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1 lll ADMM!!!ååå
ADMM?n�¯K´

min
{
θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y

}
. (1.1)

²²²;;;���ADMM¦¦¦)))(1.1) : From (yk, λk) to (yk+1, λk+1)
xk+1 ∈ arg min{θ1(x)− xTATλk + β

2
‖Ax+Byk − b‖2|x ∈ X},

yk+1 ∈ arg min{θ2(y)− yTBTλk + β
2
‖Axk+1 +By − b‖2| y ∈ Y},

λk+1 = λk − β(Axk+1 +Byk+1 − b).

(1.2)

ADMM¥� xÚ y-f¯K©O�±�¤:

xk+1 ∈ arg min
{
θ1(x)− xTATλk + β

2
‖Ax+Byk − b‖2|x ∈ X

}
= arg min

{
θ1(x)− xTATλk + β

2
‖(Axk +Byk − b) +A(x− xk)‖2|x ∈ X

}
= arg min

{
θ1(x)− xTAT [λk − β(Axk +Byk − b)]

+β
2
‖A(x− xk)‖2

∣∣∣∣∣x ∈ X
}



VI - 3

Ú

yk+1 ∈ arg min
{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By − b‖2

∣∣x ∈ X}
= arg min

{
θ2(y)− yTBTλk

+ β
2
‖(Axk +Byk − b) + [A(xk+1 − xk) +B(y − yk)]‖2

∣∣∣∣ y ∈ Y
}

= arg min

{
θ2(y)− yTBT [λk − β(Axk +Byk − b)]

+ β
2
‖A(xk+1 − xk) +B(y − yk)‖2

∣∣∣∣ y ∈ Y
}

Ïd, ADMM��±�¤

λk+ 1
2 = λk − β(Axk +Byk − b)

xk+1 ∈ argmin
{
θ1(x)− xTATλk+ 1

2 + β
2
‖A(x− xk)‖2 | x ∈ X

}
,

yk+1 ∈ argmin

{
θ2(y)− yTBTλk+ 1

2

+ β
2
‖A(xk+1 − xk) +B(y − yk)‖2

∣∣∣∣ y ∈ Y
}
,

λk+1 = λk−β
(
Axk+1 +Byk+1 − b

)
(1.3)
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Ù¥é λk+ 1
2 �úª

λk+ 1
2 = λk − β(Axk +Byk − b)

��±�¤

λk+ 1
2 = P<m

[
λk − β(Axk +Byk − b)

]
.

�
`²·��¡JÑ��{Ú ADMM�'X,

·�r²;� ADMMU�¤�d� (1.3).

�¡·�Ó�?n�ª�åÚØ�ª�å¯K.�âØÓa.�¯K,P

Λ = <m ½ö Λ = <m+ .

é�½��þa ∈ <m,

P<m(a) = a, [P<m+ (a)]i = max{ai, 0}.
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2 p-¬¬¬���©©©lllààà`̀̀zzz¯̄̄KKK���ýýýÿÿÿ���������{{{

p-¬�©là`z¯K

min
{ p∑
i=1

θi(xi)
∣∣ p∑
i=1

Aixi = b (or ≥ b), xi ∈ Xi
}
. (2.1)

The Lagrangian function is

L(x1, . . . , xp, λ) =

p∑
i=1

θi(xi)− λT (

p∑
i=1

Aixi − b),

which is defined on Ω =
∏p
i=1 Xi × Λ, where

Λ =


<m, if

∑p
i=1 Aixi = b,

<m+ , if
∑p
i=1 Aixi ≥ b.
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Let (x∗1, . . . , x
∗
p, λ
∗) ∈ Ω be a saddle point of the Lagrangian function, then

Lλ∈Λ(x∗1, . . . , x
∗
p, λ) ≤ L(x∗1, . . . , x

∗
p, λ
∗) ≤ Lxi∈Xi(x1, . . . , xp, λ

∗).

The optimality condition of (2.1) can be written as the following VI:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (2.2a)

where

w =


x1

...

xp

λ

 , x =


x1

...

xp

 , F (w) =


−AT1 λ

...

−ATp λ∑p
i=1 Aixi − b

 , (2.2b)

and

θ(x) =

p∑
i=1

θi(xi), Ω =

p∏
i=1

Xi × Λ.

Again, we denote by Ω∗ the solution set of the VI (2.2).
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ýýýÿÿÿ Prediction

l�½� (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk) �ýÿ: w̃k = (x̃k1 , x̃

k
2 , · · · , x̃kp, λ̃k):

Prediction Step. With given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), find w̃k ∈ Ω:

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi
{
θi(xi)− xTi ATi λk + β

2
‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ arg minxp∈Xp
{
θp(xp)− xTp ATp λk + β

2
‖
∑p−1
j=1Aj(x̃

k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
.

