̃k) + (x− x̃k)T

{−AT λ̃k + (βATA+ δIn1)(x̃
k − xk)+AT (λ̃k − λk)} ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + (βBTB + δIn2)(ỹ
k − yk)+BT (λ̃k − λk)} ≥ 0,

(Ax̃k +Bỹk − b)+A(x̃k − xk)+B(ỹk − yk) + (2/β) (λ̃k − λk) = 0.

�n�e��




θ1(x)− θ1(x̃k) + (x− x̃k)T {−ATλk + (βATA+ δIn1)(x̃k − xk)} ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T {−BTλk + (βBTB + δIn2)(ỹk − yk)} ≥ 0,

[2(Ax̃k +Bỹk − b)− (Axk +Byk − b)] + (2/β)(λ̃k − λk) = 0.
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In fact, the prediction can be arranged by




x̃k = arg min

{
θ1(x)− xTATλk

+ 1
2
β‖A(x− xk)‖2 + 1

2
δ‖x− xk‖2

∣∣∣∣x ∈ X
}

(7.2a)

ỹk = arg min

{
θ2(y)− yTBTλk

+ 1
2
β‖B(y − yk)‖2 + 1

2
δ‖y − yk‖2

∣∣∣∣ y ∈ Y
}

(7.2b)

λ̃k = λk − 1
2
β
[
2(Ax̃k +Bỹk − b)− (Axk +Byk − b)

]
(7.2c)





x̃k= arg min
{
θ1(x)− xTATλk + 1

2
(x− xk)T (βATA+ δIn1)(x− xk)|x ∈ X

}

ỹk= arg min
{
θ2(y)− yTBTλk + 1

2
(y − yk)T (βBTB + δIn2)(y − yk)|y ∈ Y

}

λ̃k= λk − 1
2
β
[
2(Ax̃k +Bỹk − b)− (Axk +Byk − b)

]

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2).
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Dual-Primal Order

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TH(wk − w̃k), ∀w ∈ Ω,

(7.3a)

where

H =




βATA+ δIn1
0 −AT

0 βBTB + δIn2 −BT

−A −B 2
β Im


 . (7.3b)

The both matrices

H =


 βATA+ δIn1 −AT

−A 1
β Im


 � 0,


 βBTB + δIn2 −BT

−B 1
β Im


 � 0.
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The concrete form of (7.3) is




θ1(x)− θ1(x̃k) + (x− x̃k)T

{−AT λ̃k + (βATA+ δIn1)(x̃
k − xk)−AT (λ̃k − λk)} ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + (βBTB + δIn2)(ỹ
k − yk)−BT (λ̃k − λk)} ≥ 0,

(Ax̃k +Bỹk − b)−A(x̃k − xk)−B(ỹk − yk) + (2/β) (λ̃k − λk) = 0.

²�n8¿�e��





θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT (2λ̃k − λk)

+(βATA+ δIn1)(x̃k − xk)} ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T {−BT (2λ̃k − λk)

+(βBTB + δIn2)(ỹk − yk)} ≥ 0,

(Axk +Byk − b) + (2/β)(λ̃k − λk) = 0.
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In fact, the prediction can be arranged by




λ̃k = λk − 1

2
β(Axk +Byk − b), (7.4a)

x̃k ∈ arg min

{
θ1(x)− xTAT [2λ̃k − λk]

+ 1
2β‖A(x− xk)‖2 + 1

2δ‖x− xk‖2

∣∣∣∣x ∈ X
}

(7.4b)

ỹk ∈ arg min

{
θ2(y)− yTBT [2λ̃k − λk]

+ 1
2β‖B(y − yk)‖2 + 1

2δ‖y − yk‖2

∣∣∣∣ y ∈ Y
}
. (7.4c)

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2).

·�'uADMM�ïÄ,©u1997c,1��ADMM�¡�Ø©uL

u1998c.ù�ù¥§4-§60��ADMMa�{,�±l [20]¥é�.

|^C©Ø�ª (VI)Ú�C:�{ (PPA),�gd/�OADMMa©�Â �{
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IV - 2

1 ààà`̀̀zzz©©©���ÂÂÂ   ���{{{���ÚÚÚ���µµµeee

·�o´^C©Ø�ª (VI)���{�O,r�5�å�à`z¯K8(�e¡�C

©Ø�ª:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.1)

Algorithms in a unified framework

A unified Algorithmic Framework for (1.1) Ú�µedýÿ-��üÜ©|¤

[Prediction Step.] l�½�vkÑu,¦�ýÿ: w̃k ∈ Ω¦Ù÷v

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (1.2a)

Ù¥QØ�½é¡,�´QT +Q�½.

[Correction Step.] ���Ü·��ÛÉÝ
M ,deª(½#�S�:

vk+1 = vk −M(vk − ṽk). (1.2b)

QÚM©O��ýÿÝ
Ú��Ý
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Convergence Conditions

For the matrices Q and M , there is a positive definite matrix H such that

HM = Q. (1.3a)

In addition,

G = QT +Q−MTHM � 0. (1.3b)

Ù¢,��ýÿ (1.2a)¥�ýÿÝ
Q÷v

QT +Q � 0,

·�o�±�

0 ≺ G ≺ QT +Q.

,�P

D = (QT +Q)−G,
K D � 0.-

MTHM = D.

dÝ
�§|)�




HM =Q,

MTHM =D.
⇔





HM =Q,

QTM =D.
⇔





H =QD−1QT ,

M =Q−TD.
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Ò��÷vÂñ^����Ý
M .

¢SO�¥,·�����Ý
M .

H ÚG�´^5�yÂñ^��.

�é{`,��

QT +Q � 0.

·�Ò�±Àü��½Ý
D � 0ÚG � 0,¦�

D +G = QT +Q.

ò (1.2b)¥���Ý
 M�¤

M = Q−TD

^� (1.3)g,÷v.
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2 ýýýÿÿÿ-���������{{{���~~~fff

We consider the min−max problem

minx maxy{Φ(x, y) = θ1(x)− yTAx− θ2(y) |x ∈ X , y ∈ Y}. (2.4)

Let (x∗, y∗) be the solution of (2.4), then we have �âQ:�½Â

(x∗, y∗) ∈ X × Y, Φ(x∗, y) ≤ Φ(x∗, y∗) ≤ Φ(x, y∗), ∀ (x, y) ∈ X × Y.

þ¡�ü�Ø�ª�±�¤�d�
{

x∗ ∈ X , Φ(x, y∗)− Φ(x∗, y∗) ≥ 0, ∀x ∈ X , (2.5a)

y∗ ∈ Y, Φ(x∗, y∗)− Φ(x∗, y) ≥ 0, ∀ y ∈ Y. (2.5b)

Using the notation of Φ(x, y), it can be written as ��rΦ(x, y)�/ªW?�

{
x∗ ∈ X , θ1(x)− θ1(x∗) + (x− x∗)T (−AT y∗) ≥ 0, ∀x ∈ X , (∗)
y∗ ∈ Y, θ2(y)− θ2(y∗) + (y − y∗)T ( Ax∗) ≥ 0, ∀ y ∈ Y. (�)

IV - 6

Furthermore, it can be written as a variational inequality in the compact form:

u ∈ Ω, θ(u)− θ(u∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (2.6)

where éþª¥?¿�u ∈ Ω©O�u = (x, y∗)Úu = (x∗, y),Ò�� (∗)Ú (�).

u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (u) =

(
−AT y
Ax

)
, Ω = X × Y.

The output of Original PDHG algorithm [16] as predictor

For given (xk, yk), PDHG [16] produces a pair of (x̃k, ỹk). First,

x̃k = argmin{Φ(x, yk) +
r

2
‖x− xk‖2 |x ∈ X}, (2.7a)

and then we obtain ỹk via

ỹk = argmax{Φ(x̃k, y)− s

2
‖y − yk‖2 | y ∈ Y}. (2.7b)
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Ignoring the constant term in the objective function, the subproblems (2.7) are reduced to




x̃k = argmin{θ1(x)− xTAT yk +
r

2
‖x− xk‖2 |x ∈ X}, (2.8a)

ỹk = argmin{θ2(y) + yTAx̃k +
s

2
‖y − yk‖2 | y ∈ Y}. (2.8b)

According to the basic lemma, the optimality condition of (2.8a) is x̃k ∈ X and

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT yk + r(x̃k − xk)} ≥ 0, ∀x ∈ X . (2.9)

Similarly, from (2.8b) we get ỹk ∈ Y and

θ2(y)− θ2(ỹk) + (y − ỹk)T {Ax̃k + s(ỹk − yk)} ≥ 0, ∀ y ∈ Y. (2.10)

Combining (2.9) and (2.10), we have

ũk ∈ Ω, θ(u)− θ(ũk) +

(
x− x̃k
y − ỹk

)T {(
−AT ỹk
Ax̃k

)

+

(
r(x̃k − xk)+AT (ỹk − yk)

s(ỹk − yk)

)}
≥ 0, ∀(x, y) ∈ Ω.

IV - 8

The compact form is ũk ∈ Ω,

θ(u)− θ(ũk) + (u− ũk)T {F (ũk) +Q(ũk − uk)} ≥ 0, ∀u ∈ Ω, (2.11a)

where

Q =

(
rIn AT

0 sIm

)
. (2.11b)

éuù��ýÿ,·��Ä'�{ü���

uk+1 = uk −M(uk − ũk) (2.12)

��.Ù¥M�ü þn�Ý
½ü en�Ý
.Âñ5^� (1.3)

• H � 0 and HM = Q.

• G = QT +Q−MTHM � 0.

�±U�¤�d�

( i ) H � 0 and H = QM−1.

(ii) G = QT +Q−QTM � 0.
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�. ��Ý
M�ü en�Ý
 Ù¥�K´�½�.

M =


 In 0

K Im


 K M−1 =


 In 0

−K Im


 .

é^� (i), ·�3Ú�µee��e¦Ñù�K�äN/ª.duH = QM−1�½,

Äk7L´é¡�.d

H = QM−1 =


 rIn AT

0 sIm




 In 0

−K Im


 =


 rIn −ATK AT

−sK sIm




7Lé¡,í�

−sK = A, ⇒ K = −1

s
A.

Ïd,

M =


 In 0

− 1
s
A Im


 , H =


 rIn + 1

s
ATA AT

A sIm


 .

é?¿� r, s > 0,Ý
H´�½�.
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é^� (ii),

G = QT +Q−MTHM = QT +Q−QTM

=

(
2rIn AT

A 2sIm

)
−
(
rIn 0

A sIm

)(
In 0

− 1
s
A Im

)

=

(
2rIn AT

A 2sIm

)
−
(
rIn 0

0 sIm

)
=

(
rIn AT

A sIm

)
.

�Ý
 G�½,7Lk rs > ‖ATA‖.

æ^PDHGýÿ,ü en�Ý
��,I� rs > ‖ATA‖.

�. ��Ý
M�ü þn�Ý
 Ó�,Ù¥�K´�½�.

M =


 In K

0 Im


 K M−1 =


 In −K

0 Im


 .

é^� (i), ·�3Ú�µee��e¦Ñù�K�äN/ª.duH = QM−1�½,
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Äk7L´é¡�.d

H = QM−1 =


 rIn AT

0 sIm




 In −K

0 Im


 =


 rIn −rK +AT

0 sIm




7Lé¡,í�

rK = AT , ⇒ K =
1

r
AT .

Ïd,

M =


 In

1
r
AT

0 Im


 , H =


 rIn 0

0 sIm


 .

é?¿� r, s > 0,Ý
H´�½�.
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é^� (ii),

G = QT +Q−MTHM = QT +Q−QTM

=

(
2rIn AT

A 2sIm

)
−
(
rIn 0

A sIm

)(
In

1
r
AT

0 Im

)

=

(
2rIn AT

A 2sIm

)
−
(
rIn AT

A sIm

)

=

(
rIn 0

0 sIm − 1
r
AAT

)
.

�Ý
 G�½,7Lk rs > ‖ATA‖.

æ^PDHGýÿ,ü þn�Ý
��,I� rs > ‖ATA‖.

�,rØU�yÂñ�PDHG�{UE¤
Âñ��{,�´, rs ��vküe5.

·��8I,´rýÿ (2.8)¥�ëê rs ��{üe5.

éu (2.11)¥�Q,·�k

QT +Q =

(
2rI AT

A 2sI

)
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�� rs >
1

4
‖ATA‖,Ý
 QT +QÑ´�½�.

� (QT +Q) �½�,·��

D =
1

2
(QT +Q), ¿- MTHM = D. (2.13)

ù�ÒU�y

G = QT +Q−MTHM =
1

2
(QT +Q) � 0.

• H � 0 and HM = Q.

• G = QT +Q−MTHM � 0.
�±U�¤

( i ) HM = Q.

(ii) MTHM = D.





HM =Q,

MTHM =D.
⇔





HM =Q,

QTM =D.
⇔





H =QD−1QT ,

M =Q−TD.
(2.14)

�é{`,� (QT +Q) � 0,�

D =


 rI 1

2
AT

1
2
A sI


 , M = Q−TD
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¤kÂñ5^�Ñ÷v.


Q−T =


 rI 0

A sI



−1

=




1
r
I 0

− 1
rs
A 1

s
I




M = Q−TD =




1
r
I 0

− 1
rs
A 1

s
I




 rI 1

2
AT

1
2
A sI




=


 I 1

2r
AT

− 1
2s
A I − 1

2rs
AAT


 (2.15)

|^þ¡���Ý
 M




xk+1 = x̃k − 1
2r
AT (yk − ỹk)

yk+1 = ỹk + 1
2s
A[(xk − x̃k) + 1

r
AT (yk − ỹk)].

ù´ê¸¦� [14] �âÚ�µeJÑ��{.O��Jké�?Ú.

r rs �Èü
 3
4

,k
é�?Ú.
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3 Convergence proof in the unified framework

In this section, assuming the conditions (1.3) in the unified framework are satisfied, we

prove some convergence properties.

½½½nnn 1 Let {vk} be the sequence generated by a method for the problem (1.1) and w̃k is

obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the unified

framework, then we have

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (3.1)

Proof. Using Q = HM (see (1.3a)) and the relation (1.2b), the right hand side of (1.3a)

can be written as (v − ṽk)TH(vk − vk+1) and hence

θ(u)− θ(ũk) + (w− w̃k)TF (w̃k) ≥ (v− ṽk)TH(vk − vk+1), ∀w ∈ Ω. (3.2)

Applying the identity Q(vk − ṽk) = HM(vk − ṽk) = H(vk − vk+1).

(a− b)TH(c− d) =
1

2
{‖a− d‖2H − ‖a− c‖2H}+

1

2
{‖c− b‖2H − ‖d− b‖2H},

IV - 16

to the right hand side of (3.2) with

a = v, b = ṽk, c = vk, and d = vk+1,

we thus obtain

2(v − ṽk)TH(vk − vk+1)

=
(
‖v − vk+1‖2H−‖v − vk‖2H

)
+(‖vk − ṽk‖2H−‖vk+1 − ṽk‖2H). (3.3)

For the last term of (3.3), using HM = Q and 2vTQv = vT (QT +Q)v, we have

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(1.3a)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H
= 2(vk − ṽk)THM(vk − ṽk)− (vk − ṽk)TMTHM(vk − ṽk)

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk)
(1.3b)
= ‖vk − ṽk‖2G. (3.4)

Substituting (3.3), (3.4) in (3.2), the assertion of this theorem is proved. �
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rA. Beckë�
·�^��/ÈzÚ�0�úª,¿3c����5�
`²

IV - 18

3.1 Convergence in a strictly contraction sense

½½½nnn 2 Let {vk} be the sequence generated by a method for the problem (1.1) and w̃k is

obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the unified

framework, then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (3.5)

Proof. Setting w = w∗ in (3.1), we get

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ ‖vk − ṽk‖2G + 2{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (3.6)

By using the optimality of w∗ and the monotonicity of F (w), we have

θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗) ≥ 0

and thus

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ ‖vk − ṽk‖2G. (3.7)

The assertion (3.5) follows directly. �
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½n1¥�(Ø (3.1)

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2
‖vk − ṽk‖2G, ∀w ∈ Ω.

´�Âñ�Ç�y²
O��.

ÄK,·��±ÏL3 (3.2)

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − vk+1), ∀w ∈ Ω.

¥-w = w∗,��

(vk − vk+1)TH(ṽk − v∗) ≥ 0. (3.8)

òð�ª

(a− b)TH(c− d) =
1

2

{
‖a− d‖2H − ‖b− d‖2H

}
− 1

2

{
‖a− c‖2H − ‖b− c‖2H

}

^u (3.8)��à,- a = vk, b = vk+1, c = ṽk Ú d = v∗,·���

(vk − vk+1)TH(ṽk − v∗)

=
1

2
{‖vk − v∗‖2H − ‖vk+1 − v∗‖2H} −

1

2
{‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H}.
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�â (3.8)Òk

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ ‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H . (3.9)

2rþª�màz{�e,

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(1.2b)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H
= 2(vk − ṽk)THM(vk − ṽk)− (vk − ṽk)TMTHM(vk − ṽk)

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk)

(1.3b)
= ‖vk − ṽk‖2G. (3.10)

ò (3.10)�\ (3.9)Ò��Ún�(Ø. �

3.2 Convergence rate£££üüü���ÌÌÌ���nnnØØØ©©©ÙÙÙ¤¤¤

Convergence rate in an ergodic sense [10]

�
y²�{H{¿Âe�S�E,5,·�I�éC©Ø�ª (1.1)�)8�#��
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x.du (1.1)¥����fFTk

(w − w∗)TF (w∗) = (w − w∗)TF (w),

C©Ø�ª¯K

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω,

Ú

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w) ≥ 0, ∀w ∈ Ω

´�d�.·�^�ö½ÂC©Ø�ª (1.1)�Cq).é�½� ε > 0,XJ w̃÷v

w̃ ∈ Ω, θ(u)− θ(ũ) + (w − w̃)TF (w) ≥ −ε, ∀ w ∈ D(w̃), (3.11a)

Ù¥

D(w̃) = {w ∈ Ω | ‖w − w̃‖ ≤ 1}, (3.11b)

Ò��C©Ø�ª (1.1)� εCq).§�±�d/L«¤

w̃ ∈ Ω, sup
w∈D(w̃)

{
θ(ũ)− θ(u) + (w̃ − w)TF (w)

}
≤ ε. (3.12)

<�a,��´µé�½� ε > 0,²Lõ�gS����� w̃ ∈ Ω,¦� (3.12)¤á.

ùÒ´·��?Ø�H{¿Âe�Âñ�Ç.?ØH{¿Âe�Âñ5,é (1.3)¥�
Ý
HÚG,��¦§��½.
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Theorem 1 is also the base for the convergence rate proof. Using the monotonicity of F ,

we have

(w − w̃k)TF (w) = (w − w̃k)TF (w̃k).

Substituting it in (3.1), we obtain

θ(u)− θ(ũk) + (w − w̃k)TF (w) +
1

2
‖v − vk‖2H ≥

1

2
‖v − vk+1‖2H , ∀w ∈ Ω.

(3.13)

Note that the above assertion is hold for G � 0.

½½½nnn 3 Let {vk} be the sequence generated by a method for the problem (1.1) and w̃k is

obtained in the k-th iteration. Assume that vk , vk+1 and w̃k satisfy the conditions in the

unified framework and let w̃t be defined by

w̃t =
1

t+ 1

t∑

k=0

w̃k. (3.14)

Then, for any integer number t > 0, w̃t ∈ Ω and

θ(ũt)− θ(u) + (w̃t − w)TF (w) ≤ 1

2(t+ 1)
‖v − v0‖2H , ∀w ∈ Ω. (3.15)
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Proof. First, it holds that w̃k ∈ Ω for all k ≥ 0. Together with the convexity of Ω, (3.14)

implies that w̃t ∈ Ω. Rewriting the inequality (3.13) in its equivalent form

θ(ũk)−θ(u)+(w̃k − w)TF (w) +
1

2
‖v − vk+1‖2H ≤

1

2
‖v − vk‖2H , ∀w ∈ Ω.

Summing the last inequality over k = 0, 1, . . . , t, we obtain

t∑

k=0

θ(ũk)−(t+1)θ(u)+
( t∑

k=0

w̃k−(t+1)w
)T
F (w) ≤ 1

2
‖v−v0‖2H , ∀w ∈ Ω.

Use the notation of w̃t, it can be written as

1

t+ 1

t∑

k=0

θ(ũk)− θ(u) + (w̃t −w)TF (w) ≤ 1

2α(t+ 1)
‖v− v0‖2H , ∀w ∈ Ω.

(3.16)

Since θ(u) is convex and

ũt =
1

t+ 1

t∑

k=0

ũk,
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we have

θ(ũt) ≤ 1

t+ 1

t∑

k=0

θ(ũk).

Substituting it in (3.16), the assertion of this theorem follows directly. �
Recall (3.12). The conclusion (3.15) thus indicates obviously that the method is able to

generate an approximate solution (i.e., w̃t) with the accuracy O(1/t) after t iterations.

That is, in the case G � 0, the convergence rate O(1/t) of the method is established.

·�2012cuL3SIAM Numerical Analysis�Ø© [10] Ò´^ù«�ªy²
�
O��{3H{¿ÂeO(1/t)�Âñ�Ç.ù�@�·�3�O��{�¡���'

�­��(J,ùp�´`²,T(JéÎÜÚ�µeÂñ^���{Ñ´¤á�.

Convergence rate in a pointwise iteration-complexity [12]

·�2015cuL3Numerische Mathematik�Ø© [12]y²
�O��{3:�¿
Âe��'�­��(J.

‖vk+1 − vk+2‖H ≤ ‖vk − vk+1‖H .

ù�5�®²��
Æö^5ïu\�ADMM.e¡y²ù�(JéÎÜÚ�µeÂ

ñ^���{�Ñ¤á.y²��I�Ý
HÚG��½.
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½½½nnn 4 For solving the variational inequality (1.1), let {wk}, {w̃k} be the sequence

generated by (1.2). If the conditions (1.3) are satisfied, then we have

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H − ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G. (3.17)

Proof Note that we have

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω

and

θ(u)−θ(ũk+1)+(w−w̃k+1)TF (w̃k+1) ≥ (v−ṽk+1)TQ(vk+1−ṽk+1), ∀w ∈ Ω.

Set the vector w in the above two inequalities by w̃k+1 and w̃k , respectively, we get

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk)

and

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

Adding the above two inequalities, it follows that

(ṽk − ṽk+1)TQ{(vk − ṽk)− (vk+1 − ṽk+1)} ≥ 0.
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Adding {(vk − ṽk)− (vk+1 − ṽk+1)}TQ{(vk − ṽk)− (vk+1 − ṽk+1)} to the both

sides of the last inequality, we get

(vk−vk+1)TQ{(vk−ṽk)−(vk+1−ṽk+1)} ≥ 1
2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2(QT+Q),

and thus

(vk−vk+1)TH{(vk−vk+1)−(vk+1−vk+2)} ≥ 1
2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2

(QT+Q)
.

(3.18)

Finally, by using ‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H and (3.18), we get

‖vk − vk+1‖2H − ‖vk+1 − vk+2‖2H
= 2(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)}

−‖(vk − vk+1)− (vk+1 − vk+2)‖2H
≥ ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT+Q) − ‖(vk − vk+1)− (vk+1 − vk+2)‖2H
= ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT+Q−MTHM)

= ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G.

This is the equivalent form of (3.17) and the proof is complete. �
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4 ADMM for problems with two separable blocks

This section concern the structured convex optimization problem namely,

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (4.1)

The Lagrangian function and the augmented Lagrange Function of (4.1) are

L[2](x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b).

and

L[2]
β (x, y, λ) = θ1(x) + θ2(y)− λT(Ax+By− b) +

β

2
‖Ax+By− b‖2, (4.2)

respectively. Recall the model (4.1) can be explained as the VI

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (4.3a)

where

u =


 x

y


 , θ(u) = θ1(x) + θ2(y), w =




x
y

λ


 , (4.3b)
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F (w) =




−ATλ
−BTλ

Ax+By − b


 , and Ω = X × Y × <m. (4.3c)

Using the augmented Lagrange function, the recursion of the alternating direction method

of multipliers for the structured convex optimization (4.1) can be written as




xk+1 ∈ Argmin{L[2]
β (x, yk, λk) |x ∈ X},

yk+1 ∈ Argmin{L[2]
β (xk+1, y, λk) | y ∈ Y},

λk+1 = λk − β(Axk+1 +Byk+1 − b).
(4.4)

Note that the essential variable of ADMM (4.4) is v = (y, λ).

Ú�µee� ADMM. ADMM scheme (4.4) is also a special case which belongs to

the unified algorithmic framework (1.2) and the Convergence Condition is satisfied.

In order to cast the ADMM scheme (4.4) into a special case of (1.2), let us first define the

artificial vector w̃k = (x̃k, ỹk, λ̃k) by

x̃k = xk+1, ỹk = yk+1 and λ̃k = λk − β(Axk+1 +Byk − b), (4.5)
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where (xk+1, yk+1) is generated by the ADMM (4.4).

·�5¿� A. Beck 3¦�;Í First-Order Methods in convex optimization [1],�æ^


ù«=�.

Prediction




x̃k ∈ Argmin{θ1(x)− xTATλk + β
2
‖Ax+Byk − b‖2 |x ∈ X},

ỹk ∈ Argmin{θ2(y)− yTBTλk + β
2
‖Ax̃k +By − b‖2 | y ∈ Y},

λ̃k = λk − β(Ax̃k +Byk − b).

(4.6)

According to the scheme (4.4), the defined artificial vector w̃k satisfies the following VI:
w̃k ∈ Ω,




θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀ x ∈ X ,
θ2(y)− θ2(ỹk) + (y − ỹk)T {−BT λ̃k + βBTB(ỹk − yk)} ≥ 0, ∀ y ∈ Y,

(Ax̃k +Bỹk − b)−B(ỹk − yk) +
1

β
(λ̃k − λk) = 0.

This can be written in form of (1.2a) as described in the following lemma.
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rA. Beckë�
·� (4.5)¥éw̃k�½Â,�ö3c����5�
`²
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ÚÚÚnnn 1 For given vk , let wk+1 be generated by (4.4) and w̃k be defined by (4.5). Then,

we have

w̃k ∈ Ω, θ(u)− θ(ũk) + (w− w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk − ṽk), ∀w ∈ Ω,

where

Q =

(
βBTB 0

−B 1
β
I

)
. (4.7)

Recall the essential variable of the ADMM scheme (4.4) is (y, λ). Moreover, using the

definition of w̃k , the λk+1 updated by (4.4) can be represented as

λk+1 = λk − β(Ax̃k +Bỹk − b)
= λk −

[
−βB(yk − ỹk) + β(Ax̃k +Byk − b)]

= λk −
[
−βB(yk − ỹk) + (λk − λ̃k)

]
.

Therefore, the ADMM scheme (4.4) can be written as

(
yk+1

λk+1

)
=

(
yk

λk

)
−
(

I 0

−βB I

)(
yk − ỹk

λk − λ̃k

)
. (4.8a)
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which corresponds to the step (1.2b) with

M =

(
I 0

−βB I

)
and α = 1. (4.8b)

�yÂñ5^�. Now we check that the Convergence Condition is satisfied by the

ADMM scheme (4.4). Indeed, for the matrix M in (4.8b), we have

M−1 =

(
I 0

βB I

)
.

Thus, by using (4.7) and (4.8b), we obtain �yH��½

H = QM−1 =

(
βBTB 0

−B 1
β
I

)( I 0

βB I

)
=

(
βBTB 0

0 1
β
I

)
, (4.9)
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and consequently �yG���½

G = QT +Q− αMTHM = QT +Q−QTM

=

(
2βBTB −BT
−B 2

β
I

)
−
(
βBTB −BT

0 1
β
I

)(
I 0

−βB I

)

=

(
2βBTB −BT
−B 2

β
I

)
−
(

2βBTB −BT
−B 1

β
I

)
=

(
0 0

0 1
β
I

)
.(4.10)

Therefore, H is symmetric and positive definite under the assumption that B is full column

rank; and G is positive semi-definite. The Convergence Condition is satisfied; and thus the

convergence of the ADMM scheme (4.4) is guaranteed. �Ø© [10]

Â 5Ú:�¿Âe�Âñ�Ç. ·�ò²;�ADMMUÚ�µe�¿)º¤ý

ÿ-���{.²L (4.6)ýÿ±�,2d

vk+1 = vk −M(vk − ṽk) (4.11)

��.ùÎÜÚ�µe��ª (1.2).3 (4.9)Ú (4.10)¥·�©O�y
Ý
HÚG´
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��½�.Ïd,�â½n4Òk

‖vk+1 − vk+2‖H ≤ ‖vk − vk+1‖H , ∀ k > 0. (4.12)

d (4.12),é?¿���ê t > 0§

‖vt − vt+1‖2H ≤ 1

t+ 1

t∑

k=0

‖vk − vk+1‖2H

≤ 1

t+ 1

∞∑

k=0

‖vk − vk+1‖2H

(4.12)
≤ 1

t+ 1
‖v0 − v∗‖2H .

