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1 Problems and the customized PPA

1.1 Problem and the related VI and PPA
We consider the linearly constrained convex optimization problem

min{θ(u) | Au = b, u ∈ U}. (1.1)

The Lagrange function of (1.1) is

L(u, λ) = θ(u)− λT (Au− b), (u, λ) ∈ U × <m. (1.2)

Saddle Point of the Lagrange Function
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A pair of (u∗, λ∗) ∈ U × <m is called a saddle point if

Lλ∈<m(u∗, λ) ≤ L(u∗, λ∗) ≤ Lu∈U (u, λ∗).

The above inequalities can be written as{
u∗ ∈ U , L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U ,

λ∗ ∈ <m, L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀ λ ∈ <m.

According to the definition of L(u, λ) (see(1.2)), we get the following variational inequality:{
u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U ,

λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m.

Using a more compact form, the saddle-point can be characterized as the solution of the

following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.4a)

where

w =

(
u

λ

)
, F (w) =

( −ATλ
Au− b

)
and Ω = U × <m. (1.4b)
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Because F is a affine operator and

F (w) =

(
0 −AT
A 0

)(
u

λ

)
−
(

0

b

)
,

the matrix is skew-symmetric, and we have

(w − w̃)T (F (w)− F (w̃)) ≡ 0. (1.5)

For solving the VI, we use the following customized PPA.

Lemma 1 Let the vectors a, b ∈ <n, H ∈ <n×n be a positive definite matrix.

If bTH(a− b) ≥ 0, then we have

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H .

The assertion follows from ‖a‖2H = ‖b+ (a− b)‖2H ≥ ‖b‖2H +‖a− b‖2H .
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Lemma 2 Let X ⊂ <n be a closed convex set, θ(x) and f(x) be convex

functions and f(x) is differentiable on an open set which contains X .

Assume that the solution set of the minimization problem

min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (1.6a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.6b)

PPA for VI (1.4) For given vk (v = w or sub-vector of w) and H � 0, find

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (v − vk+1)TH(vk − vk+1), ∀ w ∈ Ω. (1.7)

wk+1 is called the proximal point of the k-th iteration for the problem (1.4).
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wk is the solution of (1.4) if and only if vk = vk+1.

Setting w = w∗ in (1.7), we obtain

(vk+1−v∗)TH(vk−vk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (wk+1)

Note that (see the structure of F (w) in (1.5))

(wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),

and consequently (by using (1.4)) we obtain

(vk+1−v∗)TH(vk−vk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (w∗) ≥ 0,

and thus

(vk+1 − v∗)TH(vk − vk+1) ≥ 0. (1.8)

Now, by denoting a = vk − v∗ and b = vk+1 − v∗ and using Lemma 1, we

get the nice convergence property of Proximal Point Algorithm:

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H . (1.9)
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Relaxed PPA for VI (1.4) Set the output of (1.7) as w̃k , we get

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ (v − ṽk)TH(vk − ṽk), ∀ w ∈ Ω. (1.10)

Instead of (1.8), we have

(ṽk − v∗)TH(vk − ṽk) ≥ 0.

Thus, we have

(vk − v∗)TH(vk − ṽk) ≥ ‖vk − ṽk‖2H . (1.11)

By setting

vk+1 = vk − α(vk − ṽk), α ∈ (0, 2)

we get

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α(2− α)‖vk − ṽk‖2H .

Usually, by setting α ∈ [1.2, 1.6], The relaxed PPA is much fast than the classical PPA.
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1.2 Applications for separable problems

This section presents various applications of the proposed algorithms for the

separable convex optimization problem

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (1.12)

Its VI-form is

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.13a)

where

w =

 x
y

λ

 , u =

 x

y

 , F (w) =

 −ATλ
−BTλ

Ax+By − b

 , (1.13b)

and

θ(u) = θ1(x) + θ2(y), Ω = X × Y × <m. (1.13c)
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The augmented Lagrangian Function of the problem (1.12) is

Lβ(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +
β

2
‖Ax+By − b‖2.

(1.14)

Solving the problem (1.12) by using ADMM, the k-th iteration begins with given

(yk, λk), it offers the new iterate (yk+1, λk+1) via

(ADMM)


xk+1 = arg min

{
Lβ(x, yk, λk)

∣∣ x ∈ X}, (1.15a)

yk+1 = arg min
{
Lβ(xk+1, y, λk)

∣∣ y ∈ Y}, (1.15b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (1.15c)

w =

 x
y

λ

 , v =

(
y

λ

)
and V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗}.

The main convergence result is

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀ v∗ ∈ V∗
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where

H =

(
βBTB 0

0 1
β Im

)
.

Ignoring some constant term in the objective function, ADMM (1.15) is

implemented by

(ADMM)



xk+1 = arg min

{
θ1(x)− xTAT pk

+β
2
‖A(x− xk)‖2.

∣∣∣∣ x ∈ X
}
, (1.16a)

yk+1 = arg min

{
θ2(y)− yTBT qk

+β
2
‖B(y − yk)‖2.

∣∣∣∣ y ∈ Y
}
, (1.16b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (1.16c)

where

pk = λk − β(Axk +Byk − b),

qk = λk − β(Axk+1 +Byk − b).
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1.3 ADMM in PPA-sense

�â PPA�{��¦ �O�màÝ
�é¡�½.

In order to solve the separable convex optimization problem (1.12), we construct a

method whose prediction-step is

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω,

(1.17a)

where

H =

 βBTB + δIn2
−BT

−B 1
β Im

 , (a small δ > 0, say δ = 0.05).

(1.17b)

Since H is positive definite, we can use the update form of Algorithm I to produce

the new iterate vk+1 = (yk+1, λk+1). (In the algorithm [1], we took δ = 0).
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The concrete form of (1.17) is

θ1(x)− θ1(x̃k) + (x− x̃k)T

{−AT λ̃k} ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + (βBTB + δIn2)(ỹ
k − yk)−BT (λ̃k − λk)} ≥ 0,

(Ax̃k +Bỹk − b) −B(ỹk − yk) + (1/β) (λ̃k − λk) = 0.

