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ëY`z¥�
�L5êÆ�.

1. Q:¯K minx∈X maxy∈Y{Φ(x, y) = θ1(x)− yTAx− θ2(y)}

2. �5�å�à`z¯K min{θ(x)|Ax = b (or ≥ b), x ∈ X}

3. (�.à`z min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y}

4. õ¬�©là`z min{
∑p
i=1 θi(xi)|

∑p
i=1Aixi = b, xi ∈ Xi}

C©Ø�ª(VI)´\f÷ì�êÆL�/ª

�C:�{(PPA)´ÚÚ�E­S­��¦)�{.

C©Ø�ªÚ�C:�{´©ÛÚ�Oà`z�{�ü�{�.

©�´�S�¥f¯KÑÏL©
¦). Â �{kOu�1��{,

qkOueü�{,§�S�:l`z¯K�.�KF¼ê�Q:�5�C.

ù�ù)ºþã¯KÑ�±z���üNC©Ø�ª ¿0��o´�C:�{
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A function f(x) is convex iff

f((1−θ)x+θy) ≤ (1−θ)f(x)+θf(y)

∀θ ∈ [0, 1].

Properties of convex function

• f ∈ C1. f is convex iff

f(y)− f(x) ≥ ∇f(x)T (y − x).

Thus, we have also

f(x)− f(y) ≥ ∇f(y)T (x− y).

• Adding above two inequalities, we get

(y − x)T (∇f(y)−∇f(x)) ≥ 0.

ààà¼¼¼êêê���½½½ÂÂÂÚÚÚÄÄÄ���555���

• f ∈ C1,∇f is monotone. f ∈ C2,∇2f(x) is positive semi-definite.

• Any local minimum of a convex function is a global minimum.
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õ�¼ê f : <n → < �FÝ (Gradient) Ú Hassian

∇f(x) =



∂f

∂x1

∂f

∂x2

...

∂f

∂xn


, ∇2f(x) =



∂2f

∂x21

∂2f

∂x1∂x2
· · ·

∂2f

∂x1∂xn

∂2f

∂x2∂x1

∂2f

∂x22
· · ·

∂2f

∂x2∂xn

...
...

...

∂2f

∂xn∂x1

∂2f

∂xn∂x2
· · ·

∂2f

∂x2n


∇2f = ∇

(
(∇f)T

)
.

f(x) = cTx, c ´ n-���þ

∇(cTx) = ∇(xT c) = c, ∇2(cTx) = 0n×n.

f(x) = 1
2
‖Ax− b‖2, A ∈ <m×n, b ∈ <m

∇
(1

2
‖Ax− b‖2

)
= AT(Ax− b) ∈ <n, ∇2(1

2
‖Ax− b‖2

)
= (ATA)n×n.
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1 Optimization problem and VI

1.1 Differential convex optimization in Form of VI

Let Ω ⊂ <n, we consider the convex minimization problem

min{f(x) | x ∈ Ω}. (1.1)

What is the first-order optimal condition ?

x∗ ∈ Ω∗ ⇔ x∗ ∈ Ω and any feasible direction is not a descent one.

Optimal condition in variational inequality form

• Sd(x∗) = {s ∈ <n | sT∇f(x∗) < 0} = Set of the descent directions.

• Sf (x∗) = {s ∈ <n | s = x− x∗, x ∈ Ω} = Set of feasible directions.

x∗ ∈ Ω∗ ⇔ x∗ ∈ Ω and Sf (x∗) ∩ Sd(x∗) = ∅.

\f÷ì�½ìº�OK´:¤k�1��ÑØ2´þ,��
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The optimal condition can be presented in a variational inequality (VI) form:

x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω. (1.2)

Substituting∇f(x) with an operator F (from<n into itself), we get a classical VI.'
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Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

f(y) ≥ f(x)+∇f(x)T (y−x) and thus (x−y)T (∇f(x)−∇f(y)) ≥ 0.

