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1 Two blocks separable convex optimization

We consider the following separable convex optimization
min{f;(z) + 02(y) | Ax + By =0, x € X, y € Y}
Example: Best matrix approximation under some conditions

min {31 X — C|[}| X € 83 1 Ss},

where
St ={H € 8" [ Amind = H < Anax!}

and
Sp={HeS"|H, <H< Hy).

It can be translated to the following equivalent problem:
miny,y [|X - C|*+ 3]V - C|
st X-Y =0, XeS},YesSs.

The problem (1.2) is a concrete problem of type (1.1).

(1.1)

(1.2)
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Smooth Optimization Approach for Covariance Selection — Statistics '

m)}n {Tr(CX) — log(det(X)) + pe’ | X|e ‘ X e St}

where C'is a given symmetric matrix, e’ | X |e = >_7 | > -1 | Xijl. Its equivalent

optimization problem is
minxy Tr(CX) —log(det(X)) + pel|Y]e
st X—-Y =0,
X eS8, Y eRY™™

Low rank and sparse optimization problem in statistics '

minx,y || X[« + pe’ [Yle
st X4+Y=H (1.3)
X, Y € RV,

XEREEMUNBFFEBERTE— T (1.1) SRR LE)EL.
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2 Mathematical Background

MAEARES: THAFN 1 2FiEs (PPA) &X

Lemma 1 Let X' C R" be a closed convex set, 0(x) and f () be convex func-

tions and f(x) is differentiable. Assume that the solution set of the minimization

problem min{f(x) + f(x) |x € X'} is nonempty. Then,
r* € argmin{f(z) + f(x) |z € X} (2.1a)

if and only if

v e X, 0(x) —0(z*) + (x —2*)'Vf(z*) >0, Vx e X. (2.1b)
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2.1 Linearly constrained convex optimization and VI

The Lagrangian function of the problem (1.1) is

L*(z,y,\) = 01(z) + 02(y) — M (Az + By — b).

According to Lemma 1, the saddle point is a solution of the following variational

inequality:

(2 e X, 01(z)—01(z*) + (z — )T (—ATA*) >0, Ve A,

Sy e, Oay) —Oa(y*) + (y—y" )" (=B'A) >0, Vyec),

| AT e R, (A =X (Ax* + By* —b) >0, VXeRm

lts compact form is the following variational inequality:
w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, Ywe, (22

where



T — AT\

w=| vy |, u= , F(w) = — BT\ :
A Y Az + By — b
and
O(u) = 01(x) + 02(y), Q=X xY xR™

Note that the operator F' is monotone, because

(w— D) (F(w)—F(w)) >0, Here (w — @) (F(w)—F(w)) = 0. (2.3)

2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the problem (1.1) is characterized as a mixed monotone

variational inequality:

w* € Q, O(u)—0u*) + (w—w)'F(w*) >0, YweN. (24

PPA for monotone mixed VI in H-norm '
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For given w”, find the proximal point w®*t1in H-norm which satisfies

wh e Q) O(u) — (W) + (w — whtTHT

(F(w*" ™) + Hw" ™ —wF)} >0, Vw e Q, (2.5)

where H is a symmetric positive definite matrix.

Y4 Again, w” is the solution of (2.4) if and only if w® = w®t1

Convergence Property of Proximal Point Algorithm in /4 -norm I

Jut

—wlf < w® —w|E - ot -t (2.6)

The sequence {wk} is Fejér monotone in H -norm. In customized PPA, via
choosing a proper positive definite matrix /4, the solution of the subproblem (2.5)

has a closed form. An iterative algorithm is called the contraction method, if its

generated sequence {w”} satisfies  ||w* Tt — w*||%, < [[w® — w*||3;.

m-7
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2.3 Augmented Lagrangian Method (ALM)

We consider the convex optimization, namely
min{f(u) | Au =b, u € U}. (2.7)
The related variational inequality of the saddle point of the Lagrangian function is
w* € Q, Ou) —0u*) + (w—w)TFw*) >0, YweN. (2.8a)

where

u — AT\
w = , F(w)= and Q=UxR". (2.8b)
A Au —b

Augmented Lagrangian Method

The augmented Lagrangian function of the problem (2.7) is

£5(u.2) = 0(u) = X (Au —b) + 5 Au — b|”,



The k-th iteration of the Augmented Lagrangian Method [15, 18] begins with a
given \¥, obtain w* 1 = (uF+1 A1) via

ALM w1l = arg min{ £z(u, AF) ueUl, (2.9a)
AL = AP _ B(AuFTT — b). (2.9b)
In (2.9), uF s only a computational result of (2.9a) from given M\F it is called

the intermediate variable. In order to start the k-th iteration of ALM, we need only
to have \* and thus we call it as the essential variable.

