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1 Preliminaliers

Lemma 1 Let X' C R" be a closed convex set, 0(x) and f(x) be convex func-
tions and f(x) is differentiable. Assume that the solution set of the minimization
problem min{f(x) + f(x) |x € X'} is nonempty. Then,

" € argmin{f(z) + f(x) |z € X} (1.1a)

if and only if

v e X, 0(x) —0(z) + (xr — ") Vf(z*) >0, Yo € X. (1.1b)

Lemma 2 Let the vectors a,b € R™, H € R"*"™ be a positive definite matrix.
if bI'H(a — b) > 0, then we have

1117 < llallz — lla —bliZ- (1.2)

The assertion follows from ||a||% = [|b+ (a — b)||% > ||b||% + ||a — b||%;.




N

|z|| = (z'x)2. H is positive definite, ||z||7 = (z'Hx)

The optimal condition of the linearly constrained convex optimization
min{f(z)|Ax = b,x € X'}
IS characterized as a special mixed monotone variational inequality:

w* € Q, 0(z)—0(z*) + (w—w)'F(w*) >0, YweN.

PPA with Relaxation for VI (1.3) B For given v* and H > 0, find w**?,

wh Tt e Q, 0(x) — (") + (w — WwFTHT F(wF T
> (v — " THTH @R — o), Yw e Q.
Relaxation: (v = w or v is a sub-vector of w)

P = 0F —a(F — oY) a e (0,2).

(1.3)

(1.4)

(1.5)



2 MRE-MERSHEAIIRTEFNBIELE R

We consider the min — max problem (e. g. E{#&4:IE 57 ROF Model [3, 16])

min, max,{®(z,y) = 01 (x) —y Az — 02(y) |z € X,y € V}. (2.1)
Let (™, y™) be the solution of (2.1), then we have
rreX, ®(z,y")—-P(z",y") >0, VoelX, (2.2a)
{ y e, &7, y") —d(z7,y) >0, Yye ). (2.2b)
Using the notation of ®(x, ), it can be written as
{ e X, 01(z)—01(z")+ (z—z)T(=ATy*) >0, Vze A,
y €Y, 02(y) —02(y") + (y—y") (Az") >0, Vye).
Furthermore, it can be written as a variational inequality in the compact form:

weQ, 0w —0u)+ (u—u)'Fu*) >0, VueQ, (2.3)



—ATy

u:@) O(u) = 61 (x) + 62(y), F(U)=( A

), =X x).

For the convex optimization problem  min{f(z) | Ax = b,z € X'},
whose Lagrangian functionis L(z, y) = 0(x) —y?(Ax —b), we can rewrite it as

L(z,y) = 0(x) —y" Az — (=b"y),

which defined on X x R™.

Find the saddle point of the Lagrangian function is a special min — max problem
21)whose  Oi(z) = 0(x), 6Os(y) = —bly and Y = R™.




21 kLIRS Ri5-XER & 86 E A PDHG [18]
For given (z*, y*), PDHG [18] produces a pair of ("1, *T1). First,
" = argmin{®(z,y") + gHaz —2"]? |z e X}, (2.4a)

and then we obtain y]”“rl via

y" = argmax{®(* T y) ~ Sy~ IPly €Yy @)

Ignoring the constant term in the objective function, the subproblems (2.4) are reduced to
" = argmin{0; (z) — 2" ATy + ng — "7 |z € &), (2.5a)
y* ! = argmin{0x(y) +y A" 4 Clly — M ly €Yy @5b)

According to Lemma 1, the optimality condition of (2.5a) is T € X and

01(z)—0, (2" T+ (z—2"THT {—ATy +r(@"T =2} >0, Ve e X. (26)

XEFHASU, IR (2.5a) FEY 01 (v) 2RI HERE, FATEESZ] 26)1Z7? FE!