In fact, the prediction can be arranged by

x̃k ∈ Argmin{θ1(x)−xTATλk+ 1
2β‖Ax+Byk − b‖2 |x ∈ X},(1.18a)

λ̃k = λk − β(Ax̃k +Byk − b), (1.18b)

ỹk ∈ Argmin

{
θ2(y)− yTBT [2λ̃k − λk]

+ 1
2β‖B(y − yk)‖2 + 1

2δ‖y − y
k‖2

∣∣∣∣ y ∈ Y}. (1.18c)

ù�ýÿ�²;��O��{ (1.15)��,æ^tµ��,¬\¯�Ý.

The underline part is F (w̃k):

F (w) =

 −ATλ
−BTλ

Ax+By − b


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According to Lemma 2, the solution of (1.18a), x̃k satisfies

x̃k ∈ X , θ1(x)− θ1(x̃k)

+ (x− x̃k)T {−ATλk + βAT (Ax̃k +Byk − b)} ≥ 0, ∀x ∈ X .

By using (1.18b), λ̃k = λk − β(Ax̃k +Byk − b), the above variational inequality can

be written as

x̃k ∈ X , θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k} ≥ 0, ∀x ∈ X .

The equation (1.18b) can written as

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0.

The remainder part of the prediction (1.17), namely,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + (βBTB + δIn2)(ỹ
k − yk)−BT (λ̃k − λk)} ≥ 0

can be achieved by

ỹk = Argmin
{
θ2(y)−yTBT [2λ̃k−λk]+

1

2
β‖B(y−yk)‖2+

1

2
δ‖y−yk‖2

∣∣ y ∈ Y}.
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1.4 Linearized ADMM-Like Method

�f¯K (1.18c)¦)k(J�,^ s
2
‖y − yk‖2�O 1+δ

2
β‖B(y − yk)‖2.

By using the linearized version of (1.18), the prediction step becomes

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω, (1.19)

where

H =

[
sI −BT

−B 1
β
Im

]
, �O (1.17)¥�

[
(1 + δ)βBTB −BT

−B 1
β
Im

]
. (1.20)

The concrete formula of (1.19) is

θ1(x)− θ1(x̃k) + (x− x̃k)T

{−AT λ̃k} ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + s(ỹk − yk)−BT (λ̃k − λk)} ≥ 0,

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0.

(1.21)

The underline part is F (w̃k):

F (w) =

 −ATλ
−BTλ

Ax+By − b


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Then, we use the form

vk+1 = vk − α(vk − ṽk), α ∈ (0, 2)

to update the new iterate vk+1.

How to implement the prediction? To get w̃k which satisfies (1.21),

we need only use the following procedure:
x̃k ∈ Argmin{θ1(x)− xTATλk + 1

2β‖Ax+Byk − b‖2 |x ∈ X},

λ̃k = λk − β(Ax̃k +Byk − b),

ỹk = Argmin{θ2(y)− yTBT [2λ̃k − λk] +
s

2
‖y − yk‖2 | y ∈ Y}.

^ s
2
‖y − yk‖2�O 1

2
(β‖B(y − yk)‖2 + δ‖y − yk‖2),��yÂñ,

I� s > β‖BTB‖. é�½� β > 0, ��� s¬K�Âñ�Ý.

�k�d�g� 1
2
β‖B(y − yk)‖2Úu¦)(J,â^�5z�{.
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1.5 Balanced ADMM

We design the following PPA in sense of balanced ADMM whose essential variables arew:

θ(u)−θ(ũk)+(w− w̃k)TF (w̃k) ≥ (w− w̃k)TH(wk− w̃k), ∀w ∈ Ω, (1.22a)

where

H =


βATA 0 AT

0 sIn2 BT

A B ( 1
β

+ δ)Im + 1
s
BBT

 . (1.22b)

The concrete formula of (1.22) is

θ1(x)− θ1(x̃k) + (x− x̃k)T {−AT λ̃k

+βATA(x̃k − xk) +AT (λ̃k − λk)} ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T {−BT λ̃k

+ s(ỹk − yk)+BT (λ̃k − λk)} ≥ 0,

(Ax̃k +Bỹk − b) +A(x̃k − xk) +B(ỹk − yk)

+{( 1
β
+ δ)Im + 1

s
BBT }(λ̃k − λk) = 0.

(1.23)
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Then, we use the form

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2)

to update the new iterate vk+1.

How to implement the prediction? To get w̃k which satisfies (1.23),

We need only use the following procedure:
x̃k ∈ Argmin{θ1(x)− xTATλk + 1

2
β‖A(x− xk)‖2 |x ∈ X}, (1.24a)

ỹk ∈ Argmin{θ2(y)− yTBTλk + 1
2
s‖y − yk‖2 | y ∈ Y}, (1.24b)

λ̃k = λk −H−1
0 [A(2x̃k − xk) +B(2ỹk − yk)− b]. (1.24c)

where

H0 = (
1

β
+ δ)Im +

1

s
BBT . (1.24d)

In this way, we get a PPA for (1.13) in the sense of the balanced ADMM.

It needs a cholesky decomposition of H0 (Levenberg-Marquardt Type)
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If the subproblem (1.24a) is hard to solve, we can change it to (1.24) to
x̃k ∈ Argmin{θ1(x)− xTATλk + 1

2
r‖x− xk‖2 |x ∈ X}, (1.25a)

ỹk ∈ Argmin{θ2(y)− yTBTλk + 1
2
s‖y − yk‖2 | y ∈ Y}, (1.25b)

λ̃k = λk −H−1
0 [A(2x̃k − xk) +B(2ỹk − yk)− b]. (1.25c)

where

H0 =
1

r
AAT +

1

s
BBT + δIm. (1.25d)

We get a PPA for (1.13) with the following prediction:

θ(u)−θ(ũk)+(w− w̃k)TF (w̃k) ≥ (w− w̃k)TH(wk− w̃k), ∀w ∈ Ω, (1.26a)

where

H =


rIn1 0 AT

0 sIn2 BT

A B 1
r
AAT + 1

s
BBT + δIm

 . (1.26b)
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2 Prediction-Correction Framework

Prediction-correction framework for the VI (1.4)

[Prediction Step.] With given vk , find a vector w̃k ∈ Ω such that

θ(u)−θ(ũk)+(w− w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk− ṽk), ∀w ∈ Ω, (2.1a)

where the matrixQ is not necessarily symmetric butQT +Q is assumed to be positive

definite. (We focus on the case that Q is asymmetric).