(2.3)

ýÿk�©2éó.é�©l��©Cþf¯KÅ�US¦).
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������ Correction

Correction Step .

�e�gS�Jø (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1):

Generate the new iterate (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1) with ν ∈ (0, 1) by

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1xk1

A2xk2

...

Apxkp

λk


−



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−νβIm 0 · · · 0 Im





A1xk1−A1x̃k1

A2xk2−A2x̃k2

...

Apxkp−Apx̃kp

λk − λ̃k


.

(2.4)
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���~{ü,ó�þ�é�.r��úª©m5�Ò´µ

Axk+1
i , i = 1, . . . , p



A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p


=



A1x
k
1

A2x
k
2

...

Apx
k
p


− ν



Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im

0 · · · 0 Im





A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp


,

(2.5)

λk+1

λk+1 = λk − [−νβ(A1x
k
1 −A1x̃

k
1) + (λk − λ̃k)]

= λ̃k + νβ(A1x
k
1 −A1x̃

k
1). (2.6)
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3 æææ^̂̂Primal-Dualýýýÿÿÿ���ýýýÿÿÿÝÝÝ




Analysis for the P-D Prediction ·�kw (2.3)¥xf¯K

x̃ki ∈ arg min
{
θi(xi)− xTi ATi λk +

β

2
‖
i−1∑
j=1

Aj(x̃
k
j − xkj ) +Ai(xi− xki )‖2|xi ∈ Xi

}
.

�â�`5Ún,�`5^�´ x̃ki ∈ XiÚ

θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λk + βATi

( i∑
j=1

Aj(x̃
k
j − xkj )

)}
≥ 0, ∀xi ∈ Xi.

§�±U�¤ x̃ki ∈ XiÚé¤k� xi ∈ Xi Ñk

θi(xi)−θi(x̃ki )+(xi− x̃ki )T {−ATi λ̃k+βATi
( i∑
j=1

Aj(x̃
k
j −xkj )

)
+ATi (λ̃k−λk)} ≥ 0.

(3.1a)

ýÿ�éóÜ© λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
, �d/ª

λ̃k = arg min
{∥∥λ− [λk − β(∑p

j=1Aj x̃
k
j − b

)]∥∥2 ∣∣λ ∈ Λ
}
.
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�`5^�´

λ̃k ∈ Λ, (λ− λ̃k)T
{(∑p

j=1Aj x̃
k
j − b

)
+ 1
β

(λ̃k − λk)
}
≥ 0, ∀λ ∈ Λ. (3.1b)

Summating (3.1a) and (3.1b), for the predictor w̃k generated by (2.3), we have w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω, (3.2a)

where

Q =



βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2

. . .
... AT2

...
. . . 0

...

βATp A1 βATp A2 · · · βATp Ap ATp

0 0 · · · 0 1
β
Im


. (3.2b)
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3.1 CCCþþþ������eee���ýýýÿÿÿÝÝÝ




The optimization problem (2.1) has been translated to VI (2.2), namely,

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

For the easy analysis, we need to denote the following notations:

P =



√
βA1 0 · · · · · · 0

0
√
βA2

. . .
...

...
. . .

. . .
. . .

...

...
. . .

√
βAp 0

0 · · · · · · 0 (1/
√
β)Im


, ξ=Pw=



√
βA1x1

√
βA2x2

...

√
βApxp

(1/
√
β)λ


.

(3.3)
Accordingly, we define

Ξ =
{
ξ | ξ = Pw, w ∈ Ω

}
,

and

Ξ∗ =
{
ξ∗ | ξ∗ = Pw∗, w∗ ∈ Ω∗

}
.
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Using the notation P in (3.3), for the matrix Q in (3.2b), we have

Q=PTQP, where Q=



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im


. (3.4)

Thus, for the right hand side of (3.2a), we have

(w − w̃k)TQ(wk − w̃k) = (w − w̃k)TPTQP (wk − w̃k)

= (ξ − ξ̃k)TQ(ξk − ξ̃k).

Then, it follows from (3.2) that we have the following VI for the P-D prediction:

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀w ∈ Ω. (3.5)

whereQ is given in (3.4).
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3.2 CCCþþþ������eee������{{{ÚÚÚ���µµµeee

Prediction-Correction Framework for VI (2.2).

1. (Prediction Step) With given wk and ξk = Pwk, find w̃k ∈ Ω such that

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀w ∈ Ω, (3.6a)

withQ ∈ <(p+1)m×(p+1)m, and the matrixQT +Q is positive definite.