The subproblem (2.9a) is a problem of mathematical form
min{f(u) + 5| Au — p*||* |u € U} (2.10)

where 3 > 0 is a given scalar and p* = b + %)\k.

Assumption: The solution of problem (2.10) has closed-form solution or can be

efficiently computed with a high precision.

-9



The optimal condition of (2.9) can be written as w*T! € Q = U x R™ and
O(u) — O(u" ™) + (u — " THT{—ATN* + BAT (Au*Tt —b)} >0, Vu €U,
A = M FHH{(AT = b) + (A= AR} >0, VAe R™
The above relations can be written as
ok \ T _ AT \k+1
Ou) — 00y 4 (1T > (A= AFFH)TZ (0 - AR,
A — AL Aukt — b B
for all w € ). Using the notations in (2.8), we get the compact form
O(u) — O(u* ) + (w — w* T F(w*h)

Z ()\_)\k—l-l)Tl

6()\k — N vw e Q. (2.11)

Setting w = w™ in (2.11), we get

(}\k—|—1 B )\*)T()\k B )\k—l—l) > 5{9(uk—|—1) —0(u) + (wk—l—l B w*)TF(wkﬁ—l)}.

i-10
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By using the monotonicity of F' and the optimality of w™, it follows that

9(uk—|—1) . Q(U*) + (wk—l—l . w*)TF(wk—l—l)

= @) —0@u") + (W —w)  F(w*) > 0.

Thus, we have
AT XHT AR = X > 0. (2.12)

By using the above inequality, we obtain

IAN* = XT2 = [T = AT+ (A =AM
Z ||)\k—|—1 . )\*||2 _|_ ||)\k o )\k—|—1||2.
It means that
IATFE = NP <A = AP = A = AR (2.13)

The above inequality is the key for the convergence proof of the Augmented

Lagrangian Method.



3 ADMM for two-block problems

Recall the separable convex optimization problem
min{6;(x) + 02(y) | Az + By =b, t € X, y € V}.
The augmented Lagrangian function
Ls(z,y,A) = 01(x) + 02(y) — X' (Az + By — b) + 5 || Az + By — b||”.
Applied ALM to solve the problem (1.1), the k-th iteration begins with given )\k,

(" ") = argmin{Ls(z,y, A") |z € X,y €V}, (B1a)
AL e A~ gAY + By —b). (3.1b)

ADMM is a relaxed ALM for the problem (1.1),the k-th iteration begins with given (yk, )\k),

(2! e arg min{ﬁg(x,yk, A") ’ z e X}, (3.2a)
{ y*T cargmin{Ls(z",y, ") | y € Y}, (3.2b)
LN =0 — B(A T + By —b). (3.2¢)

im-12
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AN 93 = B AR R Bn) B 9 ADMM 753X [3, 4]

Applied ADMM to the structured COP:  (y*, \*) = ("™, N\

First, for given (%, A*), 25" is the solution of the following problem

(AT ko
2P+ = Argmin 01(x) 6()\ ) (Al’: B?JQ b)

T € X} (3.3a)

Use A\* and the obtained "1, 4%t is the solution of the following problem

) O2(y) — (AT (A2 + By — b)
*+1 — Argmin ° yel, (3.30)
v +5 142"+ 4 By — b

AL = 2P g(AzF L 4+ Byt —b). (3.3c)

Advantages ' The x and y sub-problems are separately solved one by one.




