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. ZMEA RO LR min{f(z)|Az = b(or > b), z € X}
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A function f () is convex iff t

F(1=0)z+0y) < (1-0)f(z)+01(y)
Vo € [0, 1]. _______

Properties of convex function

o fcCl fisconvexiff B

Thus, we have also XX i )

f(y) = f(z) = V(@) (y - ). | |

f(@) = fy) =2 V)" (@ —y) )+ V) (=)

e Adding above two inequalities, we get

(y— )" (Vf(y) — V(=) >0.

o f€Cl Vfismonotone. [ € C? V?f(x)is positive semi-definite.

Convex function

e Any local minimum of a convex function is a global minimum.



ZITERE f:R" — R HIBEE (Gradient) 1 Hassian

of o%f 0°f
o LT,
P 9.2
Vf(z)= . , Vif(z) = Sraom o
af )
\ Oxn, ) \ 0xn0x1 0Ly, 0T

Vi =v((VH").

f(x) =c'z,c & ntEF|EE

Vic'z) =V(z'¢c) =c,

f(z) = L||Az — b||2, A € R™" b e R

1 " 1
V(§||Aac —b||*) = A (Az — b) € R", V2(§||A:c —b||*) = (A" A)nxn.

\Va (cTa:) = 0pnxn-

02 f
0x10xy,
02 f
0x20xn,

)




1 Optimization problem and VI

1.1 Differential convex optimization in Form of VI

Let {2 C K", we consider the convex minimization problem

min{ f(x) | z € Q}. (1.1)

What is the first-order optimal condition ? '

¥ € Q) & z* € ()and any feasible direction is not a descent one.

Optimal condition in variational inequality form '

o Sy(z*) ={s e R" | sTVf(z*) <0} = Setofthe descent directions.

o Si(x*) ={seR" | s=x—2a* z €} = Setoffeasible directions.

*eQ* & 2*eQ and S¢(z*)NSy(z*) = 0.

FEFIELLFE LT ENZ: FrERTHREESABE EAGE



The optimal condition can be presented in a variational inequality (VI) form:
e Q, (x—2)'Vf(x*)>0, VreQ. (1.2)
Substituting V f () with an operator F' (from J" into itself), we get a classical VI.
a 2en |\ Thedeheconar
/

< . > o

0 V() AN
\_ o

Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

fly) > f(z)+Vf(x)' (y—z) andthus (z—y)" (Vf(x)—Vf(y)) > 0.

We say the gradient Vf of the convex function f is a monotone operator.



BRENEZAENAEZRFE FEEETHRIEN—15IE

z* € argmin{f(z)|lr € X} & z" € X, O(x) —0(z*) >0, VxedX;

r* € argmin{f(z)lr € X} & z* € X, (z—2*)'Vf(z*)>0, Vrc X.

FEMNOMEEREFGREEERR, BERGE—ENE TERSIE:

Lemma 1 Let X C R" be a closed convex set, 0(x) and f(x) be convex func-
tions and f(x) is differentiable. Assume that the solution set of the minimization
problem min{f(x) + f(x) |x € X'} is nonempty. Then,

r* € argmin{f(z) + f(x) |z € X'} (1.3a)
if and only if Lt s F IR
v e X, 0(x) —0(z*) + (x — ") Vf(z*) >0, Yo € X. (1.3Db)

S| IRFELALO)RE (1.3a) 5L T AZER (1.3b). TEZ HUERR.



Proof : First, if (1.3a) is true, then for any x € X', we have

O(ze) —0(z7) | flza) = fl&") o (1.4)

where
To = (1 —a)x” +ax, Vae (0,1].

Because 6(-) is convex, it follows that
O(za) < (1 —a)0(z7) + ab(x),

and thus

O(ry) —0(z™)
Qa
Substituting the last inequality in the left hand side of (1.4), we have

O(x) —0(x") > , Ya € (0,1].

O(x) —0(z™) + f(@a) = J(27) >0, Va e (0,1].