2. (Correction Step) With the predictor w̃k by (3.6a) and ξ̃k = Pw̃k, the new

iterate ξk+1 is updated by

ξk+1 = ξk −M(ξk − ξ̃k), (3.6b)

whereM∈ <(p+1)m×(p+1)m is a non-singular matrix.
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Theorem 1 For the matricesQ andM in the algorithm (3.6), if there is a

positive definite matrixH ∈ <(p+1)m×(p+1)m such that

HM = Q (3.7a)

and

G := QT +Q−MTHM � 0, (3.7b)

then we have

‖ξk+1 − ξ∗‖2H ≤ ‖ξ
k − ξ∗‖2H − ‖ξ

k − ξ̃k‖2G , ∀ ξ
∗ ∈ Ξ∗. (3.8)

Proof. Setting w in (3.6a) as any fixed w∗ ∈ Ω∗, and using

(w̃k − w∗)TF (w̃k) ≡ (w̃k − w∗)TF (w∗),

we get

(ξ̃k−ξ∗)TQ(ξk− ξ̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗), ∀w∗ ∈ Ω∗.
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The right-hand side of the last inequality is non-negative. Thus, we have

(ξk − ξ∗)TQ(ξk − ξ̃k) ≥ (ξk − ξ̃k)TQ(ξk − ξ̃k), ∀ ξ∗ ∈ Ξ∗. (3.9)

Then, by simple manipulations, we obtain

‖ξk − ξ∗‖2H − ‖ξ
k+1 − ξ∗‖2H

(3.6b)
= ‖ξk − ξ∗‖2H − ‖(ξ

k − ξ∗)−M(ξk − ξ̃k)‖2H
(3.7a)
= 2(ξk − ξ∗)TQ(ξk − ξ̃k)− ‖M(ξk − ξ̃k)‖2H

(3.9)

≥ 2(ξk − ξ̃k)TQ(ξk − ξ̃k)− ‖M(ξk − ξ̃k)‖2H
= (ξk − ξ̃k)T [(QT +Q)−MTHM](ξk − ξ̃k)

(3.7b)
= ‖ξk − ξ̃k‖2G .

The assertion of this theorem is proved. �

We call (3.7) the convergence conditions for the algorithm framework (3.6).

The inequality (3.8) is the key for the convergence proofs, for details, see [13]
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4 ���������{{{
For givenQ which satisfiesQT +Q � 0, we choseD and G, such that

D � 0, G � 0, D + G = QT +Q.

Then, the correction matrixM in (3.6b) is given by

M = Q−TD.

ÀJ
��� 0 ≺ D,�EMØ2 �� e¡k0�±c3 [13]¥/n0Ñ5�M

First, we give some correction examples which satisfy conditions (3.7) in Theorem 1.

In order to simplify the notations to be used, we define the following p× p block matrices:

L =


Im 0 · · · 0

Im Im
. . .

...
...

. . . 0

Im Im · · · Im

 , I =


Im 0 · · · 0

0 Im
. . .

...
...

. . .
. . . 0

0 · · · 0 Im

 . (4.1)

We also define the 1× p block matrix

E =
(
Im Im · · · Im

)
. (4.2)
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Using the notations (4.1)-(4.2), the matrixQ in (3.4) has the form

Q =

 L ET

0 Im

 and QT +Q =

 I + ET E ET

E 2Im

 . (4.3)

In order to construct a convergent algorithm, we need only to give the matricesM andH
and to verify the convergence conditions (3.7)

By setting

M =

 νL−T 0

−νEL−T Im

 . (4.4)

For the above matricesQ andM, the remaining tasks is to find a positive definite matrix

H, such that the convergence conditions (3.7)are satisfied.

(4.4)¥�M´·�3 [13]¥/n0Ñ5�.
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How to improvise a correction matrixM ? Ï� HM = Q,

H = QM−1.

kvk��/¬en�Ý
0M÷vÂñ5^�Q?Ï�¬en�Ý
�_Ý
�

´¬en�Ý
,�M�_Ý
/ª�

M−1 =

 X 0

Y Im

 .

H = QM−1AT´é¡Ý


H = QM−1 =

 L ET

0 Im

 X 0

Y Im

 =

 LX + ETY ET

Y Im

 . (4.5)

Ïdk Y = EÚX = S−1LT , S ´���½��½Ý
.¤±

M−1 =

 S−1LT 0

E Im

 ¿k M =

 L−TS 0

−EL−TS Im

 .

UY/n0e�,uyS = νIÒ�±
,·�Ïd�nÑ
H.
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MTHM = QTM =

 LT 0

E Im

 L−TS 0

−EL−TS Im


=

 S 0

0 Im

 .

Ï�

QT +Q =

 LT + L ET

E Im

 =

 I + ET E ET

E 2Im


� S = νI,ÒU¦ QT +Q−MTHM � 0.