Ignoring the constant term in the objective function, the sub-problems (3.22a)

and (3.22b) is equivalent to
gt = Argmin{ 01 (z) + 2||(Az + By* —b) — %)\kHQ’x e X} (3.4a)
and

YT =argmin{0>(y) + S[[(Ax* + By —b) — IN|Ply e ¥} (34)

respectively. Note that the equation (3.3c) can be written as

A= A4z + By =) + 2 (AT =AM} > 0, VA € R (3.40)

Notice that the sub-problems (3.4a) and (3.4b) are the type of
"t = Argmin{ 61 (z) + 8| Az —pk\|2}x c X}

and
Yt = Argmin{02(y) + 5 || By — ¢"||*|y € Y},

respectively. (FIalRi K % B F M B 24 IR 7L 5 )

- 14



Analysis ' According to Lemma 1, the solution of (3.22a) and (3.22b) satisfies

Pl e X, 01(x) — 01 (2F) + (v — 2FTHT

{—AT/\k + BAT (A:ckJr1 + Byk — b)} >0, Ve e X
(3.5a)
and

Yyl e Y, Os(y) — O2(y" ) + (y —yFTHT

{-BT N+ BT (A"t 1+ Byt —b)} >0, Vy € Y,
(3.5b)
respectively. Substituting \*1 = \¥ — B(Ax*T1 + ByFT1 — b) (see (3.3c))
in (3.5) (eliminating A* in (3.5)), we get

Pl e X, 01(x) — 01 (2F) + (z — 2FTHT

{—AT)\k+1 + BAT B(y* — yk+1)} >0, Ve e X,
(3.6a)

i-15



and

g eV, Oa(y) =y +(y—y"THT{-BTA} >0, Vy e V.
(3.6b)
The compact form of (3.6) is u* ™1 = (x*1, y*T1) € X x Y and

z— P\ ([ — AT A
0(u) — O(u" ) + ( - ) {( . M)
y—y —B" A
A'B
+B< ) (y* — y’““)} >0, (37
0

forall (z,y) € X x V.

By adding and subtracting the term 3BT B(y* — y*T1), we rewrite the about

i-16



variational inequality in our desirable form

xr — pFtl g — AT )R ATB
0(u) — O(u**) + " R BV e [y
Y —y —B" A\ B B

+<O 0 )(xk+1_gck>}>0v( ey
= U, V(x,y) € 4 X .

Combining the last inequality with (3.4c), we have the following lemma.

Lemma 2 Letw® Tt = (P ¢F L \FT1) c O be generated by (3.3) with
given (y*, \*), then we have

m-17

o — phtl T _ AT )\k+1 AT
g(u)_g(uk+1)_|_ y — yk+1 ) _ BT )\k+1 13| BT B(yk—ykﬂ)
A=A\ Az T 4 Byt — b 0
0 0 . \
+| BB'B 0 s >0, Vw € Q. (3.8)
)\k—|—1 o )\k
0 i, )



For convenience we use the notations
y k k k >k k k k
v = ( ) and V" ={(y",\") | (=", ¥, ") € Q7).
A

Then, we get the following lemma:

Lemma 3 Let the sequence {w*T! = (zk+1 ¢*+1 A1 € Q pe
generated by (3.3). Then, we have

(,Uk:—|—1 —U*)TH(Uk—Uk+1) > (yk_yk-l-l)TBT()\k:_Akz-l-l)’ Vw* € Q*,
(3.9)

T
H(BBOB ? ) (3.10)

where

i-18
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Proof. Setting w = w™* in (3.8), we get

(’Uk—l_l . ’U*)TH(”Uk . vk—|—1)

I S Tyoyr
> ( . - |8BGS =yt
vy —y B
+0(uth) — 0(u*) + (W —w")T P ), Y e QF. (3.11)

Observe the first part of the right hand side of (3.11),

T
xk—i—l ¥ AT
( - ) ( . >BB(ykyk“)
Yyt =yt B
k+1 %
(ykyk—Fl)TBTﬁ(A’B)( X X >
k+1 %
y Yy
_ (yk o yk—i—l)TBTB(Axk—l-l + Byk—l—l . (ACE* 4+ By*))
= (" —y")BT (A" + Byt —b)
_ (yk . yk—H)BT()\k . )\k-|—1). (3.12)




To the second part, since (w* ! — w*)T F(wk+l) = (w1 — w*)T F(w*)

and w™ is the optimal solution, it follows that
9(uk+1)—9(u*) + (wk—i—l . w*)TF(wk—i—l)
= O(u"TH—0u*) + (Wt —w*)TF(w*) > 0. (3.13)
The assertion (3.11) immediately. []

Lemma 4 Let the sequence {w* ™1 = (zF 1 ¢F+1 ALY € () pe

generated by (3.3). Then, we have

(y* — " THT BT (AP — ALY >0, (3.14)

Proof. Because (3.6b) is true for the k-th iteration and the previous iteration, we
have

Oo(y) — O2(y" ) + (y — " THT{-B" N1} >0, Vye ), (3.15)

- 20



and
O2(y) — 2(y") + (y — ") {-B" N} >0, Vy e, (3.16)

Setting y = yk in (3.15) and y = y"“rl in (3.16), respectively, and then adding

the two resulting inequalities, we get the assertion (3.14) immediately. []

Substituting (3.14) in (3.9), we get
(VF Tt — )T H (W — ot >0, Vo e V. (3.17)

Using the above inequality, as in the last lecture, we have the following theorem,
which is the key for the proof of the convergence of ADMM.