[Correction Step.] Find a nonsingular matrix M and update v by

vk+1 = vk −M(vk − ṽk). (2.1b)

Convergence conditions

For the matrices Q and M used in (2.1a) and (2.1b), respectively, there exists a matrix

H � 0 such that

HM = Q, (2.2a)

and

G := QT +Q−MTHM � 0. (2.2b)
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2.1 Convergence

Theorem 1 Let {vk} be the sequence generated by the prediction-correction framework

(2.1) under the conditions (2.2). Then, it holds that

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (2.3)

Proof. Using Q = HM (see (2.2a)), the prediction step can be written as

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v−ṽk)THM(vk − ṽk), ∀w ∈ Ω.

Then, it follows from (2.1b) that Q = HM

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v−ṽk)TH(vk − vk+1), ∀w ∈ Ω.

Setting w = w∗ in the above inequality, we get

(vk − vk+1)TH(ṽk − v∗) ≥ θ(ũk)− θ(u∗) + (w̃k −w∗)TF (w̃k), ∀w∗ ∈ Ω∗.

Because (w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗) (see (1.5)), it follows from the

optimality of w∗ that θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0 and thus

(vk − vk+1)TH(ṽk − v∗) ≥ 0, ∀v∗ ∈ V∗. (2.4)



22

Setting a = vk, b = vk+1, c = ṽk and d = v∗ in the identity

2(a− b)TH(c− d) =
{
‖a− d‖2H − ‖b− d‖2H

}
−
{
‖a− c‖2H − ‖b− c‖2H

}
,

we know from (2.4) that

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ ‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H . (2.5)

For the right-hand side of the last inequality, we have

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(2.1b)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H
= 2(vk − ṽk)THM(vk − ṽk)− (vk − ṽk)TMTHM(vk − ṽk)

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk)

(2.2b)
= ‖vk − ṽk‖2G. (2.6)

Substituting (2.6) in (2.5), the assertion (2.3) is proved. �
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3 Constructing M from the conditions

3.1 Construction from the condition (2.2a)

Note that the condition (2.2a), HM = Q, can be rewritten as

H = QM−1. (3.1)

Since the norm matrix H is required to be symmetric and positive definite, the

condition (3.1) implies that H should be representable in form of

H = QD−1QT , (3.2)

in which the matrix D is a undetermined positive definite matrix. Indeed, by

comparing (3.1) with (3.2), we know that M−1 = D−1QT and thus

M = Q−TD. (3.3)

Hence, although the matrix D in (3.2) is still unknown, choosing M as (3.3) can

ensure the condition (2.2a).
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Now, we investigate the restriction on D to ensure the condition (2.2b) with the

matrix M given as (3.3). Notice that

MTHM =
(
DQ−1

)(
QD−1QT

)(
Q−TD

)
= D. (3.4)

With (3.4), then the condition (2.2b) is reduced to

G := QT +Q−MTHM = QT +Q−D � 0. (3.5)

Hence, to ensure the condition (2.2b), the only restriction on the positive definite

matrix D in (3.2) is

0 ≺ D ≺ QT +Q, (3.6)

In other words, whenever Q is given and it satisfies QT +Q � 0, then both H
and M can be constructed via the following steps: HM=Q,

MTHM=D.
⇔

 HM=Q,

QTM=D.
⇔

 H=QD−1QT ,

M=Q−TD.
(3.7)

Through this construction, both the conditions (2.1b) and (2.2b) are guaranteed

to be satisfied. Note that once the matrix D is chosen according to (3.6), the
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matrices H , M and G are all uniquely determined. Then, with the specified

matrix M in (3.3), the correction step (2.1b) and thus the prediction-correction

framework (2.1) is also specified as a concrete contraction splitting algorithm for

the VI(1.4)-(1.4b).

3.2 Construction from the condition (2.2b)

Alternatively, we can from the condition (2.2b), G = QT +Q−MTHM � 0, to

construct the norm matrix H and the correction matrix M . Again, with a given Q

satisfying QT +Q � 0, we can choose the profit matrix G such that

0 ≺ G ≺ QT +Q. (3.8)

Denote

∆ = QT +Q−G, (3.9)
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which is positive definite. According to (2.2b), we know that the matrices H and

M should satisfy

MTHM = ∆.

Recall the condition (2.2a): HM = Q. Thus, with a chosen G satisfying (3.8),

H and M can be constructed vis the following steps:MTHM=∆,

HM=Q.
⇔

QTM=∆,

HM=Q.
⇔

M=Q−T∆,

H=Q∆−1QT .
(3.10)

Then, with the constructed matrix M in (3.10), the correction step (2.1b) and

thus the prediction-correction framework (2.1) can also be specified as a concrete

splitting contraction algorithm for the VI(1.4)-(1.4b). Again, with a given G

satisfying (3.8), the matrices H and M are both uniquely determined.
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3.3 Choices ofD andG

It is interesting to observe that the proposed two construction strategies can be

related via the relationship

D � 0, G � 0, and D +G = QT +Q. (3.11)

Hence, once D is chosen for the construction strategy in Section 3.1, the

corresponding G given by (3.11) can be used for the construction strategy in

Section 3.2, and vice versa.

Technically, there are infinitely many such choices subject to (3.11). For example,

we can choose

D = α[QT +Q] and G = (1− α)[QT +Q], α ∈ (0, 1).

We will elaborate on the choice D = G = 1
2 [QT +Q] in Section 4.3.3.
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3.4 Implementation of the correction step (2.1b)

Note that the correction step (2.1b) can be rewritten as

QT (vk+1 − vk) = QTM(vk − ṽk).