<�  ^‖vt − vt+1‖2H����ÊÅOK�ë�. �Ø© [12]
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5 |||^̂̂ÚÚÚ���µµµeee���yyyADMMaaa���{{{���ÂÂÂñññ555

5.1 ������^̂̂SSS������OOO������{{{

ò²;�ADMM (4.4) ¥¦) y-f¯KÚ�� λ�^S��,ÏL




xk+1 ∈ Argmin{L[2]
β (x, yk, λk) |x ∈ X},

λk+1 = λk − β(Axk+1 +Byk − b),
yk+1 ∈ Argmin{L[2]

β (xk+1, y, λk+1) | y ∈ Y},
(5.1)

���wk+1 = (xk+1, yk+1, λk+1)��ýÿ:,,�




yk+1 := yk − γ(yk − yk+1),

λk+1 := λk − γ(λk − λk+1).
£tµòÿ¤ (5.2)

ùp γ ∈ (0, 2).D�Ò/:=0L« (5.2)mà� (yk+1, λk+1)´d�{�c�Ü©

(5.1)�)�. (5.2)�àâ´e�ÚS�m©¤I�� (yk+1, λk+1).éõê¯K,ù�

  U\¯Âñ.

5¿�, (5.1)¥Ø%Cþ�´v = (y, λ).kr (5.1)�)�wk+1��½Â¤ýÿ
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: w̃k ,=

w̃k =




x̃k

ỹk

λ̃k


 =




xk+1

yk+1

λk − β(Axk+1 +Byk − b)


 , (5.3)

|^L[2]β (x, y, λ)�L�ª,��^S��O��{S�úª (5.1)�±L«¤





x̃k ∈ argmin{θ1(x)− xTATλk +
β

2
‖Ax+Byk − b‖2 |x ∈ X}, (5.4a)

λ̃k = λk − β(Ax̃k +Byk − b), (5.4b)

ỹk ∈ argmin{θ2(y)− yTBT λ̃k +
β

2
‖Ax̃k +By − b‖2 | y ∈ Y}. (5.4c)

·�^Ú�µe5y²��^S��O��{ (5.1)-(5.2)�Âñ5.k�Ñd (5.4)¦
�� w̃k÷v�/X (1.2a)�ýÿúª.

Äk,�â1�ù�½n1, (5.4a)��`5^�´

x̃k ∈ X , θ1(x)−θ1(x̃k)+(x−x̃k)T {−ATλk+βAT (Ax̃k+Byk−b)} ≥ 0, ∀x ∈ X .

|^ λ̃k = λk − β(Ax̃k +Byk − b),þªÒ´

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀ x ∈ X . (5.5a)
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aq/,�â1�ù�½n1, (5.4c)��`5^�´

ỹk ∈ Y, θ2(y)−θ2(ỹk)+(y−ỹk)T
{
−BT λ̃k+βBT (Ax̃k+Bỹk−b)

}
≥ 0, ∀ y ∈ Y.

du λ̃k = λk − β(Ax̃k +Byk − b),·�k

−BT λ̃k + βBT (Ax̃k +Bỹk − b)
= −BT λ̃k + βBTB(ỹk − yk) + βBT (Ax̃k +Byk − b)
= −BT λ̃k + βBTB(ỹk − yk)−BT (λ̃k − λk).

Ïd, y-f¯K (5.4c)��`5^�´

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k + βBTB(ỹk − yk)

−BT (λ̃k − λk)
}
≥ 0, ∀y ∈ Y. (5.5b)

éu (5.4b)¥�Ñ� λ̃k = λk − β(Ax̃k +Byk − b),�±L«¤

(Ax̃k +Bỹk − b)−B(ỹk − yk) +
1

β
(λ̃k − λk) = 0,
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�Ò´

λ̃k ∈ <m, (λ− λ̃k)T
{

(Ax̃k +Bỹk − b)

−B(ỹk − yk) +
1

β
(λ̃k − λk)} ≥ 0, ∀λ ∈ <m. (5.5c)

ò (5.5a), (5.5b)Ú (5.5c)|Ü3�å,5¿�ey�Ü©´ (4.3)¥�F (w̃k),·���

e¡�Ún.

ÚÚÚnnn 2 ¦)C©Ø�ª (4.3),é�½�vk ,d (5.4)Jø� w̃k÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω,

Ù¥

H =


 βBTB −BT

−B 1
β
Im


 . (5.6)

ùp�Ý
H´��½�,�α = 1�²���,Ò´�{ (5.1).§�Âñ�J�²;
�ADMM (4.4)OÃ��.�´,XJ�²��tµò�,4

vk+1 = vk − α(vk − ṽk), α = 1.5 ∈ (0, 2),

Ò��u�{ (5.1)-(5.1),Âñ�Ý  ¬k30%�Jp.

lnØþ5ù, (5.6)¥�Ý
H=¦3B�÷���ÿ�´��½�,�ù¿ØK�
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O�ÚÂñ5�.�,,·���±ÏL3f¯K (5.4c)�8I¼ê¥OV�
� δ

2
‖y − yk‖2,ÒU¦�A�HÝ
C¤

H =


 βBTB + δIn2 −BT

−B 1
β
Im


 .

é?¿�β, δ > 0,þ¡�HÝ
´�½�.

5.2 ééé¡¡¡������OOO������{{{

<�S.u^²;�¦f�O��{ (4.4)¦)¯K (4.1).l¯K (4.1)��w,�©C

þxÚy´²��,3�{�Oþ²�é�xÚyf¯K,�´�g,ØL��Ä.Ïd

·�æ^é¡��O��{ [6],§�kÚS��´l�½� (yk, λk)m©,ÏL

(S-ADMM)





xk+1 ∈ argmin{L[2]β (x, yk, λk) |x ∈ X}, (5.7a)

λk+
1
2 = λk − µβ(Axk+1 +Byk − b), (5.7b)

yk+1 ∈ argmin{L[2]β (xk+1, y, λk+
1
2 ) | y ∈ Y}, (5.7c)

λk+1 = λk+
1
2 − µβ(Axk+1 +Byk+1 − b). (5.7d)

��#�S�:wk+1 = (xk+1, yk+1, λk+1),Ù¥µ ∈ (0, 1) (Ï~�µ = 0.9).
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�µ = 1�,�{ (5.7)´�±ÞÑØÂñ��~�.·�^Ú�µey²é¡.¦f�

O��{ (5.7)�Âñ5,�´r�{ (5.7)
)¤ýÿ-��üÜ©.éd (5.7)�)

�xk+1Úyk+1,·�UXe�ª½Âýÿ: w̃k :

w̃k =




x̃k

ỹk

λ̃k


 =




xk+1

yk+1

λk − β(Axk+1 +Byk − b)


 . (5.8)

|^L[2]β (x, y, λ)�L�ª,é¡.�¦f�O��{S�úª�±L«¤�d�




x̃k ∈ argmin{θ1(x)− xTATλk +
β

2
‖Ax+Byk − b‖2 |x ∈ X}, (5.9a)

λk+
1
2 = λk − µβ(Ax̃k +Byk − b), (5.9b)

ỹk ∈ argmin{θ2(y)− yTBTλk+ 1
2 +

β

2
‖Ax̃k +By − b‖2 | y ∈ Y}, (5.9c)

λ̃k = λk − β(Ax̃k +Byk − b). (5.9d)

e¡·�kéÑ (5.9)�Ñ� w̃k3Ú�µe¥/X (1.2a)�ýÿúª.

�â1�ù�½n1, (5.9a)��`5^�´

x̃k ∈ X , θ1(x)−θ1(x̃k)+(x−x̃k)T {−ATλk+βAT (Ax̃k+Byk−b)} ≥ 0, ∀x ∈ X .
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|^ λ̃k = λk − β(Ax̃k +Byk − b),þªÒ´

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀ x ∈ X . (5.10a)

aq/,�â1�ù�½n1, (5.9c)��`5^�´

ỹk ∈ Y, θ2(y)−θ2(ỹk)+(y−ỹk)T
{
−BTλk+ 1

2 +βBT (Ax̃k+Bỹk−b)
}
≥ 0, ∀ y ∈ Y.

|^ λ̃k = λk − β(Ax̃k +Byk − b),·�k

λk+
1
2 = λk − µ(λk − λ̃k) = λ̃k + (µ− 1)(λ̃k − λk),

Ú

β(Ax̃k +Byk − b) = −(λ̃k − λk).

Ïd,

−BTλk+ 1
2 + βBT (Ax̃k +Bỹk − b)

= −BT [λ̃k + (µ− 1)(λ̃k − λk)] + βBTB(ỹk − yk) + βBT (Ax̃k +Byk − b)
= −BT λ̃k + (1− µ)BT (λ̃k − λk) + βBTB(ỹk − yk)−BT (λ̃k − λk)

= −BT λ̃k + βBTB(ỹk − yk)− µBT (λ̃k − λk).
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f¯K (5.9c)��`5^�´

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k + βBTB(ỹk − yk)

− µBT (λ̃k − λk)
}
≥ 0, ∀y ∈ Y.

(5.10b)

éu (5.9d)¥½Â� λ̃k = λk − β(Axk+1 +Byk − b),du

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0,

�±L«¤

λ̃k ∈ <m, (λ− λ̃k)T
{

(Ax̃k +Bỹk − b)
−B(ỹk − yk) + (1/β)(λ̃k − λk)} ≥ 0, ∀λ ∈ <m. (5.10c)

ò (5.10a), (5.10b)Ú (5.10c)|Ü3�å¿|^ (4.3)¥�PÒ,·�ke¡�Ún.

ÚÚÚnnn 3 ¦)C©Ø�ª (4.3).é�½�vk ,� w̃k´d (5.9)Jø�,Kk

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v−ṽk)TQ(vk−ṽk), ∀w ∈ Ω, (5.11a)

Ù¥

Q =


 βBTB −µBT

−B 1
β
Im


 . (5.11b)
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�X·���Ñ/X (1.2b)���'Xª.|^ (5.8),d (5.7d)�Ñ�λk+1�±L«¤

λk+1 = λk+
1
2 − µ

[
−βB(yk − ỹk) + β(Ax̃k +Byk − b)

]

= [λk − µ(λk − λ̃k)]− µ
[
−βB(yk − ỹk) + β(Axk+1 +Byk − b)

]

= λk −
[
−µβB(yk − ỹk) + 2µ(λk − λ̃k)

]
. (5.12)

�yk+1 = ỹk(Ü3�å,Òk

 yk+1

λk+1


 =


 yk

λk


−


 I 0

−µβB 2µIm




 yk − ỹk

λk − λ̃k


 .

Ïd,·�ke¡�Ún.

ÚÚÚnnn 4 ¦)C©Ø�ª (4.3).é�½�vk ,�wk+1d (5.7)Jø.@oéd (5.8)½Â
� w̃k ,·�k

vk+1 = vk −M(vk − ṽk), (5.13a)

Ù¥

M =


 I 0

−µβB 2µIm


 . (5.13b)

·�®²ré¡�ADMM (5.7)
)¤ (5.11)�ýÿÚ (5.13)���.�e5�¯�Ò´�
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âÚ�µe¥�Âñ5^� (1.3)�y�{�Âñ5.é (5.13b)¥�Ý
M ,�Ñ

M−1 =

(
I 0

1
2
βB 1

2µ
Im

)
.

dH = QM−1��

H =

(
βBTB −µBT

−B 1
β
Im

)(
I 0

1
2
βB 1

2µ
Im

)
=

(
(1− 1

2
µ)βBTB − 1

2
BT

− 1
2
B 1

2µβ
Im

)
.

Ïd

H =
1

2

( √
βBT 0

0
√

1
β
I

)(
(2− µ)I −I

−I 1
µ
I

)( √
βB 0

0
√

1
β
I

)
(5.14)

5¿�
(

(2− µ) −1

−1 1
µ

)
=




� 0, µ ∈ (0, 1);

� 0, µ = 1.

¤±,é¤k�µ ∈ (0, 1),�B�÷��Ý
H´é¡�½�.
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2wÝ
G = QT +Q−MTHM .Ï�MTHM = MTQ,d

MTQ =

(
I −µβBT

0 2µIm

)(
βBTB −µBT

−B 1
β
Im

)
=

(
(1 + µ)βBTB −2µBT

−2µB 2µ 1
β
Im

)
.

��

G = (QT +Q)−MTHM

=


 2βBTB −(1 + µ)BT

−(1 + µ)B 2 1
β
Im


−

(
(1 + µ)βBTB −2µBT

−2µB 2µ 1
β
Im

)

= (1− µ)

(
βBTB −BT

−B 2
β
Im

)
. (5.15)

Ó�,é¤k�µ ∈ (0, 1),�B�÷��Ý
G�½.¤±,�âÚ�µe (1.2a)-(1.2b),
�{´Âñ�,·�ke¡�½n.
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½½½nnn 5 ¦)C©Ø�ª (4.3).é�½�vk ,�wk+1d (5.7)Jø.·�k

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗,

Ù¥ w̃kd (5.8)½Â,

H =


(1− 1

2
µ)βBTB − 1

2
BT

− 1
2
B 1

2µβ
Im




Ú

G = (1− µ)


 βBTB −BT

−B 2
β
Im


 .

du µ ∈ (0, 1),Ý
HÚG3B�÷��Ñ´�½�.

3Ý
BØ�½�÷���ÿ,Ý
HÚG��½.�{Ñä�½n3Ú½n4¥��
'Âñ�Ç5�.
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1 Problem with three separable blocks
ù�ù�Än¬�©là`z¯K

min{θ1(x) + θ2(y) + θ3(z)|Ax+By + Cz = b, x ∈ X , y ∈ Y, z ∈ Z} (1.1)

�¦)�{.ù�¯K�.�KF¼ê´

L(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b).

¯K (1.1)Ó��±8(�C©Ø�ª¯K

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.2a)

Ù¥ θ(u) = θ1(x) + θ2(y) + θ3(z), Ω = X × Y × Z × <m.

w =




x

y

z

λ



, u =




x

y

z


 , F (w) =




−ATλ
−BTλ
−CTλ

Ax+By + Cz − b



. (1.2b)
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�A�O2.�KF¼êP�(�ü��f�ÎÒk«O)

L[3]β (x, y, z, λ) =θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b)

+
β

2
‖Ax+By + Cz − b‖2. (1.3)

������ííí222���ADMM¦¦¦)))nnn¬¬¬���©©©lll¯̄̄KKKØØØ���yyyÂÂÂñññ

én��©l¬�à`z¯K,æ^��í2�¦f�O��{,1kÚS�´l�½

�vk = (yk, zk, λk)Ñu,ÏL





xk+1 ∈ arg min
{
L[3]β (x, yk, zk, λk)

∣∣ x ∈ X
}
,

yk+1 ∈ arg min
{
L[3]β (xk+1, y, zk, λk)

∣∣ y ∈ Y
}
,

zk+1 ∈ arg min
{
L[3]β (xk+1, yk+1, z, λk)

∣∣ z ∈ Z
}
,

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

(1.4)

¦�#�S�:wk+1 = (xk+1, yk+1, zk+1, λk+1).�Ý
A, B, C¥kü�´p

�����ÿ,^�{ (1.4)¦)¯K (1.1)´Âñ� Ï�ù«n¬��©l¯K,¢S

þ��uü¬�©l�¯K.é���n¬�©l¯K,´ØU�yÂñ� [1].

V - 4

������UUUYYYïïïÄÄÄ���¯̄̄KKKÚÚÚßßß���

�X`,n��©l¬�¢S¯K¥,�5�åÝ


A = [A,B,C] ¥,  ��k��´ü Ý
.=, A = [A,B, I].

��í2�ADMM ?nù«�bC¢S�n��©l¬�¯K,Qvky²Âñ,�

vkÞÑ�~,ùE,´��k�qAOk¿Â�¯K�Þ�{ü�~f5`j:

• ²;�¦f�O��{?n¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} ´Âñ�.

• ò�ª�å�¤Ø�ª�å,¯KÒC¤

min{θ1(x) + θ2(y)|Ax+By ≤ b, x ∈ X , y ∈ Y}.

• 2z¤n��©l¬��ª�å¯KÒ´

min{θ1(x) + θ2(y) + 0 |Ax+By + z = b, x ∈ X , y ∈ Y, z ≥ 0}.

• ��í2�¦f�O��{ (1.4)?nþ¡ù«¯K,·�ß�´Âñ�,�´�8

vky²Âñ5.E,´��¢3�4ä]Ô5�¯K�

3é��í2�ADMM (1.4)y²Ø
Âñ5��ÿ,·�ÒXÃén¬�©l�¯K

JÑ�
?��{.
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2 ÚÚÚ���µµµeee������dddLLL«««

¯K: w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)>F (w∗) ≥ 0, ∀w ∈ Ω. (2.1)

[ýýýÿÿÿ]1k-ÚS�l�½�Ø%Cþvkm©,¦�ýÿ: w̃k ,¦�

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)>F (w̃k) ≥ (v−ṽk)>Q(vk−ṽk), ∀w ∈ Ω, (2.2)

¤á.Ù¥Ý
Q>+Q´�½�. �àò¯K (2.1)�w∗�¤
 w̃k . ¡Q�ýÿÝ


[������].�âýÿ��� ṽk ,�ÑØ%Cþv�#S�:vk+1�úª�

vk+1 = vk −M(vk − ṽk). (2.3)

·�¡M���Ý
. v�Ø%Cþ, v �±´w,��±´w�Ü©©þ

ÂÂÂñññ555^̂̂��� é�½�ýÿÝ
Q,�¦�O���Ý
M÷vXe^�µ

∃�½Ý
 H � 0 ¦� HM = Q. (2.4a)

d	,U
�y

G = Q> +Q−M>HM � 0. (2.4b)

V - 6

��vk+1 = vk −M(vk − ṽk), N��Ñ÷vÂñ5^����Ý
M ?





ýÿ (2.2)JøQ : Q> +Q � 0

Âñ^� (2.4) :ÀÝ
M��¦:

∃H � 0, such that HM = Q,

G = Q> +Q−M>HM � 0.

⇐⇒





D � 0, G � 0,

D +G = Q> +Q,

M>HM = D,

HM = Q.

⇐⇒





D � 0, G � 0,

D +G = Q> +Q,

Q>M = D,

HM = Q.

⇐⇒





D � 0, G � 0,

D +G = Q> +Q,

M = Q−TD,

H = QD−1Q>.

y3��{:k
ýÿÝ
Q,�±À½D,¦Ù÷v0 ≺ D ≺ Q> +Q.

é�½�÷vQ> + Q � 0�ýÿ,lÐØN´nÑ���{,�¿Ø¤§�E�q�{.

duM = Q−TD,�� (2.3)�du QT (vk+1 − vk) = D(ṽk − vk). (2.5)
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3 ÜÜÜ©©©²²²111©©©������ADMMýýýÿÿÿ���������{{{

ù�!��{
g2009cuL� [3],rx�¤¥mCþ,S�lvk = (yk, zk, λk)

�vk+1 = (yk+1, zk+1, λk+1),�´²1?nyÚz-f¯K,2�# λ.�é{`,r




xk+1 ∈ arg min
{
θ1(x)− xTATλk + β

2
‖Ax+Byk + Czk − b‖2

∣∣x ∈ X
}
,

yk+1 ∈ argmin
{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By + Czk − b‖2

∣∣y ∈ Y
}
,

zk+1 ∈ argmin
{
θ3(z)− zTCTλk + β

2
‖Axk+1 +Byk + Cz − b‖2

∣∣z ∈ Z
}
,

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b)

(3.1)

)¤�: (xk+1, yk+1, zk+1, λk+1)�¤ýÿ:.2rØ%Cþ £.�:.�Ï´y,

zf¯K²1?n,�)âd�#� λ,Ñ�gd,I���.��úª´

vk+1 := vk − α(vk − vk+1), α ∈ (0, 2−
√

2). (3.2)

�X`,·��±� α = 0.55.5¿� (3.2)mà� vk+1 = (yk+1, zk+1, λk+1) ´

d (3.1)Jø�.

·�^Ú�µe5�yù�Ü©²1©��ýÿ���{�Âñ5.krd (3.1))¤

� (xk+1, yk+1, zk+1)À� (x̃k, ỹk, z̃k),¿½Â

λ̃k = λk − β(Ax̃k +Byk + Czk − b). (3.3)

V - 8

ù�,ýÿ: (x̃k, ỹk, z̃k, λ̃k)Ò�±w¤deª)¤µ





x̃k ∈ arg min
{
L[3]β (x, yk, zk, λk)

∣∣ x ∈ X
}
, , (3.4a)

ỹk ∈ arg min
{
L[3]β (x̃k, y, zk, λk)

∣∣ y ∈ Y
}
, (3.4b)

z̃k ∈ arg min
{
L[3]β (x̃k, yk, z, λk)

∣∣ z ∈ Z
}
, (3.4c)

λ̃k = λk − β(Ax̃k +Byk + Czk − b). (3.4d)

|^O2.�KF¼ê (1.3),f¯K (3.4a)��u

x̃k = argmin{θ1(x)− xTATλk + 1
2
β‖Ax+Byk + Czk − b‖2 |x ∈ X},

�â�`5Ún, x̃k ∈ X ,

θ1(x)−θ1(x̃k)+(x− x̃k)T {−ATλk+βAT (Ax̃k+Byk+Czk−b)} ≥ 0, ∀x ∈ X .

2�â (3.4d),Òk ^ (3.4d) ½Â λ̃k ,�±4 (3.5a)�−AT λ̃k�¡vk/�n0

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀x ∈ X . (3.5a)

f¯K (3.4b)��u

ỹk = argmin{θ2(y)− yTBTλk + 1
2
β‖Ax̃k +By + Czk − b‖2 | y ∈ Y},
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Ó��â�`5^�Ún,k ỹk ∈ Y ,

θ2(y)− θ2(ỹk) + (y − ỹk)T {−BTλk + βBT (Ax̃k +Bỹk − b)} ≥ 0, ∀y ∈ Y.

2�â (3.4d),Òk ^ λ̃k�½Â, (3.5b)¥−BT λ̃k�¡�/�n0´βBTB(ỹk−yk)

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k

+ βBTB(ỹk − yk)
}
≥ 0, ∀y ∈ Y. (3.5b)

Ón,éf¯K (3.4c)k

z̃k ∈ Z, θ3(z)− θ3(z̃k) + (z − z̃k)T {−CT λ̃k

+ βCTC(z̃k − zk)} ≥ 0, ∀ z ∈ Z. (3.5c)

5¿� (3.4d)�±�¤

(Ax̃k +Bỹk + Cz̃k − b)−B(ỹk−yk)−C(z̃k−zk)+(1/β) (λ̃k−λk) = 0. (3.5d)

r (3.5)¥�úª|Ü3�å,�±�¤Ú�µe¥�ýÿ/ª:

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk− ṽk),∀w ∈ Ω, (3.6a)

V - 10

Ù¥

Q =




βBTB 0 0

0 βCTC 0

−B −C 1
β
I


 . (3.6b)

£Þ5w�{ (3.1)-(3.2)3Ú�µe¥���TNoL«.du

yk+1 = ỹk, zk+1 = z̃k, Ú λk+1 = λ̃k + βB(yk − ỹk) + βC(zk − z̃k).

r (3.4)�ÑÑ��ýÿ:�,��úª (3.2)Ò�±L«¤



yk+1

zk+1

λk+1


 =




yk

zk

λk


− α




I 0 0

0 I 0

−βB −βC I







yk − ỹk

zk − z̃k

λk − λ̃k


 .

�Ò´`,|^
Ú�µe¥ (3.6)ù��ýÿL�ª,�{ (3.1)-(3.2)���úª´

vk+1 = vk −M(vk − ṽk), (3.7a)
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Ù¥

M = α




I 0 0

0 I 0

−βB −βC I


 . (3.7b)

éù��QÚ M ,�

H =
1

α




βBTB 0 0

0 βCTC 0

0 0 1
β
I


 ,

ÒkHM = Q,`²Âñ5^�÷v.

�âÚ�µe,�é (3.7b)¥�MéÑ��α > 0,¦�^�

G = (QT +Q)−MTHM � 0

÷v.{ü�Ý
$���

QT +Q =




2βBTB 0 −BT

0 2βCTC −CT

−B −C 2
β
I




V - 12

Ú

MTQ = α




I 0 −βBT

0 I −βCT

0 0 I







βBTB 0 0

0 βCTC 0

−B −C 1
β
I




= α




2βBTB βBTC −BT

βCTB 2βCTC −CT

−B −C 1
β
I


 .

¤±k

G = QT +Q−MTQ =




2(1− α)βBTB −αβBTC −(1− α)BT

−αCTB 2(1− α)βCTC −(1− α)CT

−(1− α)B −(1− α)C (2− α) 1
β
Im


 .
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du

G =




√
βBT 0 0

0
√
βCT 0

0 0 1√
β
I







2(1− α)I −αI −(1− α)I

−αI 2(1− α)I −(1− α)I

−(1− α)I −(1− α)I (2− α)I







√
βB 0 0

0
√
βC 0

0 0 1√
β
I


 .

���y,é�o�� α > 0,Ý




2(1− α) −α −(1− α)

−α 2(1− α) −(1− α)

−(1− α) −(1− α) (2− α)


 � 0. (3.8)

²LO�,é¤k� α ∈ (0, 2−
√

2), (3.8) ¥�Ý
�½,Âñ5^�÷v.
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4 ���pppddd£££������ADMM���{{{

Direct extension of ADMM




xk+1 ∈ arg min
{
L[3]
β (x, yk, zk, λk) | x ∈ X

}
,

yk+1 ∈ arg min
{
L[3]
β (xk+1, y, zk, λk) | y ∈ Y

}
,

zk+1 ∈ arg min
{
L[3]
β (xk+1, yk+1, z, λk) | z ∈ Z

}
,

λk+1 = λk − β
(
Axk+1 +Byk+1 + Czk+1 − b

)
.

(4.1)

·�3 [1]¥y²,én��©l¬�à`z¯K,��í2�(4.1)¿Ø�yÂñ.

3d�c,·�ÐØN´n¤�
¦)n��©l¬à`z¯K��{ [5, 6]

��í2�¦f�O��{ (4.1)én��f�¯KØU�yÂñ,´Ï�§�?nk

'Ø%Cþ� yÚ z-f¯KØú².æ�ÖÍ��{´ò (4.1)Jø�
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(yk+1, zk+1, λk+1)�¤ýÿ:,��úª�




yk+1

zk+1

λk+1


 :=




yk

zk

λk


− ν




I −(BTB)−1BTC 0

0 I 0

0 0 I







yk − yk+1

zk − zk+1

λk − λk+1


 . (4.2)

Ù¥ ν ∈ (0, 1),mà� (yk+1, zk+1, λk+1)´d (4.1)Jø�.ù��{uL3[5].�
{´Øú²,Ò��éÖ,N�.¯¢þ,��±Ò^ (4.1)Jø� λk+1,�ÏL


 yk+1

zk+1


 :=


 yk

zk


− ν


 I −(BTB)−1BTC

0 I




 yk − yk+1

zk − zk+1


 . (4.3)

�� yÚ z (ÃI��λ).du�e�ÚS��I�O� (Byk+1, Czk+1, λk+1),·�

���'(4.3)�{ü�

 Byk+1

Czk+1


 :=


 Byk

Czk


− ν

(
I −I
0 I

)(
Byk −Byk+1

Czk − Czk+1

)
. (4.4)
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4.1 The prediction matrix Q — Triangular Matrix

·�r��í2 (4.1)¥� uk+1 = (xk+1, yk+1, zk+1) �¤ ũk = (x̃k, ỹk, z̃k),

ù�Òk 



x̃k ∈ argmin
{
L[3]
β (x, yk, zk, λk) | x ∈ X

}
,

ỹk ∈ argmin
{
L[3]
β (x̃k, y, zk, λk) | y ∈ Y

}
,

z̃k ∈ argmin
{
L[3]
β (x̃k, ỹk, z, λk) | z ∈ Z

}
.