(87

Using f(zo) = f(x™ + a(xz — z™)) and letting & — 0, from the above inequality we
get
0(zx) —0(z*) + V(") (x —2*) >0, V€ X.

10
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Thus (1.3b) follows from (1.3a). Conversely, since f is convex, it follow that

f(a) < (1 —a)f(z") + af (z)

and it can be rewritten as

Thus, we have

> flea) = f(&7) _ fla" + oz — 7)) — f(a7)

(87 «

flz) = fz7)
forall o € (0, 1]. Letting « — 04, we get
f(@) = f(@") = V") (z - 2%).
Substituting it in the left hand side of (1.3b), we get
rreX, 0(x)—0x")+ f(x)— f(z") >0, VreX,

and (1.3a) is true. The proof is complete. []
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1.2 Linear constrained convex optimization and VI

We consider the linearly constrained convex

optimization problem
min{f(u) | Au=5b, ueU}. (1.5
The Lagrangian function of the problem (1.5) is

L(u, \) = 0(u) — X' (Au —b), (1.6)

which is defined on U/ X R™.

Example 1 of the problem (1.5): Finding the nearest correlation matrix

A positive semi-definite matrix, whose each diagonal element is equal 1, is called
the correlation matrix. For given symmetric n X n matrix C', the mathematical
form of finding the nearest correlation matrix X is

min{1|| X — C||7 | diag(X) =, X € ST}, (1.7)



where Sﬁ is the positive semi-definite cone and e is a n-vector whose each
element is equal 1. The problem (1.7) is a concrete problem of type (1.5).

Example 2 of the problem (1.5): The matrix completion problem

Let M be a given m X n matrix, 11 is the elements in- | A7 is jow Rank, only some
dices set of M, elements of M are known.
I c{@j)ie{l,....m}, jef{l,...,n}}. ||« . .
The mathematical form of the matrix completion problem ¥ ¥ *
is relaxed to : “ i : * 8 i
min{|| X[ | Xi; = My, (i) €T}, e ||~ 5" 7
where || - ||« is the nuclear norm—the sum of the singular . * . : . * . *
values of a given matrix. The problem (1.8) is a convex " ”
optimization of form (1.5). The matrix A in (1.5) for the * * * *
linear constraints * * * *
Xij = Mij, (ij) € 11, **** ***
is a projection matrix, and thus || A” A|| = 1. ko % kX
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A pair of (u*, \*) € U x R™ is called a saddle point of the Lagrange function
(1.6), if

Lyepm (u™, A) < L(u*, \*) < Lycy(u, A").

The above inequalities can be written as

u* €U, L(u,\*)—Lu*,\")>0, Yuel, (1.9a)
A e R L(u*, ") — L(u™,\) >0, VXeR™. (1.9b)

According to the definition of L(u, \) (see(1.6)),
L(u, \*) — L(u™, \)

= [0(u) = (V)" (Au = b)] = [B(u”) — (A")" (Au” — D)
= O(u) —0(u*) + (u—u*)" (—AT )

it follows from (1.9a) that

uw* eU, O(u) —0(u*) + (u—u) (—ATX) >0, Yucl. (1.10)
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Similarly, for (1.9b), since
L(u*, \*) — L(u*, \)
= [0(u”) — ()" (Au”™ = b)] = [0(u") — (N)" (Au” — b)]
= (A= 29)"(Au* —b),
thus we have
MeR™ (A=A (Au* —b) >0, Ve R™. (1.11)

Notice that the expression (1.11) (the inner product of the vector (Au* — b) with
any vector is nonnegative) is equivalent to

Au* = b.
Writing (1.10) and (1.11) together, we get the following variational inequality:

w* e, O(u) —0(u*)+ (u—u)(—ATX*) >0, Vuel,
A e R A= 2A)T(Au* —b) >0, VAeRm



Using a more compact form, the saddle-point can be characterized as the solution

of the following VI:
w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, Ywe, (1.12a)

where

T
w:(u), F(w):( 'A)\) and Q=UxR™. (1.12b)
Au — b

Setting w = (u, A*) and w = (u*, \) in (1.12), respectively, we get (1.10) and

(1.11). Because F' is a affine operator and

re- (55 (0) - ()

The matrix is skew-symmetric, we have

M ARBMLRIRR (1.5), &K T RET S AEFN (1.12).