Theorem 1 Let the sequence {w* 1 = (zF 1, yFT1 A1) € O be

generated by (3.3). Then, we have

Hka — U*H%{ < H’Uk — ’U*H%{ — Hvk — kaH%{, Vo* e V*.  (3.18)

i - 21
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X7 DA UERRRY  Figid

RE 7 ELEL IR Z AN 7 BRI UL E] R
min{6;(z) + 02(y) | Ar+ By =b, z € X,y € V}. (3.19)

BHERRBEER L(x,y,\) = 01(x) + 02(y) — AT (Az + By — b) BiERS A ASZNNEN TS
aW: )=

w* e, Ou)—0u*)+ (w—w)"F(w*) >0, YweQ, (3.20a)
Hrh
- —AT X
x m
w = Y 5 UZ( ), F(w) = — BT , =X XY XR". (3.20b)
A Y Ax + By — b

ADMM Y k SBIR RN ERIRZIDER 0" = (y*, \F) H%
(R = arg min{ 61 (z) — T ATAF 4 gHAx + By" — b||2 | r € X}, (3.21a)

¢ ¥ = argmin{62(y) —y" BTN + )| A" 4+ By —b|® |y € ¥}, (3.210)

AL = 2P _ g(AZ"T 4+ ByF T — ). (3.21c)
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RIESRMIESITE 1, ADMM k-BERTFEE
ok Tl e x, 61(z) — 01(aFT1) + (@ — P THT{_ATNF 4 gAT (ARt 4 ByF —b)} >0, vz € X,
yR Tl e v, 0a(y) — 02(yF T + (v — YR THT{-BT Ak 4 gBT(AzkTL 4 ByF+L —b)} >0, vy €V,

AR+l e gm (A — APt reagk+l 4 pyk+l _ by 4 %(Ak"'l — k)1 >0, va e »™.

FIFA AL = AF — B(Az* T + ByF Tl — b)) FEMNRFAIAEIEN SRR

(2Rt lex, oy(z) — 09(=F T + (2 — 2T HT L ATNE+L L gaATBF — 4kt >0, va e &, @222
vy, oa(y) — 62(yF T + (v — yFTH T {—BTAFTL } >0, Vyey, @2
| AR e wm AP T AT By ) 4 %(A’H_l —2Fyy >0, vaer™. @2

TE (3.22b) R FERIN LRI AT RN, 152

01(z) — 01(zFT1y 4 (@ — 2T HT (AT \E+1 4 gaAT p(yk — ykt1) } >0,

0o(y) — O5(yF 1) 4 (v — Rt T (BT xk+1 4 gT B~ — yFTh L gt BRATL — P 3 >0,

(A = AFTHT fagktl 4 pyktl —p) + TNy > 0.
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FIALZHAEK 3.20), HITEIBEES, 153
0(u) — 0(u"Th) ¢+ (w — wFTHT Pkl
z — gkl T AT L k41 y — yk+1 T 5BTB 0 yk—l—l yk
+(y—yk+1> & BT Bly"—y )+ A — Ak+1 0 %Im A+l Nk 20
BFLEXFBMEEDN v, EAES w* EF
0(u*) — 0(uF Ty 4 (w* — Wt T pr,h+l
o Gk FIN\T /T ko kgl y* — ykt1 T/s6Tp o SRk
+<y*—yk+1> IB(BT>B(y -Y )+ >\*—>\k+1 0 %Im Ak_‘_l Ak >0
Zitih, 153
k+1 % T ,BBTB 0 kE . k41 BBTB o
Yy Yy y Yy N _ [ v _
(n ) (7 ) mme e () e ()7
k+1__+«\T [ 4T
> ( k4 x) B ( T ) By* —y*Th + 10T —o(u®) + (0F T —w) T F (T ez
Yy -y N g !
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3R (3.23) NAImAEL, IEPARIE AR ESER T. AT

0wty — 0(u*) + (W — wH T F(w* ) = (Pt — o(u") + (w

—w*)TF(w*) > 0.