We say the gradient∇f of the convex function f is a monotone operator.
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Ï�·�I�^���ÆêÆ Ì�´Äu�È©Æ���Ún

x∗ ∈ argmin{θ(x)|x ∈ X} ⇔ x∗ ∈ X , θ(x)− θ(x∗) ≥ 0, ∀x ∈ X ;

x∗ ∈ argmin{f(x)|x ∈ X} ⇔ x∗ ∈ X , (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X .

þ¡�à`z�`5^�´�Ä��,wå5Ü3�åÒ´e¡�Ún:

Lemma 1 LetX ⊂ <n be a closed convex set, θ(x) and f(x) be convex func-

tions and f(x) is differentiable. Assume that the solution set of the minimization

problem min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (1.3a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.3b)

Únr`z¯K (1.3a)=�¤
C©Ø�ª (1.3b).e¡�Ñy².

à`z�`5^�Ún



I - 10

ProofµFirst, if (1.3a) is true, then for any x ∈ X , we have

θ(xα)− θ(x∗)
α

+
f(xα)− f(x∗)

α
≥ 0, (1.4)

where

xα = (1− α)x∗ + αx, ∀α ∈ (0, 1].

Because θ(·) is convex, it follows that

θ(xα) ≤ (1− α)θ(x∗) + αθ(x),

and thus

θ(x)− θ(x∗) ≥ θ(xα)− θ(x∗)
α

, ∀α ∈ (0, 1].

Substituting the last inequality in the left hand side of (1.4), we have

θ(x)− θ(x∗) +
f(xα)− f(x∗)

α
≥ 0, ∀α ∈ (0, 1].

Using f(xα) = f(x∗ + α(x− x∗)) and letting α→ 0+, from the above inequality we

get

θ(x)− θ(x∗) +∇f(x∗)T (x− x∗) ≥ 0, ∀x ∈ X .
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Thus (1.3b) follows from (1.3a). Conversely, since f is convex, it follow that

f(xα) ≤ (1− α)f(x∗) + αf(x)

and it can be rewritten as

f(xα)− f(x∗) ≤ α(f(x)− f(x∗)).

Thus, we have

f(x)− f(x∗) ≥ f(xα)− f(x∗)

α
=
f(x∗ + α(x− x∗))− f(x∗)

α
,

for all α ∈ (0, 1]. Letting α→ 0+, we get

f(x)− f(x∗) ≥ ∇f(x∗)T (x− x∗).

Substituting it in the left hand side of (1.3b), we get

x∗ ∈ X , θ(x)− θ(x∗) + f(x)− f(x∗) ≥ 0, ∀x ∈ X ,

and (1.3a) is true. The proof is complete. �
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1.2 Linear constrained convex optimization and VI

We consider the linearly constrained convex

optimization problem

min{θ(u) | Au = b, u ∈ U}. (1.5)

The Lagrangian function of the problem (1.5) is

L(u, λ) = θ(u)− λT (Au− b), (1.6)

which is defined on U × <m.

Example 1 of the problem (1.5): Finding the nearest correlation matrix

A positive semi-definite matrix, whose each diagonal element is equal 1, is called
the correlation matrix. For given symmetric n× n matrix C , the mathematical
form of finding the nearest correlation matrix X is

min{ 12‖X − C‖
2
F | diag(X) = e, X ∈ Sn+}, (1.7)
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where Sn+ is the positive semi-definite cone and e is a n-vector whose each

element is equal 1. The problem (1.7) is a concrete problem of type (1.5).

Example 2 of the problem (1.5): The matrix completion problem

Let M be a given m × n matrix, Π is the elements in-

dices set of M ,

Π ⊂ {(ij)|i ∈ {1, . . . ,m}, j ∈ {1, . . . , n}}.
The mathematical form of the matrix completion problem

is relaxed to

min{‖X‖∗ | Xij = Mij , (ij) ∈ Π}, (1.8)

where ‖ · ‖∗ is the nuclear norm–the sum of the singular

values of a given matrix. The problem (1.8) is a convex

optimization of form (1.5). The matrix A in (1.5) for the

linear constraints

Xij = Mij , (ij) ∈ Π,

is a projection matrix, and thus ‖ATA‖ = 1.