(4.5)

x, y, z f¯K�/ª´




x̃k ∈ arg min
{
θ1(x)− xTATλk +

1

2
β‖Ax+Byk + Czk − b‖2 | x ∈ X

}
,

ỹk ∈ arg min
{
θ2(y)− yTBTλk +

1

2
β‖Ax̃k +By + Czk − b‖2 | y ∈ Y

}
,

z̃k ∈ arg min
{
θ3(z)− zTCTλk +

1

2
β‖Ax̃k +Bỹk + Cz − b‖2 | z ∈ Z

}
.
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|^`z¯KÚC©Ø�ª�m�d'X�Ún1,�� ũk ∈ U ,




θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−ATλk

+βAT
(
Ax̃k +Byk + Czk − b

)}
≥ 0, ∀x ∈ X ,

θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BTλk

+βBT
(
Ax̃k +Bỹk + Czk − b

)}
≥ 0, ∀ y ∈ Y,

θ3(z)− θ3(z̃k) + (z − z̃k)T
{
−CTλk

+βCT
(
Ax̃k +Bỹk + Cz̃k − b

)}
≥ 0, ∀ z ∈ Z.

(4.6)

½Â

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
, (4.7)

þª�±�¤�d��ª

(Ax̃k +Bỹk +Cz̃k− b)−B(ỹk−yk)−C(z̃k− zk) +
1

β
(λ̃k−λk) = 0. (4.8)

éu�½� λ̃k ∈ <mÚ 0�þ p,�A�'Xª��±�¤

λ̃k ∈ <m, (λ− λ̃k)T p ≥ 0, ∀λ ∈ <m.
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ò (4.6) Ú (4.8) \3�å,|^C©Ø�ª/ª (1.2),·��� w̃k ∈ Ω,




θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−AT λ̃k

}
≥ 0, ∀x ∈ X ,

θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k + βBTB(ỹk − yk)

}
≥ 0, ∀ y ∈ Y,

θ3(z)− θ3(z̃k) + (z − z̃k)T

{
−CT λ̃k + βCTB(ỹk − yk)

+βCTC(z̃k − zk)

}
≥ 0, ∀ z ∈ Z,

(λ− λ̃k)T

{
(Ax̃k +Bỹk + Cz̃k − b)
−B(ỹk − yk)−C(z̃k − zk) + 1

β
(λ̃k − λk)

}
≥ 0, ∀λ ∈ Λ.

(4.9)

5¿� (4.9) ª¥\ey��Ü©TÐ´ (1.2)¥½Â�F (w̃k),Ü¿�¤ w̃k ∈ Ω,

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (4.10)

Ù¥�þv = (y, z, λ) ýÿÝ


Q =




βBTB 0 0

βCTB βCTC 0

−B −C 1
β
Im


 . (4.11)
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������:|^ù��ýÿ:,��� yÚ z�úª (4.3) (5¿λk+1Ú λ̃k �'X)Ò�±

�¤




yk+1

zk+1

λk+1


 =




yk

zk

λk


−




νI −ν(BTB)−1BTC 0

0 νI 0

−βB −βC I







yk − ỹk

zk − z̃k

λk − λ̃k


 .

�Ò´`,3Ú�µe���úª¥,�

M =




νI −ν(BTB)−1BTC 0

0 νI 0

−βB −βC I


 . (4.12)

éuÝ


H =




1
ν
βBTB 1

ν
βBTC 0

1
ν
βCTB 1

ν
β[CTC + CTB(BTB)−1BTC] 0

0 0 1
β
I


 , (4.13)
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�±�yHM = Q.ÏLÜÓC�

 I 0

−CTB(BTB)−1 I




B

TB BTC

CTB CTC + CTB(BTB)−1BTC




I −(BTB)−1BTC

0 I




=


B

TB BTC

0 CTC




I −(BTB)−1BTC

0 I


 =


B

TB 0

0 CTC


,

��H3B,C�÷���½.d	,

G = (QT +Q)−MTHM = (QT +Q)−MTQ

=




2βBTB βBTC −BT

βCTB 2βCTC −CT

−B −C 2
β
I


−




(1 + ν)βBTB βBTC −BT

βCTB (1 + ν)βCTC −CT

−B −C 1
β
I




=




(1− ν)βBTB 0 0

0 (1− ν)βCTC 0

0 0 1
β
I


 .

du ν ∈ (0, 1),�B,C�÷��Ý
G�½.Ú�µe¥�Âñ5^�÷v.
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5 Implement the correction by using (2.5)

é (4.11)¥�ýÿÝ
Q,·�k

QT +Q =




2βBTB βBTC −BT

βCTB 2βCTC −CT

−B −C 2
β
Im




=




BT 0 0

0 CT 0

0 0 Im







2βIm βIm −Im
βIm 2βIm −Im
−Im −Im 2

β
Im







B 0 0

0 C 0

0 0 Im


 . (5.1)

du



2βIm βIm −Im
βIm 2βIm −Im
−Im −Im 2

β
Im


 =




βIm βIm −Im
βIm βIm −Im
−Im −Im 1

β
Im


+




βIm 0 0

0 βIm 0

0 0 1
β
Im




´�½Ý
,�Ý
BÚC ´�÷�Ý
�,Ý
QT +Q �½"
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ÀJ 0 ≺ D ≺ QT +Q,�±JÑgC����{,e¡�´�
~f
®.

���������'''���{{{üüü���D é?¿� v ∈ (0, 1),Ý





2βIm βIm −Im
βIm 2βIm −Im
−Im −Im 2

β
Im


 =




νβIm 0 0

0 νβIm 0

0 0 1
β
Im


+




(2− ν)βIm βIm −Im
βIm (2− ν)βIm −Im
−Im −Im 1

β
Im




©
¤
ü��½Ý
.Ïd,�±À

D =




BT 0 0

0 CT 0

0 0 Im







νβI 0 0

0 νβI 0

0 0 1
β
Im







B 0 0

0 C 0

0 0 Im




=




νβBTB 0 0

0 νβCTC 0

0 0 1
β
Im


 . (5.2)
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ù�,

G = QT +Q−D =




(2− ν)βBTB βBTC −BT

βCTB (2− ν)βCTC −CT

−B −C 1
β
Im


 . (5.3)

Algorithms for the model (1.1)

[Prediction Step.] Obtain (x̃k, ỹk, z̃k) via the direct extension of the ADMM (4.5)

and define λ̃k by (4.7).

[Correction Step.] Get vk+1 by solving QT (vk+1 − vk) = D(ṽk − vk).

¯K8(�XÛlQT (vk+1 − vk) = D(ṽk − vk)¦Ñ vk+1 ? ·���

QT =




βBTB βBTC −BT

0 βCTC −CT

0 0 1
β
I


 =




βBT 0 0

0 βCT 0

0 0 1
β
Im







B C − 1
β
Im

0 C − 1
β
Im

0 0 Im


,
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Ú

D =




νβBTB 0 0

0 νβCTC 0

0 0 1
β
Im


 =



βBT 0 0

0 βCT 0

0 0 1
β
Im







νB 0 0

0 νC 0

0 0 Im


.

éÝ
QT Ú D �©)k�Ó��Ïf.Ïd,¦)�§|

QT (vk+1 − vk) = D(ṽk − vk),

�±ÏL



B C − 1
β
Im

0 C − 1
β
Im

0 0 Im







yk+1 − yk

zk+1 − zk

λk+1 − λk


 =




νB 0 0

0 νC 0

0 0 I







ỹk − yk

z̃k − zk

λ̃k − λk




¦�.þã�5�§|�du�§|



I I − 1
β
I

0 I − 1
β
I

0 0 I







Byk+1 −Byk

Czk+1 − Czk

λk+1 − λk


 =




νI 0 0

0 νI 0

0 0 I







Bỹk −Byk

Cz̃k − Czk

λ̃k − λk


 .
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^£���{�g¦� (λk+1 − λk), (Czk+1 − Czk), (Byk+1 −Byk),

,���m©e�gS�¤I�� (Byk+1, Czk+1, λk+1).

ÀÀÀJJJD������


ÙÙÙ¦¦¦���{{{

ò (5.2)Ú (5.3)¥�DÚG p� �,�é{`,�

D =




(2− ν)βBTB βBTC −BT

βCTB (2− ν)βCTC −CT

−B −C 1
β
Im


 .

éuÓ��ýÿ,���±ÏL



I I − 1
β
I

0 I − 1
β
I

0 0 I







Byk+1 −Byk

Czk+1 − Czk

λk+1 − λk


 =




(2− ν)I I −I
I (2− ν)I −I
−I −I I







Bỹk −Byk

Cz̃k − Czk

λ̃k − λk


 .

��m©e�gS�¤I�� (Byk+1, Czk+1, λk+1).
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ÀÀÀJJJD = α(QT +Q), α ∈ (0, 1)������{{{

ù� D = α(QT +Q) Ú G = (1− α)(QT +Q) Ñ´�½Ý
.

D = α
[
QT +Q

]
= α




2βBTB βBTC −BT

βCTB 2βCTC −CT

−B C 2
β
Im


 . (5.5)

éuÓ��ýÿ,���±ÏL



I I − 1
β
I

0 I − 1
β
I

0 0 I







Byk+1 −Byk

Czk+1 − Czk

λk+1 − λk


 = α




2I I −I
I 2I −I
−I −I 2I







Bỹk −Byk

Cz̃k − Czk

λ̃k − λk


 .

��m©e�gS�¤I�� (Byk+1, Czk+1, λk+1).

lÐØN´nÑ���{,�¿Ø¤å�Ñ�q�{.
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6 ÜÜÜ©©©²²²111¿¿¿\\\���KKK������ADMM���{{{
·�®²����í2�ADMM¦)n��©l¬�à`z¯KØU�yÂñ [1],�
ÏAT´é�©Ø%Cþ¥yÚz�f¯K?nk�w�Ø
ú²,3§4æ^
£�
��{.,
,Xe�{ür�²1��{�ØU�yÂñ.




{ü/

r� yÚ

z²�

ØU�y

�{Âñ








xk+1 = arg min
{
L[3]β (x, yk, zk, λk)

∣∣ x ∈ X
}
,

yk+1 = arg min
{
L[3]β (xk+1, y, zk, λk)

∣∣ y ∈ Y
}
,

zk+1 = arg min
{
L[3]β (xk+1, yk, z, λk)

∣∣ z ∈ Z
}
,

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).

e¡·��Är�²1,¿ÏL,\�K���)û¯K

y, zf¯K²1,XJØ���?n,Ò�§�èýkÑ\��K�




xk+1 = arg min
{
L3β(x, yk, zk, λk)

∣∣ x ∈ X
}
, (τ > 0�ëê)

yk+1 = arg min
{
L3β(xk+1, y, zk, λk) + τ

2
β‖B(y − yk)‖2

∣∣y ∈ Y
}
,

zk+1 = arg min
{
L3β(xk+1, yk, z, λk) + τ

2
β‖C(z − zk)‖2

∣∣z ∈ Z
}
,

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b).
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þã�{��u




xk+1 ∈ arg min
{
θ1(x)− xTATλk + β

2
‖Ax+Byk + Czk − b‖2

∣∣ x ∈ X
}
,

yk+1 ∈ arg min

{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By + Czk − b‖2

+ τ
2
β‖B(y − yk)‖2

∣∣∣∣y ∈ Y
}
,

zk+1 ∈ arg min

{
θ3(z)− zTCTλk + β

2
‖Axk+1 +Byk + Cz − b‖2

+ τ
2
β‖C(z − zk)‖2

∣∣∣∣z ∈ Z
}
,

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

5¿�

yk+1 ∈ arg min

{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By + Czk − b‖2

+ τ
2
β‖B(y − yk)‖2

∣∣∣∣y ∈ Y
}
,

= arg min

{
θ2(y) + β

2
‖(Axk+1 +Byk + Czk − b) +B(y − yk)‖2

−yTBTλk + τ
2
β‖B(y − yk)‖2

∣∣∣∣y ∈ Y
}

= arg min

{
θ2(y)− yTBT [λk − β(Axk+1 +Byk + Czk − b)]

+ 1
2
β‖B(y − yk)‖2 + τ

2
β‖B(y − yk)‖2

∣∣∣∣y ∈ Y
}
.
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¤±,e-

λk+
1
2 = λk − β(Axk+1 +Byk + Czk − b),

ù��{Ò´




xk+1 ∈ argmin{θ1(x)− xTATλk + β
2
‖Ax+Byk + Czk − b‖2|x ∈ X},

λk+
1
2 = λk − β(Axk+1 +Byk + Czk − b)

yk+1 ∈argmin{θ2(y)− yTBTλk+ 1
2 + µβ

2
‖B(y − yk)‖2 | y ∈ Y},

zk+1 ∈argmin{θ3(z)− zTCTλk+ 1
2 + µβ

2
‖C(z − zk)‖2 | z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),
(6.1)

Ù¥ µ = τ + 1.·�?ØI�õ�� µ.

rd (6.1) )¤�

(xk+1, yk+1, zk+1, λk+
1
2 ) À�ýÿ: (x̃k, ỹk, z̃k, λ̃k), (6.2)
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ù�ýÿúªÒ¤�





x̃k = argmin{θ1(x)− xTATλk + β
2
‖Ax+Byk + Czk − b‖2 |x ∈ X},

ỹk =argmin{θ2(y)− yTBT λ̃k + µβ
2
‖B(y − yk)‖2 | y ∈ Y},

z̃k = argmin{θ3(z)− zTCT λ̃k + µβ
2
‖C(z − zk)‖2 | z ∈ Z},

λ̃k = λk − β(Ax̃k +Byk + Czk − b).

(6.3)

ýÿ (6.3)¥x-f¯K��`5^�´

x̃k = argmin{θ1(x)− xTATλk + 1
2
β‖Ax+Byk + Czk − b‖2 |x ∈ X},

�â�`5Ún, x̃k ∈ X ,

θ1(x)−θ1(x̃k)+(x− x̃k)T {−ATλk+βAT (Ax̃k+Byk+Czk−b)} ≥ 0, ∀x ∈ X .

2�â λ̃k = λk − β(Ax̃k +Byk + Czk − b), Òk

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀x ∈ X . (6.4a)
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Ó��â�`5^�Ún,ýÿ (6.3)¥y-f¯K��`5^�´

ỹk ∈ Y, θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k

+ µβBTB(ỹk − yk)
}
≥ 0, ∀y ∈ Y.

(6.4b)

Ón,ýÿ (6.3)¥z-f¯K��`5^�´

z̃k ∈ Z, θ3(z)− θ3(z̃k) + (z − z̃k)T {−CT λ̃k

+ µβCTC(z̃k − zk)} ≥ 0, ∀ z ∈ Z. (6.4c)

�â λ̃k�½Â,·�k

(Ax̃k +Bỹk + Cz̃k − b)−B(ỹk−yk)−C(z̃k−zk)+(1/β) (λ̃k−λk) = 0. (6.4d)

ù�,|^�`5ÚnÚC©Ø�ª (1.2)�/ª,ýÿÒ�±�¤Ú�µe¥�/ª:

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk− ṽk),∀w ∈ Ω, (6.5a)
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Ù¥

Q =




µβBTB 0 0

0 µβCTC 0

−B −C 1
β
I


 . (6.5b)

du λ̃k = λk − β(Axk+1 +Byk + Czk − b)Ú

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),

|^ù��ýÿ:,�� yÚ z�úª (5¿ λk+1Ú λ̃k �'X)Ò�±�¤




yk+1

zk+1

λk+1


 =




yk

zk

λk


−




I 0 0

0 I 0

−βB −βC I







yk − ỹk

zk − z̃k

λk − λ̃k


 .

�Ò´`,3Ú�µe���úª¥

M =




I 0 0

0 I 0

−βB −βC I


 . (6.6)
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H =




µβBTB 0 0

0 µβCTC 0

0 0 1
β
I


 ,

�±�yH �½¿k

HM =




µβBTB 0 0

0 µβCTC 0

0 0 1
β
I







I 0 0

0 I 0

−βB −βC I




=




µβBTB 0 0

0 µβCTC 0

−B −C 1
β
I


 = Q
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d	,

G = (QT +Q)−MTHM = (QT +Q)−MTQ

=




2µβBTB 0 −BT

0 2µβCTC −CT

−B −C 2
β
I


−




(1 + µ)βBTB βBTC −BT

βCTB (1 + µ)βCTC −CT

−B −C 1
β
I




=




(µ− 1)βBTB −βBTC 0

−βCTB (µ− 1)βCTC 0

0 0 1
β
I


 .

duµ > 2,Ý
G�½,Âñ5^�÷v.�{�Âñ5��y².

~X,�±� µ = 2.01.ùauL3 [6, 8]��{g�´:4yÚz�gÕá,qØO�

��,@Òýk\�K�4§�Ø�r���. [6]¥��{�UCLA Osher�Ç��K

|¤õ^5¦)ã�ü�¯K [2].
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A Convex Model for Nonnegative Matrix
Factorization and Dimensionality
Reduction on Physical Space

Ernie Esser, Michael Möller, Stanley Osher, Guillermo Sapiro, Senior Member, IEEE, and Jack Xin

Abstract—A collaborative convex framework for factoring a
data matrix into a nonnegative product , with a sparse
coefficient matrix , is proposed. We restrict the columns of the
dictionary matrix to coincide with certain columns of the data
matrix , thereby guaranteeing a physically meaningful dictio-
nary and dimensionality reduction. We use regularization
to select the dictionary from the data and show that this leads to
an exact convex relaxation of in the case of distinct noise-free
data. We also show how to relax the restriction-to- constraint
by initializing an alternating minimization approach with the
solution of the convex model, obtaining a dictionary close to but
not necessarily in . We focus on applications of the proposed
framework to hyperspectral endmember and abundance identifi-
cation and also show an application to blind source separation of
nuclear magnetic resonance data.

Index Terms—Blind source separation (BSS), dictionary
learning, dimensionality reduction, hyperspectral endmember de-
tection, nonnegative matrix factorization (NMF), subset selection.

I. INTRODUCTION

D IMENSIONALITY reduction has been widely studied in
the signal processing and computational learning com-

munities. One of the major drawbacks of virtually all popular
approaches for dimensionality reduction is the lack of phys-
ical meaning in the reduced dimension space. This significantly
reduces the applicability of such methods. In this paper, we
present a framework for dimensionality reduction, based on ma-
trix factorization and sparsity theory, that uses the data itself
(or small variations from it) for the low-dimensional representa-
tion, thereby guaranteeing physical fidelity. We propose a new
convex method to factor a nonnegative data matrix into a
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product , for which is nonnegative and sparse and the
columns of coincide with columns from the data matrix .
The organization of this paper is as follows. In the remainder

of the introduction, we further explain the problem, summarize
our approach, and discuss applications and related work. In
Section II, we present our proposed convex model for end-
member (dictionary) computation that uses regularization
to select as endmembers a sparse subset of columns of , such
that sparse nonnegative linear combinations of them are capable
of representing all other columns. Section III shows that, in the
case of distinct noise-free data, regularization is an exact
relaxation of the ideal row-0 norm (number of nonzero rows) and
furthermore proves the stability of our method in the noisy case.
Section IV presents numerical results for both synthetic and real
hyperspectral data. In Section V, we present an extension of our
convex endmember detection model that is better able to handle
outliers in the data. We discuss its numerical optimization, com-
pare its performance to the basic model, and also demonstrate
its application to a blind source separation (BSS) problem based
on nuclear magnetic resonance (NMR) spectroscopy data.

A. Summary of the Problem and Geometric Interpretation

The underlying general problem of representing
with 0 is known as nonnegative matrix factorization
(NMF). Variational models for solving NMF problems are typi-
cally nonconvex and are solved by estimating and alternat-
ingly. Although variants of alternating minimization methods
for NMF often produce good results in practice, they are not
guaranteed to converge to a global minimum.
The problem can be greatly simplified by assuming a partial

orthogonality condition on matrix as is done in [1] and [2].
More precisely, the assumption is that, for each row of , there
exists some column such that 0 and for .
Under this assumption, NMF has a simple geometric interpreta-
tion. Not only should the columns of appear in the data up
to scaling but the remaining data should be expressible as non-
negative linear combinations of these columns. Therefore, the
problem of finding is to find columns in , preferably as few
as possible, that span a cone containing the rest of the data .
Fig. 1 illustrates the geometry in three dimensions.
The problem we actually want to solve is more difficult than

NMF in a couple respects. One reason is the need to deal with
noisy data. While NMF by itself is a difficult problem already,
the identification of the vectors becomes even more difficult if
the data contain noise and we need to find a low-dimensional
cone that contains most of the data (see the lower right image in
Fig. 1). Notice that in the noisy case, finding vectors such that all
data are contained in the cone they span would lead to a drastic

1057-7149/$31.00 © 2012 IEEE
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Fig. 4. Spectral signatures of endmembers extracted by different methods. (Top row) Results of our method and the alternating minimization approach. (Bottom
row) Endmembers found by N-findr, QR, and VCA.

Fig. 5. Region of possible values for .

restrict each column to lie in a hockey-puck-shaped disk .
Decompose , where is the orthogonal pro-
jection of onto the line spanned by and is the radial

component of perpendicular to . Then, given ,

we restrict and . The or-
thogonal projection onto this set is straightforward to compute
since it is a box constraint in cylindrical coordinates. This con-
straint set for is shown in Fig. 5 in the case when .
We also allow for a few columns of the data to be outliers.

These are columns of that we do not expect to be well repre-
sented as a small error plus a sparse nonnegative linear com-
bination of other data but that we also do not want to con-
sider as endmembers. Given some , this sparse error
is modeled as with restricted to the convex set

and . Since is the non-
negative region of a weighted ball, the orthogonal projection
onto can be computed with complexity. Here,
since the weights sum to one by definition, can be roughly
interpreted as the fraction of data we expect to be outliers. For
nonoutlier data , we want , and for outlier data, we
want . In the latter outlier case, regularization on matrix

should encourage the corresponding column to be close to
zero; hence, is encouraged to be small rather than close
to one.
Keeping the regularization, the nonnegativity constraint,

and theweighted penalty from (6), the overall extendedmodel
is given by

such that (15)

The structure of this model is similar to the robust principal
component analysis model proposed in [33] although it has a
different noise model and uses regularization instead of the
nuclear norm.

B. Numerical Optimization

Since the convex functional for the extended model (15) is
slightly more complicated, it is convenient to use a variant of
ADMM that allows the functional to be split into more than
two parts. The method proposed by He et al. in [34] is appro-
priate for this application. Again, introduce a new variable
and constraint . In addition, let and be Lagrange
multipliers for constraints and

, respectively. Then, the augmented Lagrangian
is given by
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Fig. 6. Results of the extended model applied to the RGB image. (Top left) RGB image we apply the blind unmixing algorithm to. (Top middle) 3-D plot of
the data points in the image in their corresponding color (in online version). (Black dots) Endmembers detected without allowing outliers and without
encouraging particular sparsity on the coefficients . (Top right) With allowing some outliers the method removed an endmember in the one of the outside
clusters, but included the middle cluster due to the encouraged sparsity. (Bottom left) Endmember coefficients for the parameter choice , , where
the brightness corresponds to the coefficient value. We can see that the coefficient matrix is sparse. (Bottom middle) Increasing the allowed outliers the red cluster
endmember is removed (in online version). Increasing the outliers even further leads to decreasing the number of endmembers to four.

where and are indicator functions for the and
constraints.

Using the ADMM-like method in [34], a saddle point of the
augmented Lagrangian can be found by iteratively solving the
subproblems with parameters 0 and 2, shown in the
equations at the bottom of this page.
Each of these subproblems can be efficiently solved. There

are closed formulas for the and updates, and the
and updates both involve orthogonal projections that

can be efficiently computed.

C. Effect of Extended Model

A helpful example for visualizing the effect of the extended
model (15) is to apply it to an RGB image. Although low dimen-
sionality makes this significantly different from hyperspectral

data, it is possible to view a scatter plot of the colors and how
modifying the model parameters affects the selection of end-
members. The NMR data in Section V-E is 4-D; hence, low-di-
mensional data is not inherently unreasonable.
For the following RGB experiments, we use the same param-

eters as described in Section II-E and use the same -means with
farthest first initialization strategy to reduce the size of initial
matrix . We do not however perform the alternating minimiza-
tion refinement step. Due to the different algorithm used to solve
the extended model, there is an additional numerical parameter
, which for this application must be greater than two according
to [34]. We set equal to 2.01. There are also model parame-
ters and for modeling the noise and outliers. To model the
small-scale noise , we set , where is fixed at .07
and is the maximum distance from data in cluster to the
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ADMM + Parallel-Prox Splitting ALM

�g��,L©gd.�§�\�·���K�(τ > 1),�{ÒU�yÂñ.



xk+1 = arg min
{
L(x, yk, zk, λk)

∣∣ x ∈ X}, (6.7a)



yk+1 = arg min

{
L(xk+1, y, zk, λk) + τ

2
‖B(y − yk)‖2

∣∣ y ∈ Y
}
,

zk+1 = arg min
{
L(xk+1, yk, z, λk) + τ

2
‖C(z − zk)‖2

∣∣ z ∈ Z},
(6.7b)

λk+1 = λk − (Axk+1 +Byk+1 + Czk+1 − b). (6.7c)
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Notice that (6.7b) can be written as

(
yk+1

zk+1

)
= argmin

{
L(xk+1, y, z, λk) +

1

2

∥∥∥∥
y − yk
z − zk

∥∥∥∥
2

D
BC

∣∣∣∣
y ∈ Y
z ∈ Z

}
,

where

D
BC

=

(
τBTB −BTC
−CTB τCTC

)
. (6.8)

D
BC

is positive semidefinite when τ ≥ 1.

However, the matrix D
BC

is indefinite for τ ∈ (0, 1).

In other words, the scheme (6.7) can be rewritten as




xk+1 = arg min
{
L(x, yk, zk, λk)

∣∣ x ∈ X},
(
yk+1

zk+1

)
= arg min

{
L(xk+1, y, z, λk) + 1

2

∥∥∥∥
y − yk
z − zk

∥∥∥∥
2

D
BC

∣∣∣∣
y ∈ Y
z ∈ Z

}
,

λk+1 = λk − (Axk+1 +Byk+1 + Czk+1 − b),
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The algorithm (6.7) can be rewritten in an equivalent form: (µ = τ + 1 > 2).




xk+1 = arg min{θ1(x) + β
2
‖Ax+Byk + Czk − b− 1

β
λk‖2 |x ∈ X},

λk+
1
2 = λk − β(Axk+1 +Byk + Czk − b)

yk+1 =arg min{θ2(y)−(λk+
1
2 )TBy + µβ

2
‖B(y − yk)‖2 | y ∈ Y},

zk+1 =arg min{θ3(z)−(λk+
1
2 )TCz + µβ

2
‖C(z − zk)‖2 | z ∈ Z},

λk+1 = λk − β(Axk+1 +Byk+1 + Czk+1 − b),
(6.9)

The related publicationµ

• B. He, M. Tao and X. Yuan, A splitting method for separable convex program-

ming. IMA J. Numerical Analysis, 31(2015), 394-426.

In the above paper, in order to ensure the convergence, it was required

τ > 1 (in (6.7)) which is equivalent to µ > 2 (in (6.9)).
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This method is accepted by Osher’s research group

• E. Esser, M. Möller, S. Osher, G. Sapiro and J. Xin, A convex model for

non-negative matrix factorization and dimensionality reduction on physical

space, IEEE Trans. Imag. Process., 21(7), 3239-3252, 2012.

3248 IEEE TRANSACTIONS ON IMAGE PROCESSING, VOL. 21, NO. 7, JULY 2012

Fig. 6. Results of the extended model applied to the RGB image. (Top left) RGB image we apply the blind unmixing algorithm to. (Top middle) 3-D plot of
the data points in the image in their corresponding color (in online version). (Black dots) Endmembers detected without allowing outliers and without
encouraging particular sparsity on the coefficients . (Top right) With allowing some outliers the method removed an endmember in the one of the outside
clusters, but included the middle cluster due to the encouraged sparsity. (Bottom left) Endmember coefficients for the parameter choice , , where
the brightness corresponds to the coefficient value. We can see that the coefficient matrix is sparse. (Bottom middle) Increasing the allowed outliers the red cluster
endmember is removed (in online version). Increasing the outliers even further leads to decreasing the number of endmembers to four.

where and are indicator functions for the and
constraints.

