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ëY`z¥�
�L5êÆ�.

1. Q:¯K minx∈X maxy∈Y{Φ(x, y) = θ1(x)− yTAx− θ2(y)}

2. �5�å�à`z¯K min{θ(x)|Ax = b (or ≥ b), x ∈ X}

3. (�.à`z min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y}

4. õ¬�©là`z min{
∑p
i=1 θi(xi)|

∑p
i=1Aixi = b, xi ∈ Xi}

C©Ø�ª(VI)´\f÷ì�êÆL�/ª

�C:�{(PPA)´ÚÚ�E­S­��¦)�{.

C©Ø�ªÚ�C:�{´©ÛÚ�Oà`z�{�ü�{�.
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1 ààà`̀̀zzz999ÙÙÙ333CCC©©©ØØØ���ªªªµµµeeeeee������CCC:::���{{{

�'Vg·�3 [33, 34]�L0�.à`z¯K

min{θ(u) | Au = b, u ∈ U} (1.1)

�.�KF¼ê´½Â3 Ω = U × <m þ�

L(u, λ) = θ(u)− λT (Au− b). (1.2)

r÷v^� (u∗, λ∗) ∈ U × <m,

Lλ∈<m (u∗, λ) ≤ L(u∗, λ∗) ≤ Lu∈U (u, λ∗).

�Q:=�¤C©Ø�ª

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.3)

�):,Ù¥

w =

(
u

λ

)
, F (w) =

(
−ATλ
Au− b

)
and Ω = U × <m.

Ù¥����fF ,¥�Ý
�´�é¡�,÷v (w − w̃)T
(
F (w)− F (w̃)

)
≡ 0.

···���½½½ÂÂÂ


¦¦¦)))CCC©©©ØØØ���ªªª (1.3)������CCC:::���{{{ H � 0´�½��½Ý
.
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l�½� wk Ñu,¦�

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω, (1.4)

wk+1Ò�� PPA �{1kÚ��C:Proximal Point.

�C:�{�Â 5� Â 5� (1.5)��r (1.4)¥�w��w∗ÒU��

‖wk+1 − w∗‖2H ≤ ‖w
k − w∗‖2H − ‖w

k − wk+1‖2H , ∀w
∗ ∈ Ω∗. (1.5)

ØØØ%%%CCCþþþ (essential variable)������CCC:::���{{{

�v´w�Ü©þ£��±´ v = w¤,k
vkÒ�±m©�gS�.¦�

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω, (1.6)

wk+1Ó��� PPA �{��C:.

Ø%Cþ�C:�{�Â 5� ��r (1.6)¥�w��w∗ÒU�� (1.7)

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H − ‖v

k − vk+1‖2H , ∀v
∗ ∈ V∗. (1.7)



6

Ù¥

V∗ = {v∗ is a subvector ofw∗ |w∗ ∈ Ω∗}.

òòò���������CCC:::���{{{ r (1.6) �ÑÑP� w̃k ,Kk

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω. (1.8)

ò?¿�w±w∗�\,Òk

(ṽk − v∗)TH(vk − ṽk) ≥ 0, ∀v∗ ∈ V∗,
9�d� {

(vk − v∗)− (vk − ṽ)
}T
H(vk − ṽk) ≥ 0, ∀v∗ ∈ V∗.

ù�Bk

(vk − v∗)TH(vk − ṽk) ≥ ‖vk − ṽk‖2H , ∀v
∗ ∈ V∗.

�âþª,±²�ò���

vk+1 = vk − α(vk − ṽk), α ∈ (0, 2) (1.9)

���Ø%Cþ�#�S�:vk+1 ÷v

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H − α(2− α)‖vk − ṽk‖2H ∀v∗ ∈ V∗. (1.10)

Â Ø�ª (1.5), (1.7)Ú (1.10)´y²PPA�{Âñ�'�Ø�ª [3, 9, 21, 26].
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2 üüü¬¬¬���555���åååààà`̀̀zzz¯̄̄KKK���PPA���{{{
ÚÚÚþþþ(((���OOO222...���KKKFFF¦¦¦fff{{{

Q:¯K

minx maxy{Φ(x, y) = θ1(x)− yTAx− θ2(y) |x ∈ X , y ∈ Y}. (2.1)

�A�C©Ø�ª

u∗ ∈ Ω, θ(u)− θ(u∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (2.2)

Ù¥

u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (u) =

(
−AT y
Ax

)
, Ω = X × Y.