When 6 () is differentiable, the optimal condition of (2.5a) is: " ! € A’ and

(z — 2" TV (2" — ATy +r(@"T —2)} >0, Vo e X.
We rewrite the above VI as z"T! € X and

VO (2" TH (@ — ")

+ (x — xk+1)T{—ATyk + r(zF Tt — mk)} >0, VzelX (2.7)
Since 61 () is convex function, we have
01(z) — 01 (") > Vo, (") (x — ).

Substituting it in (2.7), we get (2.6). []
Similarly, from (2.5b) we get y € ) and

02(y) — 02(y* ) + (y — g )T {A2" T +s(y* T =)} > 0, Vy € V. (28)



Combining (2.6) and (2.8), we have (z" 1, ¢* 1) € X x ),

T
k41 T k+1
r—x —Ay
O(u) — O(u" ) + - -
y—y Ax
k41 k T/ k+1 k
r(z"" —x") 4+ A —
+ ( ) k(fl ky ) >0, V(z,y) € Q.
sy —y")

The compact form is u* ™1 € Q,
W e, 0(w) — 0T + (uw — YT R

> (u—u"™HTQW" — v, YueQ. (2.9)

where

Q = rln AT is not symmetric
0 sin .

It does not be the PPA form (1.4), and we can not expect its convergence.



The following example of linear programming indicates

the original PDHG (2.4) is not necessary convergent.

Consider a pair of the primal-dual linear programming:

min ¢’z T
max b*y
(Primal) s.t. Ax =10 (Dual)
>0 s.t. ATy <ec

We take the following example

min x1 + 22 max Yy

(P) s.t. 1 +x2=1 (D) [1] [1]
s. 1. y <
L1, T2 2 O

where A =[1,1], b=1,c = [1] and the vector x = {xl}
2 T2

iN-10



Note that its Lagrange function is

L(z,y) =c z—y"' (Az —b) (2.10)

which defined on ﬂ%i x R " = [(1)] and y* = 1. is the unique saddle point of the
Lagrange function.

For solving the min-max problem (2.10), by using (2.4), the iterative formula is

r
"t = argmin{c’z — 27 ATy"* + ||z — 2*|*|z > 0}

= argmin{ 7 |lz—[z"+ 7 (A"y" —o)]|*|> > 0}
X = Ppy [2"+ 1 (ATy" —0)]
= max{[z"+7(A"y" —c)], 0},

T

yk—l—l — yk . %(AQTIH_l . b)

We use (23, 25; %) = (0, 0;0) as the start point. For this example, the method is not

convergent.

- 11



- A
A
7 * 4
ul o U U9 (1,0:1) o U
§)
u’ ¢ (0.00) U Dud

Fig. 2.1 The sequence generated by
PDHG Method withr = s =1

u’ = (0,0;0)
ul = (0,0;1)
u? = (0,0;2)
u? = (1,0;2)
ut = (2,0;1)
u® = (2,0;0)
u® = (1,0;0)
u” = (0,0;1)
6 — ok
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* solution poit
B initial iterate
final iterate

% solution poir
B initial iterate
final iterate

75
2.00 0.0000

Xtr=s=1,2 75, 10, PDHG F EEZ U E

*
[ ]

solution point
initial iterate
final iterate

*
[ ]

2.00
1.75
1.50
1.25
1.00
0.75
0.50
0.25
0.00

solution point
initial iterate
final iterate

2.00
1.75
1.50
1.25
1.00
0.75
0.50
0.25
0.00

IN-13



2.2 Customized Proximal Point Algorithm-Classical Version

If we change the non-symmetric matrix () to a symmetric matrix A such that

0 rl, AT o rl, AT
— = — ,

then the variational inequality (2.9) will become the following desirable form:

O(u) —O(u* ™) + (u—u* YT F () + H(uF T —uF)) >0, Vu € Q.

For this purpose, we need only to change (2.8) in PDHG, namely,

O2(y) — 02(y" ) + (y — " TH {A2" T + s(y" T =)} >0, Vy e V.

to

O2(y) — O2(v* ) + (y — ") {A T AT - 2")
+ s(y’““r]L — yk)} >0, Vye).