Using the ADMM-like method in [34], a saddle point of the
augmented Lagrangian can be found by iteratively solving the
subproblems with parameters 0 and 2, shown in the
equations at the bottom of this page.
Each of these subproblems can be efficiently solved. There

are closed formulas for the and updates, and the
and updates both involve orthogonal projections that

can be efficiently computed.

C. Effect of Extended Model

A helpful example for visualizing the effect of the extended
model (15) is to apply it to an RGB image. Although low dimen-
sionality makes this significantly different from hyperspectral

data, it is possible to view a scatter plot of the colors and how
modifying the model parameters affects the selection of end-
members. The NMR data in Section V-E is 4-D; hence, low-di-
mensional data is not inherently unreasonable.
For the following RGB experiments, we use the same param-

eters as described in Section II-E and use the same -means with
farthest first initialization strategy to reduce the size of initial
matrix . We do not however perform the alternating minimiza-
tion refinement step. Due to the different algorithm used to solve
the extended model, there is an additional numerical parameter
, which for this application must be greater than two according
to [34]. We set equal to 2.01. There are also model parame-
ters and for modeling the noise and outliers. To model the
small-scale noise , we set , where is fixed at .07
and is the maximum distance from data in cluster to theThus, Osher’s research group utilize the iterative formula (6.9), according to our

previous paper, they set

µ = 2.01, it is only a pity larger than 2.

Large parameter µ (or τ ) will lead a slow convergence.

117



V - 41
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Bingsheng He, Xiaoming Yuan: On the optimal proximal parameter of an ADMM-

like splitting method for separable convex programming. Mathematical methods

in image processing and inverse problems, 139õ163, Springer Proc. Math.

Stat., 360. Springer, Singapore, 2021. Optimization Online 6235.

Our new assertion: In (6.7)

• if τ > 0.5, the method is still convergent;

• if τ < 0.5, there is divergent example.

Equivalently in (6.9) :

• if µ > 1.5, the method is still convergent;

• if µ < 1.5, there is divergent example.

For convex optimization prob-
lem (1.1) with three separable
objective functions, the param-
eters in the equivalent methods
(6.7) and (6.9) :

• 0.5 is the threshold factor of
the parameter τ in (6.7) !

• 1.5 is the threshold factor of
the parameter µ in (6.9) !

V - 42

7 |||^̂̂ÚÚÚ���µµµeee���OOO���PPA���{{{

¦)C©Ø�ª (1.2)�PPA.�{�¦ýÿ (2.2)¥�Ý
Q��´��U�¤H�

é¡�½Ý
.ù�,·�r�A�Ý
QP�H .ùa�{¥,·�^²�tµ��

� (2.3)�Ñvk+1,Ù¥M = αI ,¢S$�¥,���α ∈ [1.2, 1.8].

XJ·��¦) (1.2)�E�ýÿúª¥� w̃k÷v

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω,

(7.1a)

Ù¥

H =




βBTB + δIm 0 −BT

0 βCTC + δIm −CT

−B −C 2
β
Im


 , (7.1b)

Ù¥β > 0Úδ > 0Ñ´?¿�½��u"�~ê.du

H =




βBTB + δIm 0 −BT

0 0 0

−B 0 1
β
Im


+




0 0 0

0 βCTC + δIm −CT

0 −C 1
β
Im


 ,
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é?¿�β > 0, δ > 0Úv = (y, z, λ) 6= 0,

vTHv =
∥∥∥
√
βBy − 1√

β
λ
∥∥∥
2

+
∥∥∥
√
βCz − 1√

β
λ
∥∥∥
2

+ δ(‖y‖2 + ‖z‖2) > 0.

Ý
H´�½�.·�^²�tµ��� (2.3)��#�S�:vk+1.�âÚ�µe,

�{Ò´Âñ�.Ïd,¯K8(�XÛ¢y÷v (7.1)�ýÿ.^ (1.2)¥F (w)�L�

ª,r (7.1)�äN/ª�Ñ5Ò´ w̃k = (x̃k, ỹk, λ̃k) ∈ Ω,¦�





θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀x ∈ X , (7.2a)

θ2(y)− θ2(ỹk) + (y − ỹk)T {−BT λ̃k + βBTB(ỹk − yk) + δ(ỹk − yk)
−BT (λ̃k − λk)} ≥ 0, ∀ y ∈ Y, (7.2b)

θ3(z)− θ3(z̃k) + (z − z̃k)T {−CT λ̃k + βCTC(z̃k − zk) + δ(z̃k − zk)
−CT (λ̃k − λk)} ≥ 0, ∀ z ∈ Z, (7.2c)

(Ax̃k +Bỹk + Cz̃k − b)
−B(ỹk − yk)− C(z̃k − zk) + (2/β) (λ̃k − λk) = 0. (7.2d)

þª¥,key��n3�å,Ò´ (7.1)¥�F (w̃k).r (7.2)�äN/ª�Ñ5Ò
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´ w̃k = (x̃k, ỹk, λ̃k) ∈ Ω,¦�




θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀x ∈ X , (7.3a)

θ2(y)− θ2(ỹk) + (y − ỹk)T {−BT (2λ̃k − λk)

+βBTB(ỹk − yk) + δ(ỹk − yk)} ≥ 0, ∀ y ∈ Y, (7.3b)

θ3(z)− θ3(z̃k) + (z − z̃k)TCT (2λ̃k − λk)

+βCTC(z̃k − zk) + δ(z̃k − zk)} ≥ 0, ∀ z ∈ Z, (7.3c)

(Ax̃k +Byk + Czk − b) + (2/β) (λ̃k − λk) = 0. (7.3d)

XJ-

x̃k = argmin{θ1(x)− xTATλk + 1
4
β‖Ax+Byk + Czk − b‖2 |x ∈ X}, (7.4)

�â�`5��½n,¯K (7.4)��`5^�´ x̃k ∈ X ,

θ1(x)−θ1(x̃k)+(x−x̃k)T {−ATλk+ 1
2
βAT (Ax̃k+Byk+Czk−b)} ≥ 0, ∀x ∈ X .

(7.5)

2½Â

λ̃k = λk − 1
2
β(Ax̃k +Byk + Czk − b). (7.6)

ò (7.6)�\ (7.5),÷v
 (7.3a).5¿� (7.6)qÚ (7.3d)�d.ù�,k
 λ̃k ,���÷
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v (7.3b)� ỹkÚ÷v (7.3c)� z̃k ,�â�`5��½n,��©OÏL

ỹk = argmin

{
θ2(y)− yTBT [2λ̃k − λk]+

1
2
β‖B(y − yk)‖2 + 1

2
δ‖y − yk‖2

∣∣∣∣ y ∈ Y
}

Ú

z̃k = argmin

{
θ3(z)− zTCT [2λ̃k − λk]+

1
2
β‖C(z − zk)‖2 + 1

2
δ‖z − zk‖2

∣∣∣∣ z ∈ Z
}

��.nþ¤ã,Uìx, λ, (y, z)^SO�:




x̃k ∈ argmin{θ1(x)− xTATλk + 1
4
β‖Ax+Byk + Czk − b‖2 |x ∈ X}, (7.7a)

λ̃k = λk − β(Ax̃k +Byk + Czk − b), (7.7b)

ỹk = argmin

{
θ2(y)− yTBT [2λ̃k − λk] +

( 1
2
β‖B(y − yk)‖2

+ 1
2
δ‖y − yk‖2

) ∣∣∣ y ∈ Y
}
, (7.7c)

z̃k = argmin

{
θ3(z)− zTCT [2λ̃k − λk] +

( 1
2
β‖C(z − zk)‖2

+ 1
2
δ‖z − zk‖2

) ∣∣∣ z ∈ Z
}
, (7.7d)

Ò��÷v^� (7.1)�ýÿ:.duýÿ¥�Ý
é¡�½,#�S�:�±|^ý

ÿ:UY?1²��tµ����.
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1 p-¬¬¬���©©©lllààà`̀̀zzz¯̄̄KKK���CCC©©©ØØØ���ªªª

p-¬�©là`z¯K

min
{ p∑

i=1

θi(xi)
∣∣

p∑

i=1

Aixi = b (or ≥ b), xi ∈ Xi
}
. (1.1)

The Lagrangian function is

L(x1, . . . , xp, λ) =

p∑

i=1

θi(xi)− λT (

p∑

i=1

Aixi − b),

which is defined on Ω =
∏p
i=1 Xi × Λ, where

Λ =





<m, if
∑p
i=1 Aixi = b,

<m+ , if
∑p
i=1 Aixi ≥ b.
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Let (x∗1, . . . , x
∗
p, λ
∗) ∈ Ω be a saddle point of the Lagrangian function, then

Lλ∈Λ(x∗1, . . . , x
∗
p, λ) ≤ L(x∗1, . . . , x

∗
p, λ
∗) ≤ Lxi∈Xi(x1, . . . , xp, λ

∗).

The optimality condition of (1.1) can be written as the following VI:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.2a)

where

w =




x1

...

xp

λ



, x =




x1

...

xp


 , F (w) =




−AT1 λ
...

−ATp λ
∑p
i=1 Aixi − b



, (1.2b)

and

θ(x) =

p∑

i=1

θi(xi), Ω =

p∏

i=1

Xi × Λ.

Again, we denote by Ω∗ the solution set of the VI (1.2).
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2 lll���OOO������{{{���������ééé«««

Let us consider the general separable convex optimization model

min
{
θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y

}
. (2.1)

The augmented Lagrangian function is

Lβ(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +
β

2
‖Ax+By − b‖2

Applied the classical ADMM [1, 2] to the problem (2.1):

ADMM for (2.1) From (yk, λk) to (yk+1, λk+1)





xk+1 ∈ arg min{Lβ(x, yk, λk) |x ∈ X},

yk+1 ∈ arg min{Lβ(xk+1, y, λk) | y ∈ Y},

λk+1 = λk − β(Axk+1 +Byk+1 − b).

(2.2)
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Ignoring some constant terms in the objective functions of the corresponding subprob-

lems, we can rewrite the ADMM (2.2) as




xk+1 ∈ argmin
{
θ1(x)− xTATλk + β

2
‖Ax+Byk − b)‖2 | x ∈ X

}

= argmin

{
θ1(x)− xTATλk

+β
2
‖A(x− xk) + (Axk +Byk − b)‖2

∣∣∣∣ x ∈ X
}

= argmin

{
θ1(x)− xTAT [λk − β(Axk +Byk − b)]

+β
2
‖A(x− xk)‖2

∣∣∣∣ x ∈ X
}

yk+1 ∈ argmin
{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By − b)‖2 | y ∈ Y

}

= argmin

{
θ2(y)− yTBTλk

+β
2
‖B(y − yk) + (Axk+1 +Byk − b)‖2

∣∣∣∣ y ∈ Y
}

= argmin

{
θ2(y)− yTBT [λk − β(Axk +Byk − b)]

+β
2
‖A(xk+1 − xk) +B(y − yk)‖2

∣∣∣∣ y ∈ Y
}

λk+1 = λk−β
(
Axk+1 +Byk+1 − b

)

(2.3)
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XJP

λk+ 1
2 := λk − β(Axk +Byk − b). (2.4a)

ADMMS�ª (2.3)Ò�±�¤




xk+1 ∈ argmin
{
θ1(x)− xTATλk + β

2
‖Ax+Byk − b)‖2 | x ∈ X

}

= argmin

{
θ1(x)− xTATλk+ 1

2

+β
2
‖A(x− xk)‖2

∣∣∣∣ x ∈ X
}

yk+1 ∈ argmin
{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By − b)‖2 | y ∈ Y

}

= argmin

{
θ2(y)− yTBTλk+ 1

2

+β
2
‖A(xk+1 − xk) +B(y − yk)‖2

∣∣∣∣ y ∈ Y
}

λk+1 = λk−β
(
Axk+1 +Byk+1 − b

)

= λk−β
(
Axk +Byk − b

)
+ βA(xk − xk+1) + βB(yk − yk+1)

(2.4b)
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bXP λ̃k = λk+ 1
2 , x̃k = xk+1, ỹk = yk+1, Kk ýýýÿÿÿ





λ̃k = λk − β(Axk +Byk − b)
x̃k ∈ argmin

{
θ1(x)− xTAT λ̃k + β

2
‖A(x− xk)‖2

∣∣ x ∈ X
}

ỹk ∈ argmin

{
θ2(y)− yTBT λ̃k
+β

2
‖A(x̃k − xk) +B(y − yk)‖2

∣∣∣∣ y ∈ Y
} (2.5)

Ï� β(Axk +Byk − b) = λk − λ̃k ,

λk+1 = λk−β
(
Axk +Byk − b

)
+ βA(xk − xk+1) + βB(yk − yk+1)

= λk − [(λk − λ̃k)− βA(xk − x̃k)− βB(yk − ỹk)

������



xk+1

yk+1

λk+1


 =




xk

yk

λk


−




I 0 0

0 I 0

−βA −βB Im







xk − x̃k

yk − ỹk

λk − λ̃k



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2.1 ADMM with wider applications

Let us consider the general two-block separable convex optimization model

min
{
θ1(x) + θ2(y) | Ax+By = b (or ≥ b), x ∈ X , y ∈ Y

}
. (2.6)

The linear constraints can be a system of linear equations or linear inequalities.

We define

Λ =




<m, if Ax+By = b,

<m
+ , if Ax+By ≥ b,

and denote the projection on Λ by PΛ[·]. For such special Λ, the projection on Λ

is clear !

The only differenceµ P<m(λ) = λ, P<m+ (λ) = max{λ, 0}.
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A Dual-Primal Extension of the ADMM for (2.6).

From (Axk, Byk, λk) to (Axk+1, Byk+1, λk+1): Find w̃k = (x̃k, ỹk, λ̃k) via





λ̃k = PΛ

[
λk − β

(
Axk +Byk − b

)]
,

x̃k ∈ argmin
{
θ1(x)− xTAT λ̃k + 1

2
β‖A(x− xk)‖2 | x ∈ X

}
,

ỹk ∈ argmin
{
θ2(y)− yTBT λ̃k + 1

2
β‖A(x̃k − xk) +B(y − yk)‖2 | y ∈ Y

}
.

(2.7)

ýÿk� PrimalÜ©,2� DualÜ©,^S��±�L5.

A Primal-Dual Extension of the ADMM for (2.6).

From (Axk, Byk, λk) to (Axk+1, Byk+1, λk+1): Find w̃k = (x̃k, ỹk, λ̃k) via





x̃k ∈ argmin
{
θ1(x)− xTATλk + 1

2
β‖A(x− xk)‖2 | x ∈ X

}
,

ỹk ∈ argmin
{
θ2(y)− yTBTλk + 1

2
β‖A(x̃k − xk) +B(y − yk)‖2 | y ∈ Y

}
,

λ̃k = PΛ

[
λk − β

(
Ax̃k +Bỹk − b

)]
.

(2.8)

ÃØ´ dual-primal,�´ primal-dual�{,Ñ�±�õ¬¯K��í2.
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õõõ¬¬¬¯̄̄KKK (1.2)���DUAL-PRIMALýýýÿÿÿ Prediction

l�½� (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk) �ýÿ: w̃k = (x̃k1 , x̃

k
2 , · · · , x̃kp, λ̃k):

Prediction Step. With given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), find w̃k ∈ Ω:





λ̃k = PΛ

[
λk − β

(∑p
j=1 Ajx

k
j − b

)]

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λ̃k + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λ̃k + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λ̃k + β

2
‖∑i−1

j=1 Aj(x̃
k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ argminxp∈Xp

{
θp(xp)− xTp ATp λ̃k + β

2
‖∑p−1

j=1Aj(x̃
k
j − xkj ) +Ap(xp − xkp)‖2

}
.

(2.9)

ýÿkéó2�©.é�©l��©Cþf¯KÅ�US¦).
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õõõ¬¬¬¯̄̄KKK (1.2)���PRIMAL-DUALýýýÿÿÿ Prediction

l�½� (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk) �ýÿ: w̃k = (x̃k1 , x̃

k
2 , · · · , x̃kp, λ̃k):

Prediction Step. With given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), find w̃k ∈ Ω:





x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λk + β

2
‖∑i−1

j=1 Aj(x̃
k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ arg minxp∈Xp

{
θp(xp)− xTp ATp λk + β

2
‖∑p−1

j=1Aj(x̃
k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
.

(2.10)

ýÿk�©2éó.é�©l��©Cþf¯KÅ�US¦).
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3 æææ^̂̂Primal-Dualýýýÿÿÿ���ýýýÿÿÿÝÝÝ




Analysis for the P-D Prediction ·�kw (2.10)¥xf¯K

x̃ki ∈ arg min
{
θi(xi)− xTi ATi λk +

β

2
‖
i−1∑

j=1

Aj(x̃
k
j − xkj ) +Ai(xi− xki )‖2|xi ∈ Xi

}
.

�â�`5Ún,�`5^�´ x̃ki ∈ XiÚ

θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λk + βATi

( i∑

j=1

Aj(x̃
k
j − xkj )

)}
≥ 0, ∀xi ∈ Xi.

§�±U�¤ x̃ki ∈ XiÚé¤k� xi ∈ Xi Ñk

θi(xi)−θi(x̃ki )+(xi− x̃ki )T {−ATi λ̃k+βATi
( i∑

j=1

Aj(x̃
k
j −xkj )

)
+ATi (λ̃k−λk)} ≥ 0.

(3.1a)

ýÿ�éóÜ© λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
, �d/ª

λ̃k = arg min
{∥∥λ−

[
λk − β

(∑p
j=1Aj x̃

k
j − b

)]∥∥2 ∣∣λ ∈ Λ
}
.
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�`5^�´

λ̃k ∈ Λ, (λ− λ̃k)T
{(∑p

j=1Aj x̃
k
j − b

)
+ 1
β

(λ̃k − λk)
}
≥ 0, ∀λ ∈ Λ. (3.1b)

Summating (3.1a) and (3.1b), for the predictor w̃k generated by (2.10), we have w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω, (3.2a)

where

Q =




βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2

. . .
... AT2

...
. . . 0

...

βATp A1 βATp A2 · · · βATp Ap ATp

0 0 · · · 0 1
β
Im




. (3.2b)
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3.1 CCCþþþ������eee���ýýýÿÿÿÝÝÝ




The optimization problem (1.1) has been translated to VI (1.2), namely,

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

For the easy analysis, we need to denote the following notations:

P =




√
βA1 0 · · · · · · 0

0
√
βA2

. . .
...

...
. . .

. . .
. . .

...

...
. . .

√
βAp 0

0 · · · · · · 0 (1/
√
β)Im




, z=Pw=




√
βA1x1

√
βA2x2

...

√
βApxp

(1/
√
β)λ




.

(3.3)
Accordingly, we define

Z =
{
z | z = Pw, w ∈ Ω

}
,

and

Z∗ =
{
z∗ | z∗ = Pw∗, w∗ ∈ Ω∗}.
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Using the notation P in (3.3), for the matrix Q in (3.2b), we have

Q=PTQP, where Q=




Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im



. (3.4)

Thus, for the right hand side of (3.2a), we have

(w − w̃k)TQ(wk − w̃k) = (w − w̃k)TPTQP (wk − w̃k)

= (z − z̃k)TQ(zk − z̃k).

Then, it follows from (3.2) that we have the following VI for the P-D prediction:

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (z − z̃k)TQ(zk − z̃k), ∀w ∈ Ω. (3.5)

whereQ is given in (3.4).

VI - 16

3.2 CCCþþþ������eee������{{{ÚÚÚ���µµµeee

Prediction-Correction Framework for VI (1.2).

1. (Prediction Step) With given wk and zk = Pwk, find w̃k ∈ Ω such that

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (z − z̃k)TQ(zk − z̃k), ∀w ∈ Ω, (3.6a)

withQ ∈ <(p+1)m×(p+1)m, and the matrixQT +Q is positive definite.

2. (Correction Step) With the predictor w̃k by (3.6a) and z̃k = Pw̃k, the new

iterate zk+1 is updated by

zk+1 = zk −M(zk − z̃k), (3.6b)

whereM∈ <(p+1)m×(p+1)m is a non-singular matrix.
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½½½nnn 1 For the matricesQ andM in the algorithm (3.6), if there is a positive

definite matrixH ∈ <(p+1)m×(p+1)m such that

HM = Q (3.7a)

and

G := QT +Q−MTHM � 0, (3.7b)

then we have

‖zk+1 − z∗‖2H ≤ ‖z
k − z∗‖2H − ‖z

k − z̃k‖2G , ∀ z
∗ ∈ Z∗. (3.8)

Proof. Setting w in (3.6a) as any fixed w∗ ∈ Ω∗, and using

(w̃k − w∗)TF (w̃k) ≡ (w̃k − w∗)TF (w∗),

we get

(z̃k−z∗)TQ(zk−z̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗), ∀w∗ ∈ Ω∗.
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The right-hand side of the last inequality is non-negative. Thus, we have

(zk − z∗)TQ(zk − z̃k) ≥ (zk − z̃k)TQ(zk − z̃k), ∀ z∗ ∈ Ξ∗. (3.9)

Then, by simple manipulations, we obtain

‖zk − z∗‖2H − ‖z
k+1 − z∗‖2H

(3.6b)
= ‖zk − z∗‖2H − ‖(z

k − z∗)−M(zk − z̃k)‖2H
(3.7a)
= 2(zk − z∗)TQ(zk − z̃k)− ‖M(zk − z̃k)‖2H

(3.9)

≥ 2(zk − z̃k)TQ(zk − z̃k)− ‖M(zk − z̃k)‖2H
= (zk − z̃k)T [(QT +Q)−MTHM](zk − z̃k)

(3.7b)
= ‖zk − z̃k‖2G .

The assertion of this theorem is proved. �
We call (3.7) the convergence conditions for the algorithm framework (3.6).

The inequality (3.8) is the key for the convergence proofs, for details, see [5]
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4 ÄÄÄuuuPrimal-Dualýýýÿÿÿ������������{{{
For givenQ which satisfiesQT +Q � 0, we choseD and G, such that

D � 0, G � 0, D + G = QT +Q.

Then, the correction matrixM in (3.6b) is given by

M = Q−TD.

ÀJ
��� 0 ≺ D,�EMØ2 �� e¡k0�±c3 [5]¥/n0Ñ5�M

First, we give some correction examples which satisfy conditions (3.7) in Theorem 1.

In order to simplify the notations to be used, we define the following p× p block matrices:

L =




Im 0 · · · 0

Im Im
. . .

...
...

. . . 0

Im Im · · · Im



, I =




Im 0 · · · 0

0 Im
. . .

...
...

. . .
. . . 0

0 · · · 0 Im



. (4.1)

We also define the 1× p block matrix

ET =
(
Im Im · · · Im

)
. (4.2)
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Using the notations (4.1)-(4.2), the matrixQ in (3.4) has the form

Q =


 L E

0 Im


 and QT +Q =


 I + EET E

ET 2Im


 . (4.3)

In order to construct a convergent algorithm, we need only to give the matricesM andH
and to verify the convergence conditions (3.7)

By setting

M =


 νL−T 0

−νETL−T Im


 . (4.4)

For the above matricesQ andM, the remaining tasks is to find a positive definite matrix

H, such that the convergence conditions (3.7)are satisfied.

(4.4)¥�M´·�3 [5]¥/n0Ñ5�.

130



VI - 21

How to improvise a correction matrixM ? Ï� HM = Q,

H = QM−1.

kvk��/¬en�Ý
0M÷vÂñ5^�Q?Ï�¬en�Ý
�_Ý
�

´¬en�Ý
,�M�_Ý
/ª�

M−1 =


 X 0

Y Im


 .

H = QM−1AT´é¡Ý


H = QM−1 =


 L E

0 Im




 X 0

Y Im


 =


 LX + EY E

Y Im


 . (4.5)

Ïdk Y = ET ÚX = S−1LT , S ´���½��½Ý
.¤±

M−1 =


 S−1LT 0

ET Im


 ¿k M =


 L−TS 0

−ETL−TS Im


 .

UY/n0e�,uyS = νIÒ�±
,·�Ïd�nÑ
H.
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MTHM = QTM =


 LT 0

ET Im




 L−TS 0

−ETL−TS Im




=


 S 0

0 Im


 .

Ï�

QT +Q =


 LT + L E

ET Im


 =


 I + EET E

ET 2Im




� S = νI,ÒU¦ QT +Q−MTHM � 0.

± Y = ET ,X = S−1LT Ú S = νI �\ (4.5),Òk

H =


 LX + EY E

Y Im


 =




1
ν
LLT + EET E

ET Im


 .
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ÚÚÚnnn 1 For the matricesQ andM given by (4.3) and (4.4), respectively, the matrix

H =




1
ν
LLT + EET E

ET Im


 with ν ∈ (0, 1) (4.6)

is positive definite, and it satisfiesHM = Q.

Proof. It is easy to check the positive definiteness ofH. In addition, for the block matrixQ
in (3.4), we have

HM =




1
ν
LLT + EET E

ET Im




 νL−T 0

−νETL−T Im




=


 L E

0 Im


 = Q.

The assertions of this lemma are proved. �
ù�nÑ5�MÚH,UÄ÷vQT +Q−MT HM � 0º�I�u��e.
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ÚÚÚnnn 2 LetQ,M andH be defined in (3.4), (4.4) and (4.6), respectively. Then the matrix

G := (QT +Q)−MTHM (4.7)

is positive definite.

Proof. By elementary matrix multiplications, we know that

MTHM = QTM =


L

T 0

ET Im




 νL−T 0

−νETL−T Im


 =


νI 0

0 Im


 = D.

Then, it follows from LT + L = I + EET (see (4.1)-(4.2) ) that

G = (QT +Q)−MTHM

=


 L

T + L E
ET 2Im


−


 νI 0

0 Im


 =


 (1− ν)I + EET E

ET Im


 .

Thus, the matrix G is positive definite for any ν ∈ (0, 1). �
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Finally, correction step can be written

zk+1 = zk −M(zk − z̃k). (4.8)

Lemma 1 and Lemma 2 have verified the convergence conditions (3.7) and thus the key

convergence inequality (3.8) holds. The algorithm (2.10) & (4.8) is convergent.

Recall the respective definitions L and ET in (4.1) and (4.2). We have

L−T =




Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im




and

ETL−T =
(
Im 0 · · · 0

)
.
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Thus

M =


 νL−T 0

−νETL−T Im


 =




νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−νIm 0 · · · 0 Im




. (4.9)

By a manipulation, we have



A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p




=




A1xk1

A2xk2

...

Apxkp




−




νIm −νIm 0 0

0 νIm
. . . 0

...
. . .

. . . −νIm
0 · · · 0 νIm







A1xk1 −A1x̃k1

A2xk2 −A2x̃k2

...

Apxkp −Apx̃kp




,

(4.10)

and
λk+1 = λ̃k + νβ(A1x

k
1 −A1x̃

k
1). (4.11)
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���~{ü,ó�þ�é�.r��úª©m5�Ò´µ

Axk+1
i , i = 1, . . . , p




A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p




=




A1x
k
1

A2x
k
2

...

Apx
k
p



− ν




Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im







A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp




,

(4.12)

λk+1

λk+1 = λk − [−νβ(A1x
k
1 −A1x̃

k
1) + (λk − λ̃k)]

= λ̃k + νβ(A1x
k
1 −A1x̃

k
1). (4.13)
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5 More Choices based on the predictions

�� Q−T (�{ü,�E��Ý
M��{¿Ø ��´�~N´�.

The matrixQ in (3.4) has the form

Q =


 L E

0 Im


 and thus QT +Q =


 I + EET E

ET 2Im


 .

To further analyze the correction steps associated with the correction matrixM,

let us take a closer look at the matrixQ−T .

According to the primal-dual prediction (2.10), the matrixQ in (3.4), we have

Q−T =


 L

T 0

ET Im




−1

=


 L−T 0

−ETL−T Im


 . (5.1)
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and


 L−T 0

−ETL−T Im


 =




Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

−Im 0 · · · 0 Im




.

The calculation M = Q−TD is essentially very easy for different D !