± Y = E ,X = S−1LT Ú S = νI �\ (4.5),Òk

H =

 LX + ETY ET

Y Im

 =

 1
ν
LLT + ET E ET

E Im

 .
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Lemma 1 For the matricesQ andM given by (4.3) and (4.4), respectively, the matrix

H =

 1
ν
LLT + ET E ET

E Im

 with ν ∈ (0, 1) (4.6)

is positive definite, and it satisfiesHM = Q.

Proof. It is easy to check the positive definiteness ofH. In addition, for the block matrixQ
in (3.4), we have

HM =

 1
ν
LLT + ET E ET

E Im

 νL−T 0

−νEL−T Im


=

 L ET

0 Im

 = Q.

The assertions of this lemma are proved. �

ù�nÑ5�MÚH,UÄ÷vQT +Q−MT HM � 0º�I�u��e.

Lemma 2 LetQ,M andH be defined in (3.4), (4.4) and (4.6), respectively. Then the
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matrix

G := (QT +Q)−MTHM (4.7)

is positive definite.

Proof. By elementary matrix multiplications, we know that

MTHM = QTM =

LT 0

E Im

 νL−T 0

−νEL−T Im

 =

νI 0

0 Im

 = D.

Then, it follows from LT + L = I + ET E (see (4.1)-(4.2) ) that

G = (QT +Q)−MTHM

=

 LT + L ET

E 2Im

−
 νI 0

0 Im

 =

 (1− ν)I + ET E ET

E Im

 .

Thus, the matrix G is positive definite for any ν ∈ (0, 1). �
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Finally, correction step can be written

ξk+1 = ξk −M(ξk − ξ̃k). (4.8)

Lemma 1 and Lemma 2 have verified the convergence conditions (3.7) and thus the key

convergence inequality (3.8) holds. The algorithm (2.3) & (4.8) is convergent.

Recall the respective definitions L and E in (4.1) and (4.2). We have

L−T =



Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im


and

EL−T =
(
Im 0 · · · 0

)
.
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Thus

M =

 νL−T 0

−νEL−T Im

 =



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−νIm 0 · · · 0 Im


. (4.9)

By a manipulation, we have

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p


=



A1xk1

A2xk2

...

Apxkp


−



νIm −νIm 0 0

0 νIm
. . . 0

...
. . .

. . . −νIm

0 · · · 0 νIm





A1xk1 −A1x̃k1

A2xk2 −A2x̃k2

...

Apxkp −Apx̃kp


,

(4.10)

and
λk+1 = λ̃k + νβ(A1x

k
1 −A1x̃

k
1). (4.11)
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5 More Choices based on the predictions

�� Q−T (�{ü,�E��Ý
M��{¿Ø ��´�~N´�.

The matrixQ in (3.4) has the form

Q =

 L ET

0 Im

 and thus QT +Q =

 I + ETE ET

E 2Im

 .

To further analyze the correction steps associated with the correction matrixM,

let us take a closer look at the matrixQ−T .

According to the primal-dual prediction (2.3), the matrixQ in (3.4), we have

Q−T =

 LT 0

E Im

−1 =

 L−T 0

−EL−T Im

 . (5.1)
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and

 L−T 0

−EL−T Im

 =



Im −Im 0 · · · 0

0 Im
. . .

. . .
...

...
. . .

. . . −Im 0

0 · · · 0 Im 0

−Im 0 · · · 0 Im


.

The calculation M = Q−TD is essentially very easy for different D !
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Since

QT +Q =

 I + ETE ET

E 2Im

 ,

it can be decomposed as

QT +Q =

 νI 0

0 Im

+

 (1− ν)I + ETE ET

E Im

 .

The both matrices in the right hand side are positive definite. If we chose

D =

 νI 0

0 Im

 and thus G =

 (1− ν)I + ETE ET

E Im

 ,

it is just the correction in Section §4.
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Conversely, we can also choose

D =

 (1− ν)I + ETE ET

E Im

 and thus G =

 νI 0

0 Im


and thus get the another correction method.

There are many positive definite decompositions ofQT +Q, for example,

QT +Q =

 (1− ν)I 0

0 (1− ν)Im

+

 νI + ETE ET

E (1 + ν)Im

 .

and

QT +Q = D + G = α(QT +Q) + (1− α)(QT +Q), α ∈ (0, 1).
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6 ²²²111???nnnfff¯̄̄KKK������{{{

6.1 PPA���{{{

·�k�½ (3.6a)¥�ýÿÝ
Q´é¡�½�

H ==



Im 0 · · · 0 Im

0 Im
. . .

... Im
...

. . . 0
...