(3.23) NG um NXIZIRTIES. ELL I (3.23) R 1SE!

T
k+1 *\T k k+1 Tt — At k k+1
(7 —v7 )" H(v" —v" ") 2 bi1 . | B B(y" —y ). (3.24)

Yy - Y

%t (3.24) RV G iR IHITHIE, B

k+1  x \ T AT
(xk_‘_l ; ) 6<BT>B(yk_yk+1):(yk_yk-l—l)TBTB(A,B)(

Y —y"

= (" =" THTBTB (A" + Byt — (Az" + By*))  HMMA(Az* + By* =)

_ (yk: _ yk+1)BTB(Axk:+1 4 ByFt! — b)

— (" — BT R AR,

FEHNEIERR (v*° — v*THBT(AF — AFHL) > 0.

$k+1 _p* )
kE+1
y +

(3.25)
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02(y) — O2(y" 1)  +  (y—y"THT{-BTNT1} 0, Vye,

>
FIA (3.220) B -
F62(y) —02(y") + (y —y")T{—B"\*} > 0, Vye.

BIEEH y 55 O2(y") — 2(y" 1)+ (yF —yFHT{-BTAF} >
( WA y* F oyt )

O2(y" ") —02(¥*) + @ —y)T{-BTN} >o0.

(B EEAREM A (" -y )BT - AT > 0. (e RARIER

WERR T (3.25) XA IRIE S, HEMIFE (3.24) ARG ImIES. ATLA
Tt — o) THW" ="t > 0. (3.26)

Lemma 2 £1FFA1:

bVTH(@@-b) >0 = b} < lal% — lla—b]l%. 3.27)

EE27)HEa = (vF —v*) M b= (vt —v*), 1RIE (3.26) MBI HBI X BAEFR

k+1 2 k 2 k k+12
[ (N [ e A (2

0" — o I < ok o I — R ot | 18 R (ot ot < e o




How to choose the parameter 3. The efficiency of ADMM is heavily dependent
on the parameter (3 in (3.3). We discuss how to choose a suitable (3 in the
practical computation.

Note thatif BAT B(y* — y*T1) = 0, then it follows from (3.7)

Y — yk—l—l —BTAk—i_l

_ k1 \ T AT (R
O(u) — O(urt1) + (m v > < A ) >0, V(z,y) € X x V.

In this case, if additionally Axktl -+ By"“"‘1 — b = 0, then we have

’

01(x) — 01 (2" 4+ (z — 2P THT(—ATNFY) >0, Vee X
O2(y) — O2(y" 1) + (y — ") (=BTA ) >0, Wye)y
(A = XTI (AxhTL 4 Byt —p) >0, VA e R™

/"

\

and consequently (z*T1, y*T1 \F+1)is a solution of the VI (2.2).

In other words, (x*T1, 1 \*T1) s not a solution of (2.2) because

BATB(y® —y*™) £0  andior  AzFT 4+ Byt — b £0.

- 27



I - 28
We call

IBATB(y* — y*™)|| and  ||Az*T' + Byt —b|

the primal-residual and the dual-residual, respectively. It seems that we should balance the

primal and the dual residuals dynamically. If
plBAT B(y" —y" )|l < [|Az™ + By™ —b|| witha p>1,

it means that the dual residual is too large and thus we should enlarge the parameter (3 in
the augmented Lagrangian function. Otherwise, we should reduce the parameter 5. A
simple scheme that often works well is (see, e.g., [10]):

( )
B x7, it pl|BATB" —y*tY)| < ||Az*t + Byt — b)|;
Bryr1 =19 Br/7, it |BATBWF — ") > pl|AzFT + ByFtt —b||;
L Bk, otherwise.

where . > 1, 7 > 1 are parameters. Typical choices might be n = 10 and 7 = 2. The
idea behind this penalty parameter update is to try to keep the primal and dual residual
norms within a factor of ;& of one another as they both converge to zero. This self adaptive

adjusting rule has been used by S. Boyd’s group [1] and in their Optimization Solver [5].