M is low Rank, only some

elements of M are known.

∗ ∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗ ∗ ∗
∗ ∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗ ∗ ∗
∗ ∗

∗ ∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗
∗ ∗ ∗ ∗

∗ ∗ ∗ ∗
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A pair of (u∗, λ∗) ∈ U × <m is called a saddle point of the Lagrange function

(1.6), if

Lλ∈<m(u∗, λ) ≤ L(u∗, λ∗) ≤ Lu∈U (u, λ∗).

The above inequalities can be written as{
u∗ ∈ U , L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U , (1.9a)

λ∗ ∈ <m, L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀ λ ∈ <m. (1.9b)

According to the definition of L(u, λ) (see(1.6)),

L(u, λ∗)− L(u∗, λ∗)

= [θ(u)− (λ∗)T (Au− b)]− [θ(u∗)− (λ∗)T (Au∗ − b)]

= θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗)

it follows from (1.9a) that

u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U . (1.10)
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Similarly, for (1.9b), since

L(u∗, λ∗)− L(u∗, λ)

= [θ(u∗)− (λ∗)T (Au∗ − b)]− [θ(u∗)− (λ)T (Au∗ − b)]
= (λ− λ∗)T (Au∗ − b),

thus we have

λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m. (1.11)

Notice that the expression (1.11) (the inner product of the vector (Au∗ − b) with

any vector is nonnegative) is equivalent to

Au∗ = b.

Writing (1.10) and (1.11) together, we get the following variational inequality:{
u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U ,
λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m.
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Using a more compact form, the saddle-point can be characterized as the solution

of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.12a)

where

w =

(
u

λ

)
, F (w) =

(
−ATλ
Au− b

)
and Ω = U × <m. (1.12b)

Setting w = (u, λ∗) and w = (u∗, λ) in (1.12), respectively, we get (1.10) and

(1.11). Because F is a affine operator and

F (w) =

(
0 −AT
A 0

)(
u

λ

)
−
(

0

b

)
.

The matrix is skew-symmetric, we have

(w − w̃)T (F (w)− F (w̃)) ≡ 0.

�5�å�à`z¯K (1.5),=�¤
·ÜC©Ø�ª (1.12).
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Two block separable convex optimization

We consider the following structured separable convex optimization

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (1.13)

This is a special problem of (1.5) with

u =

(
x

y

)
, U = X × Y, A = (A,B).

The Lagrangian function of the problem (1.13) is

L[2](x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b).

The same analysis tells us that the saddle point is a solution of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.14)
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where

u =

(
x

y

)
, θ(u) = θ1(x) + θ2(y), w =

 x
y

λ

 , (1.15a)

F (w) =

 −ATλ
−BTλ

Ax+By − b

 , and Ω = X × Y × <m. (1.15b)

The affine operator F (w) has the form

F (w) =

 0 0 −AT
0 0 −BT
A B 0


 x

y

λ

−
 0

0

b

 .

Again, due to the skew-symmetry, we have (w − w̃)T(F (w)− F (w̃)) ≡ 0.

�©l�5�åà`z¯K (1.13),=�¤
C©Ø�ª (1.14)–(1.15).
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Convex optimization problem with three separable functions

min{θ1(x) + θ2(y) + θ3(z) |Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z},

is a special problem of (1.5) with three blocks. The Lagrangian function is

L[3](x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b).

The same analysis tells us that the saddle point is a solution of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

where θ(u) = θ1(x) + θ2(y) + θ3(z),

w =


x
y

z

λ

 , u =


x

y

z

 , F (w) =


−ATλ
−BTλ
−CTλ

Ax+By + Cz − b

 ,

and Ω = X × Y × Z × <m.