PDHG�{ [4, 32] A:´f¯K¥��g¼ê/ª{ü xk+1 = argmin{θ1(x)− xTAT yk +
r

2
‖x− xk‖2 |x ∈ X}, (2.3a)

yk+1 = argmin{θ2(y) + yTAxk+1 +
s

2
‖y − yk‖2 | y ∈ Y}. (2.3b)
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éA�C©Ø�ª´ uk+1 ∈ Ω, ¿k

θ(u)− θ(uk+1) + (u− uk+1)T {F (uk+1) +Q(uk+1 − uk)} ≥ 0, ∀u ∈ Ω. (2.4)

Ù¥

Q =

(
rIn AT

0 sIm

)
is not symmetric.

ù���{ØU�yÂñ.

XJU¢y uk+1 ∈ Ω Ú ·�Äk3 [21]¥r (2.6))º¤C©Ø�ª�PPA�{

θ(u)− θ(uk+1) + (u− uk+1)T {F (uk+1) +H(uk+1 − uk)} ≥ 0, ∀u ∈ Ω. (2.5)

Ù¥

H =

(
rIn AT

A sIm

)
¿� rs > ‖ATA‖

Ò´�Âñ�PPA�{ [21].�d,��é (2.3)Ñ�UE,C¤µ xk+1 = argmin{θ1(x)− xTAT yk +
r

2
‖x− xk‖2 |x ∈ X}, (2.6a)

yk+1 = argmin{θ2(y) + yTA[2xk+1 − xk] +
s

2
‖y − yk‖2 | y ∈ Y}. (2.6b)
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Q,Xd,·���±ÏLÜný��½Ý
 �EPPA�{

~X,é�±=�¤min max¯K�à`z¯K

min{θ(x) | Ax = b, x ∈ X}

�A�C©Ø�ª´

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀u ∈ Ω, (2.7a)

Ù¥

w =

(
x

λ

)
, F (w) =

( −ATλ
Ax− b

)
and Ω = X × <m. (2.7b)

�X`,�±æ�

• xf¯K¥�g¼ê/ª{ü,�k rs > ‖ATA‖ ��¦.

H =

(
rIn AT

A sIm

)
, H =

(
rIn −AT

−A sIm

)
, rs > ‖ATA‖.
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• xf¯K¥�g¼ê/ª{ü,éëê��k r > 0 Ú δ > 0��¦.�´¦#�

λ,��S�L§¥é�½Ý
 ( 1
r
AAT + δIm) ���gCholesky©).

H =

(
rIn AT

A 1
r
AAT + δIm

)
, H =

(
rIn −AT

−A 1
r
AAT + δIm

)

• éëê�k r > 0 Ú δ > 0��¦,¦#�λ�N´.�´ xf¯K¥�g¼ê

/ª´ ‖A(x− xk)‖2.

H =

(
βATA+ δIn AT

A 1
β
Im

)
, H =

(
βATA+ δIn −AT

−A 1
β
Im

)

• ��±�½eã�½Ý
,2��íf¯KXÛSü.

H =

 δIn 0

0
1

β
Im

 , H =

 In 0

0 Im


�±�â¯K�¢SI� [37],ÀJØÓ��½Ý
H ,�EØÓ��{
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3 ���OOO������{{{999ÙÙÙÂÂÂñññ555yyy²²²

·�|^VIÚPPA5y²ADMM�Âñ5,æ^ [20, 22]¥�§ª.

�O��{?n�´ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (3.1)

òÙ.�KF¼ê L(x, y, λ) = θ1(x) + θ2(y) − λT (Ax + By − b)�Q:8(��d�
C©Ø�ª�):µ

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (3.2a)

Ù¥

w =


x

y

λ

 , u =

 x

y

 , F (w) =


−ATλ
−BTλ

Ax+By − b

 Ω = X ×Y ×<m. (3.2b)

n)ADMM�Âñ5y²,Ö²xù�!�A�PPTÒ�±
.