VI - 30

Since

QT +Q =


 I + EET E

ET 2Im


 ,

it can be decomposed as

QT +Q =


 νI 0

0 Im


+


 (1− ν)I + EET E

ET Im


 .

The both matrices in the right hand side are positive definite. If we chose

D =


 νI 0

0 Im


 and thus G =


 (1− ν)I + EET E

ET Im


 ,

it is just the correction in Section §4.
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Conversely, we can also choose

D =


 (1− ν)I + EET E

ET Im


 and thus G =


 νI 0

0 Im




and thus get the another correction method.

There are many positive definite decompositions ofQT +Q, for example,

QT +Q =


 (1− ν)I 0

0 (1− ν)Im


+


 νI + EET E

ET (1 + ν)Im


 .

and

QT +Q = D + G = α(QT +Q) + (1− α)(QT +Q), α ∈ (0, 1).

éééÄÄÄuuuDual-Primalýýýÿÿÿ������{{{,ïïïÆÆÆÖÖÖööögggCCC������EEE������ÝÝÝ


M.
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ù�ù¦)õ¬�©l�5�å�à`z¯K��{,E,´C©Ø�ªµ
ee�ýÿ-���{.æ^Primal-DualÚDual-Primal�Gauss.ýÿ,©O
��ýÿÝ


QPD =




βAT1A1 0 · · · 0 AT1

βAT2A1 βAT2A2

. . .
... AT2

...
. . .

. . . 0
...

βATpA1 · · · βATpAp−1 βATpAp ATp

0 0 · · · 0 1
β
Im




Ú

QDP =




βAT1A1 0 · · · 0 0

βAT2A1 βAT2A2

. . .
... 0

...
. . .

. . . 0
...

βATpA1 · · · βATpAp−1 βATpAp 0

−A1 · · · −Ap−1 −Ap 1
β
Im




.
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|^ (3.3)�
O�±�,��AÏ(��ýÿÝ
Q,§�©O´

QPD =




Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . .
. . . 0

...

Im · · · Im Im Im

0 0 · · · 0 Im




, QDP =




Im 0 · · · 0 0

Im Im
. . .

... 0

...
. . .

. . . 0
...

Im · · · Im Im 0

−Im · · · −Im −Im Im




.


QT +Q�/ª©O�

I + EET E

ET 2Im


 Ú


I + EET −E
−ET 2Im


 .

VI - 34

Ù_Ý
Q−T �/ª©O´

Q−T
PD

=




Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

−Im 0 · · · 0 Im




, Q−T
DP

=




Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im Im

0 0 · · · 0 Im




.

À�÷v^�

D + G = QT +Q
��½Ý
DÚG,üÑ´éõ�.,�,-

M = Q−TD Ú zk+1 = zk −M(zk − z̃k),

Kk

‖zk+1 − z∗‖2H ≤ ‖zk − z∗‖2H − ‖zk − z̃k‖2G , ∀ z∗ ∈ Z∗,

Ù¥H = QD−1QT .duQ−T �(���{ü,��´N´¢y�.
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6 ������ooo`̀̀´́́������������

ù�ù?Ø��{,dG1ýÿ)¤�Ý
QPDÚQDP ,Ñ´��N´¦_

�Ý
Ú��2Â��Ý
�Ú.�X`,

QTPD = QT
0PD ⊗ Im, (6.1)

Ù¥

QT
0PD =




1 1 · · · 1 0

0 1
. . .

...
...

...
. . .

. . . 1
...

0 · · · 0 1 0

1 1 · · · 1 1




, ⊗L«KroneckerÈ.

rQT
0PD¥� 1U¤ Im,Ò��
QTPD .5¿�

QT
0PD = QT

1PD +QT
2PD ,
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Ù¥

QT
1PD =




1 1 · · · 1 0

0 1
. . .

...
...

...
. . .

. . . 1
...

0 · · · 0 1 0

0 0 · · · 0 1




, QT
2PD =




0 · · · · · · 0 0

...
...

...

...
...

...

0 · · · · · · 0 0

1 · · · · · · 1 0




.

duQ1PDN´¦_, Q2PD´��Ý


Q−T
1PD =




1 −1 0 · · · 0

0 1
. . .

. . .
...

...
. . .

. . . −1 0

0 · · · 0 1 0

0 · · · 0 0 1




, QT
2PD =




0

...

...

0

1




(
1 · · · · · · 1 0

)
.
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|^�5�ê¥�����¦_úª

(A+ uvT )−1 = A−1 − 1

1 + vTA−1u
A−1uvTA−1,

N´��

Q−T
0PD =




1 −1 0 · · · 0

0 1
. . .

. . .
...

...
. . .

. . . −1 0

0 · · · 0 1 0

−1 0 · · · 0 1



.

d (6.1)Ú

Q−TPD = Q−T
0PD ⊗ Im,

VI - 38

·���

Q−TPD =




Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

−Im 0 · · · 0 Im




.

����´ù�Ù^��'�Eâ.

ù�ù��{Ì��áuÿ��ªuL�arXivþ�©Ù [9].
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7 ���âââÚÚÚ���µµµeee���OOO^̂̂���������������ýýýÿÿÿ���{{{

·�E,�Ä�5�å�õ¬�©là`z¯K.Ù�A�C©Ø�ª3

c�ù�®²�
0�.æ^Ú�µe¥��{¦)C©Ø�ª.ù
�{

�1k-ÚS�l�½� (A1x
k
1 , . . . , Apx

k
p, λ

k)Ñu,)¤ýÿ: w̃k ∈ Ω,÷v

θ(x)− θ(x̃k) + (w− w̃k)TF (w̃k) ≥ (w− w̃k)TQ(wk− w̃k), ∀ w ∈ Ω, (7.1)

Ù¥QT +Q´��þ�½�.ù�ùc¡��{æ^�´G1ýÿ,,�^

2Â����.ù�!0���{,·�E,æ^�´G1ýÿ,,�?12

Â����.

|^c�ù½Â�C�,�±rýÿ (7.1)U�¤

w̃k ∈ Ω, θ(x)−θ(x̃k)+(w−w̃k)TF (w̃k) ≥ (z− z̃k)TQ(zk− z̃k), ∀ w ∈ Ω,

(7.2)

Ù¥

Q = PTQP, ¿� QT +Q � 0. (7.3)

VI - 40

d (7.2)��

(z̃k − z∗)TQ(zk − z̃k) ≥ 0, ∀ z ∈ Z∗. (7.4)

�X,·�Ò�±ÀJ�½Ý
DÚG,¦�

D � 0, G � 0, D + G = QT +Q. (7.5)

��,^

zk+1 = zk −Q−TD(zk − z̃k) (7.6)

��zk+1.�{�)�S�{zk}÷vÂñ5�

‖zk+1 − z∗‖2H ≤ ‖z
k − z∗‖2H − ‖z

k − z̃k‖2G , ∀ z
∗ ∈ Z∗. (7.7)

?Ø�âÚ�µe�E�{,¢SþÒ´ýk�½Ý
Q,¦�

1. QT +Q � 0.

2. éQ = PTQP�ýÿÝ
Q,�A�ýÿ (7.1)�±¢�.

3. Q−T (½öQ−1)�L�ª{ü,¦��� (7.6)N´¢y.

¦)õ¬�©là`z¯K,ýÿUG1Åì�cí?,XJòÝ
Q�
¤2× 2�©¬/ª,Ù�þ�´en�Ý
L.
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7.1 Primal-Dualýýýÿÿÿ���222������������������{{{

�O���±�1Primal-Dualýÿ�Ý


Q =


 L E
ET 5

2
Im


 . (7.8)

du

QT +Q =


I + EET 2E

2ET 5Im


 =


I 0

0 Im


+


 E

2Im



(
ET , 2Im

)
, (7.9)

QT +Q´ü Ý
�����½Ý
�Ú,¤±´�½�.5¿�XJ

ò (7.8)¥QÝ
�þ��L�¤I ,QÒ¤
é¡Ý
,�ép ≥ 3,ù��Ý


ÒØ2´�½�.|^C�c�ù�PÒ,éAu (7.8)¥�Q,�A

VI - 42

�Q = PTQP ,¤±

Q =




βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2

. . .
... AT2

...
. . . 0

...

βATpA1 βATpA2 · · · βATpAp ATp

A1 A2 · · · Ap
5

2β
Im




. (7.10)

�¢yýÿ

θ(x)−θ(x̃k)+(w−w̃k)TF (w̃k) ≥ (w−w̃k)TQ(wk−w̃k), ∀w ∈ Ω, (7.11)
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Ù¥Ý
Qd (7.10)�Ñ.�âõ¬¯KC©Ø�ª�/ª,ýÿ (7.11)��

©ÚéóÜ©�±©OÏL




x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + 1

2
β‖A1(x1 − xk1)‖2

∣∣ x1 ∈ X1

}
;

...

x̃ki ∈ arg min

{
θi(xi)− xTi ATi λk+

1
2
β‖∑i−1

j=1 Aj(x̃
k
j − xkj ) +Ai(xi − xki )‖2

∣∣∣∣xi ∈ Xi
}

;

...

x̃kp ∈ arg min

{
θp(xp)− xTpATp λk+

1
2
β‖∑p−1

j=1 Aj(x̃
k
j − xkj ) +Ap(xp − xkp)‖2

∣∣∣∣xp ∈ Xp
}

(7.12a)

Ú

λ̃k = PΛ

{
λk − 2

5
β
[( p∑

i=1

Aix̃
k
i − b

)
+

p∑

i=1

Ai(x̃
k
i − xki )

]}
(7.12b)
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�¤.�â�`5½n, (7.12a)¥xi-f¯K��`5^�´

θi(xi)−θi(x̃ki )+(xi−x̃ki )T
{
−ATi λk+ATi β

[ i∑

j=1

Aj(x̃
k
j−xkj )

]}
≥ 0, ∀xi ∈ Xi.

ù�±�¤

x̃ki ∈ Xi, θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λ̃k

}

≥ (xi − x̃ki )T
{
ATi β

[ i∑

j=1

Aj(x
k
j − x̃kj )

]
+ATi (λk − λ̃k)

}
, ∀xi ∈ Xi.

(7.13a)

éóýÿ (7.12b)��`5^�´ λ̃k ∈ Λ,

(λ−λ̃k)T
{
λ̃k−

[
λk− 2

5
β
[( p∑

i=1

Aix̃
k
i −b

)
+

p∑

i=1

Ai(x̃
k
i −xki )

]}
≥ 0, ∀λ ∈ Λ.
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ù�±U�¤�d� λ̃k ∈ Λ,

(λ−λ̃k)T
{[( p∑

i=1

Aix̃
k
i −b

)
+

p∑

i=1

Ai(x̃
k
i −xki )

]
+

5

2β
(λ̃k−λk)

}
≥ 0, ∀λ ∈ Λ

¿?�Úk

λ̃k ∈ Λ, (λ−λ̃k)T
{ p∑

i=1

Aix̃
k
i − b

}

≥ (λ− λ̃k)T
{ p∑

i=1

Ai(x
k
i − x̃ki ) +

5

2β
(λk − λ̃k)

}
, ∀λ ∈ Λ.

(7.13b)

r (7.13a)Ú (7.13b)�3�å,Ò´ýÿ (7.11),Ù¥�Ý
Qd (7.10)�Ñ.

��
÷v (7.11)� w̃k ,���
�A� z̃k = Pw̃k .

�I�'%�´,é (7.8)¥�Q,Q−T �/ª´Ä{ü.éùp�Q,�
�

�· ,·�PÙ�QPD ,k

QTPD = QT1 +QT2 ,
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Ù¥

QT1 =


L

T 0

0 5
2
Im


 , QT2 =


 0 E
ET 0


 .

Q1´�N´¦_�Ý
,


QT2 =




Im 0

...
...

Im 0

0 Im





 0 · · · 0 Im

Im · · · Im 0


 =


E 0

0 Im




 0 Im

ET 0




´�2Â��Ý
.|^�5�ê¥�¦_úª

(A+ UV )−1 = A−1 −A−1U(I + V A−1U)−1V A−1,

²Lü���

Q−TPD =


L
−T 0

0 2
5
Im


+

2

3


L
−T EETL−T −L−T E
−ETL−T 2

5
Im


 .
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þª��±�¤

Q−TPD =


L
−T 0

0 0


+

2

3


L
−T EETL−T −L−T E
−ETL−T Im


 . (7.14)

du

L−T E =




Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im







Im

Im
...

Im




=




0

...

0

Im




VI - 48

Ú

ETL−T =
(
Im, Im, . . . , Im

)




Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im




=
(
Im, 0, . . . , 0

)
,

·�k


L
−T EETL−T −L−T E
−ETL−T Im


 =




0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

Im 0 · · · 0 −Im
−Im 0 · · · 0 Im




.
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¤±, (7.14)¥�Q−TPD /ª´��{ü�.�m5Ò´

Q−TPD =




Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

0 · · · 0 0 0




+
2

3




0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

Im 0 · · · 0 −Im
−Im 0 · · · 0 Im




,

��N´¢y.d (7.9)��

QTPD +QPD =


I + EET 2E

2ET 5Im


 =


I 0

0 Im


+


 E

2Im



(
ET , 2Im

)
.

ÀJÎÜ^� (7.5)�Ý
DkNõÀ{.~X,e�

D =


νI 0

0 Im


 , ν ∈ (0, 1),
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^� (7.5)÷v.d

zk+1 = zk −Q−TPD D(zk − z̃k)

�)�S�S�{zk}÷v'�Â Ø�ª (7.7).�þª�d���úª´




A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1




=




A1x
k
1

A2x
k
2

...

Apx
k
p

λk




−




νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

0 0 · · · 0 0







A1x
k
1−A1x̃

k
1

A2x
k
2−A2x̃

k
2

...

Apx
k
p−Apx̃kp

λk − λ̃k




− 2

3




0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

νIm 0 · · · 0 − 1
β
Im

−νβIm 0 · · · 0 Im







A1x
k
1−A1x̃

k
1

A2x
k
2−A2x̃

k
2

...

Apx
k
p−Apx̃kp

λk − λ̃k




.(7.15)
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7.2 Dual-Primalýýýÿÿÿ���222������������{{{

Ó�,�±�O��Dual-Primal�ýÿÝ


Q =


 L

T −E
−ET 5

2
Im


 . (7.16)

Ù¥�L, EXc�ù�Ñ.du

QT +Q =


I + EET −2E
−2ET 5Im




=


I 0

0 Im


+


 E
−2Im



(
ET , −2Im

)
. (7.17)

QT +Q´ü Ý
�����½Ý
�Ú,¤±´�½�.Ó�,XJ

ò (7.16)¥�QÝ
�þ��L�¤I ,QÒ¤
é¡Ý
,�ép ≥ 3,ù�

�Ý
ÒØ2´�½�.|^�AC��PÒ,éAu (7.16)�Q,�A
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�Q = PTQP ,¤±

Q =




βAT1 A1 0 · · · 0 −AT1

βAT2 A1 βAT2 A2

. . .
... −AT2

...
. . . 0

...

βATpA1 βATpA2 · · · βATpAp −ATp
−A1 −A2 · · · −Ap 5

2β
Im




, (7.18)

�¢yýÿ

θ(x)−θ(x̃k)+(w−w̃k)TF (w̃k) ≥ (w−w̃k)TQ(wk−w̃k), ∀w ∈ Ω, (7.19)
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Ù¥Ý
Qd (7.18)�Ñ.�âõ¬¯KC©Ø�ª�/ª, (7.19)����

1´

λ̃k ∈ Λ, (λ− λ̃k)T
{( p∑

i=1

Aix̃
k
i − b

)

≥ (λ− λ̃k)T
{
−

p∑

i=1

Ai(x
k
i − x̃ki ) + 5

2β
(λk − λ̃k)

}
, ∀λ ∈ Λ.

�Ò´

λ̃k ∈ Λ, (λ− λ̃k)T
{( p∑

i=1

Aix
k
i − b

)
+ 5

2β
(λ̃k − λk)

}
≥ 0, ∀λ ∈ Λ.

þ¡� λ̃k�±ÏL

λ̃k = PΛ

[
λk − 2

5
β
( p∑

i=1

Aix
k
i − b

)]
(7.20a)
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��.k
éóCþ�ýÿ,G1S��xi-f¯KI�÷v��`5^�´

x̃ki ∈ Xi, θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λ̃k +ATi β

[ i∑

j=1

Aj(x̃
k
j − xkj )

]

−ATi (λ̃k − λk)
}
≥ 0, ∀xi ∈ Xi,

Ù¥1��−ATi λ̃kéA�´F (w̃k)¥�A�@Ü©.þª8¿±���

x̃ki ∈ Xi, θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi (2λ̃k − λk)

+ATi β
[ i∑

j=1

Aj(x̃
k
j − xkj )

]}
≥ 0, ∀xi ∈ Xi.

�â�`5^��½n,§´`z¯K

x̃ki ∈ arg min
{
θi(xi)−xTi ATi (2λ̃k−λk)+

β

2
‖
i−1∑

j=1

Aj(x̃
k
j−xkj )+Ai(xi−xki )‖2

∣∣xi ∈ Xi
}
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��`5^�.Ïd,�©Cþx�ýÿ´




x̃k1 ∈ arg min

{
θ1(x1)− xT1 AT1 (2λ̃k − λk)

+β
2
‖A1(x1 − xk1)‖2

∣∣∣∣ x1 ∈ X1

}
;

...

x̃ki ∈ arg min

{
θi(xi)− xTi ATi (2λ̃k − λk)

+β
2
‖∑i−1

j=1 Aj(x̃
k
j − xkj ) +Ai(xi − xki )‖2

∣∣∣∣xi ∈ Xi
}

;

...

x̃kp ∈ arg min

{
θp(xp)− xTpATp (2λ̃k − λk)

+β
2
‖∑p−1

j=1 Aj(x̃
k
j − xkj ) +Ap(xp − xkp)‖2

∣∣∣∣xp ∈ Xp
}
.

(7.20b)

ù�,·�Ò��
÷v (7.4)� w̃k ,���
�A� z̃k = Pw̃k .Ó�I�'

%�´,é (7.16)¥�Q,Q−T �/ª´Ä{ü.éùp�Q,�
��· ,
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·�PÙ�QDP ,qÏ�

QDP
T = QT1 +QT2 ,

Ù¥

QT1 =


L

T 0

0 5
2
Im


 , Q2 =


 0 −E
−ET 0


 .

QT1 ´�N´¦_�Ý
,


QT2 =




Im 0

...
...

Im 0

0 −Im





 0 · · · 0 −Im
Im · · · Im 0


 =


E 0

0 −Im




 0 −Im
ET 0




´�2Â��Ý
.|^QT1 ¦QT ´������L§.²L{üü���

Q−TDP =


L
−T 0

0 0


+

2

3


L
−T EETL−T L−T E
ETL−T Im


 . (7.21)
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ÖöòþªÚ (7.14)�'�,ÒU�� (7.21)¥�Q−T �äN/ª

Q−TDP =




Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

0 · · · 0 0 0




+
2

3




0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

Im 0 · · · 0 Im

Im 0 · · · 0 Im




,

��N´¢y.du

QTDP +QDP =


I + EET −2E
−2ET 5Im


 =


I 0

0 Im


+


 E
−2Im



(
ET −2Im

)
.

Ó�,e�

D =


νI 0

0 Im


 , ν ∈ (0, 1),
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^� (7.5)÷v.d

zk+1 = zk −Q−TDP D(zk − z̃k)

�)�S�S�{zk}÷v'�Â Ø�ª (7.7).�þª�d���úª´



A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1




=




A1x
k
1

A2x
k
2

...

Apx
k
p

λk




−




νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

0 0 · · · 0 0







A1x
k
1−A1x̃

k
1

A2x
k
2−A2x̃

k
2

...

Apx
k
p−Apx̃kp

λk − λ̃k




− 2

3




0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

νIm 0 · · · 0 1
β
Im

νβIm 0 · · · 0 Im







A1x
k
1−A1x̃

k
1

A2x
k
2−A2x̃

k
2

...

Apx
k
p−Apx̃kp

λk − λ̃k




. (7.22)
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8 lll������������������������������ýýýÿÿÿ���{{{

ù�ù,·�?Ø
õ¬�©l¯K�¦)�{,�)�ª�5�å¯KÚØ�ª�å

¯K,ïá
¦)�{�Ú��µe [5, 9].

• ������{,å
uéADMM��dU�,��
ì?ªýÿ,,�?�Ú*

Ð�õ¬��©l¯K�¦)þ.ÃØ´Primal-Dual�´Dual -Primalýÿ,)¤

�ýÿÝ
Ñ´��N´¦_�Ý
Ú��2Â��Ý
�Ú.

• §7K´�â�½�ýÿÝ
,2��Eýÿ�{.Ù¥�ýÿÝ
Ñ´��N´¦

_�Ý
Ú��2Â��Ý
�Ú.ù�S�ýÿ�C©Ø�ª�±©),,�Ï

L¦)�A�©��{ü�à`z¯K�¢y.

• k
÷vQT +Q � 0�ýÿÝ
Q,����{´ZC�z�.��ÀJ

0 ≺ D ≺ QT +Q,

æ^

zk+1 = zk −Q−TD(zk − z̃k)

ÒU¢y,Ù¥zÚw�'X´dC� (3.3)(½�.

• ùp0��÷vÚ�µe��{,Ñk [6, 8]¥J��aq�Âñ5�.
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1 222ÂÂÂ���CCC:::���{{{

·�0�
C©Ø�ªÚ�C:�{�Vg.?Ø
ÄuÜ�ýÿ�Eü 

Ú����{�üÑ,y²
S�S�÷vÂ Ø�ª

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀ v∗ ∈ V∗, (1.1)

Ù¥HÚG©O¡��êÝ
Ú�ÃÝ
.�H = G�,ùgXPPA�{�

(Ø.Ïd,·�rýÿ-���{�Â Ø�ª (1.1)¥H = G��{¡�2

ÂPPA�{.

c¡·�0��à`z�©�Â �{Ä�þÑ3C©Ø�ª��C:�

{(PPA)Ú�©là`z��O��{(ADMM)�Ä:þuÐå5�.·�£�

�eù
�{�Ì��k5�.

1.CCC©©©ØØØ���ªªªPPA���{{{���ÌÌÌ���555���

·�éC©Ø�ª¯K

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.2)
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½Â
PPA�{,�H�é¡�½Ý
, H-�e�PPA�{�1kÚl®�

�wkÑu,¦��#S�:wk+1¦�

wk+1 ∈ Ω, θ(u)−θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω. (1.3)

wk+1´C©Ø�ª¯K (1.2)�)�¿©7�^�´ (1.3)¥�wk = wk+1.

PPA�{�)�S�S�{wk}÷v

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H , ∀w∗ ∈ Ω∗, (1.4)

¿k

‖wk − wk+1‖2H ≤ ‖wk−1 − wk‖2H . (1.5)

Ø�ª (1.4)Ú (1.5)´PPA�{�ü^­�
q¤��5�.

2. ADMM���{{{���ÌÌÌ���555���

rü¬�©là`z¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} (1.6)

VII - 4

=�¤C©Ø�ª (1.2),Ù¥

w =




x

y

λ


 , u =


 x

y


 , θ(u) = θ1(x) + θ2(y),

F (w) =




−ATλ
−BTλ

Ax+By − b


 , Ú Ω = X × Y × <m.

ADMM�kgS�l�½�vk = (yk, λk)m©,ÏL





xk+1 ∈ arg min
{
θ1(x)− xTATλk + 1

2
β‖Ax+Byk − b‖2

∣∣ x ∈ X
}
,

yk+1 ∈ arg min
{
θ2(y)− yTBTλk + 1

2
β‖Axk+1 +By − b‖2

∣∣ y ∈ Y
}
,

λk+1 = λk − β(Axk+1 +Byk+1 − b)
(1.7)

¦�wk+1 = (xk+1, yk+1, λk+1).ù��{¥�Ø%Cþ´v = (y, λ).
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31nù¥·�y²
Â 5�

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗, (1.8)

Ù¥

H =


βB

TB 0

0 1
β
Im


 .

Ød�	,·�3 [16]¥y²
ADMM�S�S�{vk}ä�5�

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (1.9)

Ø�ª (1.8)Ú (1.9)Ð«
ADMMéÐ�5�.3�
¯�ADMM�ï

Ä [2]¥,Ñ^�
 (1.9)ù^5�.

VII - 6

2 ýýýÿÿÿ-���������222ÂÂÂPPA���{{{

¦)C©Ø�ª (1.2)æ^ü Ú�����ÿ,XJýÿúª

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk− ṽk), ∀w ∈ Ω,

(2.1)

¥�ýÿÝ
Q÷vQT +Q � 0,eòQT +Q©
¤

D � 0, G � 0 Ú D +G = QT +Q, (2.2)

2-

M = Q−TD Ú H = QD−1QT . (2.3)

Kdü Ú���

vk+1 = vk −M(vk − ṽk) (2.4)

�)�#�S�S�{vk}÷v

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (2.5)
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XJ·�æ^�éAÏ�DÚG,¦�

D = G = 1
2
(QT +Q),

@o, (2.5)ÒC¤


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2D, ∀v∗ ∈ V∗. (2.6)

éÀ½�D,�â (2.3),ok

MTHM = D,

Ïd, (2.6)Ò¤


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖M(vk − ṽk)‖2H , ∀v∗ ∈ V∗.

2|^M(vk − ṽk) = vk − vk+1 (� (2.4)),þªÒ


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗. (2.7)

d	,'uÚ�µe¥¤k�½Ú���{Ñy²
 (��X�ù�1où½

n4) Ñy²


‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (2.8)

VII - 8

·�rþã©Û(J�¤e¡�½n.

½½½nnn 1 ^ýÿ���{¦)C©Ø�ª (1.2),�ýÿ (2.1)¥�ýÿÝ
Q÷

vQT +Q � 0.e-

D = 1
2
(QT +Q), Ú M = Q−TD

Kdü Ú���úª

vk+1 = vk −Q−TD(vk − ṽk) (2.9)

�)�#�S�:äk5� (2.7)Ú (2.8),Ù¥

H = Q[ 1
2
(QT +Q)]−1QT .

¦)C©Ø�ª (1.2),·�rS�S�äk5� (2.7)Ú (2.8)��{,¡�

2ÂPPA�{.3¢SO�¥,·�¿Ø�¦wª�ÑH�L�ª,

3 CCCþþþOOO���eee���222ÂÂÂPPA���{{{

E,�Ä�5�å�õ¬�©là`z¯K.ù
�{�1k-ÚS�l�½
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� (A1x
k
1 , . . . , Apx

k
p, λ

k)Ñu,)¤ýÿ: w̃k÷v

θ(x)− θ(x̃k) + (w− w̃k)TF (w̃k) ≥ (w− w̃k)TQ(wk− w̃k), ∀ w ∈ Ω. (3.1)

��Ü��ýÿ,Ù¥�Ý
QT +Q  �´��þ�½�.|^þ�ù�

C�,rýÿ (3.1)U�¤ w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀ w ∈ Ω, (3.2)

Ù¥Q = PTQP ,

QT +Q � 0 (3.3)

´�½Ý
.3Q�é¡� (3.3)÷v��ÿ,7Læ^7����.·�o�

±Àü�Ý
DÚG,¦�

D � 0, G � 0, Ú D + G = QT +Q. (3.4)

�âc�ù�©Û,·�kXe�½n.

½½½nnn 2 �ýÿ: ξ̃k÷v^� (3.2),Ù¥QT +Q´�½Ý
.XJdü��

½Ý
DÚG,¦� (3.4)¤á.

M = Q−TD (3.5)

VII - 10

@o,|^Ý
 (3.5)��

ξk+1 = ξk −M(ξk − ξ̃k), (3.6)

�)� ξk+1÷v

‖ξk+1 − ξ∗‖2H ≤ ‖ξk − ξ∗‖2H − ‖ξk − ξ̃k‖2G , ∀ ξ∗ ∈ Ξ∗, (3.7)

Ù¥Ý
H = QD−1QT .

XJÀ

D = G =
1

2
(QT +Q) (3.8)

@o, (3.7)ÒC¤


‖ξk+1 − ξ∗‖2H ≤ ‖ξk − ξ∗‖2H − ‖ξk − ξ̃k‖2D, ∀ξ∗ ∈ Ξ∗.