�5�å�à`z¯K,Ñ=�¤
C©Ø�ª.¯K8(�¦��Q:.
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l�55yw.�KF¼ê!Q:ÚC©Ø�ª

�,r�|�	?�1÷ ��V\r�.

�¦ ù1÷ ¥¹kD®Ú�x�©Ok 2100Z�Ú 600Z�.

½| ½|þ�k 3«÷ £��,�ð,�Î¤ (j = 1, 2, 3)

�øÀJ§1 j«÷ zú6�d�� cj �,æ	þ� xj .

1 j«÷ ¹ i«E���þ� aij £¹þ'¤.

¹þ �� x1 �ð x2 �Î x3 oI¦þ

D ® a11 = 0.50 a12 = 0.50 a13 = 0.20 2100

�x� a21 = 0.10 a22 = 0.12 a23 = 0.40 600

üd c1 = 3 c2 = 4 c3 = 8.4
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r�|÷vE��¦���|Ñæ	Oy´�55y¯K:

min 3x1 + 4x2 + 8.4x3

s. t. 0.50x1 + 0.50x2 + 0.20x3 = 2100,

0.10x1 + 0.12x2 + 0.40x3 = 600,

x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

(1.16)

|^PÒ

A =

 0.50 0.50 0.20

0.10 0.12 0.40

 , b =

 2100

600

 , c =


3

4

8.4

 . (1.17)

�±�¤�55y¯K

min cT x

Ax = b

x ≥ 0.

(1.18)

�k�[£J[�¤úi,§UøAr�|¤I�D®Ú�x�
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�
í��¬,�o��2wc�k`ÑåºúiE�
`µ

ï
·��D®Ú�x����¹ÓþE�¤©���,�ðÚ�Î,

��dØpu½|þ��,�ðÚ�Î�d�. r�|Ì¦+�% !

�
��I|,E��úiTN��(½E���d�º

�E��úiéù 2«E��ò�½�d�©O� y1, y2.

¹þ �� �ð �Î d�

D ® a11 = 0.50 a12 = 0.50 a13 = 0.20 y1

�x� a21 = 0.10 a22 = 0.12 a23 = 0.40 y2

üd c1 = 3.0 c2 = 4.0 c3 = 8.4
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E��úi¢y«ì�cJe¢y��J|�d��Y´�55y¯K

max 2100y1 + 600y2

���� 0.50y1 + 0.10y2 ≤ 3.0

���ð 0.50y1 + 0.12y2 ≤ 4.0

���Î 0.20y1 + 0.40y2 ≤ 8.4

|^PÒ (1.17),Òk

max bT y

AT y ≤ c.

(1.19)

ï��¢yæ	�¦,ñ�¬¢yd�«ì

xT (c−ATy) ≥ 0, xT c− xTATy ≥ 0, cT x− yTAx ≥ 0.

cT x ≥ yTAx = yT b = bT y.

ï��z�a ≥ ñ�U��a. cT x ≥ bT y

ï��z�a = ñ�U��a. cT x∗ = bT y∗

ïñV�Ñ��
�`)! (x∗)T (c−ATy∗) = 0
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é?¿� x ≥ 0, du c−AT y∗ ≥ 0, ¤± xT(c−AT y∗) ≥ 0.

qdu (x∗)T (c−AT y∗) = 0, ¤± (x− x∗)T(c−AT y∗) ≥ 0. Ïd
x∗ ≥ 0, cT x− cT x∗ + (x− x∗)T(−ATy∗) ≥ 0, ∀x ≥ 0,

Ax∗ − b = 0.