12

ADMM�kÚS�l�½�vk = (yk, λk)Ñu
xk+1 = arg min

{
θ1(x)− xTATλk + β

2
‖Ax+Byk − b‖2

∣∣ x ∈ X}, (3.3a)

yk+1 = arg min
{
θ2(y)− yTBTλk + β

2
‖Axk+1 +By − b‖2

∣∣ y ∈ Y}, (3.3b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (3.3c)

�â�`5Ún1, ADMM k-ÚS�÷v

θ1(x)− θ1(xk+1) + (x− xk+1)T
{
−ATλk + βAT (Axk+1 + Byk − b)} ≥ 0, ∀x ∈ X ,

θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk + βBT (Axk+1 + Byk+1 − b)} ≥ 0, ∀y ∈ Y,

(λ− λk+1)T {(Axk+1 + Byk+1 − b) + 1
β (λ

k+1 − λk)} ≥ 0, ∀λ ∈ <m.

|^ λk+1 = λk − β(Axk+1 +Byk+1 − b) þ¡�ªf�±�nU�¤

θ1(x)− θ1(xk+1
) + (x− xk+1

)
T{−ATλk+1

+ βA
T
B(y

k − yk+1
)} ≥ 0, ∀x ∈ X , (3.4a)

θ2(y)− θ2(yk+1
) + (y − yk+1

)
T{−BTλk+1 } ≥ 0, ∀y ∈ Y, (3.4b)

(λ− λk+1
)
T {(Axk+1

+ By
k+1 − b) + 1

β (λ
k+1 − λk)} ≥ 0, ∀λ ∈ <m. (3.4c)
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3 (3.4b)���Ü\þÚ�"�ü�,��

θ1(x)−θ1(xk+1) + (x−xk+1)T
{
−ATλk+1 + βATB(yk − yk+1)

}
≥ 0,

θ2(y)−θ2(yk+1) + (y−yk+1)T
{
−BTλk+1 + βB

T
B(y

k−yk+1
) + βB

T
B(y

k+1−yk)︸ ︷︷ ︸} ≥ 0,

(λ− λk+1)T {(Axk+1 + Byk+1 − b) + 1
β (λ

k+1 − λk)} ≥ 0.

|^C©Ø�ª (3.2),?1Ün�Ü,��

θ(u)− θ(uk+1
) + (w − wk+1

)
T
F (w

k+1
)

+

(
x− xk+1

y − yk+1

)T
β

(
AT

BT

)
B(y

k − yk+1
)

+

(
y − yk+1

λ− λk+1

)T (
βBTB 0

0 1
β Im

)(
yk+1 − yk

λk+1 − λk

)
≥ 0.
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òþª¥@�?¿�w,�¤):w∗Bk

θ(u
∗
)− θ(uk+1

) + (w
∗ − wk+1

)
T
F (w

k+1
)

+

(
x∗ − xk+1

y∗ − yk+1

)T
β

(
AT

BT

)
B(y

k − yk+1
)

+

(
y∗ − yk+1

λ∗ − λk+1

)T (
βBTB 0

0 1
β Im

)(
yk+1 − yk

λk+1 − λk

)
≥ 0.

²=�,�� (
yk+1 − y∗

λk+1 − λ∗

)T (
βBTB 0

0 1
β Im

)(
yk − yk+1

λk − λk+1

)

≥
(
xk+1 − x∗

yk+1 − y∗

)T
β

(
AT

BT

)
B(y

k − yk+1
)

+[θ(u
k+1

)− θ(u∗
) + (w

k+1 − w∗
)
T
F (w

k+1
)]︸ ︷︷ ︸. (3.5)

bX (3.5)ªmà�K,y²ÒÄ�þ�¤
.du

θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (wk+1) = θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (w∗) ≥ 0.
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ù`² (3.5)ªmàey�Ü©�K.l
d (3.5)ª��

(v
k+1 − v∗)TH(v

k − vk+1
) ≥

(
xk+1 − x∗

yk+1 − y∗

)T
β

(
AT

BT

)
B(y

k − yk+1
). (3.6)

Ù¥

v =

(
y

λ

)
, H =

(
βBTB 0

0 1
β Im

)

�� (3.6)ª�mà�K,Òk (vk+1 − v∗)TH(vk − vk+1) ≥ 0.