To implement the correction step (2.1b) with the constructed two choices for M ,

i.e., M = Q−TD in (3.3) and M = Q−T∆ in (3.10), we need to solve one of

the following systems of equations:

QT (vk+1 − vk) = D(ṽk − vk), (3.12)

and

QT (vk+1 − vk) = ∆(ṽk − vk). (3.13)

Hence, although D and G (thus ∆) can be chosen arbitrarily with the only

constraint (3.6) or (3.8), it is preferred to choose some model-tailored ones that

can favor solving the systems of equations (3.12) or (3.13) more efficiently.
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4 Application to three-block separable convex

optimization

In this section, we apply the strategies proposed in Sections 3.1 and 3.2 to a

separable convex optimization problem, and showcase how to construct the norm

matrix H and the correction matrix M when the matrix Q is given.

4.1 Model

We consider the three-block separable convex optimization model with linear
constraints

min{θ1(x) + θ2(y) + θ3(z) |Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z}, (4.1)

Clearly, it is a special case of the canonical convex programming problem (1.1), and the VI

(1.4)-(1.4b) can be specified as the following:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (4.2)
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where

w =


x

y

z

λ

 , u =


x

y

z

 , F (w) =


−ATλ

−BTλ

−CTλ

Ax+By + Cz − b

 , (4.3a)

with

θ(u) = θ1(x) + θ2(y) + θ3(z), Ω = X × Y × Z × <m. (4.3b)

Let the augmented Lagrangian function of the model (4.1) be

L[3]
β (x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b)

+
β

2
‖Ax+By + Cz − b‖2 (4.4)

with λ ∈ <m the Lagrange multiplier and β > 0 the penalty parameter.
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Direct extension of ADMM

xk+1 ∈ arg min
{
L[3]
β (x, yk, zk, λk) | x ∈ X

}
,

yk+1 ∈ arg min
{
L[3]
β (xk+1, y, zk, λk) | y ∈ Y

}
,

zk+1 ∈ arg min
{
L[3]
β (xk+1, yk+1, z, λk) | z ∈ Z

}
,

λk+1 = λk −
(
Axk+1 +Byk+1 + Czk+1 − b

)
.

(4.5)

However, the splitting scheme (4.5) is coarse in sense of that its convergence is

not guaranteed as shown in [2].

4.2 Discerning the prediction matrix Q

Our construction starts from the coarse splitting scheme (4.5) which can be

rewritten as the prediction step (2.1a) and hence the corresponding prediction

matrix Q can be discerned. For this purpose, we first consider the subproblems
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related to the primal variables in (4.5), and rewrite them as

ũk = (x̃k, ỹk, z̃k) ∈ X × Y × Z . Namely, we have
x̃k ∈ arg min

{
L[3]
β (x, yk, zk, λk) | x ∈ X

}
,

ỹk ∈ arg min
{
L[3]
β (x̃k, y, zk, λk) | y ∈ Y

}
,

z̃k ∈ arg min
{
L[3]
β (x̃k, ỹk, z, λk) | z ∈ Z

}
.

(4.6)

Ignoring some constant terms, we can rewrite the formula above as
x̃k ∈ arg min

{
θ1(x)− xTATλk + β

2
‖Ax+Byk + Czk − b‖2 | x ∈ X

}
,

ỹk ∈ arg min
{
θ2(y)− yTBTλk + β

2
‖Ax̃k +By + Czk − b‖2 | y ∈ Y

}
,

z̃k ∈ arg min
{
θ3(z)− zTCTλk + β

2
‖Ax̃k +Bỹk + Cz − b‖2 | z ∈ Z

}
.
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Then, according to the optimality Lemma, we have ũk ∈ U and

θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−ATλk

+βAT
(
Ax̃k +Byk + Czk − b

)}
≥ 0, ∀x ∈ X ,

θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BTλk

+βBT
(
Ax̃k +Bỹk + Czk − b

)}
≥ 0, ∀ y ∈ Y,

θ3(z)− θ3(z̃k) + (z − z̃k)T
{
−CTλk

+βCT
(
Ax̃k +Bỹk + Cz̃k − b

)}
≥ 0, ∀ z ∈ Z.

(4.7)

By defining

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
, (4.8)

we have

(Ax̃k +Bỹk + Cz̃k − b)−B(ỹk − yk)− C(z̃k − zk) +
1

β
(λ̃k − λk) = 0.
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Using the VI form (4.3), we get w̃k ∈ Ω and

θ1(x)− θ1(x̃k) + (x− x̃k)T
{
−AT λ̃k

}
≥ 0, ∀x ∈ X ,

θ2(y)− θ2(ỹk) + (y − ỹk)T
{
−BT λ̃k + βBTB(ỹk − yk)

}
≥ 0, ∀ y ∈ Y,

θ3(z)− θ3(z̃k) + (z − z̃k)T

{
−CT λ̃k + βCTB(ỹk − yk)

βCTC(z̃k − zk)

}
≥ 0, ∀ z ∈ Z,

(λ− λ̃k)T

{
(Ax̃k +Bỹk + Cz̃k − b)

−B(ỹk − yk)−C(z̃k − zk) +
1

β
(λ̃k − λk)

}
≥ 0, ∀λ ∈ Λ.

(4.9)

The sum of the underline parts of (4.9) is exactly F (w̃k), where F (·) is defined

in (4.3). Thus, we have

w̃k ∈ Ω, θ(u)− θ(ũk) + (w− w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk − ṽk), ∀w ∈ Ω,

(4.10)
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where the prediction matrix is

Q =


βBTB 0 0

βCTB βCTC 0

−B −C 1

β
Im

 . (4.11)

Moreover, for the prediction matrix Q in (4.11) which is determined by the splitting

scheme (4.6) and the defined λ̃k by (4.8), we have

QT +Q =


2βBTB βBTC −BT

βCTB 2βCTC −CT

−B −C 2
β Im

 , (4.12)

which is positive definite whenever B and C are full column rank.
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4.3 Constructing the correction matrix M

With the prediction matrix Q given in (4.11), the prediction-correction framework

(2.1) can be specified as a concrete algorithm for the model (4.1) once the

correction step (2.1b) is specified. Now, we showcase how to specify the

correction step (2.1b) by the construction strategies discussed in Sections 3.1, 3.2

and 3.3. Note that v = (y, z, λ) below.