0 · · · 0 Im Im

Im Im · · · Im (p+ δ)Im


(6.1)

Ï� H = H0 ⊗ Im,Ù¥

H0 =

 Ip e

eT p+ δ

 (e � p-�� 1��þ)

´�½Ý
.ù�±ÏLÜÓC�(
Ip 0

−eT 1

)(
Ip e

eT p+ δ

)(
Ip −e
0 1

)
=

(
Ip 0

0 δ

)
(5�y).
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du (3.6a)¥�ýÿÝ
´ (6.1)¥é¡�½�H,(Ü (3.3)¥�C�,·����O

e¡�ýÿ.

PPA���{{{¥¥¥���ýýýÿÿÿ Prediction

l�½� (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk) �ýÿ: w̃k = (x̃k1 , x̃

k
2 , · · · , x̃kp, λ̃k):

Prediction Step. With given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), find w̃k ∈ Ω:

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg min
{
θi(xi)− xTi ATi λk + β

2
‖Ai(xi − xki )‖2 | xi ∈ Xi

}
;

...

x̃kp ∈ arg min
{
θp(xp)− xTp ATp λk + β

2
‖Ap(xp − xkp)‖2 | xp ∈ Xp

}
;

λ̃k = PΛ

{
λk − 1

p+δ
β
(∑p

j=1 Aj [2x̃
k
j − xkj ]− b

)}
.

(6.2)
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Analysis for the PPA Prediction ·�kw (6.2)¥xf¯K

x̃ki ∈ arg min
{
θi(xi)− xTi ATi λk +

β

2
‖Ai(xi − xki )‖2|xi ∈ Xi

}
.

�â�`5Ún,�`5^�´ x̃ki ∈ XiÚ

θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λk + βATi Ai(x̃

k
i − xki )

}
≥ 0, ∀xi ∈ Xi.

§�±U�¤ x̃ki ∈ XiÚé¤k� xi ∈ Xi Ñk

θi(xi)−θi(x̃ki )+(xi−x̃ki )T {−ATi λ̃k+βATi Ai(x̃
k
i −xki )+ATi (λ̃k−λk)} ≥ 0. (6.3a)

ýÿ�éóÜ© λ̃k = PΛ

{
λk − 1

p+δ
β
(∑p

j=1 Aj [2x̃
k
j − xkj ]− b

)}
, �d/ª

λ̃k = arg min
{∥∥∥λ− [λk − 1

p+δ
β
( p∑
j=1

Aj [2x̃
k
j − xkj ]− b

)]∥∥∥2 ∣∣λ ∈ Λ
}
.

�`5^�´

λ̃k ∈ Λ, (λ− λ̃k)T
{
λ̃k −

[
λk − 1

p+δ
β
( p∑
j=1

Aj [2x̃
k
j − xkj ]− b

)]}
≥ 0, ∀λ ∈ Λ.
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λ̃k ∈ Λ, (λ− λ̃k)T
{

(λ̃k − λk) + 1
p+δ

β
( p∑
j=1

Aj [2x̃
k
j − xkj ]− b

)]}
≥ 0, ∀λ ∈ Λ.

�Ò´

λ̃k ∈ Λ, (λ−λ̃k)T
{( p∑
j=1

Aj x̃
k
j−b

)
+

p∑
j=1

Aj(x̃
k
j−xkj )+ p+δ

β
(λ̃k−λk)

}
≥ 0, ∀λ ∈ Λ.

(6.3b)

Summating (6.3a) and (6.3b), for the predictor w̃k generated by (6.2), we have w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TH(wk − w̃k), ∀w ∈ Ω, (6.4a)

where

H =



βAT1 A1 0 · · · 0 AT1

0 βAT2 A2

. . .
... AT2

...
. . .

. . . 0
...

0 · · · 0 βATp Ap ATp

A1 A2 · · · Ap
p+δ
β
Im


. (6.4b)

|^ (3.3)¥�C�, (6.1)¥�Ý
HÚ (6.4b)¥�Ý
H ÷v H = PTHP .



VI - 33

6.2 ������������������{{{

ù��!0� [9]¥������{.�½ (3.6a)¥�ýÿÝ
Q�

Q =



Im 0 · · · 0 Im

0 Im
. . .

... Im
...

. . . 0
...

0 · · · 0 Im Im

−Im −Im · · · −Im Im


(6.5)

Ï�Q = Q0 ⊗ Im,Ù¥

Q0 =

 Ip e

−eT 1

 , QT0 +Q0 =

 2Ip 0

0 2


Ù¥ e´ p-�� 1��þ.ùp`�/��0,´�

Q0 =

(
Ip e

−eT 1

)
=

 Ip 0

0 1

+

 0 e

−eT 0

 .

