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1. 18 YR o] E min{f(z) |z € X} HAP X 2—1TL%.
2. ZMARBICLILIB)IER min{f(x)|Az =b(or > b), x € X}

3. min — max [a] g min max{®(x,y) = 01(z) —y' Az — 02(y)}
reX ye)y

4. BN min{b,(x) +602(y)|[ Az +By=b,z € X,y €Y}
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[

A function f () is convex iff

f(1=0)z+0y) < (1-0)f(z)+0f(y)
Ve € [0, 1].

Properties of convex function

o f c(Cl. fisconvexiff

fly) = f@) + V() (y—=). .

Thus, we have also
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XX Yoo
fl@) > fw)+ Vi)' (z—y). N
e Adding above two inequalities, we get FE+ Ny (=)
Convex function
(y— ) (Vf(y) = Vf(x)) >0.

e f€(C!, Vfismonotone. [ € C? V?f(x)is positive semi-definite.

e Any local minimum of a convex function is a global minimum.
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1 Optimization problem and VI (A& HiH)

1.1 Differential convex optimization in Form of VI

Let {2 C R"™, we consider the convex minimization problem

min{ f(x) | z € Q}. (1.1)

What is the first-order optimal condition ? '

¥ e & z* € ()and any feasible direction is not a descent one.

Optimal condition in variational inequality form '

o Sy(z*) ={seR"|s'Vf(z*) <0} = Setof the descent directions.

o Si(x*)={seR" | s=a—2a* x €} = Setoffeasible directions.

*eQ* & 2*eQ and S¢(z*)NSy(x*) = 0.

EFRLUEXK&ESA. FIEWLNAENE: FERTHRESANBELFASE



The optimal condition can be presented in a variational inequality (VI) form:
t*eQ, (x—z") F(z*)>0, Vreq, (1.2)

where F'(x) = V f(x). Forgeneral VI, F'is an operator from R into itself.

/ x € € The dash vectors are
infeasible directions

Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

fy) > f(2)+Vf(z) (y—z) andthus (z—vy)' (Vf(z)—Vf(y)) > 0.

We say the gradient Vf of the convex function f is a monotone operator.



BRHENFZRAINAEZRF TERETHRSFN—151E

min{f(z)|lr € X}, z* € X, O(x) —6(z*) >0, Vo e X;

min{f(z)|lr € X}, 2* € X, (x—2z*)' Vf(z*)>0, VzeX.

FEAOMEEREFRGREERN, SE—ERE THRS[FE:

Lemma1 Let X C R" be a closed convex set, 0(x) and f(x) be convex function-
s and f(x) is differentiable. Assume that the solution set of the minimization problem
min{6(x) + f(x)|x € X'} is nonempty. Then,

r" € argmin{f(z) + f(z) |z € X} (1.3a)

if and only if

e X, 0(x)—0x")+ (x —2*) Vf(x*) >0, Vo e X. (1.3b)

XA, BATRABMAL )RR (1.30), 4 T E 2 AFR (1.3b).
31521 SR REMA, IERARAIEN, TS AAAETHRE 3 FAO3I32 1.1 REGER.




1.2 Linear constrained convex optimization and VI

We consider the linearly constrained convex

optimization problem
min{f(u) | Au=5b, ucU}. (1.4)
The Lagrangian function of the problem (1.4) is

L(u,\) = 0(u) — X\ (Au —b), (1.5)

which is defined on U/ x R™.

A pair of (1™, A\*) € U x R™ is called a saddle point of the Lagrange function, if
Lyerm (u™,\) < L(u",\") < Lycu(u, \").
An equivalent expression of the saddle point is the following variational inequality:

w* eU, Ou)—0u)+u—u) (—A'X\) >0, Yu€el,
A e Rm, (A=) "(Au* —b) >0, VIER™.
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The optimal condition can be characterized as a monotone variational inequality:

w* € Q, O(u) —0u*)+ (w—w*) Flw*) >0, YweqQ,

where

YT
’w:<u), F(w):< AA) and Q=UXxR", (1.7)
A Au —b

Note that the operator F' is monotone. Especially, because

(1.6)

sy =(123) (450)

_ (u—ﬂ)T<O —AT><u—ﬂ>
A=\ A 0 A— )\

(w—w)" (F(w)—F(w)) = 0. (1.8)

we have
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Convex optimization problem with two separable objective functions '

Some convex optimization problems have the following separable structure:
min{6;(x) + 02(y) | Ax+ By =b, x € X,y € V}.
The Lagrangian function of this problem is
L®(z,y,\) = 01(x) + 02(y) — X' (Ax + By — b). (1.9)
The saddle point ((2*, y*), \*) of L®(x, y, \) is a solution of the following VI:

w* € Q, O(u)—0(u*)+ (w—w*) Fw*) >0, Ywe,

where
x . —AT )\
w=| vy |, u= , F(w) = — BT\ ,
A Y Az + By — b
and

O(u) = 01(x) + 02(y), Q=X xY xR™.



Convex optimization problem with three separable objective functions '

min{f;(x) +02(y)+05(2) | Ar+ By+Cz=b,x € X,y € Y,z € Z}.

lts Lagrangian function is
LO(z,y,2,\) = 01(x) + 02(y) + 03(2) — X' (Az + By + Cz — b).
The saddle point ((*, y*, 2*), \*) of L®(x, y, z, \) is a solution of the VI:

w* € Q, O(u) —0(u*) + (w—w*) Fw*) >0, YweqQ,

where
/ L \ T ( —ATA \
_ Yy _ o o —B" )\
w= | U= 7 (w) = 0T ;
\)‘) & \A:IH—By—FC’z—b)
and

O(u) = 01(x) + 02(y) + 03(2), ND=XxYxZxR™
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1.3 Proximal point algorithms for convex optimization

Lemma 2 Let the vectors a,b € R™, H € R"*" be a positive definite matrix.

If b" H(a—b) >0, then we have lallg = (a Ha)'/?
1617 < llallz — lla = bl%- (1.10)
The assertion follows from ||a||%; = [0+ (a —)||% > ||bl|% + ||a — b||%;.
Convex Optimization ' Now, let us consider the simple convex optimization
min{6(z) + f(z) | z € X}, (1.11)

where 6(x) and f(x) are convex but () is not necessary smooth, X is a
closed convex set.

For solving (1.11), the k-th iteration of the proximal point algorithm (abbreviated to
PPA) [22, 25] begins with a given z* offers the new iterate 2"+ via the recursion

R = Argmin{6(x) + f(x) + gHaz — "% |z € X}, (1.12)



Since a:kH

0(x) — 0(z" ) + (x — 2" TH {Vf(&") +r(@" =2 >0, Vo e X.
(1.13)

is the optimal solution of (1.12), it follows from Lemma 1 that

Setting © = ™ in the above inequality, it follows that

(" —2*) Tr (=" > 02T =0+ (" =) TV ("), (1.14)

Because Note that f is convex, (z — y) ' (Vf(z) — Vf(y)) >0

9(:17k+1) . 9(&7*) + (:Uk+1 L ZU*)TVf(ZUk+1)
> O(FtY —0(z*) + (2F T — 2"V f(e*) >0,

it follows that the right hand side of (1.14) is nonnegative. And consequently,

(" — ") (* — ") > 0. (1.15)

k+1

let a =z —2z* and b=z — x™ and using Lemma 2, we obtain

la™ Tt —2™||* < fla® —2"||® — [|2" — 2T, (1.16)

which is the nice convergence property of Proximal Point Algorithm.