éÀ½�D,�âD =MTHM,¿|^ (3.6),þªÒ¤


‖ξk+1 − ξ∗‖2H ≤ ‖ξk − ξ∗‖2H − ‖ξk − ξk+1‖2H, ∀ξ∗ ∈ Ξ∗. (3.9)

e¡y²Âñ5�,�^­�5�:S�{‖ξk − ξk+1‖H}´üNØO�.

½½½nnn 3 XJýÿ: ξ̃k÷v^� (3.2),@o,d�� (3.6)�)�#�S�
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: ξk+1÷v

‖ξk+1 − ξk+2‖2H ≤ ‖ξk − ξk+1‖2H. (3.10)

yyy²²².Äk,·�y²S�S�÷v

(ξk − ξk+1)TH[(ξk − ξk+1)− (ξk+1 − ξk+2)]

≥ 1

2
‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT+Q). (3.11)

òýÿ (3.2)¥�kU�k + 1,·�k

θ(x)−θ(x̃k+1)+(w−w̃k+1)TF (w̃k+1) ≥ (ξ−ξ̃k+1)TQ(ξk+1−ξ̃k+1), ∀ w ∈ Ω,

òþª¥?¿�w�� w̃k ,��

θ(x̃k)− θ(x̃k+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ξ̃k − ξ̃k+1)TQ(ξk+1 − ξ̃k+1).

(3.12)

òýÿ (3.2)ª¥?¿�w�� w̃k+1,Òk

θ(x̃k+1)− θ(x̃k) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ξ̃k+1 − ξ̃k)TQ(ξk − ξ̃k). (3.13)

VII - 12

ò (3.12), (3.13)\3�å,|^ (w̃k − w̃k+1)T (F (w̃k)− F (w̃k+1)) ≡ 0,��

(ξ̃k − ξ̃k+1)TQ{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)} ≥ 0.

éþªü>\þ

{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)}TQ{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)}

¿|^ ξTQξ = 1
2
ξT (QT +Q)ξ,·���

(ξk − ξk+1)TQ{(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)}

≥ 1

2
‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT+Q).

3þª�à|^Q = HMÚ��úª (3.6),Ò�� (3.11).

e¡,·�3ð�ª ‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H ¥�

a = (ξk − ξk+1) Ú b = (ξk+1 − ξk+2), ��

‖ξk − ξk+1‖2H − ‖ξk+1 − ξk+2‖2H
= 2(ξk − ξk+1)TH{(ξk − ξk+1)− (ξk+1 − ξk+2)}
−‖(ξk − ξk+1)− (ξk+1 − ξk+2)‖2H.
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|^ (3.11)O�þ¡�ªmà�1��,��

‖ξk − ξk+1‖2H − ‖ξk+1 − ξk+2‖2H
≥ ‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT+Q)

− ‖(ξk − ξk+1)− (ξk+1 − ξk+2)‖2H. (3.14)

^��úª (3.6)?nþªmà��

‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT+Q) − ‖(ξk − ξk+1)− (ξk+1 − ξk+2)‖2H
= ‖(ξk − ξ̃k)− (ξk+1 − ξ̃k+1)‖2(QT+Q−MTHM).

du (QT +Q)−MTHM = G � 0, (3.14)mà�K,½n(Ø�y. �

Ø�ª (3.9)Ú (3.10)`²,CþO�e�2ÂPPA�{Ó�ä�ÚPPA�{

�5� (1.4)Ú (1.5).

32Â�C:�{(Generalized PPA)¥,��Ý
M´d (3.2)¥�ýÿÝ


Q��(½�.XJ (3.2)¥�Q´é¡�,�â�'�½Â,��Ý
�

M = 1
2
(I +Q−TQ) ½ M = 1

2

(
I +Q−TQ

)
, (3.15)

VII - 14

Ò´ü Ý
.·�ò��Ý
¿�ü Ý
,S�S�qä� (1.4)-(1.5)ù

a5���{,¡�2Â�C:�{.

4 ÄÄÄuuu���������������222ÂÂÂPPA���{{{

c�ù0���{,ýÿ�)�QÝ
´��N´¦_�Ý
���2Â�
�Ý
�Ú.·�éù��G.ýÿ,�Ñ2Â�C:�{���úª.

4.1 Primal-Dualýýýÿÿÿ���222ÂÂÂPPA���{{{

�ýÿ´dc�ù¥�Primal-Dualýÿ�Ñ�,·���/X (3.2)�C©Ø
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�ª,Ù¥

QPD =




Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im



. (4.1)

|^c�ù�Ñ�L, E ,@o

QPD =


L E

0 Im


 . (4.2)

du

MPD =
1

2

(
Ip+1 +Q−TPD QPD

)
.

·�k5�	�eQ−TPD QPD .5¿�

QTPD =


L

T 0

ET Im


 Ú Q−TPD =


 L−T 0

−ETL−T Im


 .

VII - 16

¤±

Q−TPD QPD =


 L−T 0

−ETL−T Im




L E

0 Im




=


 L−TL L−T E
−ETL−TL Im − ETL−T E


 (4.3)

©OO�Q−TPD QPD�o¬.Ï�

L−T =




Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im



,
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Ý
Q−TPD QPD�þ�¬,

L−TL =




Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im







Im 0 · · · 0

Im Im
. . .

...

...
. . . 0

Im Im · · · Im




=




0 −Im 0 0

...
. . .

. . . 0

0 · · · 0 −Im
Im · · · Im Im



. (4.4)
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Ý
Q−TPD QPDmþ�¬,

L−T E =




Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im







Im

Im
...

Im




=




0

...

0

Im



. (4.5)

Ý
Q−TPD QPD�e�¬,|^ (4.4),��

−ETL−TL = −
(
Im Im · · · Im

)




0 −Im 0 0

...
. . .

. . . 0

0 · · · 0 −Im
Im Im · · · Im




=
(
−Im 0 · · · 0

)
. (4.6)
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Ý
Q−TPD QPDme�¬,

Im − ETL−T E = Im −
(
Im 0 · · · 0

)




Im

Im
...

Im




= 0. (4.7)

|C3�åÒ´

Q−TPD QPD =




0 −Im 0 · · · 0

0
. . .

. . .
. . .

...

0 0 0 −Im 0

Im · · · Im Im Im

−Im · · · 0 0 0




. (4.8)
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����

MPD =
1

2

(
Ip+1 +Q−TPD QPD

)
=

1

2




Im −Im 0 · · · 0

0
. . .

. . .
. . .

...

0 0 Im −Im 0

Im · · · Im 2Im Im

−Im 0 · · · 0 Im




. (4.9)

|^c�ù�C�,æ^ (4.9)¥�Ý
MPD��� (3.6)�±�¤�d�



A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1




=




A1x
k
1

A2x
k
2

...

Apx
k
p

λk




−1

2




Im −Im 0 · · · 0

0
. . .

. . .
. . .

...

0 0 Im −Im 0

Im · · · Im 2Im
1
β
Im

−βIm 0 · · · 0 Im







A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp
λk − λ̃k




(4.10)
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4.2 Dual-Primalýýýÿÿÿ���222ÂÂÂPPA���{{{

�ýÿ�dc�ù¥�Dual-Primallýÿ�Ñ�.·���/X (3.2)�C©Ø

�ª,Ù¥

QDP =




Im 0 · · · 0 0

Im Im
. . .

... 0

...
. . . 0

...

Im Im · · · Im 0

−Im −Im · · · −Im Im




. (4.11)

|^PÒL, E ,@o

QDP =


 L 0

−ET Im


 . (4.12)

du

MDP =
1

2

(
I +Q−TDP QDP

)
.

VII - 22

·�k5�	�eQ−TDP QDP .5¿�

QTDP =


L

T −E
0 Im


 Ú Q−TDP =


L
−T L−T E
0 Im


 .

Kk

Q−TDP QDP =


L
−T L−T E
0 Im




 L 0

−ET Im


=


L
−TL − L−T EET L−T E

−ET Im


 .

(4.13)

©OO�©¬Ý
Q−TDP QDP ¥�o¬.l (4.4)Ú (4.5)·�®²k


L−TL =




0 −Im 0 0

...
. . .

. . . 0

0 · · · 0 −Im
Im · · · Im Im




Ú L−T E =




0

...

0

Im



,
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Ïd (4.13)��þ�Ü©

L−TL − L−T EET = L−TL −




0

...

0

Im




(
Im Im · · · Im

)

=




0 −Im 0 0

...
. . .

. . . 0

0 · · · 0 −Im
0 · · · 0 0



.
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Ý
Q−TDP QDP �mþ�Ü©, L−T E3 (4.5)¥®²k
��.¤±

Q−TDP QDP =


L
−TL − L−T EET L−T E

−ET Im




=




0 −Im 0 · · · 0

...
. . .

. . .
. . .

...

0 · · · 0 −Im 0

0 · · · 0 0 Im

−Im · · · · · · −Im Im




. (4.14)
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��,·���

MDP =
1

2

(
I +Q−TDP QDP

)
=

1

2




Im −Im 0 · · · 0

0
. . .

. . .
. . .

...

...
. . .

. . . −Im 0

0 · · · 0 Im Im

Im · · · Im Im 2Im




. (4.15)

d�A�C�,æ^ (4.15)¥�Ý
MDP ��� (3.6)�±�¤�d�



A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1




=




A1x
k
1

A2x
k
2

...

Apx
k
p

λk




−1

2




Im −Im 0 · · · 0

0
. . .

. . .
. . .

...

...
. . .

. . . −Im 0

0 · · · 0 Im
1
β
Im

−βIm −βIm · · · −βIm 2Im







A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp
λk − λ̃k




.

(4.16)
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5 ÄÄÄuuu���������������222ÂÂÂPPA���{{{

18ù §7ùã��{,ýÿ�)�QÝ
´��N´¦_�Ý
���2Â
��Ý
�Ú.2ÂPPA�����´dýÿû½�.Ïd,2Â�C:�{

�I�âýÿÝ
Q�Ñ�A���Ý
M.

5.1 Primal-Dualýýýÿÿÿ���222ÂÂÂPPA���{{{

�ýÿ´d18ù §7.1ùã��{¥�Primal-Dualýÿ�Ñ�,·���/

X (3.2)�C©Ø�ª,Ù¥�Q·�P�QPD .

QPD =




Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

Im Im · · · Im
5
2
Im




=


 L E
ET 5

2
Im


 . (5.1)
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·���Ñ

M =
1

2
Q−TPD (QTPD +QPD ),

Äkw�ÑQ−TPD �/ª.d18ù�§7.1!� (7.14)ª

Q−TPD =
2

3


L
−T EETL−T −L−T E
−ETL−T Im


+


L
−T 0

0 0


 .

��

Q−TPD QPD =





2

3


L
−T EETL−T −L−T E
−ETL−T Im


+


L
−T 0

0 0








 L E
ET 5

2
Im




=
2

3


L
−T EETL−TL − L−T EET L−T EETL−T E − 5

2
L−T E

−ETL−TL+ ET −ETL−T E + 5
2
Im




+


L
−TL L−T E
0 0


 .
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Ïd��Ý


MPD =
1

2
Q−TPD (QTPD +QPD ) =

1

3
BPD +

1

2
CPD , (5.2)

Ù¥

BPD =


L
−T EETL−TL − L−T EET L−T EETL−T E − 5

2
L−T E

−ETL−TL+ ET −ETL−T E + 5
2
Im


 (5.3)

Ú

CPD =


I + L−TL L−T E

0 Im


 . (5.4)

·�kO�Ý
BPD�o¬.|^ (ë�18ù§7.1!¤

L−T E =




0

...

0

Im



, ETL−T =

(
Im, 0, . . . , 0

)
Ú L =




Im 0 · · · 0

Im Im
. . .

...

...
. . . 0

Im Im · · · Im



,
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��

L−T EETL−TL =




0 0 · · · 0
...

...
...

0 0 · · · 0

Im 0 · · · 0







Im 0 · · · 0

Im Im
. . .

...
...

. . . 0

Im Im · · · Im




=




0 0 · · · 0
...

...
...

0 0 · · · 0

Im 0 · · · 0




Ú

L−T EET =




0 0 · · · 0
...

...
...

0 0 · · · 0

Im Im · · · Im



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ÏdÝ
BPD� (1,1)¬

L−T EETL−TL − L−T EET =




0 0 · · · 0

...
...

...

0 0 · · · 0

0 −Im · · · −Im



.

Ý
BPD � (1,2)¬

L−T EETL−T E − 5

2
L−T E =




0

...

0

Im



− 5

2




0

...

0

Im




= −3

2




0

...

0

Im



.
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Ý
BPD� (2,1)¬

ET − ETL−TL = ET −
(
Im, 0, . . . , 0

)




Im 0 · · · 0

Im Im
. . .

...

...
. . . 0

Im Im · · · Im




=
(
0, Im, . . . , Im

)
.

Ý
BPD� (2,2)¬
5

2
Im − ETL−T E =

3

2
Im.
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¤±

BPD =




0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

0 −Im · · · −Im − 3
2
Im

0 Im · · · Im
3
2
Im




. (5.5)

|^

L−TL =




0 −Im 0 0

...
. . .

. . . 0

0 · · · 0 −Im
Im · · · Im Im




Ú L−T E =




0

...

0

Im



,
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��

CPD =


 I + L−TL L−T E

0 Im


 =




Im −Im 0 0 0

0
. . .

. . . 0
...

0 0 Im −Im 0

Im · · · Im 2Im Im

0 · · · · · · 0 Im




.

(5.6)
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k
 (5.5)Ú (5.6),��Ý


MPD =
1

3
BPD +

1

2
CPD

=
1

3




0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

0 −Im · · · −Im − 3
2
Im

0 Im · · · Im
3
2
Im




+
1

2




Im −Im 0 0 0

0
. . .

. . . 0
...

0 0 Im −Im 0

Im · · · Im 2Im Im

0 · · · · · · 0 Im




�/ª´�~{ü�.
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5.2 Dual-Primalýýýÿÿÿ���222ÂÂÂPPA���{{{

d18ù §7.2ùã��{¥�Dual-Primalýÿ�Ñ�,·���/X (3.2)�
C©Ø�ª,Ù¥�Q·�P�QDP .

QDP =




Im 0 · · · 0 −Im

Im Im
. . .

... −Im
...

. . . 0
...

Im Im · · · Im −Im
−Im −Im · · · −Im 5

2
Im




=


 L −E
−ET 5

2
Im


 . (5.7)

·���Ñ

M =
1

2
Q−TPD (QTPD +QPD ),

Äkw�ÑQ−TDP �/ª.d18ù§7.2!¥�(7.21)ª

Q−TDP =


L
−T 0

0 0


+

2

3


L
−T EETL−T L−T E
ETL−T Im


 .
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��

Q−TDP QDP =





2

3


L
−T EETL−T L−T E
ETL−T Im


+


L
−T 0

0 0








 L −E
−ET 5

2
Im




=
2

3


L
−T EETL−TL − L−T EET −L−T EETL−T E + 5

2
L−T E

ETL−TL − ET −ETL−T E + 5
2
Im




+


L
−TL −L−T E
0 0


 .

Ïd��Ý


MDP =
1

2
Q−TDP (QTDP +QDP ) =

1

3
BDP +

1

2
CDP , (5.8)

Ù¥

BDP =


L
−T EETL−TL − L−T EET −L−T EETL−T E + 5

2
L−T E

ETL−TL − ET −ETL−T E + 5
2
Im


 (5.9)
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Ú

CDP =


I + L−TL −L−T E

0 Im


 . (5.10)

ò (5.9)� (5.3)'�,|^ (5.5),k

BDP =




0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

0 −Im · · · −Im 3
2
Im

0 −Im · · · −Im 3
2
Im




. (5.11)
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ò (5.10)� (5.4)'�,|^ (5.6),k

CDP =


I + L−TL −L−T E

0 Im




=




Im −Im 0 0 0

0
. . .

. . . 0
...

0 0 Im −Im 0

Im · · · Im 2Im −Im
0 · · · · · · 0 Im




. (5.12)
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k
 (5.11)Ú (5.12),��Ý


MDP =
1

3
BDP +

1

2
CDP

=
1

3




0 0 · · · 0 0

...
...

...
...

0 0 · · · 0 0

0 −Im · · · −Im 3
2
Im

0 −Im · · · −Im 3
2
Im




+
1

2




Im −Im 0 0 0

0
. . .

. . . 0
...

0 0 Im −Im 0

Im · · · Im 2Im −Im
0 · · · · · · 0 Im




�/ª´�~{ü�.
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6 Conclusions

• ·�Æâ�w¥~^���K8 /́�Eà`z�©�Â �{–^Ð VIÚ PPA
ü�{�0,´��EC©Ø�ª¿Âe�PPA�{,©ÙÄkuL3 [14].�5q
�
�
<�/òýÿÝ
�O¤é¡�½Ý
��{ [1, 3],�)·�2021câ

JÑ�þ(²ï�O2.�KF¦f{ [17].k�·��¡ù���{�UI½
��PPA - (Customized PPA).

• éýÿÝ
Q��é¡�ýÿ-���{,|^Ú�µe�@´y²Âñ5,�Ð

Ñy3·Ú�¡² (Xiaoming Yuan)2012cSIAMê�©Û�©Ù [13]¥,�¡·�

uL��
Ø© [8, 10, 11, 16],Ñ^ù�@´y²Âñ5.r§8(�Ú�µe,´

3H®�Æ?Ø�þ,@´3·2013c=òò>�c,±�B~~Ñy3·�/ù

S�0ùÂÚ�w�PPT¥.

• 1�g3�ªÑ�ÔpJ�ù�Ú�µe,´32016c5p�O�êÆÆ�6�

·�¥©©Ù [4]¥. 2018c·35$ÊÆÆ�6�nã©Ù/·Ú¦f�O��

{20c0[5]¥�Ñ,·�uL��{Ñ�±^ù�µe�~{ü/y²Âñ5.=

©Ñ�Ô¥ÄgÑyÚ�µe�´·Ú�¡²2018c3COAP�©Ù [15].

• l2018cm©,·3gC��wÚØ© [7]¥,²~ù^Ú�µe��E�{Ì�

�´UÂñ^��/n0.XÛ�â(½�ýÿÝ
QnÑ÷vÂñ^����Ý


M .q��<�«J±��� �aú.

170



VII - 41

• 2022cÐ·3H����w�k<¯Lù��¯K,�5·q3¥��ÚHÊ�

�þ�w,�Æ��,���
#�,�n¤e¡�á��f¯��.

• ·�lýÿÝ
÷vQT +Q � 0Ñu. �â^�HM = Q,·�k

H = QM−1.

Ï�H´�½Ý
,7Lé¡.lþªqw�,Hk��ÏfQ,@§7Lk�mÏ

fQT ,¥mY��/�½�0�½Ý
.·��ù��½Ý
�D−1,Kk

H = QD−1QT .

'�þ¡üª,·��� M−1 = D−1QT , Ïd

M = Q−TD.

ù�·��V310ccÒ��.��  �ÄÀJ�DAT´�¬é�Ý
.

• �d,·��Ø��Ý
DäN/ª´�o.O��eÂñ5^�¥�MTHM ,

MTHM =
(
DQ−1

)(
QD−1QT

)(
Q−TD

)
= D.

þª®²Ñy3·2018�ÛÏùS��ùÂ¥,vk�c2ò�Ú.

• |^þªÚG = QT +Q−MTHM � 0,ù��½��½Ý
D�I�÷v

0 ≺ D ≺ QT + Q £Ïd, 0 ≺ G = QT +Q−D¤
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Ò�±
.²(ù�^,�Ãu�2022c±53H��(�e),HÊÚ¥��(�

þ)ù�,r¦·�\g�,ãå��{ù�Ù.

• 3À
÷vþã^��Ý
D±�,�â(½�QÚD,é��Ý
HÚM¦�

HM = Q Ú MTHM = D,

·��8�Ò��
.

• ù��MÚH :�±ÏL¦)e¡�Ý
�§|��.




HM = Q,

MTHM = D.
⇔





HM = Q,

QTM = D.
⇔




H = QD−1QT ,

M = Q−TD.
.

• ÀJØÓ�÷v^��Ý
D (ù�~N´),ÒkØÓ����{.�X`,

D = α[QT +Q], α ∈ (0, 1).

• c�ù��{,é���5�åà`z¯K,æ^ primal-dualýÿ,f¯K�¦)

�ª´ADMMa.�Å��c.·�I��Q−T /ª�~{ü.´�,§I��

	���.�U�´,��s¤é�,qAON´¢y�

• ·�AOíÂ/ýÿ-��0,cÙ´@«�dé����.)ÅÇÇ�Jä,?}Ò

´��.�¬£n�´�«��,�,��Ä¤���OUSýÿ,ü$
¯KJ

Ý;�Û�N��,rº
Âñ��.
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• ýÿ-���{Q�±^5¦)�ª�å�¯K,q�±^5¦)Ø�ª�å�¯

K.·^l�¬�?¿õ¬��©l¯K,�{(�ÚÂñ5y²��Ú�.

• ·^��2��{¬Ø¬K��Çºé²;ADMMò��ü¬�©l��ª�å
à`z¯K,·�^c�ùJ�������O��{�¦),��þ¦<Jø

�ADMM�è'�,uyù«ú%´õ{�.

• Question A. In the prediction step, how to arrange a “good” prediction matrix whose matrixQ
satisfies

QT +Q � I.
• Question B For the given prediction matrixQ, what are the criteria for choosing matrixD

which satisfies

0 ≺ D ≺ QT +Q.
• ù�ù0��2ÂPPA�{,´dýÿ��(½�.é�½�ýÿÝ
Q,�

D = 1
2
(QT +Q), Ú vk+1 = vk −Q−TD(vk − ṽk),

S�S�{vk}÷v£Ù¥H = QD−1QT¤

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H
Ú

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H .
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������ooo`̀̀···���333êêê���`̀̀zzz���¡¡¡���ÑÑÑ


���


¹¹¹kkkAAAÚÚÚqqqggg¤¤¤XXXÚÚÚ���óóó���QQQººº

Äk,C©Ø�ªÚ�C:�{´·��Ì�óä.?Û��'uê�`z�Ö,Ñv

k;�J9C©Ø�ª (VI),�Ø¬�¿0��C:�{ (PPA),¦+�5�å�à`z
¯K�O2.�KF¦f{ (ALM)´¦fλ�PPA�{.

• ·�r�5�å�à`z¯K=�¤���d�(�.üNC©Ø�ª§,�`
²�o´C©Ø�ª�PPA�{,?Ø
PPA�{�Âñ5�.

• C©Ø�ª�PPA�{S��z�Ú,Ñ|^Ù�©l(�,©)¤�
{ü�

/��0C©Ø�ª,¦)ù
��C©Ø�ª,q�±ÏL¦)�A�à`z¯

K¢y.

• �5·�qk
ÄuVI�ýÿ-���{�Ú�µe,Q�±^§5�y�{�Â

ñ5,q�±^§/UI�O0¦)�©là`z¯K��{,ùÒ´·��¯Ø

Ó�Ü6.

• ·�qAT�±�2�ÞM,=¦´ADMM,§�´tµ
�ALM,´'u¦f�

�PPA�{.Ó���±rN,¦)�5�åà`z¯K, ALM´�k¿�å�Ð
�{.

F"� ±�¦��Ý"À·�*:,é�Ò�&,Øé��1µ��.

172



VII - 45

References

[1] X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point algorithms revisit on the alternating
direction method of multipliers, Science China Mathematics, 56 (2013), 2179-2186.

[2] T. Goldstein, B. O.Donoghue, S. Setzer and R. Baraniuk, Fast Alternating Direction
Optimization Methods, SIAM J. Imaging Science, Vol. 7, No. 3, pp. 1588õ1623, 2014.

[3] G. Y. Gu, B. S. He and X. M. Yuan, Customized proximal point algorithms for linearly constrained
convex minimization and saddle-point problems: a unified approach, Comput. Optim. Appl., 59
(2014), 135-161.

[4] B. S. He, From the projection and contraction methods for variatioonal inequality to the
splittingcontraction methods fro convex optimization (in Chinese), Numerical Mathematics,p�
Æ�O�êÆÆ� 38 (2016), 74-96.

[5] B. S. He, My 20 years research on alternating directions method of multipliers (in Chinese),
Operations Research Trasactions, 22 (2018), 1-31.

[6] B. S. He, A uniform framework of contraction methods for convex optimization and monotone
variational inequality (in Chinese). Sci Sin Math, 48 (2018), 255-272, doi:
10.1360/N012017-00034

[7] B. S. He, Using a unified framework to design the splitting and contraction methods for convex
optimization (in Chinese),p�Æ�O�êÆÆ� 44 (2022), 1-35.

[8] B. S. He, H. Liu, Z. R. Wang and X. M. Yuan, A strictly Peaceman-Rachford splitting method for
convex programming, SIAM J. Optim. 24 (2014), 1011-1040.

VII - 46

[9] B.S. He, F. Ma, S. J. Xu and X. M. Yuan, A rank-two relaxed parallel splitting version of the
augmented Lagrangian method with step size in (0,2) for separable convex programming,
Mathematics of Computation, 92(2023), 1633-1663.

[10] B. S. He, M. Tao and X. M. Yuan, Alternating direction method with Gaussian back substitution for
separable convex programming, SIAM Journal on Optimization, 22 (2012), 313-340.

[11] B. S. He, M. Tao and X. M. Yuan, A splitting method for separable convex programming, IMA
Journal of Numerical Analysis, 31 (2015), 394-426.

[12] B. S. He, S. J. Xu and X. M. Yuan, Extensions of ADMM for separable convex optimization
problems with linear equality or inequality constraints, arXiv:2107.01897v2[math.OC].

[13] B. S. He and X. M. Yuan, On theO(1/n) convergence rate of the alternating direction method,
SIAM J. Numerical Analysis, 50 (2012), 700-709.

[14] B. S. He and X. M. Yuan, Convergence analysis of primal-dual algorithms for a saddle-point
problem: From contraction perspective, SIAM Journal on Imaging Science, 5 (2012) 119-149.

[15] B. S. He and X. M. Yuan, A class of ADMM-based algorithms for three-block separable convex
programming, Comput. Optim. Appl. 70 (2018), 791-826.

[16] B. S. He and X. M. Yuan, On non-ergodic convergence rate of Douglas-Rachford alternating
directions method of multipliers, Numerische Mathematik, 130 (2015), 567-577.

[17] B. S. He and X. M. Yuan, Balanced Augmented Lagrangian Method for Convex Programming,
arXiv 2108.08554 [math.OC]

[18] B. S. He and X. M. Yuan, On construction of splitting contraction algorithms in a prediction-
correction framework for separable convex optimization, arXiv 2204.11522 [math.OC]

173



VIII - 1
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VIII.ÝKÂ �{Ú��à`z¯K��{�O

¥Æ�ênÄ: 7���¬¢�
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VIII - 2

1 ÚÚÚóóó

ïÄà`z©�Â �{�Ú�µe,�·��ÏïÄ²;üNC©Ø�ª�ÝK

Â �{ [1, 3, 4, 5, 6, 9, 10, 11, 14]kX���éX.C©Ø�ª´£ã²ï¯K�

êÆóä,3+n�ÆÚó§O�¥Ñk2��A^.

�Ω ⊂ <n´����4à8, IF ´<n → <n���N�.·��ÄüNC©Ø�ª

VI(Ω, IF ) u∗ ∈ Ω, (u− u∗)T IF (u∗) ≥ 0, ∀u ∈ Ω (1.1)

�¦).C©Ø�ª (1.1)üN,´�Ù¥��fIF÷v

(u− v)T (IF (u)− IF (v)) ≥ 0, ∀u, v ∈ <n (½ Ω). (1.2)

ùp�üN�fIF�±´��5�,kOudà`z=�
5�C©Ø�ª¥���

�fF ,Ù¥�XêÝ
´�é¡Ý
,ä�5�

(u− v)T (F (u)− F (v)) ≥ 0, ∀u, v ∈ <n (½ Ω).

�
k¤«O,3ù�ù�?Ø¥,·�rd�5�åà`z¯K=��5�C©Ø�

ª¡�·ÜC©Ø�ª,/ª� (1.1)�C©Ø�ª¡�²;C©Ø�ª.
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������555pppÖÖÖ¯̄̄KKK´́́���aaaAAAÏÏÏ���CCC©©©ØØØ���ªªª

31�ù¥,·�Ò?ØLà`z¯K

min{f(x) | x ∈ Ω}. (1.3)

§��`5^�

x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω.