16
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Two block separable convex optimization I

We consider the following structured separable convex optimization
min{6,(z) + 02(y) | Ar+ By =b, x € X,y € V}. (1.13)

This is a special problem of (1.5) with

"w= ( ! ) U=XxY, A=(A B).
y

The Lagrangian function of the problem (1.13) is
LPN(z,y,A) = 61(x) + 02(y) — A" (Az + By — b).
The same analysis tells us that the saddle point is a solution of the following VI:

w* € Q, Ou)— 0w+ (w—w*) Flw*) >0, Ywe. (1.14)
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T
T
u( ), O(u) =01(x)+02(y), w=| vy |, (1.15a)
Y A
— AT\
F(w) = —BT)\ , and Q=X x)Y x R™. (1.15b)
Axz+ By — b

The affine operator F'(w) has the form

0 0 —AT x 0
Flw)=|0 0 —-BT T I
A B 0 A b

Again, due to the skew-symmetry, we have (w — @) (F(w) — F(w)) = 0.
A5 B M AROALIEIRE (1.13), IR T B A TFX (1.14)~(1.15).
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Convex optimization problem with three separable functions

min{f(x) +602(y) +03(z) | Ax+By+Cz=b,z € X,y )Y,z € Z},

is a special problem of (1.5) with three blocks. The Lagrangian function is
LB (2,9, 2,\) = 01(z) + 02(y) + 05(2) — AT (Ax + By + Cz — b).
The same analysis tells us that the saddle point is a solution of the following VI:
w* € Q, Ou) —0(u*) + (w—w)'Fw*) >0, Ywe Q.

where 0(u) = 01 (x) + 02(y) + 03(2),

. . [ —a™x )
J —BT )\
w = > ) U = Yy ) F(U])— —CT)\ )
A < \A:c—i—By—FCz—b)
and Q=X xIYxZxR".

ML RAVOAL BT, EREEHRAK T E D AFI. BIREALE K —1 .
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XHREF S B EMAMEL RS A 2100 F551 600 F52.

miHLEHEEIMRE (XK ML KF) (=1,2,3)
A[EERE, B HRESATHNE R c; T, RWER =;.

HIMRES (MERZENEN«;; (FELL) .

BE EHK x4 INE 9 RE z3 BEXKE
WO | a1 = 0.50 a12 = 0.50 a13 = 0.20 2100
%E)ﬁ as1 = 0.10 ag29 = 0.12 a3 = 0.40 600

B c1 =3 c2 =4 c3 = 8.4
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1A 17 E 7 B KB & /N 32 R X 2 M4 ALK (2] 75

min 3x1 + 4x2 + 8.4x3
s.t. 0.50x1 + 0.50x2 + 0.20x3 = 2100,
(1.16)
0.10x1 4+ 0.12x2 4+ 0.40x3 = 600,

1 2 0,22 2 0,z3 > 0.

FIAIES
0.50 0.50 0.20 2100
A= , b= , c= 4 . (1.17)
0.10 0.12 0.40 600
8.4
A LU pR 2 M ALK (2] §i
min cl'z
Axr =0 (1.18)
x>0

wAE—X (EHR) 27, et NIAFaRFEREMMERR

21



ATHEH m, ft AT SRRFHRA? AREHERNR:

KT RINMWERMERREEF SRIEEFHMITHER, NEMKAE,
EEFINASTmHLEXR NEMRENMNE  AFEHERERL |

AT BRI, ERZQRIZEFEBESFHFENNK?