(1.20)

¹þ �� 4000 �ð 0 �Î 500 oI¦þ

D ® a11 = 0.50 a12 = 0.50 a13 = 0.20 2100

�x� a21 = 0.10 a22 = 0.12 a23 = 0.40 600

üd c1 = 3 c2 = 4 c3 = 8.4

4000× 3.0 + 500× 8.4 = 12000 + 4200 = 16200
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¹þ �� �ð �Î d�

D ® a11 = 0.50 a12 = 0.50 a13 = 0.20 y1 = 2

�x� a21 = 0.10 a22 = 0.12 a23 = 0.40 y2 = 20

üd c1 = 3.0 c2 = 4.0 c3 = 8.4

2100× 2 + 600× 20 = 4200 + 12000 = 16200

÷v cT x∗ = bT y∗� x∗=

(
4000

0
500

)
Ú y∗=

(
2

20

)
©O´�©Úéó¯K��`).

�55y¯K� Lagrange¼ê´½Â3<n+ ×<mþ�

L(x, y) = cT x− yT (Ax− b).

XJ x∗ ∈ <n+Ú y∗ ∈ <m÷v

Ly∈<m (x∗, y) ≤ L(x∗, y∗) ≤ Lx∈<n+ (x, y∗),

K¡ (x∗, y∗)´ Lagrange¼ê L(x, y)3<n+ ×<mþ���Q:.
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Lagrange ¦f�¿ÂÒ´/Kfd�0

rQ:�ùü�Ø�ª�Ñ5Ò´ x∗ ∈ <m+ , L(x, y∗)− L(x∗, y∗) ≥ 0, ∀x ∈ <m+ ;

y∗ ∈ <m, L(x∗, y∗)− L(x∗, y) ≥ 0, ∀y ∈ <m.

r L(x, y)�äN/ª�?�,�� x∗ ∈ <m+ , cT x− cT x∗ + (x− x∗)T (−AT y∗) ≥ 0, ∀x ∈ <m+ ;

y∗ ∈ <m, (y − y∗)T (Ax∗ − b) ≥ 0, ∀y ∈ <m.

ùÒ´C©Ø�ª (1.12)���äN/ª.

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω,

Ù¥

w =

 x

y

 , F (w) =

 −AT y
Ax− b

 , Ω = <n+ ×<m.

·�^�55yùã
`z¯K.�KF¼ê�Q:ÚC©Ø�ª):��d'X.
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2 Proximal point algorithms and its Beyond

Lemma 2 Let the vectors a, b ∈ <n, H ∈ <n×n be a positive definite matrix.

If bTH(a− b) ≥ 0, then we have ‖x‖2 = xTx, ‖x‖2H = xTHx.

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H . (2.1)

The assertion follows from ‖a‖2H = ‖b+ (a− b)‖2H ≥ ‖b‖2H + ‖a− b‖2H .

2.1 Proximal point algorithms for convex optimization
Convex Optimization Now, let us consider the simple convex optimization

min{θ(x) + f(x) | x ∈ X}, (2.2)

where θ(x) and f(x) are convex but θ(x) is not necessary smooth, X is a closed

convex set. For solving (2.2), the k-th iteration of the proximal point algorithm (abbreviated

to PPA) [8, 10] begins with a given xk , offers the new iterate xk+1 via the recursion

�C:�{ xk+1 = argmin{θ(x) + f(x) +
r

2
‖x− xk‖2 | x ∈ X}. (2.3)
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Since xk+1 is the optimal solution of (2.3), it follows from Lemma 1 that

θ(x)− θ(xk+1)+(x− xk+1)T

{∇f(xk+1) + r(xk+1 − xk)} ≥ 0, ∀x ∈ X . (2.4)

Setting x = x∗ in the above inequality, it follows that

(xk+1 − x∗)T r(xk − xk+1) ≥ θ(xk+1)− θ(x∗) + (xk+1 − x∗)T∇f(xk+1).