14



We write the problem (1.11) and its PPA (1.12) in VI form

The equivalent variational inequality form of the optimization problem (1.11) is

r e X, 0(x)— 0"+ (z—2")'Vf(2*) >0, Ve e X. (1.17a)

For solving the problem (1.11), the variational inequality form of the k-th iteration of
the PPA (see (1.13)) is:

Pl e X, 0(x) — 0(zF ) + (x — 28 TV (2P )

> (v — ") Tr(ah — 2P, Vo e X.

(1.17b)

P PA reaches the solution of (1.17a) via solving a series of subproblems (1.17b).
KRANRL LT AERREE, F2FLI2FT!

Using (1.17), we study PPA for VI arising from the constrained optimization

15



1.4 Preliminaries of PPA for Variational Inequalities

The optimal condition of the problem (1.4) is characterized as a mixed monotone
variational inequality: | ST B PPA, 2R T SRR 5 AZ A PPA.

w* € Q, Ou) —0(u*)+ (w—w*) Flw*) >0, YweQ. (1.18)

PPA for VI in Euclidean-norm ' For given wk and r > 0, find wktl

wktt e Q, 0(u) — O(uFt) + (w — whth) T F(wktt)

> (w — wF ) Tr(wh —whth), Vw e Q.

(1.19)

wk—|—1

is called the proximal point of the k-th iteration for the problem (1.18).

"4 wP is the solution of (1.18) if and only if w”* = w**+!1 K
Setting w = w™ in (1.19), we obtain

(W ™) Tr(wh — k1) > 9(uF+1) — O (u*) + (W —w*) T F(wh+1)
Note that (see the structure of F'(w) in (1.7))

(wk—|—1 . w*)TF(wk—l—l) _ (wk—l—l . ’U}*)TF(’LU*),

16
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and consequently (by using (1.18)) we obtain

(wkH—w*)Tr(wk—wkH) > 9(3}k+1)—9(:€*)—1—(wk+1—w*)TF(w*) > O,

and thus
(w* Tt —w*) " (w® — wh ) > 0. (1.20)

k k41

Now, by setting a = w” — w* and b = w * in the inequality (1.20), it

isb' (a — b) > 0. Using Lemma2, we obtain

Jw — w|? <l — w* — o — wt . (1.21)

We get the nice convergence property of Proximal Point Algorithm:

The sequence {’wk} generated by PPA is Fejér monotone.

THANEFRNR S w* th2 Lagrange SRV Ez . ~F(1.21) FREA PPA 24 & %

|w|| = (wTw)/2. AW, BEHRZEXRIRRKIE TE PPA (1.19) 21RYESSINAY.




PPA for monotone mixed VI in H-norm '

For given w”, find the proximal point w®*1 in H-norm which satisfies

whktt e Q, 0(u) — O(uFt) + (w — Wkt T F(wktt)

(1.22)
> (w — wFH T H(wk —wht), Vw € Q,

where H is a symmetric positive definite matrix. lwlg = (w Hw)/?

Y4 Again, w” is the solution of (1.18) if and only if w”* = w*T1 YK

Convergence Property of Proximal Point Algorithm in //-norm I

Hwk—l—l k+1

—w|f < [l —w | — ot =" (1.23)

The sequence {wk} is Fejér monotone in H -norm. An iterative algorithm is

called the contraction method, if its generated sequence {wk} satisfies

W™ — w7 < lw® —wE.

THRER HAZTHIPPA (1.22) BT RIS A R4, RMERERE S T

18



2 From PDHG to Customized PPA
MEIR-SHBRAHEZIIZETEH] (EHFKR) b sE X

We consider the min — max problem (e. g. E#& 43257 ROF Model [26])

min, max,{®(z,y) =01 (x) —y Az — 02(y) |z € X,y € V}. (2.1)

Let (™, y™) be the solution of (2.1), then we have RIFBERBIEX

e X, O(z,y")—P(z",y") >0, VoeX, (2.2a)
{ y ey, o, y")—d(x",y) >0, Vye). (2.2b)
Using the notation of ®(x, ), it can be written as
t* e X, 01(x)—0i(z*)+(x—a*) (-A'y*) >0, VzedlX,
{y* €Y, O2(y) —02(y") + (y—y*) ' (Az") >0, Vyecl.
Furthermore, it can be written as a variational inequality in the compact form:

w e, 0u)—0u)+ (u—u*) F(u*) >0, VYuel, (2.3)

19



—ATy

u:@) 0(u) = 01(x) + 02(y), F(U>=( Ao

), =X x).

, (=ATy\ (0 —A"\(= 0 —AT\ 4 .
Since F(u)-( A >_(A 0 )(y),we have (A 0 )E&XTI%,J\%E[E

2.1 kfEESm@EE JRiG-xHER &6 E A PDHG [27]
For given (x*, y*), PDHG [27] produces a pair of ("1, 45 T1). First,
2" = argmin{®(z, y*) + g”:p — 2" |z € XY, (2.4a)

and then we obtain 'y"“rl via

k+1

S
y* ! = argmax{®(z" " y) — Sy = y*|I? |y € V}. (2.4b)

20



Ignoring the constant term in the objective function, the subproblems (3.5) are reduced to
" = argmin{0:(z) —z'A"y" + gHaf; —z*|? |z € X}, (2.5a)
y" = argmin{0(y) +y AT+ Slly— oI ly € VY. @
According to Lemma 1, the optimality condition of (3.6a) is T ¢ X and

01(z)—01(z" T+ (x—az") {—ATy +r@@ =2} >0, Ve e X. (26)

Similarly, from (3.6b) we get y € ) and
O2(y) — O2(y* )+ (y—y" ) {A" T sy T = M)} >0, Vy e V. (27)

Combining (2.6) and (2.7), we have ©* T = ("1 4**1) € X x Y and

b gkl ayuwss
(91<x>+92<y>>(91<x‘““>+92<y‘““>>+< )( ‘ )

y—y A$k+1

(== A r(z® — ) £ AT (y* — Rt
= k+1 k k1)

), V(x,y) € Q.
y—y s(y" —y

21



The compact form is

u e, 0(w) — 0T + (uw— W T EFT

> (u—u"TH T QMW" — ), Yueq. (2.8)
where
Q = rln Al is not symmetric
0 sln .

It does not be the PPA form (1.22), and we can not expect its convergence.

2.2 Customized Proximal Point Algorithm-Classical Version

If we change the non-symmetric matrix () to a symmetric matrix A such that

0 rl, AT o rl, AT
= p— = ,
0 sl A sl,

then the variational inequality (2.8) will become the following desirable form:

0(uw) — 0(u" ) + (u — " TH {FW) + HW"T — ")} >0, Vu e Q.