ÀJ 0 ≺ D ≺ QT +Q,�±JÑgC����{,e¡�´�
~f
®.

4.3.1 Construction I

Based on (4.11) and (4.12), and following the strategy in Section 3.1, we can

choose

D =


νβBTB 0 0

0 νβCTC 0

0 0
1

β
Im

 (4.13)

with 0 < ν < 1, which is positive definite whenever B and C are both full
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column rank. Recall the correction matrix M in (3.3). Then, a concrete splitting

contraction algorithm for (4.1) can be generated as below.

Algorithm 1 for the model (4.1)

[Prediction Step.] Obtain (x̃k, ỹk, z̃k) via the direct extension of the ADMM (4.6)

and define λ̃k by (4.8).

[Correction Step.] QT (vk+1 − vk) = D(ṽk − vk).

For the correction step QT (vk+1 − vk) = D(ṽk − vk), we know that

QT =


βBTB βBTC −BT

0 βCTC −CT

0 0 1
β
Im

 =


βBT 0 0

0 βCT 0

0 0 1
β
Im



B C − 1

β
Im

0 C − 1
β
Im

0 0 Im

,
and

D =


νβBTB 0 0

0 νβCTC 0

0 0 1
β
Im

 =


βBT 0 0

0 βCT 0

0 0 1
β
Im



νB 0 0

0 νC 0

0 0 Im

.
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That is, QT and D have a common matrix in their factorization forms above.

Hence, to implement the correction step (2.1b), i.e.,

QT (vk+1 − vk) = D(ṽk − vk),

essentially we only need to consider the even easier equation
B C − 1

β
Im

0 C − 1
β
Im

0 0 Im




yk+1 − yk

zk+1 − zk

λk+1 − λk

 =


νB 0 0

0 νC 0

0 0 Im




ỹk − yk

z̃k − zk

λ̃k − λk

 .

The above system of equations equivalent to
Im Im − 1

β
Im

0 Im − 1
β
Im

0 0 Im



Byk+1 −Byk

Czk+1 − Czk

λk+1 − λk

 =


νIm 0 0

0 νIm 0

0 0 Im



Bỹk −Byk

Cz̃k − Czk

λ̃k − λk

 .

We can get (Byk+1, Czk+1, λk+1) by a back-substitution.
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4.3.2 Construction 2

Based on (4.11) and (4.12), and following the strategy in Section 3.2, we can

choose

G =


(1− ν)βBTB 0 0

0 (1− ν)βCTC 0

0 0 1
β Im

 , (4.15)

with ν ∈ (0, 1), which can be guaranteed to be positive definite whenever B and

C are full column rank. Note that the matrix G in (4.15) is precisely the matrix D

defined in (4.13). Furthermore, we have

∆ = QT +Q−G =


(1 + ν)βBTB βBTC −BT

βCTB (1 + ν)βCTC −CT

−B −C 1
β Im

 .

Recall the correction matrix M in (3.10). Then, another contraction splitting

algorithm for (4.1) can be generated as below.
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Algorithm 2 for the model (4.1)

[Prediction Step.] Obtain (x̃k, ỹk, z̃k) via the direct extension of the ADMM (4.6)

define λ̃k by (4.8).

[Correction Step.] QT (vk+1 − vk) = ∆(ṽk − vk).

For the correction step QT (vk+1 − vk) = ∆(ṽk − vk), we know that

QT =


βBTB βBTC −BT

0 βCTC −CT

0 0 1
β
Im



=


βBT 0 0

0 βCT 0

0 0 1
β
Im




B C − 1
β
Im

0 C − 1
β
Im

0 0 Im

,
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and

∆ =


(1 + ν)βBTB βBTC −BT

βCTB (1 + ν)βCTC −CT

−B −C 1
β
Im



=


βBT 0 0

0 βCT 0

0 0 1
β
Im




(1 + ν)B C − 1
β
Im

B (1 + ν)C − 1
β
Im

−βB −βC Im

.
That is, QT and ∆ have a common matrix in their factorization forms above.

Hence, to implement the correction step (2.1b), i.e.,

QT (vk+1 − vk) = ∆(ṽk − vk),
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essentially we only need to consider the even easier equation B C − 1
β
Im

0 C − 1
β
Im

0 0 Im


 yk+1 − yk

zk+1 − zk
λk+1 − λk



=


(1 + ν)B C − 1

β
Im

B (1 + ν)C − 1
β
Im

−βB −βC Im




ỹk − yk

z̃k − zk

λ̃k − λk

 . (4.17)

The above system of equations equivalent to Im Im − 1
β
Im

0 Im − 1
β
Im

0 0 Im


 Byk+1 −Byk

Czk+1 − Czk
λk+1 − λk



=


(1 + ν)Im Im − 1

β
Im

Im (1 + ν)Im − 1
β
Im

−βIm −βIm Im


 Bỹk −Byk

Cz̃k − Czk
λ̃k − λk

 . (4.18)
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Similar as (4.3.1), with the choice of G in (4.15), implementing the resulting

correction step (2.1b) essentially only requires solving the equation (4.18) in terms

of (Byk, Czk, λk). By a manipulation, the correction form can be simplified toByk+1

Czk+1

λk+1

 =

Byk

Czk

λk

−


νIm −νIm 0

0 νIm 0

−βIm −βIm Im


B(yk − ỹk)

C(zk − z̃k)

λk − λ̃k

 .