4 Customized PPA for Variational Inequality

We study the algorithms using the guidance of variational inequality. The optimal condition

of the linearly constrained convex optimization is resulted in a variational inequality:
w*eQ, Ou)—0u")+ (w—w) Fw) >0, YVweQ @1

4.1 Customized PPA for VI (4.1)

- 29

[Prediction Step.] With given vk, find a vector W* € © which satisfying
0(u) — 0(a") + (w — ") F(@") > (v — )" HW" — %), Yw € Q, (4.2a)

where the matrix H is positive definite.

[Correction Step.] Determine a nonsingular matrix M and a scalar o > 0, let

P =0F — a0 =), a€(0,2). (4.2b)

v is a part of the elements of the vector w, v = w is also possible. I
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Problem: w* € Q, 0O(u) —0(u*) + (w — w*)T F(w*) >0, Vw € Q.

O(u) — O(a") + (w — )T F(@®) > (v — ") H(w* — %), Yw € Q.

Prediction-Correction ETE = oF — a(v® — oF).

H Se#EkE G XmEF

H>=0 G=2—-a)H >D0.

[ — o < 0" — " [IE = allo® — 3718

[ — o[ < fo* — 0"l = a2 = a)lo” — 37|13
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4.2 Convergence proof

We prove the following main convergence property.

Theorem 1 Let {v*} be the sequence generated by (4.2) for the problem (4.1) and W" is
obtained from (4.2a). Then we have

0" =" < 0" =0 = a2 = a)llvt =", Vot eV @3
where V* = {v" |v"is a part of w™, w"* € Q*}.
Proof. Setting w = w™ in (4.2a), we get

(0" — v )T HO" =% > 0(@") — 0(u*) + (@ — w*)TF@"), vu* € Q.
By using (0" — w*)TF(@") = (0" —w*)"F(w*) and the optimality of w*, we have
(" — v )T THO" —8%) >0, ww*eV*
It can be written as
{(W* —v*) = W =NV HO" —5%) >0, VeV,

and thus
(W* — o) TH@" — &%) > |v* — %1%, VYo' € V", (4.4)
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Let
I(a) = [[v* —v"|F — lva™ — v ||
It follows that i
k 2 k41 2
Ha) = [Jo" =v"||z7 — v —v"||F I 9(0)
= |* =% I
e [CARES B CAE T o
= 200" —v)THO" - ") . s
o0k ~kp2 ) v "
—a”|[v" = 07| 5. (4.5) }

W~y ell,2) NREE
Using (4.4), we get

N N HMNABRKK d(a), BA

9a) > 20l = 0[5 — o’ |v" =I5 | ) Rt RE, BT
= q(a) (46) | BB20" —v)TH" —o")H
SARMB v, FIH 4.9, 53

The assertion (4.3) follows from (4.5) and (4.6) im- V) TREHq(a). KK

mediately. [] g(a), o = 1. FTLARASHIEHA.




5 Applications for separable problems

5.1 ADMM in PPA-sense

RHE PPA BRI EK TRV AIREME A FRIEE. BEREIAF S [19]

In order to solve the separable convex optimization problem (1.1), we construct a
method whose prediction-step is

O(u) — 0(T") + (w — )T F (@) > (v —*)THOW* — %), Yw € Q,
(5.1a)

BTB + I — BT
H = g " . (asmall § > 0). (5.1b)
-B 11
B
Since H is positive definite, we can use the update form of Algorithm | to produce
the new iterate v 1 = (y*T1, A¥+1) (In the algorithm [2], we took § = 0).
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The concrete form of (5.1) is The underline part is F(@k):

91(x)—91(:i‘k)+(a:—a~vk)T _ AT
F(w) =

(

{_ATS‘IC} Z 07 _BT)‘
_ ~ Ax + By — b
02(y) — 02(3") + (v — g*)"
{=B"X* + (BB"B + 6I,.,)(§* — y*)—B"(\* = \")} > 0,
| (A#"+Bg*-b)  —B@E* -y + (1/8) V-1 =o0

\

In fact, the prediction can be arranged by

( 7" € Argmin{0; (z)—2" AN +1B|| Az + By* — b||> |z € X}, (5.2a)

A= \F — B(AzF + By* —b), (5.2b)
\
02(y) — yT BT[2AF — A
?]kGArgmin{ , 2(y) yk 2[ , ]k , ‘yey}. (5.2¢)
\ +581B(y —y*)II* + 56lly — y”|

XA S 2 #3277 [B0A (3.3) HHE, K (4.20) KIE, RMIRIEE.