02(y) — O02(y" ) + (y — " T T {A[22" — 2"+ sy T =M} > 0. @11)

IN-14
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Thus, for given (x*, y*), producing a proximal point (21, /*1) via (2.4a)
and (2.11) can be summarized as:

2" = argmin{®(z,y") + gHCIT — :r;kHQ |z e X} (2.12a)

R+l = argmax{CD([Q:z;k+1 — "], y) — gHy — kaQ} (2.12b)

By ignoring the constant term in the objective function, getting 1 from (2.12a)
is equivalent to obtaining z* 11 from

il = argmin{ 61 (x) + gHaﬁ - [:Ck + %ATyk] H2 ‘ e X}
The solution of (2.12b) is given by

y" 1 = argmin{ s (y) + gHy — [y" + %A(QJ;I‘CH — )] H2 ly e Y}

According to the assumption, there is no difficulty to solve (2.12a)-(2.12b).



In the case that rs > || AT A||, the matrix

rl, AT
H = is positive definite.
A sl,,

Theorem 1 The sequence {u* = (x*,y")} generated by the customized PPA
(2.12) satisfies

Huk+1 k-+1

—ulf < Jlu® = = - WP (2.13)

IN-16

For the minimization problem  min{f(x) | Az = b,z € X'},

the iterative scheme is

gl = argmin{@(w) + g”:c — [a:k + %ATyk} H2 ’a: - X}. (2.14a)

1
yPrh =y — = [A(2:1;k+1 — k) — b|. (2.14b)




For solving the min-max problem (2.10), by using (2.12), the iterative formula is

Pl = max{[z* + %(ATyk —¢)],0},
yk—l—l — yk o %[A(Q:Ek_}_l . lek) . b]

u2 A

u® = (0,0;0)

3 1 _ .
R o’ * u = (0,0;1)
o v = (0,0:2
u® = (1,0;1)

3 __ *

u° 9(0,0:0) v =1

Fig. 2.2 The sequence generated by
C-PPA Method withr = s =1

n-17
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% solution point
initial iterate
final iterate

%  solution pt
B initial itere [ ]

final iterat

L1.75
-1.50
+1.25
+1.00 y
-0.75
-0.50

*  solution pc * solution point
B initial itere B initial iterate

final iterat final iterate
L 2.00
. r1.75
M- r1.50
L r1.25

-1 +1.00 ¥

L r0.75
+C r0.50
r0 r0.25
Lo r0.00

0.0 0.04

0.02 0.02
0.00
—0.02%2

000 0.25 g 50 ¢ 5

5 1.00 1.25
x1

Xfr=s=1,2,5 10, C-PPA J3 7 EEBUNE. SHM A, W2

1.50 1,75
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Besides (2.12), (xk“, y’““) can be produced by using the dual-primal order:

ka = argmax{CI)(:Uk7y) — gHy — yk‘ 2} (2.15a)

2

reX}. (2.15b)

gFl = argmin{ ®(z, (24" —y") + ng - ka

By using the notation of u, F'(u) and € in (2.3), we get u* 1 € ) and
O(u) —O(u" ™)+ (u—u"THT{F () + H@W T —uf)} >0, Vu € Q,

where

Note that in the primal-dual order,

rl, AT
H = .
A sl,,

In the both cases, s > || AT A

, the matrix H is positive definite.
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Remark ' We use CP-PPA to solve linearly constrained convex optimization.

If the equality constraints Az = b is changed to Ax > b, namely,

min{f(z) | Ax =b, z € X} min{f(x) | Ax > b, z € X}.

=

In this case, the Lagrange multiplier ¢ should be nonnegative. ) = X" X 3?7]:
We need only to make a slight change in the algorithms.