�Ω = <n+�,Ò´���å8Ü��K%��C©Ø�ª

x∗ ≥ 0, (x− x∗)T∇f(x∗) ≥ 0, ∀x ≥ 0.

� IF ´<n → <n����f.�K%�<n+þC©Ø�ª���/ª´

VI(<n+, IF ) x ≥ 0, (x′ − x)T IF (x) ≥ 0, ∀x′ ≥ 0. (1.4)

��5pÖ¯K´�`znØ��{¥�aé­��¯K.§�êÆ/ª´

(NCP) x ≥ 0, IF (x) ≥ 0, xT IF (x) = 0. (1.5)

¯¢þ, NCP´Ω = <n+��aC©Ø�ª.

VIII - 4

½½½nnn 1 �K%�þ�C©Ø�ª (1.4)ÚpÖ¯K (1.5)´�d�.

yyy²²² XJx´pÖ¯K (1.5)�),@okx ≥ 0Ú IF (x) ≥ 0.éu?¿� x′ ≥ 0

kx′T IF (x) ≥ 0.qÏ xT IF (x) = 0,¤±k

x ≥ 0, (x′ − x)T IF (x) = x′T IF (x)− xT IF (x) ≥ 0, ∀x′ ≥ 0.

¤±x´VI(Rn+, IF ) (1.4)���).

�L5,XJx´VI(Rn+, IF ) (1.4)���),K x ≥ 0.òx′ = 2xÚx′ = 0�\

(x′ − x)T IF (x) ≥ 0,

��±xT IF (x) ≥ 0.Ïd xT IF (x) = 0.

�y²x´pÖ¯K (1.5)�),��eIF (x) ≥ 0I�y²,édæ^�y{.X

J IF (x)�,�©þIF j(x) < 0,·��x′,¦�

x′i =

{
xi, if i 6= j

xj + 1, if i = j

ù�� x′ ≥ 0.� (x′ − x)TF (x) = Fj(x) < 0,ù� x´VI(Rn+, IF ) (1.4)�)gñ.

Ïd,3Ω = <n+�,��à`z¯K (1.3)���pÖ¯K�d.

175



VIII - 5

²;üNC©Ø�ª�ÝKÂ �{�´�«ýÿ-���{.²;C©Ø�ªµe

e�ÝKÂ �{���5�å��à`z¯K�¦)Jø
�
Ù¦�å».

ù�ù�SNSüþ,

• Äk0�²;�üNC©Ø�ª9Ù�d�ÝK�§,

• ²;C©Ø�ªÝKÂ �{Úà`z©�Â �{¥�ýÿ

• ²;C©Ø�ªÝKÂ �{Úà`z©�Â �{¥�ýÿ��

• ÝKÂ �{¥�Ì)��ÚW~�{

• ÝKÂ �{3¦)�©là`zþ�A^
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2 ÝÝÝKKK���CCC©©©ØØØ���ªªª������


ÄÄÄ���555���

ÝKÂ �{¥�Ä�$�´�1�þ�{ü4à8þ�ÝK.

2.1 ÝÝÝKKK���ÄÄÄ���555���

^ PΩ(·)L«î¼�êe3à8Ωþ�ÝK,�Ò´`

PΩ(v) = Argmin{‖u− v‖ |u ∈ Ω}.

XJΩ = <n+ (n-��m��K%�),@o PΩ(v)�z�©þ�

(PΩ(v))j =





vj , if vj ≥ 0;

0, otherwise.

XJΩ´ n-��m¥± c�¥%�»� r�¥,@o

PΩ(v) =





r(v−c)
‖v−c‖ + c, if ‖v − c‖ ≥ r;
v, otherwise.

3 l∞Ú l1�¿Âe�/ü ¥0þÝKXeã¤«µ
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-

6

B∞

qu qPB(u)

�
��qPB(v)

qv

-

6

�
�
��

@
@
@@�

�
��

@
@
@@

B1

@
@@

qu
qPB(u) ��

�q
PB(v)

qv

Fig. 1. Projection onB∞ Fig. 2. Projection onB1

Ï�,·�P

ũ = PΩ[u− IF (u)].

ÚÚÚnnn 1 �Ω ⊂ Rn´4à8,Kk

(v − PΩ(v))T (u− PΩ(v)) ≤ 0 ∀v ∈ Rn, ∀u ∈ Ω. (2.1)
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&

$

%q p
p

PΩ(v) -vQ
Q
Q

Q
Q
Qk
u

u− PΩ(v)

v − PΩ(v)Ω

Ø�ª(2.1)�AÛ)º.

yyy²²². Äk,�â PΩ(v)�½Â,k

‖v − PΩ(v)‖ ≤ ‖v − w‖, ∀w ∈ Ω. (2.2)

5¿�é?¿� v ∈ <n,Ñk PΩ(v) ∈ Ω,duΩ ⊂ <n´4à8,Ké?¿� u ∈ Ω

Ú θ ∈ (0, 1),Ñk

w := θu+ (1− θ)PΩ(v) = PΩ(v) + θ(u− PΩ(v)) ∈ Ω.

éù�w,|^ (2.2),Òk

‖v − PΩ(v)‖2 ≤ ‖v − PΩ(v)− θ(u− PΩ(v))‖2.
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éþªÐm,é?¿� u ∈ ΩÚ θ ∈ (0, 1),Ñk

[v − PΩ(v)]T [u− PΩ(v)] ≤ θ

2
‖u− PΩ(v)‖2.

- θ → 0+,Ún (2.1)�y. �

3ÝKÂ �{�©Û¥,Ø�ª (2.1)´���~k^�Ä�óä.·�Ïd
¡�

�ÝK�f�óäØ�ª.d(2.1),N´y²e¡�Ún.

ÚÚÚnnn 2 �Ω ⊂ Rn´4à8,Kk

‖PΩ(v)− PΩ(u)‖ ≤ ‖v − u‖, ∀u, v ∈ <n. (2.3)

‖PΩ(v)− u‖ ≤ ‖v − u‖, ∀v ∈ <n, u ∈ Ω. (2.4)

‖PΩ(v)− u‖2 ≤ ‖v − u‖2 − ‖v − PΩ(v)‖2, ∀v ∈ <n, u ∈ Ω. (2.5)

·�rùA�5�3�ÖögC�y².

2.2 CCC©©©ØØØ���ªªª���ddd���ÝÝÝKKK���§§§

�C©Ø�ª (1.1)�)8Ω∗��.·�^ u∗L«��(½�):.é?¿� β > 0,

C©Ø�ª�duÝK�§
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u ∈ Ω∗ ⇔ u = PΩ[u− βIF (u)].'

&

$

%
HH

HH
HH

HY

� q
PΩ[u∗ − βIF (u∗)]u∗ -u∗ − βIF (u∗)

u ∈ Ω

IF (u∗)

Ω

u∗´ VI(Ω, F )�)�du u∗ = PΩ[u∗ − βIF (u∗)]�AÛ)º

�ó�,¦)C©Ø�ª�±8(�¦

e(u, β) := u− PΩ[u− βIF (u)] (2.6)

���": u∗,�¡·�¬�Ñy².Ïd,é(½� β > 0, ‖e(u, β)‖�±w��«
Ø��Ýþ¼ê.�
�B,·�  r e(u, 1)P¤ e(u).

½½½nnn 2 � β > 0. u∗´ VI(Ω, IF )�)��=� e(u∗, β) = 0.

yyy²²². ky7�5.e u∗´ VI(Ω, F )�),K u∗ ∈ Ω.duΩ ⊂ Rn´4à8,|
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^ (2.1)�� (
v − PΩ(v)

)T (
u∗ − PΩ(v)

)
≤ 0, ∀v ∈ Rn.

þª¥� v := u∗ − βIF (u∗),Kk
(
e(u∗, β)− βIF (u∗)

)T
e(u∗, β) ≤ 0,=

‖e(u∗, β)‖2 ≤ βe(u∗, β)T IF (u∗). (2.7)

,��¡,duPΩ[u∗−βIF (u∗)] ∈ Ω,
� u∗´C©Ø�ª�),�â (1.1)�±��

{PΩ[u∗ − βIF (u∗)]− u∗}T IF (u∗) ≥ 0,

=

e(u∗, β)T IF (u∗) ≤ 0. (2.8)

dØ�ª (2.7)Ú (2.8)��e(u∗, β) = 0.

2y¿©5.� v = u∗ − βIF (u∗),|^ (2.1) Ú e(u∗, β)�L�ª,k

{e(u∗, β)− βIF (u∗)}T {u− PΩ[u∗ − βIF (u∗)]} ≤ 0, ∀u ∈ Ω. (2.9)

�â^� e(u∗, β) = 0,k u∗ = PΩ(·) ∈ Ω Ú PΩ[u∗ − βIF (u∗)] = u∗.�\Ø�

ª (2.9),�±��

u∗ ∈ Ω, (u− u∗)T IF (u∗) ≥ 0, ∀u ∈ Ω,

= u∗´VI(Ω, F )�).½n�y. �
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e¡�½n`² ‖e(u, β)‖´ β�Ø~¼ê,
 {‖e(u, β)‖/β}´ β�ØO¼ê.ù�

{üy²�^����gØ�ª�Ð��£ÚóäØ�ª (2.1),§Ð�u [19].

½½½nnn 3 é¤k� u ∈ <nÚ β̃ ≥ β > 0,·�k

‖e(u, β̃)‖ ≥ ‖e(u, β)‖ (2.10)

Ú
‖e(u, β̃)‖

β̃
≤ ‖e(u, β)‖

β
. (2.11)

yyy²²².� t = ‖e(x, β̃)‖/‖e(x, β)‖,½n�(ØÒ��u�y²

1 ≤ t ≤ β̃
β
.

5¿�§��dL�ª´ t����gØ�ª

(t− 1)(t− β̃
β

) ≤ 0 (2.12)

�).Äk,dóäØ�ª (2.1),·�k

(v − PΩ(v))T (PΩ(v)− w) ≥ 0, ∀w ∈ Ω. (2.13)

3 (2.13)¥-w := PΩ[u− β̃IF (u)]Ú v := u− βIF (u),|^ e(u, β)�½ÂÚ

PΩ[u− βIF (u)]− PΩ[u− β̃IF (u)] = e(u, β̃)− e(u, β),
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·���

{e(u, β)− βIF (u)}T {e(u, β̃)− e(u, β)} ≥ 0. (2.14)

^�A��{(òþª¥� βÚ β̃p� �),��

{e(u, β̃)− β̃IF (u)}T {e(u, β)− e(u, β̃)} ≥ 0. (2.15)

©OòØ�ª (2.14)Ú (2.15)¦þ β̃Ú β,,�2ò§��\,·���

{β̃e(u, β)− βe(u, β̃)}T {e(u, β̃)− e(u, β)} ≥ 0 (2.16)

¿k

β‖e(x, β̃)‖2 − (β + β̃)e(x, β)T e(x, β̃) + β̃‖e(x, β)‖2 ≤ 0.

éþªæ^ Cauchy-SchwarzØ�ª,Òk

β‖e(x, β̃)‖2 − (β + β̃)‖e(x, β)‖ · ‖e(x, β̃)‖+ β̃‖e(x, β)‖2 ≤ 0. (2.17)

ò (2.17)Ø β‖e(x, β)‖2,¿|^ t�½ÂB�

t2 −
(

1 +
β̃

β

)
t+

β̃

β
≤ 0.

ÏdØ�ª (2.12)¤á,½n�y. �
½n3`²,e±‖e(u, β)‖��ÊÅ�Ø�Ýþ,~êβ > 0Ø¨L�,�Ø¨L�.�

��(Ü¯K�Ôn¿Â�Ä.
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2.3 ÝÝÝKKKÂÂÂ   ���{{{���nnn���ÄÄÄ���ØØØ���ªªª

� u∗´C©Ø�ª VI(Ω, IF )�).P

ũ = PΩ[u− βIF (u)] (2.18)

�âC©Ø�ª�½Â (1.1),k1��Ä�Ø�ª

(FI1) (ũ− u∗)T βIF (u∗) ≥ 0, ∀u∗ ∈ Ω∗. (2.19)

du u∗ ∈ Ω,d (2.18)�Ñ� ũ´ [u− βIF (u)]3Ωþ�ÝK.3ÝK�Ä�5�Ø�

ª (2.1)¥,©O�v = u− βIF (u)Ú?¿�áuΩ�u = u∗,Kk

(FI2) (ũ− u∗)T
{

[u− βIF (u)]− ũ
}
≥ 0, ∀u∗ ∈ Ω∗. (2.20)

d	,�âüN�f�5�,k

(FI3) (ũ− u∗)T
{
βIF (ũ)− βIF (u∗)

}
≥ 0, ∀u∗ ∈ Ω∗. (2.21)

·�r (2.19)-(2.21)¡�ÝKÂ �{¥�n�Ä�Ø�ª [5].òùp� (2.19),
(2.20)Ú (2.21)\3�å,Ò��

(ũ− u∗)T d(u, ũ) ≥ 0, ∀u∗ ∈ Ω∗. (2.22)

Ù¥

d(u, ũ) = (u− ũ)− β[IF (u)− IF (ũ)]. (2.23)
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XJ�ò (2.19)Ú (2.21)\3�å,���´

(ũ− u∗)T {βIF (ũ)} ≥ 0, ∀u∗ ∈ Ω∗. (2.24)

�¡·�ò¬½Â,ùpdØÓ|Ü���d(u, ũ)ÚβIF (ũ),¡��éÌ)��.

3 ÝÝÝKKKÂÂÂ   ���{{{ÚÚÚ©©©���ÂÂÂ   ���{{{¥¥¥���ýýýÿÿÿ

Ú¦)·ÜC©Ø�ª�©�Â �{��,¦)üN²;C©Ø�ª (1.1)�ÝKÂ
 �{ [5, 9, 14, 6]´��æ^ÝK�ýÿ�ýÿ-���{.

3.1 ¦¦¦)))²²²;;;CCC©©©ØØØ���ªªª���ÝÝÝKKKÂÂÂ   ���{{{¥¥¥���ýýýÿÿÿ

¦)²;C©Ø�ª (1.1)�ÝKÂ �{�1k-ÚS�l�½�ukm©,ÏLî¼

�¿Âe�ÝK��ýÿ: ũk ,äNúª´

ũk = PΩ[uk − βkIF (uk)], (3.1)

Ù¥βk�ÀJ�¦÷v

βk‖IF (uk)− IF (ũk)‖ ≤ ν‖uk − ũk‖, ν ∈ (0, 1). (3.2)
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½½½ÂÂÂ (ÜÜÜ������ÝÝÝKKKýýýÿÿÿ)¦)��5C©Ø�ª (1.1)�ýÿ-���{¥,é�½�~

ê ν ∈ (0, 1),eÏLÝK (3.1)���ýÿ: ũk÷v^� (3.2),K¡Ù���Ü��
ÝKýÿ.

3IF�LipschitzëY�^�e,(3.2)´U
¢y�.du ũk�±L«¤

ũk = arg min
{

1
2
‖u− [uk − βkIF (uk)]‖2

∣∣u ∈ Ω
}
,

�â�`5½n,d (3.1)��� ũk÷v

ũk ∈ Ω, (u− ũk)T {[uk − βkIF (uk)]− ũk} ≤ 0, ∀u ∈ Ω.

?
��

ũk ∈ Ω, (u− ũk)T βkIF (uk) ≥ (u− ũk)T (uk − ũk), ∀u ∈ Ω.

ü>Ñ\þ (u− ũk)T {−βk[IF (uk)− IF (ũk)]},Òk

ũk ∈ Ω, (u− ũk)T βkIF (ũk) ≥ (u− ũk)T d(uk, ũk), ∀u ∈ Ω, (3.3)

Ù¥�d(uk, ũk)´d (2.23)½Â�.

Ø�ª (3.3)éAu¦)·ÜC©Ø�ª�Ú�µe¥�ýÿ,ùp�d(uk, ũk)��

uÙ¥�Q(vk − ṽk). �O3ud(uk, ũk)¿Ø´ (uk − ũk)��5¼ê.
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ò (3.3)¥�u ∈ ΩÀ¤?¿(½�u∗ ∈ Ω∗,��

(ũk − u∗)T d(uk, ũk) ≥ (ũk − u∗)T βkIF (ũk). (3.4)

dIF�üN5Úu∗��`5,þªmà

(ũk − u∗)T IF (ũk) ≥ (ũk − u∗)T IF (u∗) ≥ 0,

Ø�ª (3.4)��à�K,��U�¤

{(uk − u∗)− (uk − ũk)}T d(uk, ũk) ≥ 0,

��

(uk − u∗)T d(uk, ũk) ≥ (uk − ũk)T d(uk, ũk). (3.5)

�â d(uk, ũk)�L�ª (2.23)Úb� (3.2),|^Cauchy-SchwarzØ�ª,k

(uk − ũk)T d(uk, ũk) ≥ (1− ν)‖uk − ũk‖2. (3.6)

dþ¡ü�Ø�ª��

(uk − u∗)T d(uk, ũk) ≥ (1− ν)‖uk − ũk‖2. (3.7)

½½½ÂÂÂ (þþþ,,,������)¦)C©Ø�ª (1.1)��{¥,bX�3��~êδ > 0,�

þd(uk, ũk)÷v'Xª

(uk − u∗)T d(uk, ũk) ≥ δ‖uk − ũk‖2, ∀u∗ ∈ Ω∗, (3.8)
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K¡Ù�ål¼ê‖u− u∗‖23uk?�þ,��.

Ïd,d (2.23)�Ñ�d(uk, ũk)´��ål¼ê‖u− u∗‖23uk?î¼�e���þ

,��.�,·�¿Ø��):3=p,�´÷X��−d(uk, ũk),À�·�Ú�,�±

é�î¼�e'uk��C)8�uk+1.

3.2 ¦¦¦)))···ÜÜÜCCC©©©ØØØ���ªªª���©©©���ÂÂÂ   ���{{{¥¥¥���ýýýÿÿÿ

d�5�å�à`z¯K���·ÜC©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (3.9)

Ú�µe¥½Â�ýÿ�

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v−ṽk)TQ(vk−ṽk), ∀w ∈ Ω, (3.10)

Ù¥Ý
QT +Q´��þ�½�.ò (3.10)¥?¿�w ∈ ΩÀ¤w∗ ∈ Ω∗,·�k

(ṽk − v∗)TQ(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k). (3.11)

d

(w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗)
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Úw∗��`5, (3.11)��à�K.��d§��

(vk − v∗)TQ(vk − ṽk) ≥ (vk − ṽk)TQ(vk − ṽk).

é�½Ý
HÚH−1Q = M þª�±L«¤

〈H(vk − v∗),M(vk − ṽk)〉 ≥ (vk − ṽk)TQ(vk − ṽk). (3.12)

Ø�ª (3.12)w�·�,3^�QT +Q�½��¹e,�þM(vk − ṽk) ´H-�e�

�ål¼ê‖v − v∗‖2H3vk?���þ,��.

ùüa�{�ýÿ¥, (3.3)Ú (3.4)©O� (3.10)Ú (3.11)�éA.éAu²;C©Ø�

ª�ÝKÂ �{Ú·ÜC©Ø�ª�©�Â �{,Ø�ª (3.5)Ú (3.12)©OJø

�A�þ,��.§��màî��u"©Odb� (3.2)ÚQT +Q � 0���y.

4 ÝÝÝKKKÂÂÂ   ���{{{ÚÚÚ©©©���ÂÂÂ   ���{{{¥¥¥���������

��´|^ål¼ê�eü��(þ,������),¦�#�S�:3,«(½��

�¿Âel)8'�5�:�C�
.

4.1 üüüaaa���{{{¥¥¥æææ^̂̂���½½½ÚÚÚ������������
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1.CCC©©©ØØØ���ªªªÝÝÝKKKÂÂÂ   ���{{{���½½½ÚÚÚ������������ 3ÝKÂ �{¥,·����Äî¼

�e�Â .^'Xª (3.5),��ÏL

uk+1 = uk − αd(uk, ũk) (4.1)

�)#�S�:,Ù¥d(uk, ũk)´d (2.23)�Ñ�.e¡·�?ØXÛÀ�Ú�α.

ÝKÂ �{¥,·�ò^� (3.2)÷v�,dü Ú����)#S�:

uk+1 = uk − d(uk, ũk) (4.2)

��{,¡�Ð��{ (Primary Method).|^ (3.5),d{üO���

‖uk+1 − u∗‖2 = ‖(uk − u∗)− d(uk, ũk)‖2

= ‖uk − u∗‖2 − 2(uk − u∗)T d(uk, ũk) + ‖d(uk, ũk)‖2

≤ ‖uk − u∗‖2 −
[
2(uk − ũk)T d(uk, ũk)− ‖d(uk, ũk)‖2

]
. (4.3)
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|^ (2.23)Ú (3.2),�±��

2(uk − ũk)T d(uk, ũk)− ‖d(uk, ũk)‖2

= d(uk, ũk)T {2(uk − ũk)− d(uk, ũk)}
=

{
(uk − ũk)− βk[IF (uk)− IF (ũk)]

}T{
(uk − ũk) + βk[IF (uk)− IF (ũk)]

}

= ‖uk − ũk‖2 − β2
k‖IF (uk)− IF (ũk)‖2

≥ (1− ν2)‖uk − ũk‖2. (4.4)

�\ (4.3),`²d (4.2)�)�S� {uk}÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − (1− ν2)‖uk − ũk‖2. (4.5)

2.ààà`̀̀zzz©©©���ÂÂÂ   ���{{{���½½½ÚÚÚ������������ 3à`z�©�Â �{¥,·����

ÄH-�e�Â .^'Xª (3.12),��ÏL

vk+1 = vk − αM(vk − ṽk) (4.6)

�)#�S�:,Ù¥M = H−1Q.e¡·�?ØXÛÀ�Ú�α.d{üO���

‖vk+1 − v∗‖2H = ‖(vk − v∗)− αM(vk − ṽk)‖2H
= ‖vk − v∗‖2H − 2α(vk − v∗)THM(vk − ṽk) + α2‖M(vk − ṽk)‖2H
≤ ‖vk − v∗‖2H − α

(
(vk − ṽk)T [QT +Q− αMTHM ](vk − ṽk)

)
.
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�±��

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α‖vk − ṽk‖2G, (4.7)

Ù¥

G = QT +Q− αMTHM.

�âÚ�µeÂñ5��¦,G´�½Ý
.

4.2 üüüaaa���{{{¥¥¥æææOOO���ÚÚÚ������������

1.CCC©©©ØØØ���ªªªÝÝÝKKKÂÂÂ   ���{{{OOO���ÚÚÚ������������ ·�ò (4.1)¥�uk+1P�uk+1(α),

L«#�S�:�6uÚ�α.�	�α�'�ål²� áþ,

ϑk(α) = ‖uk − u∗‖2 − ‖uk+1(α)− u∗‖2. (4.8)

�â½Â

ϑk(α) = ‖uk − u∗‖2 − ‖uk − u∗ − αd(uk, ũk)‖2

= 2α(uk − u∗)T d(uk, ũk)− α2‖d(uk, ũk)‖2.

é?¿�½�(½): u∗,þªL² ϑk(α)´ α����g¼ê.�´ u∗´���,

·�Ã{��¦ ϑk(α)�4�.|^ (3.5),é?¿� α > 0,k

ϑk(α) ≥ qk(α), (4.9)
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Ù¥

qk(α) = 2α(uk − ũk)T d(uk, ũk)− α2‖d(uk, ũk)‖2. (4.10)

Q,�g¼ê qk(α)´ ϑk(α)���e.¼ê.¦ qk(α)��4�� α∗k ´

α∗k = argmax{qk(α)} =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 . (4.11)

5¿�ùp�α∗k´d (3.5)(½�,©f´ (3.5)�mà,©1´ (4.1)¥d(uk, ũk) �î

¼�Ý�²�.

3¢SO�¥,·������tµÏf γ ∈ [1.2, 1.8],-

uk+1 = uk − γα∗kd(uk, ũk), (4.12)

�â (4.8)Ú (4.9),d (4.12)�)� uk+1÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − qk(γα∗k). (4.13)

Ù¥

qk(γα∗k) = 2γα∗k(uk − ũk)T d(uk, ũk)− γ2(α∗k)2‖d(uk, ũk)‖2

= γ(2− γ)α∗k(uk − ũk)T d(uk, ũk). (4.14)

d	,l (4.4),·�®²k2(uk − ũk)T d(uk, ũk)− ‖d(uk, ũk)‖2 > 0,Ï
�
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â (4.11)��α∗k >
1
2

(�(4.4)).(Ü (3.6),

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 1
2
γ(2− γ)(1− ν)‖uk − ũk‖2. (4.15)

Ø�ª (4.5)Ú (4.15)`²,^�½Ú�ÚO�Ú���{�)�S� {uk}Ñ´Â Ú
k.�.|^ù
'�Ø�ª,N´y²Âñ½n.

�,ÝKÂ �{�ù
(ØÑ3b� (3.2)÷v�â¤á,�´�IF´LipschitzëY,

æ^Armijo{KÀ�·��βk¢��ýÿ (3.1),´U
¦^� (3.2)÷v�.æ^e¡§

S��{·�¡Ù�ÝKÂ �{-I.
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¦¦¦)))²²²;;;üüüNNNCCC©©©ØØØ���ªªª���ÝÝÝKKKÂÂÂ   ���{{{-I

�½β0 = 1, µ = 0.4, ν = 0.9, u0 ∈ Ω.

For k = 0, 1, . . .,bXÊÅOKÿ�÷v, do

1). ũk = PΩ[uk − βkIF (uk)],

rk :=
βk‖IF (uk)− IF (ũk)‖

‖uk − ũk‖ ,

while rk > ν, βk := 2
3
βk ∗min{1, 1

rk
},

ũk = PΩ[uk − βkIF (uk)]

rk :=
βk‖IF (uk)− IF (ũk)‖

‖uk − ũk‖ ,

end(while)

2). d(uk, ũk) = (uk − ũk)− βk[IF (uk)− IF (ũk)],

α∗k =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 ,

uk+1 = uk − γα∗kd(uk, ũk),

3). If rk ≤ µ then βk := βk ∗ 1.5, end(if)

4).- βk+1 = βk Ú k := k + 1, m©#��gS�.

• 3�ÝKýÿ (3.1)��ÿ,�¦÷v^� (3.2).ùp��ν = 0.9,´²��.3Ý
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KÂ �{-I� 1)¥,�rk > ν�,^

βk := 2
3
βk ∗min{1, 1

rk
}

éβk�N�.ùp�ü«ØÓ�/´:�rk ∈ (ν, 1]�m,Ò�βk := 2
3
βk ;

�rk > 1�,��ur�5�βk �rk�2¦þ (2/3).N�ëêβk±�,­�

�gÝKýÿ,^� (3.2)��U
��÷v.ùp� (2/3)�´²��,¢SO�

¥,��±U¤ (3/4).

• 3^� (3.2)÷v�cJe,·�Ó�F"

βk‖IF (uk)− IF (ũk)‖
‖uk − ũk‖

Ø���.�â·�O���
~f,§S¥�@é

If rk ≤ µ then βk := βk ∗ 1.5, end(if)

´Ø�"��.Ò�&6��{ [16]¥�&6��»,3S�O�L§uyL��

I�O�,Ù¥�1.5�´²��.

2.ààà`̀̀zzz©©©���ÂÂÂ   ���{{{OOO���ÚÚÚ������������ ©�Â �{�O�Ú�����{��

â´ (3.12).|^HM = Q¿�Äål¼ê‖v − v∗‖2H�eü,#�S�:vk+1d

vk+1 = vk − γα∗kM(vk − ṽk), (4.16a)
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�),Ù¥

α∗k =
(vk − ṽk)TQ(vk − ṽk)

‖M(vk − ṽk)‖2H
. (4.16b)

©f´ (3.12)�mà,©1‖M(vk − ṽk)‖2H�±ÏL

‖M(vk − ṽk)‖2H = (vk − ṽk)TMTHM(vk − ṽk) = (vk − ṽk)TMTQ(vk − ṽk)

��.üNÂ 'Xª÷v

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H −
γ(2− γ)

2
α∗k‖vk − ṽk‖2(QT +Q)

, ∀ v∗ ∈ V∗.