For this purpose, we need only to change (2.7) in PDHG, namely,

O2(y) — O2(y" ") + (y — ") T {A2" ! + sy T — ")} >0, vy e V.

to

O2(y) — 02 (") + (y — ") {ARST — 2" + 5" =y} > 0. (29)

Thus, for given (z*, 4*), producing a proximal point (z*1, y/**1) via (3.5a)
and (2.9) can be summarized as:

pFrl = argmin{q)(a:,yk) -+ gHZC — :UkHQ ’:1: € X}. (2.10a)

R+l = argmax{@([Q:z:]H'1 — xk],y) — gHy — kaQ} (2.10b)

23
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By ignoring the constant term in the objective function, getting 2" from (2.10a) is

equivalent to obtaining " from
r 1
- argmin{ 61 (z) + 5”33 - [a:k - . ATyk} H2 ‘ x € X}
The solution of (2.10b) is given by

y T = argmin{Qg(y) + %Hy — [yk + éA(ZaﬁkJrl — xk)} H2 ‘ Yy € y}.

According to the assumption, there is no difficulty to solve (2.10a)-(2.10b).

In the case that s > || A" A||, the matrix
rl, A"

H = is positive definite.
A s,

Theorem 1 The sequence {u" = (z*,y*)} generated by the customized PPA (2.10)

satisfies

k+1 k41

L [ e [V A T 3 (2.11)
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2.3 Simplicity recognition
Frame of VI and PPA is recognized by some Researchers in Image Science '

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization™

Thomas Pock Antonin Chambolle
Institute for Computer Graphics and Vision CMAP & CNRS
Graz University of Technology Ecole Polytechnique
pock@icg.tugraz.at antonin.chambollel@cmap.polytechnique. fr

e T. Pock and A. Chambolle, IEEE ICCV, 1762-1769, 2011

e A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem
with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.



preconditioned algorithm. In very recent work [10], it has
been shown that the iterates (2) can be written in form of a
proximal point algorithm [14], which greatly simplifies the
convergence analysis.

From the optimality conditions of the iterates (4) and the
convexity of G and F'™* it follows that for any (z,y) € X X
Y the iterates x**! and y* T satisfy

T — T !}'\f + J_ T rli'+ 1 T 'L‘._i_ l i 'L“
s | Fl Cepy M e o ]2,

(5)
where
r phtl B (‘?G(;z:;"*l) e KTykJrl
yk—}—l - 8F*(y"‘+1) - [(Ik—}—l
and . .
. T —K
M= [ Y 6)

It is easy to check, that the variational inequality (5) now
takes the form of a proximal point algorithm [10, 14, 16].

E# C-P i 3
HA189 PPA i
FE F K b 15 1L
T BTS2 HT

AR IRIAN A,
QB (6)
NHIEERE M %
MRIERE, 4RI
8189 PPA 753£.

B, migEA
B TH 45 & /Y 1
T, FAEARA—
TE TSR AY.

FH CP AEEIFERMEEMEM, & 0 = 0, J7 35T RERIUEYEL.
MIX BRSO € (0,1), LM% BUERR, 24T 2—> Open Problem.
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[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
University Press, Princeton, New Jersey, 1962.

[10] B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation image restoration. Technical
report, Nanjing University, China, 2010.

Later, the Reference
[10] is published in
SIAM J. Imaging Sci-

ence [16].
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1 Introduction

In this work we revisit a first-order primal—dual algorithm which was introduced in [ 15,
26] and its accelerated variants which were studied in [5]. We derive new estimates
for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N) rate
of convergence (where N is the number of iterations), which also generalizes to non-

Algorithm 1: O(1/N) Non-linear primal—dual algorithm

e Input: Operator norm L := || K|, Lipschitz constant L ¢ of V f, and Bregman
distance functions Dy and D,.

e Initialization: Choose (x°, y) e X x Y, t,0 > 0

e Iterations: For each n > 0 let

"Ly = PDL o (x, y?, 26" — Xy (11)

The elegant interpretation in [ 16] shows that by writing the algorithm in this form

& 1ZCHIICHER [16] 214 3R1E SIAM J. Imaging Science E AN E.
B.S. He and X.M. Yuan, Convergence analysis of primal-dual algorithms for a saddle -point

problem: From contraction perspective, SIAM J. Imag. Science 5(2012), 119-149.

28



Proximal point form

20177 H, FEA
BEXZFHFZRD
—(IREEXRER
o). S me—
MERSWE, i
& A H He and
Yuan 12 & B 4RI &
2 1 (PPF), 4 IE [&]
&inlE

WE|—1BZIT F A
DIATHITIE, FBY
GBS T —KE
R &%

X Wi, R BE
BEMBREARSE
ZIEIE, HAES.
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University of Colorado Boulder Technical Report, Department of Applied Mathematics

The Chen-Teboulle algorithm is the proximal point algorithm

Stephen Becker *
November 22, 2011; posted August 13, 2019

Abstract

Werevisit thelRecent works such as [HY12] have proposed a very simple yet

on the step-size 1

powerful technique for analyzing optimization methods.

1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product {z,y) on H x H*. Instead of defining the norm to be the induced norm, we define the primal
norm as follows (and this induces the dual norm)

lzllvy =V {Va,2) = Ve, ayv, Nyl = lyllv-1 = V@ V1Y) = Vv y)v -

for any Hermitian positive definite V € B(H, H): we write this condition as V' > 0. For finite dimensional
spaces H, this means that V' is a positive definite matrix.

30

S. Becker /2 E. Candes ZEAIMNIB T4, 338/ \EAHEH X BFEI.




3 The unified framework and its convergence

B8 w* e, O0u)—0u")+ (w—w) Fw*) >0, YVwe. 3.1

[T 58 k- IR NG ERIILTE oF 7R, RTINS oF, £

w* € Q, 0(u)—0(a®)+(w—®) T F(aF) > (b= T Qv —oF), Yw € Q, (3.2

B EFEEEQT + Q BIEER. | ZiEi0as 3.1)Mw* BRT oF. R Q AT
[BZIE]. IRIBTN S B|AY oF, BHEZOLTE v FIERSFTIHAR A

Rt = oF — M(vF — ). (3.3)

AR M ARIEFERE. v A0 ZE, v AILZ w, BAILZ wiED T E

WM R XA ENTUNRER Q, EX1ZITRIRIERER M mE N T FH:
JIEEMHEE H-0 18 HM=Q. (3.4a)
tESh, BETBRIE

G=Q'+Q—-—M"HM = 0. (3.4b)

31



i -82 1E 77 B 5
Taking the output of Original PDHG algorithm [27] as the predictor

For given (x", y*), PDHG [27] produces a pair of (", j*). First,

i = argmin{®(z,y") + ||z — "|* |2 € X}, (3.52)
and then we obtain §* via
7* = argmax{® (3", y) — %Hy — " I? |y € V). (3.5b)
Ignoring the constant term in the objective function, the subproblems (3.5) are reduced to
" = argmin{6;(z) —z'A'y" + gHaz —z"|]? |z € X}, (3.6a)
§* = argmin{0s(y) + y "AZ" + S lly = o*[* |y € V). (3.60)
Similar as (2.8) in Section 2.1, we have Q240 PDHG (2.8) FHy Tt sk o

0(u) — 0(7") + (u —a") " F(@") > (v —a") ' Q" — @"), Yu € Q, (3.72)

rl, A'
— ) 3.7b
Q ( 0 sl ) (3.7b)

N—"

where

32



Because

orl, Al
QT+Q:< A 2sl,, )7
the matrix Q@ ' + @ is positive definite if and only if rs > || A" AJ|.
XX AR FIUN, A 1ARTE B EL A &) S AR IE R INEERER !
W = — MWt —a") (3.8)

RIE. B M ARN E=AFEENRN T =AER, ETEAXHREWSEFE (3.4)

e 3H -0 % HM = Q.
e G=Q'+Q—-M"HM = 0.