In the primal-dual order (2.12b), it needs to change the update dual update form

yk—l—l _ yk:_ %(A(Qilfkﬂ— xk:)_ b) s yk—l—l _ [yk_ l(A(Zxk’H— xk)_ b)}

S

_I_
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2.3 Simplicity recognition
Frame of VI is recognized by some Researcher in Image Science I

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization*

Thomas Pock Antonin Chambolle
Institute for Computer Graphics and Vision CMAP & CNRS
Graz University of Technology Ecole Polytechnique
pock@icg.tugraz.at antonin.chambolle@cmap.polytechnique.fr

e T. Pock and A. Chambolle, IEEE ICCV, 1762-1769, 2011

e A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem
with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.



preconditioned algorithm. In very recent work [10], it has
been shown that the iterates (2) can be written in form of a
proximal point algorithm [14], which greatly simplifies the
convergence analysis.

From the optimality conditions of the iterates (4) and the
convexity of G and F'™* it follows that for any (z,y) € X X
Y the iterates x**! and y* T satisfy

T — T !}'\f + J_ T rli'+ 1 T 'L‘._i_ l i 'L“
s | Fl Cepy M e o ]2,

(5)
where
r phtl B (‘?G(;z:;"*l) e KTykJrl
yk—}—l - 8F*(y"‘+1) - [(Ik—}—l
and . .
. T —K
M= [ Y 6)

It is easy to check, that the variational inequality (5) now
takes the form of a proximal point algorithm [10, 14, 16].

E# C-P i 3
HA189 PPA i
FE F K b 15 1L
T BTS2 HT

AR IRIAN A,
QB (6)
NHIEERE M %
FRIERE, 4 B
8189 PPA 753£.

B, migEA
B TH 45 & /Y 1
T, FAEARA—
TE TSR AY.

FH CP iR RIFERMEEFEM, & 6 = 0, F3 X RERIEULEL.
Xt 0 e (0,1), WEH % BIERR, 4515 ZF— Open Problem.
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[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
University Press, Princeton, New Jersey, 1962.

[10] B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation image restoration. Technical
report, Nanjing University, China, 2010.

Later, the Reference
[10] is published in
SIAM J. Imaging Sci-

ence [9].

Math. Program., Ser. A
DOI 10.1007/s10107-015-0957-3

@ CrossMark

FULL LENGTH PAPER

On the ergodic convergence rates of a first-order
primal—-dual algorithm

k2,3

Antonin Chambolle!@® - Thomas Poc

The paper
published by
Chambolle and
Pock in Math.

Progr. uses the

VI framework
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1 Introduction

In this work we revisit a first-order primal—dual algorithm which was introduced in [ 15,
26] and its accelerated variants which were studied in [5]. We derive new estimates
for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N) rate
of convergence (where N is the number of iterations), which also generalizes to non-

Algorithm 1: O(1/N) Non-linear primal—dual algorithm

e Input: Operator norm L := || K|, Lipschitz constant L ¢ of V f, and Bregman
distance functions Dy and D,.

e Initialization: Choose (x°, y) e X x Y, t,0 > 0

e Iterations: For each n > 0 let

"Ly = PDL o (x, y?, 26" — Xy (11)

The elegant interpretation in [ 16] shows that by writing the algorithm in this form

& 1ZCHIICHER [16] 214 3R1E SIAM J. Imaging Science E AN E.
B.S. He and X.M. Yuan, Convergence analysis of primal-dual algorithms for a saddle -point

problem: From contraction perspective, SIAM J. Imag. Science 5(2012), 119-149.



Proximal point form

2017F7H,FEA
B RXEHRFERD
— Bl EFEEXKE
e EfSmE
—NERESNE B
AR &= A3 A He
and Yuan 12 H H94R
Ik =3 (PPF), &b
I8 [E &R i) .

RE—MRZIT R/
TAFATE TAE, F
RS T —3K
BAR%%3.

X Wi, R B

L pmEELRSE

B, WA
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University of Colorado Boulder Technical Report, Department of Applied Mathematics

The Chen-Teboulle algorithm is the proximal point algorithm

Stephen Becker *
November 22, 2011; posted August 13, 2019

Abstract

Werevisit the|Recent works such as [HY12] have proposed a very simple yet

on the step-size

powerful technique for analyzing optimization methods.