According to Lemma 1, the solution of (5.2a), T* satisfies
e Xx, 01(x)—0.(z")
+ (z — ") T{—ATN* + BAT (AZ" + By" —b)} >0, Vz e X.

By using (5.2b), A= \F — B(Az%k + Byl‘C — b), the above variational inequality can

be written as

P eXx, 01(z)— 01"+ (x—F)T{=ATN} >0, Vz e X.

The equation (5.2b) can written as

(AZ" + Bg® — b)—B(§* — y*) + (1/8) (A = ) =0,

The remainder part of the prediction (5.2c), namely,
02(y) — 02(5") + (y — 5")*
{=BTN + (BBTB + 81.,) (5" — y*) =BT (\* = A"} >0

can be achieved by

) | . 1 1
g" = Argmin{62(y)—y" B" [2A"=A"+5 B By—y") " +50lly—y"II* [y € V}.
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GRSRHE (5.2) HER S = 0, FRFEMBITH (2, AP o), MER KA
(

2" € Argmin{6; (x)—xTAT)\k—I—gﬂAx + By" —b||? |z € &}, (5.3a)

A= \F — (A" + By" —b), (5.3b)

| " € Agmin{6a(y) —y" B2 AN+ gHB(y ~ 91" |y € Y}6:30

EETE (5.30) A,

. B
y" L € Argmin{02(y) — yT BT[2AF T - \F] + S I1By - vy |y € V}

. s
:Argm|n{92(y) — yTBTARFL T BT (ZRFL_\F) 4 EHB(y —y")|I? | (IS y}

1
= Argmin{ 02 (y) — y* BT AR 4 gllB(y —yF) — E(Akﬂ A1y e Y}
— Argmin{8(y) — yT BTART 4 §||B(y _ k) 4 %(/\"“ SN2 |y e V)

| B
= Argmin{02(y) — y* BY AT + T{IB(y — y*) + (Az" T 4+ By" —b)||* |y € V}

:Argmin{@g(y) — yTBT)\k_H + gHA:I:k""l + By — bH2 ‘ Yy € y}.
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FTLA, (5.3) Fhii2
e € Argmin{ 6 (x)—xTATAk—I—gl\A:I; + By" —b||* |z € X}, (5.4a)

A= 2\F — g(Az" + By" —b), (5.4b)

N\

TRAR= Argmin{ 62 (y) — y " BTN 4 §\|Axk+1—1—By—b||2 |y € V}.(5.40)

\
BFE, £28i) ADMM 2

2"t e Argmin{0i(z)—2T ATAN* 4+ 2||Ax + By" — b|* |z € X},

y* € Argmin{62(y) — y" BTA\* + g||Aar3k+1—|—By—b||2 |y € V},

)\k—l—l — )\k . B(Aajk—l—l 1+ Byk—l—l . b)
FREA, (5.3), LRI T vy, NIRFBIRZE AL BT LAKR

P = 0" —a(0® =0T, a € (0,2).

BEEE o = 1.5, IEEIR.
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5.2 Linearized ADMM-Like Method

ST B (5.2¢) RIFBEMER, B 5|y — o*[|” K& °8(By — v")|1*.

By using the linearized version of (5.2c), the prediction step becomes

0(u) — 0(7") + (w — ") F(@") > (v — ") " H@" — %), vw € Q, (5.5)

. T
H:[SI b ] KA (5.1) Bl [

The concrete formula of (5.5) is

e

1+6sB'B —-B*
( ) ) } (5.6)
~B 2l

1
—B Blm

The underline part is F'(0"):
61 (x) — 01(2") + (z — %)7 _ AT
{=AT)"} >0, F(w) = —BTX
- - Ax + By — b
02(y) — 02(5") + (y — 5°)" T
{=BTXN + (5" —y") =BT\ - A} >0,

| (45" + BF* — )—B(5" — ") + (1/8)(FF — AF) = 0.




How to implement the prediction? ' To get w" which satisfies (5.7),

we need only use the following procedure:

f

7* € Argmin{61 (z) — 2" ATN* + 1 B||Az + By* —b||* |z € X},

~

{ M=)\ — B(Az" + By* —b), (5.8)

- . ~ S
§" = Argmin{02(y) — y" BT[2A% — \*] + Sy = y*|1? |y € Y}

A 2y —y*|I? K& L(BIBy — y*)|I? + 8lly — y*[]?), FIRIEULEL,
FEE s> B|BTB|. MAERL >0, KAW s SEMUISIRE.