—. RIEFEM M ARMNT=A%ER Hopy K 2 ERY.

M= I, O m Ml — In 0 |
K I, —-K Iy




HEHE (), BNESZ—IERTHRSTRKEXMKWEFER. AT H=QM 'EE,

BRI FRAY. B

oM rl, A" I, O rl, —ATK AT
H — M_ = =
0 sl —-K In —sK sl

WIS FR, HES

I 0 rln +TATA AT
M = X , H= .
_EA Im A SIm

XHEERY r, s > 0, 6/ H 2 1EERY.

XF 15 (i),
G = Q'+Q-M'HM=Q"'+Q-Q'M

. 2rl, AT _(rIn 0 (i, AT
A 281, 0 slm A sly, )’

FHEME GIEE, B rs > || AT Al

ES]liel
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S F PDHG FU, B R =AEREIIE, TE rs > ||AT Al

—. RIEXERE M RBRA =R

B, iy K 2R E.

I, K
M = m M=
O Im

EHE (), BNESZ—IERTHRSTREXMNKWEFER. AT H=QM ' EE,

BRI FRAY. B

0 ) rl, AT
H=0QM " =
0 slm

WIS R, HELS

rK =A",

ES]liel

1 AT
M:<In A

0 I
SEZM r, s > 0, 55/ H 21IEER.

I, -K
o I, |

rl, —rK+ AT
0 slm

K=2-AT.
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T X5 845 (i),
G = Q'+Q-M"HM=Q" +Q-Q'M

_ (mjn AT )__(r&, 0:>(LL %AT>
rIn 0 >
0 shp—+1AAT )

EHEME GIEE, B rs > || AT Al

SKF PDHG T, S840 £ = ARERERRIE, /E rs > ||AT A]l.

AN BELRIEUL S HY PDHG 5 7ABUSE R T WA 5 7%

SRF PDHG, UGS EE], BMIREREX rs > 1||AT A].
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BRg—1EZR(6, 7, 17| AU MIERAIE R & 82, Xt E AL B FE X (8]

Assuming the conditions (3.4) in the unified framework are satisfied, we prove some

convergence properties.

Theorem 2 Let {v"} be the sequence generated by a method for the problem (3.1) and

W" is obtained in the k-th iteration. lka, v*TL and oF satisfy the conditions in the

unified framework, then we have

O(u) — 0(i") + (w — &) F(0") | FEREBRREEE G w BRT 0.

%(Hv — v

k+1

'V

17— |l —o"||%) + 310" = 3°)%, Ywe Q. (3.9)

Proof. Using () = H M (see (3.4a)) and the relation (3.3), the right hand side of (3.2) can

be written as (v — %) ' H(v® — v**1) and hence

0(v) —0(a" )+ (w—a") " F(@") > (v=0")" H@" — "), Yw € Q. (3.10)

Applying the identity Q(vF — %) = HM (vF — oF) = H(vF — vFT1).

1 1
(a=b) H(c—d) = o {lla— dfiy — lla —cllir} + 5 {lle = blli — ld — bll3},



to the right hand side of (3.10) with

a=v, b=0", c=v", and d=0"",
we thus obtain
2w — *) T H(v"® — o™ 1) [ ZAMRUFIEIESR A Beck T2 [2] bR T-5H0
= (o = 0" Hla — Il = v"|[7) + (0" = "7 — "™ = 5"[5).3.11)

For the last term of (3.11), using HM = Q and 2v'Qv = v' (Q ' + Q)v, we have

Jo* = 51 — 0"+ — 7
k ~k 2 k ~k k k+1\2
= ot =3I — 0F = ) - @F o
Do =5 - I0F - ) - Mt - )

= 20" = ") THM W — ") — (0" = ") MTHM " — &%)
= @ ="TQT+Q - MHM)" - ")

=0 = 0)|E. | EEERARAREAR TR RS ERER | (3.12)

Substituting (3.11), (3.12) in (3.10), the assertion of this theorem is proved. L]
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15.3. Convergence Analysis of AD-PMM 429
‘We will use the foll

£ = Xk

3 — g,

j'rk = yk + p(Ax‘Hl +Bz" — c).

Using (15.15), (15.16), the subgradient inequality, and the above notation, we obtain
that for any x € dom(h;) and z € dom(hs).

hy(x) — hy (%5) + <pAT (Aik +Bz" —c+ %yk) + G(EF —xF),x — ik> >0,
ha(z) — ho(2") + <pBT (Aik +BzF —c+ %y"‘) +Q(#F —2F),z - ik> > 0.

Using the definition of §*, the above two inequalities can be rewritten as
hi(x) =l (3F) + (ATY* + G(x* —xF),x - %*) =0,
ha(z) — ha(2") + (BT5* + (pB"B + Q)(z" — 2¥),z - 2*) > 0.
Adding the above two inequalities and using the identity
¥y R = p(ARE £ BEF o),

Hix,z) — HE 7+ ( | 2—2* |, BTy -] ¢ -2% | )20,

y-3) \-axt-Bi*+c) \io*-y)
(15 17)

where C = pBTB +Q. We will use the following identity that holds for any positive
semi i trix P-

Using the above 1dentity, we can conclude that
. = 1 < <
(x = &G — %) = 5 (I = ®*Ig = [Ix = %" + I%° - x"||8)
1 " 1
> Sl - 25 - llx -, (15.15)

as well as
1 1 1

(2~ 8)7C(* — 25 = Sla— 23— 3z~ 213 + Sl I3 (1519)
and

20y — )T (y* —y*)

=y =y* = lly = ¥*I1” + 1F* = y* 1> = I7* — "I

=y —=y*T% = lly — ¥*|* + p°| AX* + B2* — ¢

—lly* + p(AR* + Bzt — o) — y* — p(A%* +BE — o)

= ly —=y* % =y = ¥*II” + 2| AX* + B2* — c|” — p?| B(z* — 2°)||>.
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Theorem 3 Let {v"} be the sequence generated by a method for the problem
(3.1) and W is obtained in the k-th iteration. If v*, v*T1 and W* satisfy the
conditions in the unified framework, then we have

e [t e At M SR AN R )