1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product (x,y) on H x H*. Instead of defining the norm to be the induced norm, we define the primal
norm as follows (and this induces the dual norm)

2y =z v, il = llyllv-: = Vg, V1) = V. y)y -

for any Hermitian positive definite V € B(H,H): we write this condition as V > 0. For finite dimensional
spaces ‘H. this means that V' is a positive definite matrix.

Jelly =




2.4 Relationship to Chambolle-Pock Method

Chambolle and Pock [3] have proposed a method for solving the convex-concave
min — max problem, in short, C-P method. Applied C-P method to the problem
(2.1), it is also required rs > ||ATA||.

CP method. For given (¥, y*), C-P method obtains 2" via

2 = arg min{®(x, y*) + ng —2F||? |z € &Y. (2.16a)
Then, y** ! is given by

S
y" T = argmax{®([z" ' + (2" — 2¥)],y) — Slly = v |1? |y € Y}
(2.16b)

where 7 € [0, 1].

IN-27
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o JRIE-FHBE S HEE R(PDHG) (2.4) F1IRE EHIHISRIL S E 3K (C-PPA)
(2.12) &R 2 Chambolle-Pock 737& [3] ST HIEX 7 = 0 #1 7 = 1 BUFFI.

o Xt 7 =0/ PDHG J577% (2.4), §2.1 PFEZ A BERIEILEL. 3 7 = 1 BY
CPPA 7374 (2.12), LS 7 §2.2 P AT 4L,

o MRFBIATAIENIIR, I+ 7 € (0,1) BY CP 73& (2.16), TSI M IR R B E L.

CP &+ 2020 9 A I

e Chambolle F1 Pock 7£ 2010 F4EH BIK % min — max [A)@ARY [RIG-XT{E
&, RGBSR E S 2N B AR KB, #EFRACP &,

e Chambolle #1 Pock FF7ERIE—NRA AR T2010 &6 A. 1895 EF
BN0,1] 2EfEH, BEXEDR, AXSRA 1WA ES TIER. 7T
A1 EXELE, T3 X KT ARSI #IT T 3R

o HTHNZEMRBATHAZFRANKESE RIRLWM, S8 189
CP A& AIUMBB AT O AEN H-EH AXIRIEEER elhiaE
% (PPA), Bl S M UERRSS R B, A NAAEIAY 2010 FE 11 A 4 H, 3%
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1B FE IERRRY S8 —75, 00-2790, 22 Fn 7E Optimization Online k. [EBT, X
S8R 0 89 CP 57k, AN E] T A& v 51+

o WL (0,1) [BIRY CP 7&K, REABEFRIEUIS, XA [a)l £ 5 BRER.

e Chambolle #1 Pock 1RIRLZIN T FHABI TIE, — 12 ABHI 2010 F 12 A
21 B, I 1893ZZE7E J. MIV online IER & 3. F {1534 E %], Chambolle
A Pock BASIA T HANBNXE, g2 7 IAANERR. FHIWXELER
A2 xRUUGE, CPERMABIRSHE0,1) BINFET.

o 157l Ri8 CP AR G E AT Fe 148 K RO & 2 UERR. fth{[17E20114F
BUIEEE ICCV £, FREEFRA18Y T{EFR R Hb &1L T W&t 43 4

(which greatly simplifies the convergence analysis).

o [FXRCP FZEMEENBZRHEXNNELREENNEMNBITTiL
SN 1A E). {1F2016 F£FEMath. Progr. £3RBISCE R, 45455 F
FATHY PPA #ER%, SLERISI S FRFFIRA 2 (In particular, exploiting a
proximal-point interpretation due to [16], we are able to give a very
elementary proof). X ER9[16] &FA1 2010 FERIFRENZA 00-2790, 2012 &
& & I 1E SIAM Imaging Science.



3 From ALM to Balanced ALM

We consider the generic convex minimization model with linear constraints
min{f(z) | Ax =b, z € X}, (3.1)

where 8 : k"™ — R is a closed proper convex but not necessarily smooth function;
X C R"isaclosed convexset; A € R™* ™ and b € R™.