à`z©�Â �{�Ú�µe
g²;üNC©Ø�ª�ÝKÂ �{.ØÓ�

´µÝKÂ �{ÏLÝK��ýÿ:¿Jøî¼�e�eü��,©�Â �{K

´ÏL¦)�
f¯K��H-�e�eü��.

5 ÝÝÝKKKÂÂÂ   ���{{{¥¥¥���ÌÌÌ)))������ÚÚÚWWW~~~���{{{

·�3²;üNC©Ø�ª¦)�¡uL�O�Ú��ÝKÂ �{ [5, 9],�ó§å
Æ.��
Æö^5)û
�
�Ï(6¦��ñèó§¯K [17, 18].�§4.2¥0�
�ÝKÂ �{-I�éA�ÝKÂ �{-II,§�©O�Ì)������Ï���
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��Ó�Ú�,���éW~�{.�â·��ê�Á� [9]Úó§.�O�¢
� [17, 18],�{-II�'�{-I�Çp�
.ù�!,·�;�ù�eÄuÓ�ýÿ��

éÌ)��ÚW~�{.

½½½ÂÂÂ (ÌÌÌ)))������)¦)²;C©Ø�ª��{¥,bXd(uk, ũk)´��þ,��,K¡

©?Ø�ª (3.3)ü>�

βkIF (ũk) Ú d(uk, ũk), (5.1)

��éÌ)��.

·���±l��'Xª (2.22)Ú (2.24)�L§¥��,ù�éÌ)��´dÄ�Ø�

ª�ØÓ|Ü)¤�.

½½½ÂÂÂ (WWW~~~���{{{)¦)²;üNC©Ø�ª��{¥,dÓ��ýÿ: ũkJø
�

é (5.1)¥�Ì)��d(uk, ũk)ÚβkIF (ũk).^�Ó�Ú�α,©Od

uk+1(α) = uk − αH−1d(uk, ũk) (5.2)

Ú

uk+1(α) = arg min{‖u− [uk − αβkH−1IF (ũk)]‖2H |u ∈ Ω} (5.3)

�Ñ#�Â S�:��{¡��éH-�eÂ �W~�{.

3H�ü 
��ÿ, (5.3)�mà´î¼�e�þ [uk − αβkIF (ũk)]�Ωþ�ÝK.
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·�k?Øî¼�e�6Ú�α�W~�{,©O^�eI�

uk+1
I (α) = uk − αd(uk, ũk) (5.4)

Ú

uk+1
II (α) = PΩ[uk − αβkIF (ũk)] (5.5)

L«ØÓ�{�6Ú�α�#�S�:.é?¿�½� u∗ ∈ Ω∗,·�^

ϑk(α) = ‖uk − u∗‖2 − ‖uk+1
I (α)− u∗‖2 (5.6)

Ú

ζk(α) = ‖uk − u∗‖2 − ‖uk+1
II (α)− u∗‖2 (5.7)

w¤´�gS��?Úþ,§´Ú�α�¼ê.�â§4.2�©Û (�(4.8) - (4.10)),

ϑk(α) ≥ qk(α) = 2α(uk − ũk)T d(uk, ũk)− α2‖d(uk, ũk)‖2. (5.8)

e¡�½n`²,éÓ�� α, ζk(α)�e.Ø�uϑk(α)�e..

½½½nnn 4 �uk+1
II (α)d (5.5))¤.é?¿� α > 0,éd (5.7)½Â�ζk(α)k

ζk(α) ≥ ‖uk+1
I (α)− uk+1

II (α)‖2 + qk(α), (5.9)

Ù¥qk(α)d (4.10)�Ñ.

yyy²²².Äk,Ï� uk+1
II (α) = PΩ[uk − αβkIF (ũk)]Ú u∗ ∈ Ω,�âÝK�5
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� (� (2.5)),·�k

‖uk+1
II (α)− u∗‖2 ≤ ‖uk − αβkIF (ũk)− u∗‖2

− ‖uk − αβkIF (ũk)− uk+1
II (α)‖2, ∀u∗ ∈ Ω∗ (5.10)

'

&

$

%

quHHHHHHquk − αβkIF (ũk)uk+1
II (α) q
qu∗






��
��
��
��

Ω

ã6.1.Ø�ª (5.10)�AÛ)º
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Ïd,|^ ζk(α)�½Â(� (5.7)),·�k

ζk(α) ≥ ‖uk − u∗‖2 − ‖(uk − u∗)− αβkIF (ũk)‖2

+‖(uk − uk+1
II (α))− αβkIF (ũk)‖2

= 2α(uk − u∗)T βkIF (ũk) + 2α(uk+1
II (α)− uk)T βkIF (ũk)

+‖uk − uk+1
II (α)‖2

= ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− u∗)T βkIF (ũk). (5.11)

ò (5.11)¥mà����� (uk+1
II (α)− u∗)T βkIF (ũk)©)¤

(uk+1
II (α)− u∗)T βkIF (ũk) = (uk+1

II (α)− ũk)T βkIF (ũk) + (ũk − u∗)T βkIF (ũk),

(5.12)

|^ (ũk − u∗)T βkIF (ũk) ≥ (ũk − u∗)T βkIF (u∗) ≥ 0, (5.12)mà����Ü©�
K.�\ (5.11)�mà,?�Ú��

ζk(α) ≥ ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− ũk)T βkIF (ũk). (5.13)

Ï� uk+1
II (α) ∈ Ω,^§O� (3.3)¥�?¿u ∈ Ω,��

(uk+1
II (α)− ũk)T βkIF (ũk) ≥ (uk+1

II (α)− ũk)T d(uk, ũk). (5.14)
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ò§��\ (5.13)�mà,Òk

ζk(α) ≥ ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− ũk)T d(uk, ũk). (5.15)

éþªmà,|^uk+1
I (α)Úqk(α)�L�ª (�(5.4)Ú(4.10)),?�Úz¤

ζk(α) ≥ ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− ũk)T d(uk, ũk)

= ‖uk − uk+1
II (α)‖2 + 2α(uk+1

II (α)− uk)T d(uk, ũk)

+2α(uk − ũk)T d(uk, ũk)

= ‖(uk − uk+1
II (α))− αd(uk, ũk)‖2 − α2‖d(uk, ũk)‖2

+2α(uk − ũk)T d(uk, ũk)

= ‖uk+1
I (α)− uk+1

II (α)‖2 + qk(α).

ù�Ò�¤
½n(Ø (5.9)�y². �

½n 4`², qk(α)�´ ζk(α)�e..éÓ�� α, ζk(α)`u ϑk(α),Ø

�uk+1
I (α) = uk+1

II (α).3¢SO�¥,ùéW~�{©Oæ^��úª

(ÝKÂ �{-I) uk+1 = uk − γα∗kd(uk, ũk) (5.16)

Ú

(ÝKÂ �{-II) uk+1 = PΩ[uk − γα∗kβkIF (ũk)] (5.17)
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�)#�S�:,Ù¥�α∗kÑd (4.11)�Ñ.duζk(γα∗k) ≥ qk(γα∗k),§�¤�)�

S�S�{uk}Ñ÷v

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − γ(2− γ)α∗k(uk − ũk)T d(uk, ũk). (5.18)

¯¢þ,duα∗k >
1
2

,(Ü'Xª (3.6),l (5.18)��

‖uk+1 − u∗‖2 ≤ ‖uk − u∗‖2 − 1
2
γ(2− γ)(1− ν)‖uk − ũk‖2. (5.19)

ùÒ´§4.2¥� (4.15).�âþ¡ù�Ø�ª,|^{ü�©Ûâ�Ò�±y²ÝKÂ

 �{�Âñ5.

æ^��úª (5.16)�Ð?´)¤uk+1Ø^2�ÝK.¢S¯K¥,�Ωþ�ÝK�

d  ´Øp� (~XΩ~~´���%�½öµ/),Ïd~æ^��úª (5.17).ù
�¡�nd·�3Ø© [14]¥k��[�`².
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¦¦¦)))²²²;;;üüüNNNCCC©©©ØØØ���ªªª���ÝÝÝKKKÂÂÂ   ���{{{-II

�½β0 = 1, ν ∈ (0, 1), u0 ∈ Ω.

For k = 0, 1, . . .,bXÊÅOKÿ�÷v, do

1). ũk = PΩ[uk − βkIF (uk)],

rk :=
βk‖IF (uk)− IF (ũk)‖

‖uk − ũk‖ ,

while rk > ν, βk := 2
3
βk ∗min{1, 1

rk
},

ũk = PΩ[uk − βkIF (uk)],

rk :=
βk‖IF (uk)− IF (ũk)‖

‖uk − ũk‖ ,

end(while)

2). d(uk, ũk) = (uk − ũk)− βk[IF (uk)− IF (ũk)],

α∗k =
(uk − ũk)T d(uk, ũk)

‖d(uk, ũk)‖2 ,

uk+1 = PΩ[uk − γα∗kβkIF (ũk)],

3). If rk ≤ µ then βk := βk ∗ 1.5, end(if)

4).- βk+1 = βk Ú k := k + 1, m©#��gS�.
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lÝKÂ �{-I�ÝKÂ �{-II,�´ò

uk+1 = uk − γα∗kd(uk, ũk) U¤
 uk+1 = PΩ[uk − γα∗kβkIF (ũk)].

Ø© [17, 18]¥)ûñèó§¯K^�Ò´ù�!��{.�â·��ê�²� [9]Ú
¦��O�¢�,�{-II��Ç'�{-I��Çp�
.

3^� (3.2)÷v�Ü�ýÿ (3.1)�Ä:þ,����±^

uk+1 = PΩ[uk − βkIF (ũk)]

¢y.ù�ÿ,ýÿ-���3�åÒ´




ũk = PΩ[uk − βkIF (uk)],

uk+1 = PΩ[uk − βkIF (ũk)].
(5.20)

ùÒ´<�¤`�Korpelevich	FÝ{ [15].

à`z�©�Â �{�ýÿ,Ó�Jø
�éÌ)��.XÛ/�ÝKÂ �{¥�

Ì)��ÚW~�{,·�3 [8]¥mÐ
�
?Ø.

VIII - 36

6 ÝÝÝKKKÂÂÂ   ���{{{333¦¦¦)))���©©©lllààà`̀̀zzzþþþ���AAA^̂̂

��ÝKÂ �{3¦)�©là`zþ�A^,·��Ä���ü¬�©là`z

¯K

min {θ1(x) + θ2(y) |Ax+By = b (½ ≥ b), x ∈ X , y ∈ Y}. (6.1)

b�¯Kk)¿�θ1(x)Úθ2(y)©O3�¹à48XÚY���m8þ��.¯

K (6.1)�.�KF¼ê´½Â3X × Y × Λþ�

L(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b),

Ù¥

Λ =




<m, ifAx+By = b,

<m+ , ifAx+By ≥ b.
.�KF¼ê�Q: (x∗, y∗, λ∗) ∈ X × Y × Λ÷vØ�ª

L(x∗, y∗, λ) ≤ L(x∗, y∗, λ∗) ≤ L(x, y, λ∗), ∀(x, y, λ) ∈ X × Y × Λ.

ù¿�X 



x∗ ∈ X , L(x, y∗, λ∗) ≥ L(x∗, y∗, λ∗) ∀x ∈ X ,
y∗ ∈ Y, L(x∗, y, λ∗) ≥ L(x∗, y∗, λ∗) ∀y ∈ Y,
λ∗ ∈ Λ, L(x∗, y∗, λ∗) ≥ L(x∗, y∗, λ) ∀λ ∈ Λ.
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�Ò´`




x∗ ∈ arg min
{
θ1(x) + θ2(y∗)− (λ∗)T (Ax+By∗ − b) |x ∈ X

}
,

y∗ ∈ arg min
{
θ1(x∗) + θ2(y)− (λ∗)T (Ax∗ +By − b) | y ∈ Y

}
,

λ∗ ∈ arg max
{
θ1(x∗) + θ2(y∗)− λT (Ax∗ +By∗ − b)|λ ∈ Λ

}
.

�θ1(x), θ2(y)���,�â�`5�½n,·�k





x∗ ∈ X , (x− x∗)T (∇θ1(x∗)−ATλ∗) ≥ 0, ∀x ∈ X ,
y∗ ∈ Y, (y − y∗)T (∇θ2(y∗)−BTλ∗) ≥ 0, ∀ y ∈ Y,
λ∗ ∈ Λ, (λ− λ∗)T (Ax∗ +By∗ − b) ≥ 0, ∀ λ ∈ Λ.

^PÒ

∇θ1(x) = f(x), ∇θ2(y) = g(y),

�A�;n/ª�üNC©Ø�ªÒ´

w∗ ∈ Ω, (w − w∗)T IF (w∗) ≥ 0, ∀w ∈ Ω, (6.2a)
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Ù¥

w =




x

y

λ


 , IF (w) =




f(x)−ATλ
g(y)−BTλ
Ax+By − b


 , Ω = X × Y × Λ. (6.2b)

bX�O��{¥f¯K¦)'�(J,
θ1(x)Úθ2(y)�FÝ�Ã��¿

�LipschitzëY,�±�Ä^ÝKÂ �{¦)����5�åà`z¯K�d�C

©Ø�ª (6.2).é�½�wk = (xk, yk, λk),ÏL




x̃k = PX
{
xk − 1

r
[f(xk)−ATλk]

}
, (6.3a)

ỹk = PY
{
yk − 1

s
[g(yk)−BTλk]}, (6.3b)

λ̃k = PΛ

{
λk − β(Axk +Byk − b)

}
, (6.3c)

��ýÿ: w̃k = (x̃k, ỹk, λ̃k).Ù¥� r, s > 0´·�À���~ê¦�

‖f(xk)− f(x̃k)‖ ≤ νr‖xk − x̃k‖, Ú ‖g(yk)− g(ỹk)‖ ≤ νs‖yk − ỹk‖. (6.4)

�f(x)Úg(y)LipschitzëY�,ù´�±���.

e¡éýÿ (6.3)?1©Û.ÏLÝK (6.3a)��� x̃k´4�z¯K

min
{∥∥x−

[
xk − 1

r
[f(xk)−ATλk]

]∥∥2|x ∈ X}
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�),�â�`5^��½n,k

x̃k ∈ X (x− x̃k)T
{
x̃k −

[
xk − 1

r
[f(xk)−ATλk]

]}
≥ 0, ∀x ∈ X .

ù�±�¤

x̃k ∈ X , (x− x̃k)T
{
f(xk)−ATλk + r(x̃k − xk)

}
≥ 0, ∀x ∈ X .

|^ (6.2),·�k

x̃k ∈ X , (x− x̃k)T





f(x̃k)−AT λ̃k +AT (λ̃k − λk)

+
[
r(x̃k − xk)−

(
f(x̃k)− f(xk)

)]



 ≥ 0, ∀x ∈ X .

(6.5a)

ÏLÝK (6.3b)��� ỹk ,k

ỹk ∈ Y, (y− ỹk)T





g(ỹk)−BT λ̃k +BT (λ̃k − λk)

+
[
s(ỹk − yk)−

(
g(ỹk)− g(yk)

)]



 ≥ 0, ∀y ∈ Y. (6.5b)

�â (6.3c)��� λ̃k ,·�k

λ̃k ∈ <m, (λ− λ̃k)T





(Ax̃k +Bỹk − b) + 1
β

(λ̃k − λk)

−A(x̃k − xk)−B(ỹk − yk)



 ≥ 0, ∀λ ∈ <m.

(6.5c)
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ù��,´�
4þ¡n�ªf¥eÅ«��Ü©Ü3�åÒ¤
 (6.2)¥�IF (w̃k).

ÚÚÚnnn 3 l�½�wk = (xk, yk, λk)Ñu,d (6.3)�)�ýÿ:w̃k = (x̃k, ỹk, λ̃k) ÷

v

w̃k ∈ Ω, (w − w̃k)T IF (w̃k) ≥ (w − w̃k)T d(wk, w̃k), ∀w ∈ Ω (6.6a)

Ù¥

d(wk, w̃k) =




[
r(xk − x̃k)−

(
f(xk)− f(x̃k)

)]
+AT (λk − λ̃k)

[
s(yk − ỹk)−

(
g(yk)− g(ỹk)

)]
+BT (λk − λ̃k)

1
β

(λk − λ̃k)−A(xk − x̃k)−B(yk − ỹk)


 . (6.6b)

yyy²²² ò (6.5)�nÜ©�3�å¿|^IF (w)�½Â²�nB�Ún�(Ø. �

e¡·�y²d (6.6b)�Ñ�d(wk, w̃k)´þ,��.ò (6.6)¥?¿�w��á

uΩ∗�w∗,Kk

(w̃k − w∗)T d(wk, w̃k) ≥ (w̃k − w∗)T IF (w̃k). (6.7)

|^IF�üN5Úw∗��`5,

(w̃k − w∗)T IF (w̃k) ≥ (w̃k − w∗)T IF (w∗) ≥ 0.

Ïd

(wk − w∗)T d(wk, w̃k) ≥ (wk − w̃k)T d(wk, w̃k). (6.8)
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|^d(wk, w̃k)�L�ª (6.6b)Úýÿ^� (6.4)��

(wk − w̃k)T d(wk, w̃k)

= r‖xk − x̃k‖2 − (xk − x̃k)T (f(xk)− f(x̃k))

+s‖yk − ỹk‖2 − (yk − ỹk)T (g(yk)− g(ỹk)) + 1
β
‖λk − λ̃k‖2

≥ (1− ν)
(
r‖xk − x̃k‖2 + s‖yk − ỹk‖2

)
+ 1
β
‖λk − λ̃k‖2. (6.9)

duν ∈ (0, 1),þªmà�u0.ùp� (6.8)Ú (6.9) ��u§3¥� (3.5)Ú (3.6).Ïd,

d(wk, w̃k)´ål¼ê‖w − w∗‖2�þ,��.

dud(wk, w̃k)´ål¼ê‖w − w∗‖2�þ,��,�â (6.6),©?Ø�ª (6.6a)ü>
�

IF (w̃k) Ú d(wk, w̃k),

��éÌ)��.·��±^H-�e�W~�{?1��.é�½��½Ý
H ,��

úª-IÏL

(������úúúªªª-I) wk+1 = wk − γα∗kH−1d(wk, w̃k), γ ∈ (0, 2) (6.10a)

�)#�S�:.Ù¥

α∗k =
(wk − w̃k)T d(wk, w̃k)

‖H−1d(wk, w̃k)‖2H
. (6.10b)
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½½½nnn 5 ¦)C©Ø�ª (6.2),d (6.3)ýÿÚ (6.10)���)�S�{w̃k}Ú{wk}÷v

‖wk+1−w∗‖2H ≤ ‖wk−w∗‖2H−γ(2−γ)α∗k(wk−w̃k)T d(wk, w̃k), ∀w ∈ Ω, (6.11)

Ù¥d(wk, w̃k)d (6.6b)�Ñ.

yyy²²² kò (6.10a)¥�γα∗k��?¿�α > 0,¿òÑÑP�wk+1
I (α),¿P

ϑH
k (α) = ‖wk − w∗‖2H − ‖wk+1

I (α)− w∗‖2H . (6.12)

ù�

ϑH
k (α)

(6.10a)
= ‖wk − w∗‖2H − ‖(wk − w∗)− αH−1d(wk, w̃k)‖2H
= 2α(wk − w∗)T d(wk, w̃k)− α2‖H−1d(wk, w̃k)‖2H

(6.8)
≥ 2α(wk − w̃k)T d(wk, w̃k)− α2‖H−1d(wk, w̃k)‖2H
=: qHk (α). (6.13)

é�g¼êqHk (α)¦4��� (6.10b)¥�α∗k .� (6.13)¥�α = γα∗k�,

ϑH
k (γα∗k) ≥ qHk (γα∗k)

= 2γα∗k(wk − w̃k)T d(wk, w̃k)− γ2(α∗k)2‖H−1d(wk, w̃k)‖2H
= γ(2− γ)α∗k(wk − w̃k)T d(wk, w̃k).

y²������ª¦^
 (6.10b)¥
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�α∗k‖H−1d(wk, w̃k)‖2H = (wk − w̃k)T d(wk, w̃k).½n(Ø�y. �

æ^ (6.10)��,nØþ�±��ê���?Û�½�Ý
.é (6.6)�Ñ�d(wk, w̃k),

ïÆ�

H =




rI 0 0

0 sI 0

0 0 1
β
I


 , (6.14)

ù�,H´�½�êþé�Ý
,

H−1d(wk, w̃k) =




(xk − x̃k)− 1
r

[(
f(xk)− f(x̃k)

)
−AT (λk − λ̃k)

]

(yk − ỹk)− 1
s

[(
g(yk)− g(ỹk)

)
−BT (λk − λ̃k)

]

(λk − λ̃k)− βA(xk − x̃k)− βB(yk − ỹk)


 .

éAu��úª (6.10),·���±æ^W~�{¥�,�«�{��,d

(������úúúªªª-II) wk+1 = arg min
{
‖w − [wk − γα∗kH−1IF (w̃k)]‖2H |w ∈ Ω

}
(6.15)

�)#�S�:wk+1,Ù¥γ ∈ (0, 2), α∗kd (6.10b)Jø,�±������

{ (6.10)Ó��Â 5�.

½½½nnn 6 ¦)C©Ø�ª (6.2),d (6.3)ýÿÚ (6.15)���)�S�{w̃k}Ú{wk}÷v

‖wk+1−w∗‖2H ≤ ‖wk−w∗‖2H−γ(2−γ)α∗k(wk−w̃k)T d(wk, w̃k), ∀w ∈ Ω, (6.16)

VIII - 44

Ù¥d(wk, w̃k)d (6.6b)�Ñ.

yyy²²².kò (6.15)¥�γα∗k��?¿�α > 0 ¿òÑÑP�wk+1
II (α).·��	

ζHk (α) = ‖wk − w∗‖2H − ‖wk+1
II (α)− w∗‖2H (6.17)

Äk,Ï�wk+1
II (α) = arg min

{
‖w − [wk − αH−1IF (w̃k)]‖2H |w ∈ Ω

}
,�â�`5

�½n,k

(w − wk+1
II (α))TH{wk+1

II (α)− wk + αH−1IF (w̃k)} ≥ 0, ∀w ∈ Ω.

òþ¡?¿�wO�¤w∗,ÒkØ�ª

(wk+1
II (α)− w∗)TH{[wk − αH−1IF (w̃k)]− wk+1

II (α)} ≥ 0. (6.18)

3ð�ª

(a− b)TH(c− a) = 1
2

(
‖c− b‖2H − ‖c− a‖2H

)
− 1

2
‖a− b‖2H

¥�

a = wk+1
II (α), b = w∗ Ú c = wk − αH−1IF (w̃k)

¿|^ (6.18),Kk

‖wk − αH−1IF (w̃k)− w∗‖2H
− ‖wk − αH−1IF (w̃k)− wk+1

II (α)‖2H − ‖wk+1
II (α)− w∗‖2H ≥ 0.
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Ïd,

‖wk+1
II (α)− w∗‖2H ≤ ‖(wk − w∗)− αH−1IF (w̃k)‖2H

−‖(wk − wk+1
II (α))− αH−1IF (w̃k)‖2H .

òd�\ (6.17),·�k

ζHk (α) ≥ ‖wk − w∗‖2H − ‖(wk − w∗)− αH−1IF (w̃k)‖2H
+‖(wk − wk+1

II (α))− αH−1IF (w̃k)‖2H
= 2α(wk − w∗)T IF (w̃k) + 2α(wk+1

II (α)− wk)T IF (w̃k)

+‖wk − uk+1
II (α)‖2H

= ‖wk − wk+1
II (α)‖2H + 2α(wk+1

II (α)− w∗)T IF (w̃k). (6.19)

ò (6.19)¥mà����� (wk+1
II (α)− w∗)T IF (w̃k)©)¤

(wk+1
II (α)− w∗)T IF (w̃k) = (wk+1

II (α)− w̃k)T IF (w̃k) + (w̃k − w∗)T IF (w̃k),

|^

(w̃k − w∗)T IF (w̃k) ≥ (w̃k − w∗)T IF (w∗) ≥ 0,

þªmà����Ü©�K.�\ (6.19)�mà,?�Ú��

ζHk (α) ≥ ‖wk − wk+1
II (α)‖2H + 2α(wk+1

II (α)− w̃k)T IF (w̃k). (6.20)
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Ï�wk+1
II (α) ∈ Ω,^§O� (6.6a)¥�?¿w ∈ Ω,��

(wk+1
II (α)− w̃k)T IF (w̃k) ≥ (wk+1

II (α)− w̃k)T d(wk, w̃k). (6.21)

ò§��\ (6.20)�mà,Òk

ζHk (α) ≥ ‖wk − wk+1
II (α)‖2H + 2α(wk+1

II (α)− w̃k)T d(wk, w̃k).

éþªmà,?�Úz¤

ζHk (α) ≥ ‖wk − wk+1
II (α)‖2H + 2α(wk+1

II (α)− w̃k)T d(wk, w̃k)

= ‖wk − wk+1
II (α)‖2H + 2α(wk+1

II (α)− wk)T d(wk, w̃k)

+2α(wk − w̃k)T d(wk, w̃k)

= ‖(wk − wk+1
II (α))− αH−1d(wk, w̃k)‖2H − α2‖H−1d(wk, w̃k)‖2H

+2α(wk − w̃k)T d(wk, w̃k)

= ‖wk+1
I (α)− wk+1

II (α)‖2H − α2‖H−1d(wk, w̃k)‖2H
+2α(wk − w̃k)T d(wk, w̃k)

≥ 2α(wk − w̃k)T d(wk, w̃k)− α2‖H−1d(wk, w̃k)‖2H
)
. (6.22)

3þª¥�α = γα∗k¿|^ (6.10b)¥�

α∗k‖H−1d(wk, w̃k)‖2H = (wk − w̃k)T d(wk, w̃k),
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l (6.22)��

ζHk (γα∗k) ≥ γ(2− γ)α∗k(wk − w̃k)T d(wk, w̃k).

ù�Ò�¤
½n(Ø (6.16)�y². �

·�'%��úª-II (6.15)XÛ¢y.du (6.14)¥�H´�Ω = X × Y × Λ�éA

�©¬êþÝ
.|^�©l(�,·�k

min{‖w − [wk − αkH−1IF (w̃k)]‖2H |w ∈ Ω}

= min





∥∥∥∥∥∥∥∥

x− [xk − αk 1
r

(f(x̃k)−AT λ̃k)]

y − [yk − αk 1
s

(g(ỹk)−BT λ̃k)]

λ− [λk − αkβ(Ax̃k +Bỹk − b)]

∥∥∥∥∥∥∥∥

2

H

∣∣∣∣∣

x ∈ X
y ∈ Y
λ ∈ Λ





= min





r‖x− [xk − αk 1
r

(f(x̃k)−AT λ̃k)]‖2 |x ∈ X
+s‖y − [yk − αk 1

s
(g(ỹk)−BT λ̃k)]‖2 | y ∈ Y

+ 1
β
‖λ− [λk − αkβ(Ax̃k +Bỹk − b)]‖2 |λ ∈ Λ




.
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Ïd,



xk+1

yk+1

λk+1


 =




argmin{‖x− [xk − αk 1
r

(f(x̃k)−AT λ̃k)]‖2 |x ∈ X}
argmin{‖y − [yk − αk 1

s
(g(ỹk)−BT λ̃k)]‖2 | y ∈ Y}

argmin{‖λ− [λk − αkβ(Ax̃k +Bỹk − b)]‖2 |λ ∈ Λ}


 .

�é{`,

wk+1 = arg min{‖w − [wk − αkH−1IF (w̃k)]‖2H |w ∈ Ω}
= arg min{‖w − [wk − αkH−1IF (w̃k)]‖2 |w ∈ Ω}
= PΩ[wk − αkH−1IF (w̃k)]. (6.23)

ùp,·�I�2�grN,þª�k�H´/X (6.14)��½©¬êþÝ
�â¤
á.Ïd,¦)C©Ø�ª (6.2),d (6.3)ýÿ,ÏL (6.15)��´d





xk+1 = PX
{
xk − αk

r
[f(x̃k)−AT λ̃k]

}
, (6.24a)

yk+1 = PY
{
yk − αk

s
[g(ỹk)−BT λ̃k]}, (6.24b)

λk+1 = PΛ

{
λk − αkβ(Ax̃k +Bỹk − b)

}
, (6.24c)

¢y�.$��1�Ì�´©O3X , YÚΛþ�î¼�e�ÝK.
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