Proof. Setting w = w™* in (3.9), we get

L el e

> ||lo* — %% + 2{0(7") — 0(u*) + (@F — w*) T F(w*)}.(3.14)

Using (1.8) ((@* — w*) T (F(w") — F(w*)) = 0) and the optimality of w™, we have

0(@")—0(u*)+ (" — w*) " F(@®) = 0(a")—0(u*)+ (@ — w*) " F(w*) >0

and thus from (3.14) get
0% — v 17 = " =0 F > (0" - 3|2 (3.15)

The assertion (3.13) follows directly. []



RIEV* T =0 — M(v" — o), BT RS R RIS IEFERE M 2

(T B2 RHEQ: QT +Q >0 (D=0, Gxo.
) KB 51 (3.4) « EFERE M BIESK: — D+G=Q"+Q,
d4H > 0, suchthat HM = Q, M'HM = D,
G=Q"+Q-M"HM » 0. . HM = Q.
(D=0, GO0, (D=0, G0,
. <D+G:QT+Q, — <D+G=QT+Q,
Q'M = D, M =Q TD,
. HM = Q. \ H=0QD'Q".

BT INFERE Q, INVARINIMNERERZ, EH HM M, (2% EFH (3.4).
IEERMCE: BT TN Q, ATILUAE D, BEHEO <D < Q' + Q.
MM = Q™' DISRIMRIEFEREM , WS XM B ARHE. DRRFS L]

SMEERHEQ ' + Q » OMTUN, NFABZELH—INFZE BHAEIE—REE
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BT EFMBBEEN, BRT &, T LAE M, 30 | In(2.8), we get

i e Q, 0(u)—0(@")+(u—a") " {F(@")+Q(a"—u")} >0, Vu € Q, (3.16a)

where
rl, AT )
— ) 3.16b

¢ ( 0 sl ( )

Because
T 27“In AT )
+ @ = ,
¢ ¢ ( A 2s1,,

we need only s > 1 || A" A|| to ensure the matrix Q ' + @ to be positive definite. Since

_ i 0
T rin

for any positive definite matrices D and G which satisfy
D=0, G=0 and D+G=0Q" +0Q,

it is easy to calculate the correction matrix M = Q1 D.

XFREI—1FUNEER: Q, %88 D FIRETRS %, Rt NI IER AR —i& !
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4 Constructing Algorithms for p-block problems

We consider the p-block separable convex optimization

min{i 6;(xi)

The Lagrangian function is

p
ZAzCEz :b(oer), Zi EXZ'}. (4.1)
=1

p p
L(z1,...,2p,A) = Oi(zi) = A (D Aiws — b),
1=1 1=1

which is definedon Q = [[/_, X3 x A, where
(

%m, if Zle A;x; = b,
A=<
T, if Zle A;x; > b.

\

SEEET : EERFAMAFAAR

BT M—ﬂ&iﬂ%’l\ﬂﬁ%ﬂ&'
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Let (z7,...,2,, A") € () be a saddle point of the Lagrangian function, then
Lxea(xy,...,2p5,N) < L(x7,...,2p, A") < La,ex, (T1,...,Tp, A").
The optimality condition of (4.1) can be written as the following VI:
w* € Q, 0(z)—0(z")+ (w—w") Flw*) >0, YweQ, (4.2a)

where

& [ Al )

Z1
w = : , T = |, F(w) = : , (4.2b)
Tp —Ap A
\ A N \ S A —b
and
0(x) :i6i<$i), Q:ﬁXi x A.
i=1 i=1

Again, we denote by 2 the solution set of the VI (4.2).
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4.1 Augmented Lagrangian Method (ALM)

We consider the convex optimization, namely
min{f(u) | Au =b, u € U}. (4.3)
The related variational inequality of the saddle point of the Lagrangian function is
w* € Q, Ou)—0u*) + (w—w)TFw*) >0, YweN. (44a)

where

u — AT\
w = , F(w)= and Q=UXR". (4.4b)
A Au —b

Augmented Lagrangian Method

The augmented Lagrangian function of the problem (4.3) is

Ls(u,\) = 0(u) — M (Au —b) + gHAu — b))%



The k-th iteration of the Augmented Lagrangian Method [21, 24] begins with a
given \* (the essential variable in ALM), obtain w* 1 = (u*T1, \F+1) via
ALM { u" e argmin{ Lg(u, \¥) |luweul, (4.5a)
AL = \F — B(AuFTE — b). (4.5b)
In (4.5), TARET only a computational result of (4.5a) from given M\* it is called

the intermediate variable. In order to start the k-th iteration of ALM, we need only
to have \* and thus we call it as the essential variable.

The subproblem (4.5a) is a problem of mathematical form

M€ argmin{f(u) — ul AN + D) Au — b||? |u € U}
= argmin{f(u) + 5|l Au— (b+ 5X")|*[u e U}.  (4.6)

The quadratic form in (4.6) is || Au — p*||?, where p* = b + %)\k.

Assumption: The solution of problem (4.6) has closed-form solution or can be

efficiently computed with a high precision.
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The optimal condition of (4.5) can be written as w*t1 € Q = U x R™ and

O(u) — O(u" ™) + (u — *THT{—ATN* + BAT (ATt —b)} >0, Vu € U,

(0 — N YT {(Auk T — ) + %(Wl “AF)} >0, VAR

The above relations can be written as

k+1\71 T k+1
k41 u—u — A" A k1T L\ k& k41

for all w € (). Using the notations in (4.4), we get the compact form

0(u) — 0(u* ) + (w — W F(w* )
1

 VEHINT
z (A=A g

(A" =X, vw € Q. (4.7)

Setting w = w™ in (4.7), we get

()\k:—l—l . )\*)T()\k’ . )\k:—|—1) Z B{H(Uk+1) . H(U*) 4+ (wk—|—1 . w*)TF(wk+1)}.
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By using the monotonicity of F' and the optimality of w™, it follows that

9(uk—|—1) . Q(U*) + (wk—l—l . w*)TF(wk—l—l)

= @) —0@u") + (W —w)T F(w*) > 0.

Thus, we have
()\k:—l—l . )\*)T()\k' o Ak:—|—1) Z 0.

By using the above inequality, we obtain

I = A7) + (A" =AM
||)\k—|—1 . )\*||2 + ||)\k o )\k—|—1||2.

A" =77

1V

It means that

INTFE = X2 <A = )12 = AR = A2

The above inequality is the key for the convergence proof of the Augmented

Lagrangian Method !

(4.9)
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4.2 From ALM to classical ADMM

Linearly constrained two-blocks separable convex optimization
min {61 (z) + 62(y) | Az + By = b,z € X,y € V}. (4.10)
lts Lagrange function is
L%z, y,)) = 01 (z) + 62(y) — X' (Az 4+ By —b).
Applied ALM to Problem (4.10), the k-th iteration
{ ("5 ) e argmin{LP(z,y,\*) + §||Az + By — b||*|z € X},
Vel = R B(Axk—f—l + Bykt! — b).