Because f isconvex, (xk+1 − x∗)T∇f(xk+1) ≥ (xk+1 − x∗)T∇f(x∗), it follows

that

θ(xk+1)− θ(x∗) + (xk+1 − x∗)T∇f(xk+1)

≥ θ(xk+1)− θ(x∗) + (xk+1 − x∗)T∇f(x∗) ≥ 0

and consequently,

(xk+1 − x∗)T (xk − xk+1) ≥ 0. (2.5)

Let a = xk − x∗ and b = xk+1 − x∗ and using Lemma 2, we obtain

PPA�{�Â 5� ‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk − xk+1‖2, (2.6)

which is the nice convergence property of Proximal Point Algorithm.
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The residue sequence {‖xk − xk+1‖} is also monotonically no-increasing.

Proof. Replacing k + 1 in (2.4) with k, we get

θ(x)− θ(xk) + (x− xk)T {∇f(xk) + r(xk − xk−1)} ≥ 0, ∀x ∈ X .

Let x = xk+1 in the above inequality, it follows that

θ(xk+1)− θ(xk) + (xk+1 − xk)T {∇f(xk) + r(xk − xk−1)} ≥ 0. (2.7)

Setting x = xk in (2.4), we become

θ(xk)− θ(xk+1) + (xk − xk+1)T {∇f(xk+1) + r(xk+1 − xk)} ≥ 0. (2.8)

Adding (2.7) and (2.8) and using (xk − xk+1)T [∇f(xk)−∇f(xk+1)] ≥ 0, we get

(xk − xk+1)T {(xk−1 − xk)− (xk − xk+1)} ≥ 0. (2.9)

Setting a = xk−1 − xk and b = xk − xk+1 in (2.9) and using (2.1), we obtain

‖xk−xk+1‖2 ≤ ‖xk−1−xk‖2−‖(xk−1−xk)−(xk−xk+1)‖2. (2.10)
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We write the problem (2.2) and its PPA (2.3) in VI form

For the optimization problem (2.2) , namely, min{θ(x) + f(x) |x ∈ X},
the equivalent variational inequality form is

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (2.11)

For solving the problem (2.2), the PPA is

xk+1 = Argmin{θ(x) + f(x) +
r

2
‖x− xk‖2 | x ∈ X}.

variational inequality form of the k-th iteration of the PPA (see (2.4)) is:

xk+1 ∈ X , θ(x)− θ(xk+1) + (x− xk+1)T∇f(xk+1)

≥ (x− xk+1)T r(xk − xk+1), ∀x ∈ X . (2.12)

PPAÏL¦)�X�� (2.3),¦� (2.2)�),æ^�´ÚÚ�E�üÑ.

The solution of (2.12) is Proximal Point, it has the contraction property (2.6).
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2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the linearly constrained convex optimization is

characterized as a mixed monotone variational inequality: C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (2.13)

PPA for VI (2.13) in H-norm (½½½ÂÂÂ) For given wk and H � 0, find wk+1,

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1) �C:�{

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω, (2.14)

wk+1 is called the proximal point of the k-th iteration for the problem (2.13).

(2.14)´¦)VI (2.13)�PPA�{�½Â.1�ùÒ¬^~f`²ù´N´���.

z wk+1 is the solution of (2.13) if and only if wk = wk+1 z

Setting w = w∗ in (2.14), we obtain

(wk+1−w∗)TH(wk−wk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (wk+1).
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Note that (see the structure of F (w) in (1.12b))

(wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),

and consequently (by using (2.13)) we obtain

(wk+1−w∗)TH(wk−wk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (w∗) ≥ 0.

Thus, we have

(wk+1 − w∗)TH(wk − wk+1) ≥ 0. (2.15)

By setting a = wk − w∗ and b = wk+1 − w∗,

the inequality (2.15) means that bTH(a− b) ≥ 0.