The Lagrangian function of (3.1) is
L(z,)\) = 0(z) — A\ (Az — b), (3.2)

which is defined on 2 = X x R™. A pair of (™, \™) defined on X’ X A is called a

saddle point of the Lagrangian function (3.2) if it satisfies the inequalities
Lyewrm (27, \) < L(z",\") < Lyex(xz, \¥).
Alternatively, we can rewrite these inequalities as the variational inequalities:

w* e Q, 0(z)—0z")+ (w—w) Fw*)>0, YweQ, (3.3a)

Il-30



where

x — AT -
w = , F(w)= and Q=X xR". (3.3b)
A Ax —b

Note that for the operator F' defined in (3.3b) is affine with a skew-symmetric matrix. Thus
we have
(w—w)" (F(w) — F(w)) = 0. (3.4)

We denote by 2™ the solution set of the variational inequality (3.3).
Theorem 2 [PPA for VI (3.3)] The sequence
w* e Q, 0(x)-0(") + (w — W THT F(w* T
> (v — " THTHW" — o), vw e Q. (3.5)
Then we have

||’Uk+1 . ’U*HQH S H'Uk . U*H2H . Hvk . Uk+1H2H, \v/w* c Q* (36)

I — o™ <l — o[ - oM — o

- 31
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3.1 Augmented Lagrangian Method

The augmented Lagrangian method originally proposed in [12, 13, 14] for (3.1) reads as

p

"t € arg min{ L(z, ) + g“Ax —b||? ‘ € X} (3.7a)
(ALM) 4

AL arg maxc{ L(z"*1, \) — 2—1T||A ESIEN 3.7b)

\

The method is implemented by
"t € arg min{f(z) — et AT+ gHAx —b||” |z € X}, (3.8a)
AP = AP — (A —b). (3.8b)

("1 N e & x R

y

O(x) — O(z" ) + (x — " THT{—ATIN — r(A2FT —b)]} >0, Ve e X

(A — MEFDT LAk ) 4 %(A"““ “ A} >0, VA€ RT



k+1

Lemma 3 For given A\F , let w be generated by (3.7), then we have

w*tt e Q, 0(z) — 0" + (w — W THT P

> (A — Ak“)Tl(A’“ — N vw e q. (3.9)

r

1
Itis a form of (3.3)withv = \, H = —1,,.
r

According to Theorem 2, the sequence {)\k} generated by ALM (3.7) satisfied

AR X512 <IN = X512 = |AF = N1, vt e A (3.10)

Disadvantages: The x-subproblem of of the k-th iteration of ALM has the mathematical

form

min{6(x) + gHAa: —p"|)? |z e X} (3.11)

-
Because of the quadratic term 5 | Az — p®||®, sometimes it is difficult to get a solution of
(3.8a).

Il-33
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3.2 CP-PPA method

The scheme of CP-PPA method [3, 4, 9] is appropriate for (3.1). It reads as

(CP-PPA)

’

g arg min{ L(z, \*) + gHaz —z"||? |z € X}, (3.12a)
\

Nt = argmax{L([2z"T" — 2*],\) — %H)\ — X*|I?}.(3.12p)

\

The method is implemented by

f

\

Lemma 4 For given wk, let w

wk+

"t = argmin{f(z) + ng — (z" + LATAF)|)? | z € X}(3.13a)
AL = AP — L(A22" T — 2] — ). (3.13b)

k11 pe generated by (3.12), then we have

e, 9(z) — 0" + (w— W F(w*

> (w — wkH)TH(wk — wkH), YVw € Q, (3.14a)
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where

H = . (3.14D)
A s,

According to Theorem 2, the sequence {wk} generated by CP-PPA (3.12) satisfied (3.6)
where H is defined in (3.14b).

Disadvantages. In order to guarantee the convergence, the parameters r and s should

satisfy
rs > [|[AT A]. (3.15)

Unless the matrix A”'A is well-conditioned, the condition (3.15) will lead slow

convergence.