RAEHM TR L6)| By — v 3% RBEM, 4 AL LS.

Then, we use the form

to update the new iterate v*11.
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6 Solving the primal subproblem in parallel

RHE PPA BUERZEK i A InEME AR FRIEE .

Primal-Dual Order

O(u) — 0(a") + (w — d®) T F(@") > (w — T H(wk — o), Yw € Q,

(6.1a)
where
BATA + 61, 0 AT
H = 0 8B'B +6I,, Bt (6.1b)
A B 2l

The both matrices

BATA + 61, AT BBTB +6I,, BT
y ~ 0, >~ 0.
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The concrete form of (6.1) is

y

01 () — 01(2") + (z — z%)7

(—ATXN 4 (BATA + 61,,,) (3" — ")+ AT (N — A} >0,
O2(y) — 02(5°) + (y — §°)"

{=B"X\' + (BBTB + 61.,) (7" — y")+B" (A — \)} >0,
| (42" 4+ BF* —b)+A(E" —2")+B(G* — ")+ (2/8) (A" —AF) =o0.

N\

HE—TSE

y

01(x) — 01(2") + (x — %) {=ATAN" + (BAT A + 615, ) (2" — 2¥)} > 0,

/\

02(y) — 02(5") + (y — §°) " {=B" A" + (BB" B + 61n,)(§" — ")} > 0,

| [2(AZ* + B* —b) — (Az* + By* —b)] + (2/B8)(A" = \*) = 0.
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In fact, the prediction can be arranged by

2

T ATk
z'ik:argmin{ ) @1(x)k ZZ Al)\ g QBEX} (6.2a)
+5B8||A(x — ) ||” + 56|z — ="
1 . . 0, (vy) — yT BT \F
7 :argmm{ . 2(y)k y2 . Lo 'yéy} (6.2b)
+58 By —y")||” + 36|ly — y"||
LA =2~ 18[2(A%" + Bj® —b) — (A2" + By" —b)] (6.2¢)

i*=argmin{6:(z) — 2" A" N + 2(z — ") (BATA + 01, ) (z — 2¥) |z € X}

¢ §F=argmin{f2(y) —y' BN\ + Ly — ") (BB"B+In,)(y — y*)|y € Y}

| N =\F — IB8[2(A%" + Bj* —b) — (Az" + By" —b)]



Dual-Primal Order

where
BATA + 01, 0 — AT
H = 0 BBTB + 01, — BT
—A —B %Im

The both matrices

ATA+ 61, —AT BTB + 61,
H = b T 0ln, = 0, g

Il -43

(6.3b)
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The concrete form of (6.3) is

y

01 (2) — 61 (%) + (z — 75)T

{=ATXN + (BAT A + 61,,,) (3" — z*)—AT (N = A")} >0,
O2(y) — 02(5"°) + (y — 5*)"

{=B")\* + (BB"B + 6I,.,)(§* — y*)—B" (A" = X\¥)} > 0,
(AZ® + BgF — b)—A(@* — z*)—B(@" — y*) + (2/8) \* = *) =o.

/\\

\

ZEBWPAF—TSE

[ 01(z) — 01(3%) + (x — ) T{—AT (2XF — \F)

+(BAT A + 61,,) (" — ")} > 0,
y 02(y) — 02(5%) + (y — §")T{=BT(2\* = XF)

+(BB" B +615,) (5" —y")} >0,
| (Az" + By" —b) + (2/B8)(AF — M\F) = 0.
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In fact, the prediction can be arranged by

(= 1

A= \F — §B(A:L’k + By* —b), (6.4a)

~k . 01(37) — CIZTAT[QS\k — )\k]

T € argmin , e 1 Lo T e X ;(6.4b)
< +LB) Al — 2*) |2 + Lolla — a*)

a(y) — yT BT[23F — AP

Qk Eargmin{ , 2(y) yk 2[ , | - yey}.(6.4c)

\ +3B8[B(y — y")[I* + 30lly — v~
wh Tt = wh — a(w® — %), a€(0,2).

HA1%TF ADMM BYSR, 18T 1997 &, F—E ADMM S ERIIE X &£ &=
T 1998 . IX—1#H §4-86 T 4BBY ADMM ZE 75 7%, BT LA [19] 3k 2.

FETHARER (V) FILRiE S E % (PPA), B B Bihi% it ADMM 29 RHIR e E 3k
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