By using Lemma 2, we obtain

‖wk+1 − w∗‖2H ≤ ‖w
k − w∗‖2H − ‖w

k − wk+1‖2H . (2.16)

We get the nice convergence property of Proximal Point Algorithm.
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2.3 Variants of PPA for Variational Inequalities

Let v be a sub-vector of w. The k-th iteration begins with given vk . Ø%Cþ

PPA for VI (2.13) in H-norm For given vk and H � 0, find wk+1,

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω, (2.17)

wk+1 is called the proximal point of the k-th iteration for the problem (2.13).

z wk+1 is the solution of (2.13) if and only if vk = vk+1 z

In this case, v is called the essential variables of w. In addition, we define

V∗ = {v∗ is a subvector of w∗ |w∗ ∈ Ω∗}.

Setting w = w∗ in (2.17), we obtain

(vk+1−v∗)TH(vk−vk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (wk+1).
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Note that (see the structure of F (w) in (1.12b))

(wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),

and consequently (by using (2.13)) we obtain

(vk+1 − v∗)TH(vk − vk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

Thus, we have

(vk+1 − v∗)TH(vk − vk+1) ≥ 0. (2.18)

By using Lemma 2, we obtain

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H − ‖v

k − vk+1‖2H . (2.19)

We get the nice convergence property of Proximal Point Algorithm.

The residue sequence {‖vk − vk+1‖H} is also monotonically no-increasing.

‖vk−vk+1‖2H ≤ ‖vk−1−vk‖2H−‖(vk−1−vk)−(vk−vk+1)‖2H .
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3 Augmented Lagrangian Method (ALM)
We consider the convex optimization, namely

min{θ(u) | Au = b, u ∈ U}. (3.1)

The related variational inequality of the saddle point of the Lagrangian function is

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (3.2a)

where

w =

(
u

λ

)
, F (w) =

(
−ATλ
Au− b

)
and Ω = U × <m. (3.2b)

Augmented Lagrangian Method

The augmented Lagrangian function of the problem (3.1) is

Lβ(u, λ) = θ(u)− λT (Au− b) +
β

2
‖Au− b‖2,
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The k-th iteration of the Augmented Lagrangian Method [7, 9] begins with a

given λk, obtain wk+1 = (uk+1, λk+1) via

(ALM)

{
uk+1 = arg min

{
Lβ(u, λk)

∣∣ u ∈ U}, (3.3a)

λk+1 = λk − β(Auk+1 − b). (3.3b)

In (3.3), uk+1 is only a computational result of (3.3a) from given λk, it is called

the intermediate variable. In order to start the k-th iteration of ALM, we need only

to have λk and thus we call it as the essential variable.

The subproblem (3.3a) is a problem of mathematical form

min{θ(u) + β
2 ‖Au− p

k‖2 |u ∈ U} (3.4)

where β > 0 is a given scalar and pk = b+ 1
βλ

k.

Assumption: The solution of problem (3.4) has closed-form solution or can be

efficiently computed with a high precision.
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Changing the constant term in the objective function does not affect the solution of the

optimization problem. Thus,

uk+1 ∈ argmin
{
Lβ(u, λk)

∣∣ u ∈ U}
= argmin

{
θ(u)− (λk)TAu+ β

2
‖Au− b‖2

∣∣ u ∈ U}
= argmin

{
θ(u) + β

2
‖(Au− b)− 1

β
λk‖2

∣∣ u ∈ U}
According to Lemma 1, the optimal condition of (3.3a) is uk+1 ∈ U and

θ(u)− θ(uk+1) + (u− uk+1)T {−ATλk + βAT (Auk+1 − b)} ≥ 0, ∀u ∈ U .

Because λk − β(Auk+1 − b) = λk+1, the above VI can be written as

uk+1 ∈ U , θ(u)− θ(uk+1) + (u− uk+1)T {−ATλk+1} ≥ 0, ∀u ∈ U . (3.5)

The update form (3.3b) is

(Auk+1 − b) +
1

β
(λk+1 − λk) = 0.

and it is equivalent to

(λ− λk+1)T (Auk+1 − b) ≥ (λ− λk+1)T
1

β
(λk − λk+1), ∀λ ∈ <m. (3.6)
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Combining VI’s (3.5) and (3.6), we get

θ(u)− θ(uk+1) +

(
u− uk+1

λ− λk+1

)T(
−ATλk+1

Auk+1 − b

)
≥ (λ− λk+1)T

1

β
(λk − λk+1),

for all w = (u, λ) ∈ Ω. Using the notations in (3.2), we get the compact form

θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (λ− λk+1)T
1

β
(λk − λk+1), ∀w ∈ Ω. (3.7)

This is the PPA form (2.17) in which

v = λ and H =
1

β
Im.