4.3.3 Construction 3

Recall the relationship between the matrices D and G in (3.11), and QT +Q

given in (4.12). Essentially, the proposed construction strategies in Sections 3.1
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and 3.2 take the same matrix
νβBTB 0 0

0 νβCTC 0

0 0 1
β Im


as D and G, respectively, and then the other one is determined by (3.11). As

mentioned in Section 3.3, any other choice of D and G subject to the relationship

(3.11) is also eligible. Let us consider the following specific one:

D = G =
1

2

[
QT +Q

]
=


βBTB 1

2βB
TC − 1

2B
T

1
2βC

TB βCTC − 1
2C

T

− 1
2B − 1

2C
1
β Im

 , (4.19)

which are both positive definite whenever B and C are full column rank. Recall

the correction matrix M in (3.10). Then, one more contraction splitting algorithm

for (4.1) can be generated as below.
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Algorithm 3 for the model (4.1)

[Prediction Step.] Obtain (x̃k, ỹk, z̃k) via the direct extension of the ADMM (4.6)

and define λ̃k by (4.8).

[Correction Step.] QT (vk+1 − vk) = 1
2 [QT +Q](ṽk − vk).

For the correction stepQT (vk+1− vk) = 1
2 [QT +Q](ṽk− vk), we know that

QT =


βBTB βBTC −BT

0 βCTC −CT

0 0 1
β
Im

 =


βBT 0 0

0 βCT 0

0 0 1
β
Im



B C − 1

β
Im

0 C − 1
β
Im

0 0 Im

,
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and

1

2
[QT +Q] =


βBTB 1

2
βBTC − 1

2
BT

1
2
βCTB βCTC − 1

2
CT

− 1
2
B − 1

2
C 1

β
Im



=


βBT 0 0

0 βCT 0

0 0 1
β
Im




B 1
2
C − 1

2β
Im

1
2
B C − 1

2β
Im

− 1
2
βB − 1

2
βC Im

 .

That is, QT and 1
2 [QT +Q] have a common matrix in their factorization forms

above.
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Hence, to implement QT (vk+1 − vk) = 1
2 [QT +Q](ṽk − vk), essentially we

only need to consider the even easier equation
B C − 1

β
Im

0 C − 1
β
Im

0 0 Im




yk+1 − yk

zk+1 − zk

λk+1 − λk



=


B 1

2
C − 1

2β
Im

1
2
B C − 1

2β
Im

− 1
2
βB − 1

2
βC Im




ỹk − yk

z̃k − zk

λ̃k − λk

 . (4.21)

The equivalent form
Im Im − 1

β
Im

0 Im − 1
β
Im

0 0 Im




Byk+1 −Byk

Czk+1 − Czk

λk+1 − λk



=


Im

1
2
Im − 1

2β
Im

1
2
Im Im − 1

2β
Im

− 1
2
βIm − 1

2
βIm Im




Bỹk −Byk

Cz̃k − Czk

λ̃k − λk

 .
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5 p-block separable convex optimization problems

In the following we consider the multiple-block convex optimization:

min
{ p∑
i=1

θi(xi)
∣∣ p∑
i=1

Aixi = b (or ≥ b), xi ∈ Xi
}
. (5.1)

The Lagrangian function is

L(x1, . . . , xp, λ) =

p∑
i=1

θi(xi)− λT (

p∑
i=1

Aixi − b),

which is defined on Ω =
∏p
i=1 Xi × Λ, where

Λ =

 <
m, if

∑p
i=1Aixi = b,

<m+ , if
∑p
i=1Aixi ≥ b.
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Let (x∗1, . . . , x
∗
p, λ
∗) ∈ Ω be a saddle point of the Lagrangian function, then

Lλ∈Λ(x∗1, . . . , x
∗
p, λ) ≤ L(x∗1, . . . , x

∗
p, λ
∗) ≤ Lxi∈Xi

(x1, . . . , xp, λ
∗).

The optimality condition of (5.1) can be written as the following VI:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (5.2a)

where

w =


x1

...

xp

λ

 , x =


x1

...

xp

 , F (w) =


−AT1 λ

...

−ATp λ∑p
i=1Aixi − b

 , (5.2b)

and

θ(x) =

p∑
i=1

θi(xi), Ω =

p∏
i=1

Xi × Λ.

Again, we denote by Ω∗ the solution set of the VI (5.2).
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Primal-dual prediction for p-block problems

A Primal-Dual prediction for (5.1) . A natural consideration of Prediction

With given (A1xk1 , A2xk2 , · · · , Apxkp , λk), find w̃k ∈ Ω via

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λk + β

2
‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ arg minxp∈Xp

{
θp(xp)− xTp ATp λk + β

2
‖
∑p−1
j=1Aj(x̃

k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
.

(5.3)

ýýýÿÿÿkkk���©©©222éééóóó.ééé���©©©lll������©©©CCCþþþfff¯̄̄KKKÅÅÅ���UUUSSS¦¦¦))).
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Analysis for the P-D Prediction First, for the primal part of the predictor,

x̃ki ∈ arg min
{
θi(xi)−xTi ATi λk+

β

2
‖
i−1∑
j=1

Aj(x̃
k
j−xkj )+Ai(xi−xki )‖2|xi ∈ Xi

}
.

According to the optimality lemma, the optimal condition is x̃ki ∈ Xi and

θi(xi)− θi(x̃ki ) + (xi − x̃ki )T {−ATi λk + βATi
( i∑
j=1

Aj(x̃
k
j − xkj )

)
} ≥ 0,

for all xi ∈ Xi. It can be written as x̃ki ∈ Xi and

θi(xi)−θi(x̃ki )+(xi−x̃ki )T {−ATi λ̃k+βATi
( i∑
j=1

Aj(x̃
k
j−xkj )

)
+ATi (λ̃

k−λk)} ≥ 0,

(5.4a)

for all xi ∈ Xi. The dual part of the predictor, λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
,

λ̃k = arg min
{∥∥λ− [λk − β(∑p

j=1Aj x̃
k
j − b

)]∥∥2 ∣∣λ ∈ Λ
}
.