CP-PPA B3:HY 2-FId)8H (3.12a) ¥, F — 5l = ¥ (> KB RALM EJE »-Fia]
#(3.7a) FHY —||A:1;—b||2 i &ﬁi? BT H IEE, Flilm
B rs > ||ATAH rs %k? ATA HUIEF12. Mﬂiﬁ/\-t 3.12) AILLEH, r

M s K, 2BEFAVIEK = ( R SRR SRAY
mw® = (2", \") Kik. T{Eyﬂ‘ﬂ XS F MR .
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3.3 Balanced ALM

Our balanced ALM [10, 17] is to share the difficulty equally in the primal-dual steps.

(k41

x = argmin{L(z, \*) + ng — z"||? |z e X}, (3.16a)

1
AL = arg matX{L([?CL’k+1 -2, = 5 |[A - )\kH?lAAT—l—éIm)}' (3-16b)

\

Replaced
A = arg max{L([22"! — 2], \) — §||>\ — AR,
in (3.12b) by

1
N = argmax{ L([22"! = 2*], 0) = SN = N[y ) b

The balanced ALM (3.16) is implemented by

p

¥t =argmin{f(z) — " ATN" + gHaz —z"||? |z € X}, (3.17a)

\

)\kH:argmin{)\T(A[Qa:kJrl — .Cl?k] — b) + %H)\ — )\k“?%AAT+5Im)}. (3.17b)



Remark. \* ™1 in (3.17b) is the solution of the following system of linear equations:

Ho(A — \*) + (A[22""! — 2" —b) =0, (3.18)
where
L
Ho = ~AA" +61,,. (3.19)
r

Because the matrix Hy is positive definite, there are efficient algorithms in literature for

solving such a systems of linear equations.

Lemma 5 For given wk, let w*t1 be generated by (3.16), then we have
wh Tt e Q) 9(x) — 0(z"TY) + (w — wPTHT F(wh )
> (w— w™TH (WP — w1, Vw e Q, (3.20a)
where

rl, AT
H = is positive definite. (3.20b)
A %AAT + 901,
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k+1

Proof. According to Lemma 1, x offered by (3.17a) is characterized as e x

and

0(x) — 0" ) + (2 — 2" THT{—ATN 1 (@™ —2F)} >0, Vo e X.

)\k—i—l

Then, for any unknown , we have

xkﬁ—|—1 c X, (9(517) . 9($k+1) + (CU . ZEk+1>T(—AT>\k+1)
> (x — a:kH)T{r(a:k — a:k’“)—i—AT()\k—)\kH)}, Ve e X. (3.21)

Similarly, according to Lemma 1, AL offered by (3.17b) is characterized by the
variational inequality A*T1 € ™,
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()\—)\k’“)T{ (A[Z:c"’+1—xk]—b)+(%AAT—l—cSIm)()\k“—)\k)} >0, VAeER™

It can be rewritten as \* ™! € A as
(A = X HT (AL — )
> (A= MFDT{(A@" )+ (CAAT 460 ) (O - X)),
VA EeA. (3.22)



Combining (3.21) and (3.22), and using the notation in (3.3), we get the assertion of this

lemma. []

Notice that the matrix H in

oo Vi (\/?j[n,\/gAT)—F 0 O

\/;A 0 oI,

forany w = (x, \) # 0. Thus, we have

w Hw = ||z + /LATA|® + 6712 > 0,

and therefore the matrix H is positive definite. []

B E VIS H & B H e F5%, »-FIol@ (3.16a) F1 CP-PPA HHJz-Fd]

WL (3.12a) SEE—HE. \-Flall (3.17b) EXRB— N RBIERRFIEEE M HTE
H HRMNAXNEHRT EEZLMBEHRER rs > || AT Al| (see (3.15)). ;&
2, AEMERIFES, N REXERE Hy (see (3.19)) — X Cholesky 47 fi#.
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4 ALM in PPA-sense

The methods introduced in this section are recently published in [19].