é (3.6)ª�mà?1?n,k(
xk+1 − x∗

yk+1 − y∗

)T
β

(
AT

BT

)
B(y

k − yk+1
) = (y

k − yk+1
)
T
B
T
β
(
A,B

)( xk+1 − x∗

yk+1 − y∗

)

= (y
k − yk+1

)
T
B
T
β
(
Ax

k+1
+ By

k+1 − (Ax
∗
+ By

∗
)
)

|^(Ax∗ + By∗ = b)

= (y
k − yk+1

)B
T
β
(
Ax

k+1
+ By

k+1 − b
)
= (y

k − yk+1
)B

T
(λ
k − λk+1

). (3.7)
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|^ (3.4b)k
θ2(y)− θ2(yk+1) + (y − yk+1)T

{
−BTλk+1} ≥ 0, ∀ y ∈ Y,

Ú θ2(y)− θ2(yk) + (y − yk)T
{
−BTλk} ≥ 0, ∀ y ∈ Y. ò?¿�y©O

�¤ yk Ú yk+1

 θ2(yk)− θ2(yk+1) + (yk − yk+1)T
{
−BTλk+1} ≥ 0.

θ2(yk+1)− θ2(yk) + (yk+1 − yk)T
{
−BTλk} ≥ 0.

(òþ¡üª�\,Òk) (yk − yk+1)BT (λk − λk+1) ≥ 0. ((3.7)ªmà�K)

y²
 (3.7)ªmà�K,?
�� (3.6)ªmà�K.¤±

(vk+1 − v∗)TH(vk − vk+1) ≥ 0. (3.8)

1�ù� Lemma 2 w�·�:

bTH(a− b) ≥ 0 ⇒ ‖b‖2H ≤ ‖a‖
2
H − ‖a− b‖

2
H . (3.9)

3 (3.9)¥� a = (vk − v∗) Ú b = (vk+1 − v∗),�â (3.8)Ò��Âñ�'�Ø�ª

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H − ‖v

k − vk+1‖2H .
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PPA¿¿¿ÂÂÂeee������OOO������{{{

²;�ADMM?n�Xe�ü��©l¬�à`z¯K

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (3.1)

·�®²r§=z¤�A�C©Ø�ª

Problemµw∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

Ù¥ θ(u) = θ1(x) + θ2(y),

w =

 x

y

λ

 , u =

 x

y

 , F (w) =

 −ATλ
−BTλ

Ax+By − b

 , (3.2)

Ω = X × Y × <m.

Q,ADMM´3VI�µee/ÏPPAy²
Âñ5,·�Ò�±�âØÓ��¦,�

��EØÓ�©¬�½Ý
,�O�A�PPA�{ [37].

¢¢¢SSSþþþÑÑÑæææ^̂̂òòò���������CCC:::���{{{ ýÿÝ
´�½�,��K´²��ò�.
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Prediction

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω.

Correction vk+1 = vk−α(vk− ṽk), α ∈ (0, 2).

Âñ5�

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H − α(2− α)‖vk − ṽk‖2H .

ÏL�½ØÓ��½Ý
H ,ÒkØÓ�PPA�{Úò��PPA�{.

�Y I: Ø%Cþ´ v = (y, λ)�PPA�{

H =

 βBTB + δIn2 −BT

−B 1
β
Im

 , (a small δ > 0). (3.3)
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�Y II: Ø%Cþ´ v = (y, λ)��5z ADMM

H =

(
sIn2 −BT

−B 1
β
Im

)
, s > β‖BTB‖. (3.4)

�Y III:: ²1?n x Ú y-f¯K,Ø%Cþ´w = (x, y, λ)�PPA. ADMM.

H =


βATA+ δIn1 0 AT

0 βBTB + δIn2 BT

A B 2
β
Im

 , (3.5)

½ö

H =


βATA+ δIn1 0 −AT

0 βBTB + δIn2 −BT

−A −B 2
β
Im

 . (3.6)

þ¡J��PPA�{Ñ�u [37]Ú·��w.
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4 ààà`̀̀zzz¯̄̄KKK©©©���ÂÂÂ   ���{{{���ÚÚÚ���µµµeee

(Problem) w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (4.1)

A unified Algorithmic Framework for (4.1)
[Prediction Step.]l�½�w�Ø%Cþvkm©,é���w̃k ∈ Ω,¦Ù÷v