WEFRRATNX 2 MEARFZHRENNE T y1, v2
28 EK & XE s

T M | a1 = 0.50 a12 = 0.50 a13 =0.20 | y1

EHRE | a1 = 0.10 azo = 0.12 az3 = 0.40 Y2

By c1 = 3.0 co = 4.0 c3 = 8.4



EFRENBLYAKIENETE TSEMKEAB PN 1ETE REL ML 0]

max 2100y; + 600y

FAIES (1.17), A

bT

A
»
o

mslEx  0.50y; + 0.10y2

max Y (1.19)

ATy < ec.

msihxz  0.50y;1 +0.12yo < 4.0

msixz  0.20y; +0.40y2 < 84

THESIRBER, TH2TMNIEEIE

el (c— Aly) >0, zlc—azTATy >0, c¢la—yTAz>o0.
e >yl Ae =yTb=bTy.

THEURK > SEAREHRNK Tz > 0Ty

IHEWME = THEHENE. Tor =Ty
TEWHEEE TREB ()T (c— ATy*) =




SHEEH >0 BT c—ATy* >0, AL zT(c— ATy*) > 0.

XEF (z*)'(c—ATy*) =0, B (z—a2")(c—ATy*) >0 Bt

z* >0, cloz—clz*+ (z—2*)T(—ATy*) >0, V>0,
(1.20)
Ax* — b =0.
a2 | EK 4000 INE O KE 500 | BREkR=E
E O | arp = 0.50 a1o2 = 0.50 a13 = 0.20 2100
EHAKR | a21 =0.10 azo = 0.12 az3 = 0.40 600
BN c1 =3 co =4 c3 = 8.4

4000 x 3.0 + 500 x 8.4 = 12000 + 4200 = 16200

24
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28 EK INE KE

i
%
oxr

E M| a1 =0.50 a12 = 0.50 a1z = 0.20 Y1 = 2
EHRE | as1 =0.10 aso = 0.12 a23 = 0.40 | yo = 20

B c1 = 3.0 co = 4.0 cs = 8.4

2100 x 2 4+ 600 x 20 = 4200 + 12000 = 16200

4000
AE cla* =bTy* B a*= ( 0 ) HMoy* = ( 220> 7 7l 2 SR g A0 o) 1Y B IR,
500

LM ARI )RR Y Lagrange BRI E XFE R x R™ EHY
Lz, y) = Lo —yT(Az — b).
MR z* € RY My* € N HE
Lyesm (z7,y) < L(z",y") < Leewn (2,y7),

MFR (x*,y*) /& Lagrange BRE L(x,y) & R x R™ EH—1ER.



Lagrange FFMENXFZ “EFMN1g"

BELIHNRXBNAFATLRE

z* € R, L(z,y*) — L(z*,y*) >0, VzeRT
{ y*eR™, L(z*,y*)— L(z*,y) >0, VyeRrm™.
B L(z,y) MEAFEXRBEZE, 53
e eRT, crz—clzt + (2 —a*)T(-ATy*) >0, VzeR]
{ y* € R™, (y — y*)T (Az* —b) > 0, Yy € R™.
XBEDAERN (1.12) W— N EEFER.
w* €9, 0(z)—0(z*)+ (w—w*) Fw*) >0, YweQ,

pu
+

x —ATy
w = , F(w)= , Q=T xR
Y Ax — b

AR ZMER X PR T UiLia) R HI48 B H R

IR ST A EFRNELNFN R

26



2 Proximal point algorithms and its Beyond

Lemma 2 Let the vectors a,b € R, H € R"™*™ be a positive definite matrix.