RIFFIZEERERE WiEPPARE HEFTMUENHEE]

The convex optimization problem,
min{f(x) | Az =b, z € X}
is translated to the equivalent variational inequality :
w* € Q, O(x) —0(x*) + (w—w)'Fw*) >0, Yuc, (41a)
where

x — AT\
w = , F(w) = and Q=X xR". (4.1b)
A Az — b
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4.1 Relaxed PPA in Primal-Dual Order

Relaxed PPA for the variational inequality (4.1) :

0(z) —0(Z") + (w — ") F(@") > (w— ") Hw" —a), Yw € Q, (@.2a)

where
BAT A+ 61, AT
A Blm
The concrete formula of (4.2) is The underline part is F (1 ~k

):
(%)

0(x) — 0(&F) + (x — &%)7
4 {—ATX* + (BAT A 4 61,,) (3" — %) + AT(\F — \F)} >0,
(Az" —b)  +A@EF -2 + /8N =XF)=o0.

41
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0(x) — 0(z") + (x — )T {=ATN* + (BAT A+ 61,) (3" — %)} >0,

(A[2z" — 2" —b) + (1/B)(\" = \F) =0.

How to implement the prediction? ' To get " which satisfies (4.3),

we need only use the following procedure: (Primal-Dual)
( . 0(z) — 2T AT\F
" = Argmin re X o,
+3(x — ") T (BAT A+ 61,,) (z — z%)
TV

/\

\

Then, we use the form

to update the new iterate w** 1.



4.2 Relaxed PPA in Dual-Primal Order

Relaxed PPA for the variational inequality (4.1) :

0(z) — 0(2") + (w — )T F(@") > (w — T H(wk —a"), Yw € Q,
(4.4a)
where
BATA 461, —AT

H = y 1 ; , (asmalld > 0,say 0 = 0.05). (4.4b)

Then, we use the form

k41 k

wr Tt = wk — a(w® — %), o€ (0,2)

to update the new iterate w**1.
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The underline part is F

o"):

The concrete form of (4.4) is F(w) = ( )
Ax —

[ 0(z) — 0(&") + (z — )T

\ (AN 4+ (BATA 4 61,.,) (" — z")— AT (A\F — X)) >0,

(AZ* —b) —A@EF -2 + (1/8) (A =A") =o0.

\

2

O(x) — 0(z*) + (x — )"
X {—AT(2X* — \*) + (BATA + 61,,,) (3" — 2*)} > 0,
\ (Az* —b) + (1/8)(A* =I*) =0

Implementation of (4.4) is (Dual-Primal)

(2= \F = B(AzF — 1), (4.5a)

. { 0(z) — T AT[20F — N\F] +
" = Argmin
%( — T (BATA + 61, (x — zF)

T € X}. (4.5b)




4.3 PPA in Primal-Dual Order

Relaxed PPA for the variational inequality (4.1) :

0(z) — 0(F") + (w — ") TF(@*) > (w — oF)THw" — @), vw € Q,
(4.6a)

where

ol, 0
H = : 4.6b
s o0

B

Then, we use the form

k+1 k

w' T = w" — a(w” —w%), ac(0,2)

to update the new iterate w** 1.
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The underline part is F'("):

T
The concrete form of (4.6) is Ax — b

{ B(x) — 0(F*) + (w — #)T{—ATX* + 61, (3" — 25)} > 0,

(A" —b) + (1/8) (A" = X*) = 0.
Using

Moo=k — B(AZF — b) = [\F — B(AzF — b)) — BA(ZF — F)

( . o | —ATE — B(A2R — b))
O(x) —0(x r—T >0,
@ oE ) { +(861n + AT A)(&" — z¥) }_

A=\ — B(AZ* —b).

Implementation

(e[ 0@) —aTATDE - pAzt — b)) +
Ir = Argmin
° Lz — ™ (BAT A+ 61,)(x — 2F)

2

:BEX},

LR =0 - ARt — ).
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5 Different positive definite matrices H in PPA

rl, AT rl, —AT
H = , H= , rs > ||ATA|.
A S]m —A Slm
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