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (4.2a)

Ù¥ýÿÝ
Q÷vQT +Q � 0. (Ø�½Âñ��{Ñ�±6�w�ýÿ)

[Correction Step.]À��ÛÉ��Ý
M ,d

vk+1 = vk −M(vk − ṽk), (4.2b)

�Ñ#�Ø%Cþ vk+1

Convergence Conditions
For the matricesQ andM , there is a positive definite matrixH such that

HM = Q. (4.3a)
and

G := QT +Q−MTHM � 0. (4.3b)
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Ù¢,��ýÿ (4.2a)¥�ýÿÝ
Q÷v

QT +Q � 0,

·�o�±�

0 ≺ G ≺ QT +Q.

,�P

D = (QT +Q)−G,

K D � 0.-

MTHM = D.

dÝ
�§|)� HM =Q,

MTHM =D.
⇔

 HM =Q,

QTM =D.
⇔

 H =QD−1QT ,

M =Q−TD.

Ò��÷vÂñ^����Ý
M .¢SO�¥,·�����Ý
M .

H ÚG�´^5�yÂñ^��,O�L§¥ØI�.
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Ú�µe�ó��ë� [33, 34, 37],�#©z´8co�� [25].

UìÚ�µe,�{Âñ5y²´{ü�.

Theorem 1 �{vk}´^Ú�µe (5.2)¦)C©Ø�ª (4.1)�)�S�.XJÂñ5^

� (4.3)÷v,Kk

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H − ‖v

k − ṽk‖2G, ∀v
∗ ∈ V∗. (4.4)

Proof 3ýÿ (4.2a)¥-w = w∗,Òk

θ(u∗)− θ(ũk) + (w∗ − w̃k)TF (w̃k) ≥ (v∗ − ṽk)TH(vk − vk+1).

¤±

(ṽk − v∗)TH(vk − vk+1) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k).

du (w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗),þªmà�K,?
��

(vk − vk+1)TH(ṽk − v∗) ≥ 0. (4.5)

òð�ª

(a− b)TH(c− d) =
1

2

{
‖a− d‖2H − ‖b− d‖

2
H

}
−

1

2

{
‖a− c‖2H − ‖b− c‖

2
H

}
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^u (4.5)��à,- a = vk, b = vk+1, c = ṽk Ú d = v∗,·���

(vk − vk+1)TH(ṽk − v∗)

=
1

2
{‖vk − v∗‖2H − ‖v

k+1 − v∗‖2H} −
1

2
{‖vk − ṽk‖2H − ‖v

k+1 − ṽk‖2H}.

�â (4.5)Òk

‖vk − v∗‖2H − ‖v
k+1 − v∗‖2H ≥ ‖v

k − ṽk‖2H − ‖v
k+1 − ṽk‖2H . (4.6)

2rþª�màz{�e,

‖vk − ṽk‖2H − ‖v
k+1 − ṽk‖2H

= ‖vk − ṽk‖2H − ‖(v
k − ṽk)− (vk − vk+1)‖2H

(4.2b)
= ‖vk − ṽk‖2H − ‖(v

k − ṽk)−M(vk − ṽk)‖2H
= 2(vk − ṽk)THM(vk − ṽk)− (vk − ṽk)TMTHM(vk − ṽk)

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk)

(4.3b)
= ‖vk − ṽk‖2G. (4.7)

ò (4.7)�\ (4.6)Ò��½n�(Ø. �
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5 ���âââÚÚÚ���µµµeee���OOOýýýÿÿÿ-���������{{{������������KKK

·�?n�¯K´±e�C©Ø�ª

(VI) w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (5.1)

¦¦¦)))CCC©©©ØØØ���ªªªVI (5.1)���ýýýÿÿÿ-������µµµeee

[ýÿ.]�â�½�vk ,¦�ýÿ: w̃k ∈ Ω¦�

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (5.2a)

Ù¥Ý
QØ7é¡,�QT+Q��½Ý
. (·�XúQ�é¡).