If bL' H(a — b) > 0, then we have |z)|2 = 2Tz, ||z|% = 2THz.
10lI7 < llall7r — lla — bll%- (2.1)
The assertion follows from ||a||%; = [|b+ (a — b)||% > ||b|% + ||a — b||%;-

2.1 Proximal point algorithms for convex optimization

Convex Optimization | Now, let us consider the simple convex optimization

min{f(z) + f(x) | x € X'}, (2.2)

where 6(x) and f(x) are convex but () is not necessary smooth, X is a closed

convex set. For solving (2.2), the k-th iteration of the proximal point algorithm (abbreviated

k+

to PPA) [8, 10] begins with a given xk, offers the new iterate "1 via the recursion

shiEEEE | o = argmin{0(x) + f(x) + gux 2P|z e X} (23

27
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F11is the optimal solution of (2.3), it follows from Lemma 1 that

0(z) — 0(z" ") +(z — "tH7T
(VI ") +r@™ =2} >0, Ve e X (2.4)

Since x

Setting x = 2™ in the above inequality, it follows that
(xk:—|—1 . CU*)TT(CUk o $k+1) 2 9($k+1) . ZE*) ($k+1 o CU*)TVf(ZCk+1).

(™) +
Because f isconvex, (2T — )TV f(2" 1) > (2"t — 2*)TV f(2*), it follows
that

0(z* 1) — 0(z") + (2" — )TV F(2* )
> 9" —0(z*) + (" — 2TV () >0

and consequently,

(" — 29T (2" — 2T > 0. (2.5)
Let a = 2" — 2* and b = 2" ™! — 2* and using Lemma 2, we obtain
PrPA B kMR | ||t — &*|? < ||2® — «*|)® — || — 2 1|?, (28

which is the nice convergence property of Proximal Point Algorithm.



The residue sequence {||z* — 2*T1||} is also monotonically no-increasing. I

Proof. | Replacing £ + 1 in (2.4) with k£, we get

0(z) — 0(z") + (z — ") {V (&™) + (" = 2"} >0, Vz e x.

Let x = :Uk“

0(z" ) — (") + (" — MV +r(* - 2"} >0 @7

in the above inequality, it follows that

Setting = = x" in (2.4), we become
(") — 0(z" ) + («" — 2" ) V(") +rc" 2"} > 0. (28
Adding (2.7) and (2.8) and using (z* — ¥t T [V f(z*) — V£(z"T1)] > 0, we get
(" =" )" —2") = (=" ="} > 0. (2.9)

Setting a = e — 2Fandb = 2" — 2" Lin (2.9) and using (2.1), we obtain

la® —a™ T < Yl =2 || (2" T = a") — (2" =2 |17, (@210

29



We write the problem (2.2) and its PPA (2.3) in VI form

For the optimization problem (2.2) , namely, min{f(x) + f(z)|z € X},

the equivalent variational inequality form is
* e X, 0(x) —0(x") 4+ (x — 2" Vf(x*) >0, Ve e X. (211)
For solving the problem (2.2), the PPA is
2F 1 = Argmin{0(z) + f(z) + gHa} —2¥2 |2 e X}

variational inequality form of the k-th iteration of the PPA (see (2.4)) is:

e ) 0(z) — 0(2" ) + (2 — 2PTHTV F(2F )

> (x — 2" ) r(2h — 2P, Vo e X (2.12)

PPA BTk iE— &FIH (2.3), K17 (2.2) IR, RAMNER L T AERKE.

The solution of (2.12) is Proximal Point, it has the contraction property (2.6).

30



2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the linearly constrained convex optimization is

characterized as a mixed monotone variational inequality: THAEFEN

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, YweN (2.13)

PPA for VI (2.13) in H-norm (EX)| For given w” and H > 0, find w**1,

whTt e Q, O(u) — 0w + (w — wFTHYTF(whT) | shiasEE

> (w— wFMTH (WP — w1, Yw e Q, (2.14)

k+1 s called the proximal point of the k-th iteration for the problem (2.13).

(2.14) BKEEVI(213) I PPAREMENX. FHMS A FRAX A S HEIY.
Y4 w*T1 is the solution of (2.13) if and only if w* = w*T1 K

w

Setting w = w™ in (2.14), we obtain

(wk—l—l_w*)TH(wk_wk—l—l) Z 9(uk+1)—9(u*)+(wk+1—w*)TF(wkH).