Solving (4.10) by classical ADMM : From (y*, A\*) to (y*+1, \Ft1)

A= argmin{L[z] (xayk7>\k) + gHAm + Byk o b||2| z € X},

Q yFt+l ¢ arg min{L[Q] (2R, y, M%) + gHACEk—'_l + By —b|I*|y € Y},

\ Aetl — \k B(Axk-l—l i Byk-i—l —b). | L =01(x)+05(y) — AT (Az+By—b).

(4.11)




XT3 75 E AR M PR AR E LI P I B R I RE R A 1A AR B SR P K 1 BR.
The x-subproblem in ADMM (4.11) can be written as:

'€ argmin{61 (z) — rTATNF 4 g”(ACEk + ByF —b) + A(x — 2P)||?|z € X}

. 01(x) —xTAT[NF — B(Ax* + ByF — b)]
= arg min 3 P re X ;.
+5 Az — %)

Similarly, the y-subproblem in ADMM is equivalent to
yk+1 € arg min{eg(y) — yTBT)\k + §|‘A$k+1 + By — bH2 ‘y c y}

| 02(y) —y'B'[\* — B(Az" + By* — b)]
= arg min 8 ot , 5 yey,.
+ SIIA@F T —2®) + By — y*)|

Thus, ADMM scheme can be written as

(

Ah+%:;vn—5@hﬁ-kByk—b)
zF Tl € argming e x {61 (z) rTATAS 4 5 5 |A(x — 2F)[12},
yF T € argmingey {2(y) — y TBTAMZ + gllA(x’““ —*) + By —y")|1},

Mot = \F—B(Azh Tl 4+ By Tt —b). | BEBYNHREREN BN EHERE
(4.12)
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4.3 Prediction-Correction method for p-block problem

Prediction ] T AR FNZEHE 75 AR A T (4.12) B FNZ 4
From (Ara¥, A, - ,Apa:];, M) o = (25,5, ,:73];, AF)Y:
Prediction Step. With given (A 2}, Asxh, - - ,pr’;, )\k), find 0" € Q:

[ #F € argmin{0(z1) — 2] AT NF + §||A1(a;1 —®)|1? |21 € X1}y

ik € argmin{fs(z2) — zg Ag AF + gHAl(:Elf — o) + Ag(ze — 25)||? | 22 € X2 };
{ @F €argming, cx, {0i(xi) — a] AT N + 5| ST Ay (&5 — 2b) + Ag(ai — 28)|12 )

€ arg ming,, e x, {0p(zp) — 5 Ag N + 5| 3002 Ay (38 — o)+ Ap(ap — )12}

| AP =Py [NF - B(3F_ Ak —b)]. | EEEERSFIADMM AR (4.12) thEE & BB 53 4RI

(4.13)

FUNX Al 3 B RV [RIA F o R R — 1% 7K 2. 40 Gauss JHEETERIETT.




| Correction MASRAOTASEREEL #—SREN
Correction Step .
Produce (Alzck+1 Agxl;"H, . ,Apa:];+1, )\I‘H'l) for the next iteration:

Generate the new iterate (Ala;k"H A xk+1, fe Apacp+1 ALy with v € (0, 1) by
(Alx’l‘“rl\ [Arzh) (VI —vInm O - 0 \ (Alx’f—Alas’f\
A2$§+1 Agxg 0 I, AQ.’ES—Ang

B - —vlym 0
Apxlg"'l Apxlg 0 e O vl O pr]; _Apilg
K \k+1 ) \ \k / \_ngm 0o ... 0 [m)\ Ak _ Sk )
(4.14)

RIEXFIRIR IR L EIRIEF L L. AW Gauss IHEEZFIERFEIK
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REFFER TEEHRR)D. ERELRNTHARERZ:

(Alxlf—i_l\ (Aliljlf (Im _Im O O \ /Alxlf T Alilf\
Agah ™! Agxh o I, . 0 Aga§ — A
= — UV )
: ; —1In

\Apszrl) KApx];) \ 0 “e 0 In ) \Apl’l; - Apjlpf)

(4.15)
)\k+1 = )\k — [—Vﬁ(AliC]f — Alf]f) + ()\k — S\k)]

= N4 uB(Azh — Azh). (4.16)

XANFUN-FIEREIEREZIEER. BXE— DTl RIENZMHE—RY!
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5 Analysis for the prediction step in Section 4.3

For the analysis, we need only the basic analytical property which is described in Lemma 1

x* € argmin{f(x) + f(z)|lz € X} <.

sz*eXx, 0kx)—0z*)+ (x—z*) Vf(z*) >0, Vo € X.

Analysis for the Prediction | F{15c& (4.13) & = FIo]f

1—1
1> A& —ah) + Ai(zi —2f) [P |a; € Xi}.
j=1

RIBSHMEIE BRMEME 5 c X, A

B

if € arg min{@i(:ci) —:r;@-TA;r)\k + 5

7
0i(zi) — 0:(2]) + (z — ) T {=A/ N + BA] (O A;(@5 —2k))} >0, va; € ;.
j=1

CAMKER 5 € X; MMFFBN o c X; B

0i (i) —0;(F) + (wi—2F) T {=A/ N +BA] (D A;@F—25)+ AN = ")} > 0.
j=1
(5.1a)
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TUMTHERS A = Py [Nk — B(XF_, A;55 —b)], S

AF = argmin{H)\ — [)\k — B( ?ZlAjié? —b)] H2 | A€ A}
mIMNEFRAE

Men, (A=A T{(Zh 435 —b) +

: (Ae —XF)} >0, VAEA.  (51b)

1
B

(5.1a) F (5.1b) P TRV ZLFRTEEE—ERZ F (), BTATUN AT LS p TS EAIFZ K

Summating (5.1a) and (5.1b), for the predictor wk generated by (4.13), we have ok € Q,
0(x) — 0(z") + (w — ®) TF(@F) > (w — ") TQ(wF — &*), Yw e Q, (5.2a)
where AER LR R ZIFEIE 42 B w* BT oF.
[ BAT Ay 0o .- 0 AT
BAT A, BATA, . f AT
Q= 5 0 5 . (5.2b)
BA;_Al /BA;—AQ e BA;Ap A;_
\ 0 0 . 0 Ly,

ERENERCRET RN, 2 A1, A2, ..., Ap FUETART, B2 Q' + Q RIEEH.
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5.1 TEN#EHTFMXERE
The optimization problem (4.1) has been translated to VI (4.2), namely,

w* € Q, 0(z)—0(z*) + (w—w*) Fw*) >0, YweN.

For the easy analysis, we need to denote the following notations:

(\/BAl 0 0 \ /\/BANH\
0 +VBAz E VBAzzo
P= , z=Pw=
g VBA, 0 VBApTp
Lo o 0 AR \ IAVB)X

Accordingly, we define
Z={z|z=Puw}

and
Z* = {z* | z* = Pw*, w* € Q*}.