[��.]^���ÛÉÝ
MéØ%Cþv?1��

vk+1 = vk −M(vk − ṽk). (5.2b)

Ú�µe¥k ýÿÝ
Q Ú ��Ý
M .
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ÂÂÂñññ555^̂̂���
éÚ�µep�ýÿÝ
QÚ��Ý
M ,�3�½Ý
H ,¦�

HM = Q, (5.3a)

Ú

G := QT +Q−MTHM � 0. (5.3b)

3 [?]¥,·�?�Ú²(JÑ,Âñ5^� (5.3)�±�¤�d�

D � 0, G � 0, and D +G = QT +Q (5.4a)

,�2-

HM = Q Ú MTHM = D. (5.4b)

dÝ
�§| HM =Q,

MTHM =D.
⇔

 HM =Q,

QTM =D.
⇔

 H =QD−1QT ,

M =Q−TD.

)�

M = Q−TD (5.5)

Ò´÷vÂñ^����Ý
.
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ÀJ÷v^� (5.4)�Ý
DÚG��YNõ,�X`

D = α[QT +Q] and G = (1− α)[QT +Q], α ∈ (0, 1),

�´�«ÀJ.

du��úª´

vk+1 = vk −M(vk − ṽk).

ù�±�¤

vk+1 − vk = M(ṽk − vk).

ü>�¦QT |^QTM = D,��

QT (vk+1 − vk) = D(ṽk − vk), (5.6)

ýÿÝ
Q  ´en�Ý
,<��±'�N´/ÏL (5.6)¦�vk+1.

±¦)n��©l¯K�~,é�©Cþ?1Gauss.ýÿ
x̃k ∈ arg min

{
θ1(x)− xTATλk + β

2
‖Ax+Byk + Czk − b‖2 | x ∈ X

}
,

ỹk ∈ arg min
{
θ2(y)− yTBTλk + β

2
‖Ax̃k +By + Czk − b‖2 | y ∈ Y

}
,

z̃k ∈ arg min
{
θ3(z)− zTCTλk + β

2
‖Ax̃k +Bỹk + Cz − b‖2 | z ∈ Z

}
.

(5.7)
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¿½Â

λ̃k = λk − β
(
Ax̃k +Byk + Czk − b

)
. (5.8)

��ýÿúª

w̃k ∈ Ω, θ(u)− θ(ũk) + (w− w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk− ṽk), ∀w ∈ Ω, (5.9)

Ù¥

Q =


βBTB 0 0

βCTB βCTC 0

−B −C 1
β
Im

 . (5.10)

du

QT +Q =


2βBTB βBTC −BT

βCTB 2βCTC −CT

−B −C 2
β
Im

 , (5.11)

�±�

D =


νβBTB 0 0

0 νβCTC 0

0 0 1
β
Im

 (5.12)
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½ö

G =


(1− ν)βBTB 0 0

0 (1− ν)βCTC 0

0 0 1
β
Im

 , (5.13)

2½ö

D = G =
1

2

[
QT +Q

]
=


βBTB 1

2
βBTC − 1

2
BT

1
2
βCTB βCTC − 1

2
CT

− 1
2
B − 1

2
C 1

β
Im

 . (5.14)

25¿�?1ýÿ (5.7) �I� (Byk, Czk, λk)3Ã,·��±ÏL

QT (vk+1 − vk) = D(ṽk − vk)

N´/¦�m©e�gS�7L�

(Byk+1, Czk+1, λk+1).
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6 ���aaa···^̂̂���������222ÚÚÚBBBuuuííí222������OOO������{{{

ù�ù± [19]¥���L5�{0�A^���2ÚBuí2��O��{.

Ù¥�/�20,Ny3�5�å�±´�ª�,��±´Ø�ª�(ÃIO\tµCþ);

/Buí20,´��¦)�5�§|�Gauss��{@�,Ø+gCþkõ���©

l¬,UÜÒ�,?n�{Ñ��.

p-¬�©là`z¯K

min
{ p∑
i=1

θi(xi)
∣∣ p∑
i=1

Aixi = b (or ≥ b), xi ∈ Xi
}
. (6.1)

��`5^�U
�¤e¡�C©Ø�ª:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (6.2a)

Ù¥

w =


x1
...

xp
λ

, x =


x1

...

xp

, θ(x)=

p∑
i=1

θi(xi), F (w)=


−AT1 λ

...

−ATp λ∑p
i=1 Aixi − b

 , (6.2b)
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Ú Ω =
∏p
i=1 Xi × Λ.éAu�ªÚØ�ª�å,©OkΛ = <mÚΛ = <m+ .