31



Note that (see the structure of F'(w) in (1.12b))
(wk—l—l . w*)TF(wk—l—l) _ (wk—l—l . ’U}*)TF(’U}*),
and consequently (by using (2.13)) we obtain

(Wt —w*) T Hw" —w* ) > 0 ) —0(u*) + (0" —w*)T F(w*) > 0.

Thus, we have
(wh T — w*)T H(w" — w1 > 0. (2.15)

By setting @ = w® — w* and b = w*t! — w*,
the inequality (2.15) means that b1 H (a — b) > 0.

By using Lemma 2, we obtain

lw" ™ — w3 < Jlw” — w7 — lw® —w"F. (@216)

We get the nice convergence property of Proximal Point Algorithm.

32



2.3 Variants of PPA for Variational Inequalities

Let v be a sub-vector of w. The k-th iteration begins with given v* . | &>

Xt
il

PPA for VI (2.13) in H-norm For given v* and H = 0, find w*™1,

whtt e Q, O(u) — 0(uTh) + (w — W) T F(wh )
> (v—o"™OHTHY =", Yvw e, (217

k41

w is called the proximal point of the k-th iteration for the problem (2.13).

Y4 w*T1 s the solution of (2.13) if and only if v = v*T1 K

In this case, v is called the essential variables of w. In addition, we define
V* = {v" is a subvector of w* |w* € Q*}.
Setting w = w™ in (2.17), we obtain

(’U]H_l—v*)TH(’Uk—Uk—'_l) > 9(uk+1)—0(u*)—|—(wk+1—w*)TF(wkH).



Note that (see the structure of F'(w) in (1.12b))
(,wk—i—l . w*)TF(wkz—i—l) _ (wk—i—l . w*)TF(w*),
and consequently (by using (2.13)) we obtain

W — o) TH@" —o* T > 0 ) — 0(u*) + (T — w)T F(w*) > 0.

Thus, we have
(V* Tt — )T H (W — ot > 0. (2.18)

By using Lemma 2, we obtain

5 — vty < 0" — o [lF — 0" — "I @19)

We get the nice convergence property of Proximal Point Algorithm.

The residue sequence {||v* — v*T1|| 7} is also monotonically no-increasing.

v =PI < [l oM [l (0F T = 0) = (0P oM 1

34
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3 Augmented Lagrangian Method (ALM)

We consider the convex optimization, namely
min{f(u) | Au = b, u € U}. (3.1)
The related variational inequality of the saddle point of the Lagrangian function is
w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, YweN (3.2a)

where

U — AN\
w( >, F(w)< ) and Q=UXxR". (3.2b)
A Au — b

Augmented Lagrangian Method

The augmented Lagrangian function of the problem (3.1) is

Ls(u,\) = 0(u) — M (Au —b) + gHAu — b))%,



The k-th iteration of the Augmented Lagrangian Method [7, 9] begins with a
given \*, obtain w*T1 = (uF 1 \F1) yia

ALM uwF T = arg min{ﬁg(u, AF) ’ u € Z/l}, (3.3a)
AL = AP — B(AuFTT — b). (3.3b)
In (3.3), ukFt1is only a computational result of (3.3a) from given M\* it is called

the intermediate variable. In order to start the k-th iteration of ALM, we need only

to have \* and thus we call it as the essential variable.