Using the notation P in (5.3), for the matrix () in (5.2b), we have

( A L
Im Im o In
Q=P'QP, where Q=] - 0 (5.4)
Ly I, --- I, Iy
\0 0 - 0 I.)
Thus, for the right hand side of (5.2a), we have
(w— ") ' Q(w* —w*) = (w—a")'P'OPW" — &%)
= (z—2""9Q(z" - 7).
Then, it follows from (5.2) that we have the following VI for the P-D prediction:
" e Q, 0(z)—0(@") + (w— ") Fa")
> (z— 2T 00 — %), Ywe Q. (5.5)

where Q is given in (5.4). ER (5.5) AL is R 295080 4.2) B9 w* K T wF.

]
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52 TER|MTHEZAG—HELR

Prediction-Correction Framework for VI (4.2).

1. (Prediction Step) With given w* and z* = Pw*, find w* € Q such that
ke, 0(z) - 0"
2 — T Q9 - 2F), YweQ, (5.6)

with @ € R(PTDMX(p+1)m anq the matrix Q' + Q is positive definite.

2. (Correction Step) With the predictor 10" by (5.6) and ¥ = P, the new
iterate 2" is updated by

L= 2k M(2F — 3R, (5.7)

where M € RPHDMX(p+1)m g 3 non-gingular matrix.

AER (5.6) AR ZIFEA TERER (4.2) B w” AT 0
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Theorem 4 For the matrices Q (5.6) and M in (5.7), if there is a positive definite matrix
H e REPFIMXP+Lm o 0p that

HM = Q (5.8a)
and
G:=Q'+Q—-M"HM 0, (5.8)
then we have
1257 =21y <NI2° =27y — 12" = 2°1G, V2 e 2. (59

Proof. Setting w in (5.6) as any fixed w™ € ¥, and using
(" — w*) T F(@F) = (@ — w*) T F(w™),
we get
(" — 2" Q(zF — %) > 0(@") — 0(u*) + (@ — w*) F(w®), Yw* € Q.
The right-hand side of the last inequality is non-negative. Thus, we have

(ZF—2T0(EF -y >0 =Y —2)THMEF -5 >o.

-~

Lk k1

\
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and thus
(2" — 2" HEE -2 >0, Ve z (5.10)

Applying the identity
2(a—b) H(c—d) = (|la —dl|z = Ib—dllzr) = (la — ez — [Ib = cll&)

1

to (5.10) witha = 2%, b= 2" ¢ = 2" and d = z*, we get

k+1 k+1

k * 112 * 112 k ~k 2 ~k 2
12" =271y = 12" =271y =2 lz" =271y — =7 — 27l (B11)

Then, by simple manipulations, we obtain

k <k 2 k41 <k 2 k ~ky2 k k sk ~k |2
12" = 200y — 112" = 25y = 127 = 2l = N[ = M(2" = 20)] = 27|l

(5.7) E o ~k k =k k_ sk
= 2" =25y — 1" - 2 - M =203y
= 20" — ) THM(E - ) — IM(F - 293
L (P -HTQT + Q) - MTHM|(FF - 24 = ||2F - 2|1
Vg
The assertion of this theorem is proved. L]

The inequality (5.9) is the key for the convergence proofs, for details, see [13]



anqa] 25 s IS M 5515 (5.8) UK L

(i (5.6) 1B Q: QT + 0 -0 (D0 G»o.
< I &1 (5.8) : 1 M BIER — D+G=0' +9,
dH = 0, suchthat HM = Q, MHM =D,
G=Q"+Q-M"HM > 0. . M =0
(D=0, G»0 (D>0, G0,
<:><D+Q=QT+Q ¢:><D+Q=QT+@
O'M =D, M =9 Ip,
| HM = Q. . H=0D'Q".

BT HUNIER O SATLUEZMEZHM D, FHHFEE0<D < Q' + Q.
RIEFERE M = Q' DRLBEIBISEI, WEIE K HHE, HIERTAITE.




6 How to choose the correction matrix in (5.7)

SR IERERE M VA EHA ! IR O SME R HEHLRIEERZM.

In order to simplify the notations to be used, we define the following p X p block matrices:

(10 e 0 (10 0

L= mo I . I = h . (6.1)

E .0 . 0
\]m I, .- ]m} \0 .0 ]m)

We also define the 1 X p block matrix

g:(]m I, --- ]m>, (6.2)
The matrix Q in (5.4) has the form

L &' T T+ETE &7
Q= andthus O + O =
0o I, E 21,
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To further analyze the correction steps associated with the correction matrix M,
let us take a closer look at the matrix Q_T.

According to the prediction (4.13), the matrix Q in (5.4), we have

LT 0 LT 0
ol = . QT = . (8.3)
E I, Y .

and in detail, [FIE ££71 = (I;n,0,...,0)

(I, ~I, O© 0 )
B P 0 I,
S =\ Lepr ] ~Im 0
0 .-~ 0 I, 0
T O - 0 I

The calculaton M = Q1D is essentially very easy for different D |
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Since

0T 40— I+t &7
£ 2L, |

it can be decomposed as

T _(VvD 0 1—-v)I+ETE 5T>
R S R G il

The both matrices in the right hand side are positive definite. If we chose

_ T T
D:(VI O) and thus Q:((l VI+E'E & )
0o I, & I,

Indeed,

_ LT 0 v 0 v~ T 0
M p— TD p— p— .
< (—5/:—T Im) ( 0 Im> <—u5£—T I, )



(L —Im 0 - 0 (vIm —vIm O - 0

o I, .- . 0 v, .
7 0
M= - . . v — . . .
0 Im O [ D | o 0 wvim O

Conversely, we can also choose
1-)I+E'E & T 0
D = ( ( V)L + ) and G = ( Y )
E I 0 In
and thus get the another correction method.

There are many positive definite decompositions of QT + Q. For example,

1—v)I 0 vI+E'E gl
0T yo= Y - ,
0 (1—v)l, E (1+v)ly,



we can set

or vice versa.

Another example,
Q' +0=a(Q"+Q+(1-a)Q" +9), ac(0,1).

we can choose D = a(Q' + Q). Thus

e 7 0 T O)(E 5T>}
° P = O‘{<o Im>+<—8£—T ./ \o I.

0

—T T .