The optimal condition is

λ̃k ∈ Λ, (λ− λ̃k)T
{(∑p

j=1Aj x̃
k
j − b

)
+ 1

β
(λ̃k−λk)

}
≥ 0, ∀λ ∈ Λ. (5.4b)
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Summating (5.4a) and (5.4b), for the predictor w̃k generated by (5.3), we have w̃k ∈ Ω,

θ(x)−θ(x̃k)+(w−w̃k)TF (w̃k) ≥ (w−w̃k)TQ(wk−w̃k), ∀w ∈ Ω, (5.5a)

where

Q =



βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2

. . .
... AT2

...
. . . 0

...

βATpA1 βATpA2 · · · βATpAp ATp

0 0 · · · 0 1
β
Im


. (5.5b)
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6 Translation of the correction variables

The optimization problem (5.1) has been translated to VI (5.2), namely,

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

For the easy analysis, we need to denote the following notations:

P =



√
βA1 0 · · · · · · 0

0
√
βA2

. . .
...

...
. . .

. . .
. . .

...

...
. . .

√
βAp 0

0 · · · · · · 0 (1/
√
β)Im


, ξ=Pw=



√
βA1x1

√
βA2x2

...

√
βApxp

(1/
√
β)λ


.

(6.1)Accordingly, we define

Ξ =
{
ξ | ξ = Pw, w ∈ Ω

}
,

and

Ξ∗ =
{
ξ∗ | ξ∗ = Pw∗, w∗ ∈ Ω∗

}
.
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Using the notation P in (6.1), for the matrix Q in (5.5b), we have

Q=PTQP, where Q=



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im


. (6.2)

Thus, for the right hand side of (5.5a), we have

(w − w̃k)TQ(wk − w̃k) = (w − w̃k)TPTQP (wk − w̃k)

= (ξ − ξ̃k)TQ(ξk − ξ̃k).

Then, it follows from (5.5) that we have the following VI for the P-D prediction:

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀w ∈ Ω. (6.3)

whereQ is given in (6.2).
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Prediction-Correction Framework for VI (5.2).

1. (Prediction Step) With given wk and ξk = Pwk, find w̃k ∈ Ω such that

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀w ∈ Ω, (6.4a)

withQ ∈ <(p+1)m×(p+1)m, and the matrixQT +Q is positive definite.

2. (Correction Step) With the predictor w̃k by (6.4a) and ξ̃k = Pw̃k, the new

iterate ξk+1 is updated by

ξk+1 = ξk −M(ξk − ξ̃k), (6.4b)

whereM∈ <(p+1)m×(p+1)m is a non-singular matrix.
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Theorem 2 For the matricesQ andM in the algorithm (6.4), if there is a

positive definite matrixH ∈ <(p+1)m×(p+1)m such that

HM = Q (6.5a)

and

G := QT +Q−MTHM � 0, (6.5b)

then we have

‖ξk+1 − ξ∗‖2H ≤ ‖ξ
k − ξ∗‖2H − ‖ξ

k − ξ̃k‖2G , ∀ ξ
∗ ∈ Ξ∗. (6.6)

Proof. Setting w in (6.4a) as any fixed w∗ ∈ Ω∗, and using

(w̃k − w∗)TF (w̃k) ≡ (w̃k − w∗)TF (w∗),

we get

(ξ̃k−ξ∗)TQ(ξk− ξ̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗), ∀w∗ ∈ Ω∗.
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The right-hand side of the last inequality is non-negative. Thus, we have

(ξk − ξ∗)TQ(ξk − ξ̃k) ≥ (ξk − ξ̃k)TQ(ξk − ξ̃k), ∀ ξ∗ ∈ Ξ∗. (6.7)

Then, by simple manipulations, we obtain

‖ξk − ξ∗‖2H − ‖ξ
k+1 − ξ∗‖2H

(6.4b)
= ‖ξk − ξ∗‖2H − ‖(ξ

k − ξ∗)−M(ξk − ξ̃k)‖2H
(6.5a)
= 2(ξk − ξ∗)TQ(ξk − ξ̃k)− ‖M(ξk − ξ̃k)‖2H

(6.7)

≥ 2(ξk − ξ̃k)TQ(ξk − ξ̃k)− ‖M(ξk − ξ̃k)‖2H
= (ξk − ξ̃k)T [(QT +Q)−MTHM](ξk − ξ̃k)

(6.5b)
= ‖ξk − ξ̃k‖2G .

The assertion of this theorem is proved. �

We call (6.5) the convergence conditions for the algorithm framework (6.4).

The inequality (6.6) is the key for the convergence proofs, for details, see [14]
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7 A special correction
For givenQ which satisfiesQT +Q � 0, we choseD and G, such that

D � 0, G � 0, D + G = QT +Q.

Then, the correction matrixM in (6.4b) is given by

M = Q−TD.

ÀJ
��� 0 ≺ D,�EMØ2 �� e¡k0�±c3 [14]¥/n0Ñ5�M

First, we give some correction examples which satisfy conditions (6.5) in Theorem 2.

In order to simplify the notations to be used, we define the following p× p block matrices:

L =


Im 0 · · · 0

Im Im
. . .

...
...

. . . 0

Im Im · · · Im

 , I =


Im 0 · · · 0

0 Im
. . .

...
...

. . .
. . . 0

0 · · · 0 Im

 . (7.1)

We also define the 1× p block matrix

E =
(
Im Im · · · Im

)
. (7.2)
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Using the notations (7.1)-(7.2), the matrixQ in (6.2) has the form

Q =

 L ET

0 Im

 and QT +Q =

 I + ET E ET

E 2Im

 . (7.3)

In order to construct a convergent algorithm, we need only to give the matricesM andH
and to verify the convergence conditions (6.5)

By setting

M =

 νL−T 0

−νEL−T Im

 . (7.4)

For the above matricesQ andM, the remaining tasks is to find a positive definite matrix

H, such that the convergence conditions (6.5)are satisfied.

(7.4)¥�M´·�3 [14]¥/n0Ñ5�.
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How to improvise a correction matrixM ? BecauseHM = Q,

H = QM−1.

There is a block lower triangular matrixM which satisfies the convergence condition ?

The inverse of a triangular matrix is also a triangular matrix.