The subproblem (3.3a) is a problem of mathematical form
min{(u) + 2 || Au — p*||? | u € U} (3.4)

where 3 > O is a given scalar and p* = b+ %)\k.
Assumption: The solution of problem (3.4) has closed-form solution or can be

efficiently computed with a high precision.
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Changing the constant term in the objective function does not affect the solution of the
optimization problem. Thus,

AR argmin{ Lz (u, A") |uei}

= argmin{0(u) — (\*)" Au+ Z||Au —b|* |u e U}
= argmin{0(u) + 5/(Au—b) — A"|* | u € U}
According to Lemma 1, the optimal condition of (3.3a) is w1 e Y and
O(u) — (") + (u — " THT{=A" N + AT (AT — b))} >0, Vu e U
Because \* — B(Au"Tt —b) = A\**1 the above VI can be written as
W e, 0(u) — 0 ) + (u— WFTHT{—ATN* Y > 0, Vu e U. (35)

The update form (3.3b) is
(AuF—b) + %(A’““ _ ARy =0,

and it is equivalent to

A= XNTHT (AT —b) > (A — A’““)T%(Ak — N YA e R (36)



Combining VI's (3.5) and (3.6), we get

okrINT/ T NE1
O(u)—H(u’““H(u ! )( A >Z(>\—>\"“+1)T%(>\k—>\k+1),

A — AL L Aukt b

forall w = (u, \) € €. Using the notations in (3.2), we get the compact form

O(uw) — 0(u" ) + (w — W T F(w" )

> (A — Ak“)T%()\k —\h vw e Q.

This is the PPA form (2.17) in which

1
v=A and H=-1,,.
5

The related contraction inequality (2.19) becomes

k+1 2 k 2 k k412
I =N, S N = N, — I - X

or

INTEE = X2 <IN = )12 = AR = A2

The above inequality is the key for the convergence proof of the ALM.

(3.7)

(3.8)
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4 The relaxed PPA (GEHBISHESEE)

We shall maintain our focus on the monotone variational inequality (2.13), namely,
w* € Q, O(u) —0(u*) + (w—w*)' F(w*) >0, YweqQ.
The PPA form (2.17) reads as
wh T e Q) 0(u) — (U + (w — wPTHT F (Wt
> (v — " THTH@WR — o), Vw e Q.

k

Set the output of the above VI as w", we have

w* € Q, 0(u) —0(a") + (w — @)1 F(@F)
> (v —TTH@W —3%), Yw e Q. (4.1)
Setting w = w™ in (4.1), we obtain

(% — )T H@W" — %) > 0(a") — 0(u*) + (0" — w))TF(a®). 4.2)
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Applying (see (1.12b)) the identity

(0" — w*)T F(@") = (0* — w*)T F(w*)
to (4.2), we obtain

(" —v)TH®W" - o) > 0(@") — 0(u*) + (0" — v F(w®).
Because RHS of the above inequality is , we have
(% — v TH(WF — %) > 0.

We write it as

{(vF —v*) = (W ="V HW" — %) >0
and thus

(vF — v TH @R — %) > ||of — %%, Yo e V. (4.3)



The inequality (4.3) means that (v* — ©%) is the ascent direction of the unknown

distance function %Hv —v* HZ at the point v*.

(V (3]0 =o]13)

The task of the algorithm is to produce a decreasing sequence {||v* — v*[|%}.
Set

W =) > |oF = oHfF, Ve eV

v=uvk

P a) = vF — a(v — o) (4.4)
which is an « dependent new iterate. It is clear we want to maximize
I(a) = [[o" —o*||F — 0" (a) — " |13 (4.5)
Note that
Ia) = [oF = F = (" =) —a(® = ")}
= 20(v® —v)TH@W" —o%) — ?||vF = 3%||3,  (4.6)

IS a quadratic function of «.
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We can not directly maximize 19(04) in (4.6) because the coefficient of the linear

term 2(v® — v*)T H(v* — ©%) contains the unknown solution v*.

Using (4.3), from (4.6) we get
I(a) > 2a||v® — 0|3 — a?|jv® — %% (4.7)

Set
g(a) = 2a — a?)|Jo" — "3, (4.8)

which is a quadratic lower-bound function of 1¥(«¢). The quadratic function ()

reaches its maximum at o™ =
k k ko o~k
v =0 — (0" = 7), v €(0,2) (4.9)
The generated sequence {v"*} satisfies

L - e R (PRt ] /79 (4.10)
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