¥�ö´�/��0Ý
.
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du (3.6a)¥�ýÿÝ
´ (6.5)¥��é¡�½�Q,(Ü (3.3)¥�C�,·���

�Oe¡�ýÿ.

///������000���������{{{¥¥¥���ýýýÿÿÿ Prediction

l�½� (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk) �ýÿ: w̃k = (x̃k1 , x̃

k
2 , · · · , x̃kp, λ̃k):

Prediction Step. With given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), find w̃k ∈ Ω:

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg min
{
θi(xi)− xTi ATi λk + β

2
‖Ai(xi − xki )‖2 | xi ∈ Xi

}
;

...

x̃kp ∈ arg min
{
θp(xp)− xTp ATp λk + β

2
‖Ap(xp − xkp)‖2 | xp ∈ Xp

}
;

λ̃k = PΛ

{
λk − β

(∑p
j=1 Ajx

k
j − b

)}
.

(6.6)
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Analysis for the Prediction (6.6) ·�kw (6.6)¥xf¯K

x̃ki ∈ arg min
{
θi(xi)− xTi ATi λk +

β

2
‖Ai(xi − xki )‖2|xi ∈ Xi

}
.

�â�`5Ún,�`5^�´ x̃ki ∈ XiÚ

θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λk + βATi Ai(x̃

k
i − xki )

}
≥ 0, ∀xi ∈ Xi.

§�±U�¤ x̃ki ∈ XiÚé¤k� xi ∈ Xi Ñk

θi(xi)−θi(x̃ki )+(xi−x̃ki )T {−ATi λ̃k+βATi Ai(x̃
k
i −xki )+ATi (λ̃k−λk)} ≥ 0. (6.7a)

ýÿ�éóÜ© λ̃k = PΛ

{
λk − β

(∑p
j=1 Ajx

k
j − b

)}
, �d/ª

λ̃k = arg min
{∥∥∥λ− [λk − β( p∑

j=1

Ajx
k
j − b

)]∥∥∥2 ∣∣λ ∈ Λ
}
.

�`5^�´

λ̃k ∈ Λ, (λ− λ̃k)T
{
λ̃k −

[
λk − β

( p∑
j=1

Ajx
k
j − b

)]}
≥ 0, ∀λ ∈ Λ.
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λ̃k ∈ Λ, (λ− λ̃k)T
{

(λ̃k − λk) + β
( p∑
j=1

Ajx
k
j − b

)]}
≥ 0, ∀λ ∈ Λ.

�Ò´

λ̃k ∈ Λ, (λ−λ̃k)T
{( p∑
j=1

Aj x̃
k
j−b

)
−

p∑
j=1

Aj(x̃
k
j−xkj )+ 1

β
(λ̃k−λk)

}
≥ 0, ∀λ ∈ Λ.

(6.7b)

Summating (6.7a) and (6.7b), for the predictor w̃k generated by (6.6), we have w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω, (6.8a)

where

Q =



βAT1 A1 0 · · · 0 AT1

0 βAT2 A2

. . .
... AT2

...
. . .

. . . 0
...

0 · · · 0 βATp Ap ATp

−A1 −A2 · · · −Ap 1
β
Im


. (6.8b)
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æ^ (3.3)¥�C�

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀w ∈ Ω, (6.9a)

where

Q =



Im 0 · · · 0 Im

0 Im
. . .

... Im
...

. . . 0
...

0 · · · 0 Im Im

−Im −Im · · · −Im Im


. (6.9b)

5¿�

QT +Q =

 2I 0

0 2Im

 , ·��±� D = α

 I 0

0 Im

 , α ∈ (0, 2).



VI - 38

duM = Q−TD,��úª

ξk+1 = ξk −M(ξk − ξ̃k) (6.10)

�C¤


ξk+1
α = ξk − αQ−T (ξk − ξ̃k). (6.11)

k?Ø�e��úª¥Q−T äN/ª´�o.

Lemma 3 é (6.9b)¥½Â�Ý
Q,·�k

Q−T =



Im 0 · · · 0 0

0
. . .

. . .
...

...

...
. . .

. . . 0 0

0 · · · 0 Im 0

0 0 · · · 0 Im


−

1

p+ 1



Im Im · · · Im −Im
Im Im · · · Im −Im

...
...

. . .
...

...

Im Im · · · Im −Im
Im Im · · · Im pIm


.

(6.12)

yyy²²² 5¿�Q´��ü Ý
��é¡ (Skew-symmetric)Ý
�Ú,¿�k

Q = Q0 ⊗ Im,
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Ù¥

Q0 =


1 1

. . .
...