M−1 =

 X 0

Y Im

 .

QM−1 should be a symmetric matrix

H = QM−1 =

 L ET

0 Im

 X 0

Y Im

 =

 LX + ETY ET

Y Im

 .

Thus, Y = E and X = S−1LT , S is a undetermined positive definite matrix.

M−1 =

 S−1LT 0

E Im

 and thus M =

 L−TS 0

−EL−TS Im

 .
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UY/n0e�,uyS = νIÒ�±
,·�Ïd�nÑ
H.

Lemma 3 For the matricesQ andM given by (7.3) and (7.4), respectively, the matrix

H =

 1
ν
LLT + ET E ET

E Im

 with ν ∈ (0, 1) (7.5)

is positive definite, and it satisfiesHM = Q.

Proof. It is easy to check the positive definiteness ofH. In addition, for the block matrixQ
in (6.2), we have

HM =

 1
ν
LLT + ET E ET

E Im

 νL−T 0

−νEL−T Im


=

 L ET

0 Im

 = Q.

The assertions of this lemma are proved. �

ù�nÑ5�MÚH,UÄ÷vQT +Q−MT HM � 0º�I�u��e.
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Lemma 4 LetQ,M andH be defined in (6.2), (7.4) and (7.5), respectively. Then the

matrix

G := (QT +Q)−MTHM (7.6)

is positive definite.

Proof. By elementary matrix multiplications, we know that

MTHM = QTM =

LT 0

E Im

 νL−T 0

−νEL−T Im

 =

νI 0

0 Im

 = D.

Then, it follows from LT + L = I + ET E (see (7.1)-(7.2) ) that

G = (QT +Q)−MTHM

=

 LT + L ET

E 2Im

−
 νI 0

0 Im

 =

 (1− ν)I + ET E ET

E Im

 .

Thus, the matrix G is positive definite for any ν ∈ (0, 1). �
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Finally, correction step can be written

ξk+1 = ξk −M(ξk − ξ̃k). (7.7)

Lemma 3 and Lemma 4 have verified the convergence conditions (6.5) and thus the key

convergence inequality (6.6) holds. The algorithm (5.3) & (7.7) is convergent.

Recall the respective definitions L and E in (7.1) and (7.2). We have

L−T =



Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im


and

EL−T =
(
Im 0 · · · 0

)
.
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Thus

M =

 νL−T 0

−νEL−T Im

 =



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−νIm 0 · · · 0 Im


. (7.8)

By a manipulation, we have

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p


=



A1xk1

A2xk2

...

Apxkp


−



νIm −νIm 0 0

0 νIm
. . . 0

...
. . .

. . . −νIm

0 · · · 0 νIm





A1xk1 −A1x̃k1

A2xk2 −A2x̃k2

...

Apxkp −Apx̃kp


, (7.9)

and
λk+1 = λ̃k + νβ(A1x

k
1 −A1x̃

k
1). (7.10)
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8 More Choices based on the predictions

�� Q−T (�{ü,�E��Ý
M��{¿Ø ��´�~N´�.

The matrixQ in (6.2) has the form

Q =

 L ET

0 Im

 and thus QT +Q =

 I + ETE ET

E 2Im

 .

To further analyze the correction steps associated with the correction matrixM,

let us take a closer look at the matrixQ−T .

According to the primal-dual prediction (5.3), the matrixQ in (6.2), we have

Q−T =

 LT 0

E Im

−1

=

 L−T 0

−EL−T Im

 . (8.1)
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and

 L−T 0

−EL−T Im

 =



Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

−Im 0 · · · 0 Im


.

The calculation M = Q−TD is essentially very easy for different D !
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Since

QT +Q =

 I + ETE ET

E 2Im

 ,

it can be decomposed as

QT +Q =

 νI 0

0 Im

+

 (1− ν)I + ETE ET

E Im

 .

The both matrices in the right hand side are positive definite. If we chose

D =

 νI 0

0 Im

 and thus G =

 (1− ν)I + ETE ET

E Im

 ,

it is just the correction in Section §7.
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Conversely, we can also choose

D =

 (1− ν)I + ETE ET

E Im

 and thus G =

 νI 0

0 Im


and thus get the another correction method.

There are many positive definite decompositions ofQT +Q, for example,

QT +Q =

 (1− ν)I 0

0 (1− ν)Im

+

 νI + ETE ET

E (1 + ν)Im

 .

and

QT +Q = D + G = α(QT +Q) + (1− α)(QT +Q), α ∈ (0, 1).
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9 Conclusions
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T´�¬é�Ý
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 H = QD−1QT ,

M = Q−TD.
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D = α[QT +Q], α ∈ (0, 1).

• �w�15!m©,é���5�åà`z¯K,æ^ primal-dualýÿ,f¯K�

¦)�ª´ADMMa.�Å��c.·�I��Q−T /ª�~{ü.´�,§I

��	���.�U�´,��s¤é�,qAON´¢y�
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• ·�AOíÂ/ýÿ-��0,cÙ´@«�dé����.)ÅÇÇ�Jä,?}Ò

´��.�¬£n�´�«��,�,��Ä¤���OUSýÿ,ü$
¯KJ

Ý;�Û�N��,rº
Âñ��.

• ýÿ-���{Q�±^5¦)�ª�å�¯K,q�±^5¦)Ø�ª�å�¯

K.·^l�¬�?¿õ¬��©l¯K,�{(�ÚÂñ5y²��Ú�.

• ·^��2��{¬Ø¬K��Çºé²; ADMMò��ü¬�©l��ª�
åà`z¯K,·�^5-!�©J�������O��{�¦),��þ¦<J

ø� ADMM�è'�,uyù«ú%´õ{�.

• Question A. In the prediction step, how to arrange a “good” prediction matrix whose matrixQ
satisfies

QT +Q � I.

• Question B For the given prediction matrixQ, what are the criteria for choosing matrixD
which satisfies

0 ≺ D ≺ QT +Q.

F"� ±�¦��Ý"À·�*:,é�Ò�&,Øé��1µ��.
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