Äk,²;�ADMM�±�¤
λk+ 1

2 = λk − β(Axk +Byk − b)
xk+1 ∈ argmin

{
θ1(x)− xTATλk+ 1

2 + β
2
‖A(x− xk)‖2 | x ∈ X

}
,

yk+1 ∈ argmin
{
θ2(y)− yTBTλk+ 1

2 + β
2
‖A(xk+1 − xk) +B(y − yk)‖2

∣∣y ∈ Y},
λk+1 = λk−β

(
Axk+1 +Byk+1 − b

)
ép¬�©l�¯K,·�æ^eã�{ýÿ

Prediction Step. With given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), find w̃k ∈ Ω:

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

...

x̃ki ∈ arg minxi∈Xi
{
θi(xi)− xTiATi λk + β

2
‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ arg minxp∈Xp
{
θp(xp)− xTpATpλk + β

2
‖
∑p−1
j=1Aj(x̃

k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
.

(6.3)
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Ú�µeE,´�Eùa�{����K:þ¡�ýÿÒ�Gauss��{@� c
/J0.|^�`5^��Ún��ýÿ�C©Ø�ª/ª´

w̃k ∈ Ω, θ(x)−θ(x̃k)+(w−w̃k)TF (w̃k) ≥ (w−w̃k)TQ(wk−w̃k), ∀w ∈ Ω, (6.4a)

Ù¥

Q =



βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2

. . .
... AT2

...
. . . 0

...

βATp A1 βATp A2 · · · βATp Ap ATp

0 0 · · · 0 1
β
Im


. (6.4b)

����Gauss��{@� �/`0,ògCþl��c�g�Ñ5.

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p


=



A1xk1

A2xk2

...

Apxkp


− ν



Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im





A1xk1 −A1x̃k1

A2xk2 −A2x̃k2

...

Apxkp −Apx̃kp


, (6.5a)
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λk+1 = λ̃k + νβ(A1x
k
1 −A1x̃

k
1). (6.5b)

¯¢þ,æ^C�

P =



√
βA1 0 · · · · · · 0

0
√
βA2

. . .
...

...
. . .

. . .
. . .

...

...
. . .

√
βAp 0

0 · · · · · · 0 (1/
√
β)Im


, ξ=Pw=



√
βA1x1

√
βA2x2

...

√
βApxp

(1/
√
β)λ


. (6.6)

é (6.4b)¥�Ý
Q,k

Q=PTQP, where Q=



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im
0 0 · · · 0 Im


. (6.7)
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òØ�ª (6.4a)�màU�¤

(w − w̃k)TQ(wk − w̃k) = (w − w̃k)TPTQP (wk − w̃k) = (ξ − ξ̃k)TQ(ξk − ξ̃k).

ýÿúª (6.4)U
�¤:

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w− w̃k)TF (w̃k) ≥ (ξ− ξ̃k)TQ(ξk− ξ̃k), ∀w ∈ Ω. (6.8)

Ù¥Q´d (6.7)�Ñ�.P

L =


Im 0 · · · 0

Im Im
. . .

...
...

. . . 0

Im Im · · · Im

 , I =


Im 0 · · · 0

0 Im
. . .

...
...

. . .
. . . 0

0 · · · 0 Im

 . (6.9)

Ú

E =
(
Im Im · · · Im

)
. (6.10)

Òk

Q =

 L ET

0 Im

 Ú QT +Q =

 I + ET E ET

E 2Im

 . (6.11)



34

ÀJ D =

 νI 0

0 Im

,Ò÷v 0 ≺ D ≺ QT +Q.ù�,��Ý


M = Q−TD =

 L−T 0

−EL−T Im

νI 0

0 Im

 =

 νL−T 0

−νEL−T Im

 . (6.12)

2|^ (6.6)¥�'X±9

L−T =



Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im


Ú EL−T =

(
Im 0 · · · 0

)
.

��

ξk+1 = ξk −M(ξk − ξ̃k) (6.13)

Ò´ÏL (6.5)¢y�. (6.5a)�L§,Ò��5�§|¦)�Gauss£�L§.

·�kndr [19]¥�ù��{��·^��2qBuí2�ADMMaýÿ-���{.
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