1 1

−1 · · · −1 1


(p+1)×(p+1)

=

 Ip e

−eT 1

 ,

e ∈ <p´p-��1�þ, ⊗L«KroneckerÈ.5¿�Q0´ü Ý
�����Ý


�Ú.

QT0 =

 Ip −e

eT 1

 =

 Ip

1

+


1 0

...

1 0

0 1


 0 · · · 0 −1

1 · · · 1 0

 .

�

U =

 e 0

0 1

 , V =

 0 e

−1 0

 , K QT0 = Ip+1 + UV T .
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^�5�ê¥�Sherman-Morrison-Woodburyúª,

Q−T0 = (Ip+1 + UV T )−1

= Ip+1 − U(I2 + V TU)−1V T

= Ip+1 −

 ep 0

0 1

 1 −1

p 1

−1 0 −1

eTp 0


=

 Ip

1

− 1

p+ 1

 epeTp −ep

eTp p

 . (6.13)

|^KroneckerÈ�Ä�5�,·�k

Q−T = (Q0 ⊗ Im)−T = Q−T0 ⊗ I−Tm = Q−T0 ⊗ Im,

ù� (6.12)¥L«���.Ún�y. �

duQ0´ü Ý
�����Ý
�Ú,��úª (6.11)¥�

Q−T = Q−T0 ⊗ Im.

¤±·�r�{���2Â������{.
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|^ξ (�(3.3))ÚQ−T (�(6.12))�L�ª,��úª (6.11)�äN/ª´

√
βA1x

k+1
1√

βA2x
k+1
2

.

.

.
√
βApx

k+1
p

1√
β
λk+1


=



√
βA1x

k
1√

βA2x
k
2

.

.

.
√
βApx

k
p

1√
β
λk


− α



√
β(A1x

k
1 − A1x̃

k
1 )√

β(A2x
k
2 − A2x̃

k
2 )

.

.

.
√
β(Apx

k
p − Apx̃

k
p)

1√
β
(λk − λ̃k)



+
α

p+ 1



Im Im · · · Im −Im
Im Im · · · Im −Im

.

.

.
.
.
.

. . .
.
.
.

.

.

.

Im Im · · · Im −Im
Im Im · · · Im pIm





√
β(A1x

k
1 − A1x̃

k
1 )√

β(A2x
k
2 − A2x̃

k
2 )

.

.

.
√
β(Apx

k
p − Apx̃

k
p)

1√
β
(λk − λ̃k)


.

|^PÒ

A = (A1, A2, . . . , Ap),
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§��d/ª�±�¤

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1xk1

A2xk2
...

Apxkp

λk+1


− α



A1xk1 −A1x̃k1

A2xk2 −A2x̃k2
...

Apxkp −Apx̃kp

λk − λ̃k



+
α

p+ 1



A(xk − x̃k)− 1
β

(λk − λ̃k)

A(xk − x̃k)− 1
β

(λk − λ̃k)

...

A(xk − x̃k)− 1
β

(λk − λ̃k)

βA(xk − x̃k) + p(λk − λ̃k)


.(6.14)
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l (6.14)úª¥�±��

Aix
k+1
i = Aix

k
i − α(Aix

k
i −Aix̃ki ) +

α

p+ 1

{
A(xk − x̃k)−

1

β
(λk − λ̃k)

}
= Aix

k
i − α(Aix

k
i −Aix̃ki ) +

α

p+ 1

{
A(xk − x̃k)− (Axk − b)

}
= Aix

k
i − α(Aix

k
i −Aix̃ki )−

α

p+ 1
(Ax̃k − b),

Ú

λk+1 = λk − α(λk − λ̃k) +
α

p+ 1

{
βA(xk − x̃k) + p(λk − λ̃k)

}
= λk − αβ(Axk − b) +

α

p+ 1

{
βA(xk − x̃k) + pβ(Axk − b)

}
= λk −

αβ

p+ 1
(Ax̃k − b).

Ïd,��úª�±{ü/�¤
Aix

k+1
i = Aix

k
i − α(Aix

k
i −Aix̃ki )−

α

p+ 1
(Ax̃k − b), i = 1, . . . , p,

λk+1 = λk −
αβ

p+ 1
(Ax̃k − b).

(6.15)
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7 Conclusions

• ·�Æâ�w¥~^���K8 /́�Eà`z�©�Â �{–^Ð VIÚ PPA
ü�{�0,´��EC©Ø�ª¿Âe�PPA�{,©ÙÄkuL3 [15].�5q
�
�
<�/òýÿÝ
�O¤é¡�½Ý
��{ [2, 3],�)·�2021câ

JÑ�þ(²ï�O2.�KF¦f{ [18].k�·��¡ù���{�UI½
��PPA - (Customized PPA).