The related contraction inequality (2.19) becomes

‖λk+1 − λ∗‖21
β
Im
≤ ‖λk − λ∗‖21

β
Im
− ‖λk − λk+1‖21

β
Im

or

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2. (3.8)

The above inequality is the key for the convergence proof of the ALM.
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4 The relaxed PPA £££òòò���������CCC:::���{{{¤¤¤

We shall maintain our focus on the monotone variational inequality (2.13), namely,

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

The PPA form (2.17) reads as

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω.

Set the output of the above VI as w̃k, we have

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω. (4.1)

Setting w = w∗ in (4.1), we obtain

(ṽk − v∗)TH(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k). (4.2)
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Applying (see (1.12b)) the identity

(w̃k − w∗)TF (w̃k) ≡ (w̃k − w∗)TF (w∗)

to (4.2), we obtain

(ṽk − v∗)TH(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗).

Because RHS of the above inequality is , we have

(ṽk − v∗)TH(vk − ṽk) ≥ 0.

We write it as

{(vk − v∗)− (vk − ṽk)}TH(vk − ṽk) ≥ 0

and thus

(vk − v∗)TH(vk − ṽk) ≥ ‖vk − ṽk‖2H , ∀v∗ ∈ V∗. (4.3)



I - 41

The inequality (4.3) means that (vk − ṽk) is the ascent direction of the unknown

distance function 1
2

∥∥v − v∗∥∥2
H

at the point vk.〈
∇
(
1
2

∥∥v − v∗∥∥2
H

)∣∣∣
v=vk

, (vk − ṽk)
〉
≥ ‖vk − ṽk‖2H , ∀ v∗ ∈ V∗.

The task of the algorithm is to produce a decreasing sequence {‖vk − v∗‖2H}.
Set

vk+1(α) = vk − α(vk − ṽk) (4.4)

which is an α dependent new iterate. It is clear we want to maximize

ϑ(α) = ‖vk − v∗‖2H − ‖vk+1(α)− v∗‖2H . (4.5)

Note that

ϑ(α) = ‖vk − v∗‖2H − ‖(vk − v∗)− α(vk − ṽk)‖2H
= 2α(vk − v∗)TH(vk − ṽk)− α2‖vk − ṽk‖2H (4.6)

is a quadratic function of α.
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We can not directly maximize ϑ(α) in (4.6) because the coefficient of the linear

term 2(vk − v∗)TH(vk − ṽk) contains the unknown solution v∗.

Using (4.3), from (4.6) we get

ϑ(α) ≥ 2α‖vk − ṽk‖2H − α2‖vk − ṽk‖2H (4.7)

Set

q(α) = (2α− α2)‖vk − ṽk‖2H , (4.8)

which is a quadratic lower-bound function of ϑ(α). The quadratic function q(α)

reaches its maximum at α∗ ≡ 1.

vk+1 = vk − γ(vk − ṽk), γ ∈ (0, 2) (4.9)

The generated sequence {vk} satisfies

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2 − γ(2− γ)‖vk − ṽk‖2H . (4.10)
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O α* γα*

q(α)

ϑ(α)

α

� γ ∈ [1, 2)�«¿ã

ù�ù´ý��£. �¦Öön)£½ö´k«@¤`z¯K.�KF¼ê

�Q:ÚC©Ø�ª (VI)):��d�'X,±9PPA�{�½Â9Â 5�.
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