• éýÿÝ
Q��é¡�ýÿ-���{,|^Ú�µe�@´y²Âñ5,�Ð

Ñy3·Ú�¡² (Xiaoming Yuan)2012cSIAMê�©Û�©Ù [14]¥,�¡·�

uL��
Ø© [1, 8, 10, 11, 17],Ñ^ù�@´y²Âñ5.r§8(�Ú�µe,

´3H®�Æ?Ø�þ,@´3·2013c=òò>�c,±�B~~Ñy3·

�/ùS�0ùÂÚ�w�PPT¥.

• 1�g3�ªÑ�ÔpJ�ù�Ú�µe,´32016c5p�O�êÆÆ�6�

·�¥©©Ù [4]¥. 2018c·35$ÊÆÆ�6�nã©Ù/·Ú¦f�O��

{20c0[5]¥�Ñ,·�uL��{Ñ�±^ù�µe�~{ü/y²Âñ5.=

©Ñ�Ô¥ÄgÑyÚ�µe�´·Ú�¡²2018c3COAP�©Ù [16].

• l2018cm©,·3gC��wÚØ© [7]¥,²~ù^Ú�µe��E�{Ì�

�´UÂñ^��/n0.XÛ�â(½�ýÿÝ
QnÑ÷vÂñ^����Ý


M .q��<�«J±��� �aú.
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• 2022cÐ·3H����w�k<¯L.�C·q3¥��ÚHÊ��þ�w,�

Æ��,���
#�w{,ú�k7�ò£��n¤e¡�á��f¯��.

• ·�lýÿÝ
÷vQT +Q � 0Ñu. �â^�HM = Q,·�k

H = QM−1.

Ï�H´�½Ý
,7Lé¡.lþªqw�,Hk��ÏfQ,@§7Lk�mÏ

fQT ,¥mY��/�½�0�½Ý
.·��ù��½Ý
�D−1,Kk

H = QD−1QT .

'�þ¡üª,·��� M−1 = D−1QT , Ïd

M = Q−TD.

ù�·��V310ccÒ��.��  �ÄÀJ�DAT´�¬é�Ý
.

• �d,·��Ø��Ý
DäN/ª´�o.O��eÂñ5^�¥�MTHM ,

MTHM =
(
DQ−1

)(
QD−1QT

)(
Q−TD

)
= D.

þª®²Ñy3·2018�ÛÏùS��ùÂ¥,vk�c2ò�Ú.

• |^þªÚG = QT +Q−MTHM � 0,ù��½��½Ý
D�I�÷v

0 ≺ D ≺ QT + Q £Ïd, 0 ≺ G = QT +Q−D¤
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Ò�±
.²(ù�^,�Ãu�2022c±53 H��, HÊ Ú ¥�� ù�,½

¦·�\g�,r�{ù²x.

• 3À
÷vþã^��Ý
D±�,�â(½�QÚD,é��Ý
HÚM¦�

HM = Q Ú MTHM = D,

·��8�Ò��
.

• ù��MÚH :�±ÏL¦)e¡�Ý
�§|��. HM = Q,

MTHM = D.
⇔

 HM = Q,

QTM = D.
⇔

 H = QD−1QT ,

M = Q−TD.
.

• ÀJØÓ�÷v^��Ý
D (ù�~N´),ÒkØÓ����{.�X`,

D = α[QT +Q], α ∈ (0, 1).

• �w�12!m©,é���5�åà`z¯K,æ^ primal-dualýÿ,f¯K�

¦)�ª´ADMMa.�Å��c.·�I��Q−T /ª�~{ü.´�,§I

��	���.�U�´,��s¤é�,qAON´¢y�

• ·�AOíÂ/ýÿ-��0,cÙ´@«�dé����.)ÅÇÇ�Jä,?}Ò

´��.�¬£n�´�«��,�,��Ä¤���OUSýÿ,ü$
¯KJ

Ý;�Û�N��,rº
Âñ��.
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• ýÿ-���{Q�±^5¦)�ª�å�¯K,q�±^5¦)Ø�ª�å�¯

K.·^l�¬�?¿õ¬��©l¯K,�{(�ÚÂñ5y²��Ú�.

• ·^��2��{¬Ø¬K��Çºé²; ADMMò��ü¬�©l��ª�
åà`z¯K,·�^2-!�©J�������O��{�¦),��þ¦<J

ø� ADMM�è'�,uyù«ú%´õ{�.

• Question A. In the prediction step, how to arrange a “good” prediction matrix whose matrixQ
satisfies

QT +Q � I.

• Question B For the given prediction matrixQ, what are the criteria for choosing matrixD
which satisfies

0 ≺ D ≺ QT +Q.

F"� ±�¦��Ý"À·�*:,é�Ò�&,Øé��1µ��.
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