—& I, 0
I,

WHRBET €77 = (1n,0,...,0), 1 £L7TET = I,
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7 Conclusions

o HHIREFEAW—IMEHER “WEDMMB D HIAEE E- FLF VI F1 PPA AKX
FEE, BEMETOAERENTHPPAE L, CEE L FRAESIAM J. Imaging
Science[16]. ER X T —LE A A MG TN FE B 1+ B 3T #R IE EZEBERY /574 (3, 4],
BIEHA 2021 FA IR H A FE FERET R HTFE[19]. BRTENIEFIRX
FEBY 535 IR E E IR PPA - (Customized PPA).

o XTFUMEERE Q AIEXFRAVFUM-RIEF &, FIA SR —ERNE R UEBAUE M, Z4
H I 7E I AR BEEA (Xiaoming Yuan) 2012 £E SIAM #{E S AR RIS E [15] o, G E AT
A= —LIRIL[10, 11, 18], HAXNERIERRW M. IEIREBIAE ARG —HELR,
IR E TR ARS8 PPT A,

o F—REFENLMMEBIREXNGE—HELR, B 2016 F (SKITEHFFIR) 89
?ﬂzﬁ’]ﬂlﬂﬁzﬁzE[G] . 2018 FRE(EEFZFR) NEARAXE “BMFFRXE S
SE20F 71 PieH, HN AT EE T LR XN ESRIEE & B i BAUC &, 3%
XM E R H NG —HEZR A R I FI R EEEA 2018 F-7£ COAP RINE [17].

o N20185F 748, HABCHMEFILX (8] F, KB HAL—IEREFWERAEER
AR 8] B 1Y JR NS SR 5 %7 . ANl iR 1 E RO FIUIRE B Q 2= Hi 7 iR MK
SFRHHIRIIERERE M. (NF48 N — TR LA r B ARl L 5.
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o 2022 FHIEKARMIDA. PRXFEAME LIRS, IAIELE —LB)E, HFHEK,
RfESR—LEHNEL AL EREZEER THHMRISITAELZE.

o MATMFUMEMEHRE Q" +Q - 0k, MIBEHEHM = Q, FHiNAE
H=QM™ 1.

E H Z2IEER R, SR A EXXEER, H ENMERT Q, BELAEITEE
FQ, FER—ANFEN EEHERE. BANEXMEEEREAR D MNE

H=QD 'qQ"'.
tei Emm, ®AE8 M~ =D~ 1Q T, FEit
M=Q TD.

XANFATRERTE 10 FRISLFNE. SRHEEERERR D MiZ2 MR AR,
o Elt, BMEFHEREN D BAERAZMH4. HE—TWSMEFMHFI M THM,
M'HM = (DQ™ Y (@D~ 'Q")(Q~'D) = D.
EXEL LA 2018 MIZ A IMRH N, RERRIHE—F.
e FIRERXMG=QT +Q - MTHM > 0, INMFENEEIEN D AFEHTE
0<D<Q"+Q (A 0<G=Q"+Q—-D)



MALLT . AR —5%, 5T 9 2022 F LUK RaliK, FfnAlhRIARI—L#H
BE, BIEFARNEE, FEULHENRAR.

o TEIRTHE LIRFHRE D LG, IRIBHAER Q F1 D, I ARFIFERE H 1 M £15
HM=Q ® M"HM =D,
EMNBEMAMIKE T
o XHERY M F0H: AJLURIE KHF T ERIZERE S T2LH1S .
HM = Q, HM = Q, H = QD 1QT,
{MTHM = D. < {QTM — D. = {M = Q TD.
o IEFEAEMHEFMUIIENM D (XEEEZ), MBENENWKRESE B,
D=alQ" +Q], ac(0,1).

o RERVE 4.377, F—MRE ML ROHILIEIRE, KA primal-dual T, F[a] B AY K 7
2 ADMM KB ZEANEE]. BHMNFEN QT ERIEERE L. Z2H, EFEH
SNV IE. AT ERE, RIERFRRD, X558 5K !

o FAVFAIHER “FUN-RE", LTEZAFAMR/NRIRIE. EHZHZHRIRK, 125 7L
RRIE. BB PN, BT BIRERE; £ /REBAKE, 817 17U [E.
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TR IE 73 7R B AT LA Sk AR SN A SR A9 im) R, AT AR SRR R SR 29 5R B ]
. &N —REIEE SRR A o &inRl, FIRE MM IERRT 2% —.

E&RSEET NEEST TR ? XEH ADMM BRI AIRAI 2 EHAFNEY
RELALIE)EE, FATAE 4.3 TIRBIMHEREMRZE FREEEKE SM_ LA
£ ADMM KABLEES, B FEIL R RAY.

Question A. In the prediction step, how to arrange a “good” prediction matrix whose matrix Q
satisfies

ol + 0~ 17T.

Question B For the given prediction matrix O, what are the criteria for choosing matrix D
which satisfies

0<D<09" +0.
TR ARN SR DB, RE T # Gauss iIHEEMEKRIER, FLATIL
EERGMIITE—RIds 575 TEFRNFEFEE “E BB FZE, &2
MEX—R AP — 50, AR EERB—IER, TEZE5MEmE, RE
RNERF”  RERTE, EFHNEREFRAENTEA L REFLNIIEBF.

XN IR ENEESECELZ [13] F1[20].

BN ARESEREA RN R, f5xat mIiEH e IE.
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8 Appendix
8.1 Convergence Proof of ADMM

REF EELIENZ RN 7 BRI L)

min{6;(z) + 02(y) | Ar+ By =b, z € X,y € V}.

(8.1)

BERARBHER L(x,y, \) = 01(x) + 02(y) — AT (Az + By — b) RS RERZENNTNTE

AR :
w* e, Ou)—0u*)+ (w—w)"Fw*) >0, VweQ, (8.2a)
Hrh
- —AT X
w = Y ,u:<m>,F('w): —BT)\ ,Q:XX))X%m. (8.2b)
A Y Az + By — b
ADMM i k HIERMNAEHIDEE 0" = (v*, \F) B%
(Rt = arg min{ 61 (z) — T AT N 4 gHAa: + By® — b||” |z e X}, (8.3a)
¢ ¥ = argmin{02(y) —y" BTN + )| A" - By —b|* |y € ¥},  (830)
AL = 2 B(Az*T! 4 ByF T —b). (8.3¢)
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RIESRMIESITE 1, ADMM k-BERTFEE
ok Tl e x, 61(z) — 01(aFT1) + (@ — P THT{_ATNF 4 gAT (ARt 4 ByF —b)} >0, vz € X,
yR Tl e v, 0a(y) — 02(yF T + (v — YR THT{-BT Ak 4 gBT(AzkTL 4 ByF+L —b)} >0, vy €V,

AR+l e gm (A — APt reagk+l 4 pyk+l _ by 4 %(Ak"'l — k)1 >0, va e »™.

FIFA AL = AF — B(Az* T + ByF Tl — b)) FEMNRFAIAEIEN SRR

(2P Htlex, 01(2) — 01 T 4 (@ — FTHT - ATNFT 4 gaATBP — yF 1)) >0, ve e X, @4
[ AR er™ = aAFTHT R 4 By — ) 4 LT _aF) >0, vae R e

7E (8.40) U FHER M LR RAZFRI IR, SZ

01(z) — 01(zFT 1y 4 (@ — 2Pt HT (AT \k+1 4 gaAT p(yk — ykt1) } >0,

0o(y) — O5(yF 1) 4 (v — Rt T (BT xk+1 4 gT B~ — yFTh L gt BRATL — P 3 >0,

(A = AFTHT fagktl 4 pyktl —p) + TNy > 0.
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FIRZRAER 8.2, HITRERSE, 53

o(u) — 0(uFt ) + (w — WwFTHT pwhtl

T T
+*7 o B A By —yFThH 4 [ YT y 8BTB 0 yoh -t > 0.
g — k1 5T N _ yk+1 0 %Im NS

B EXPBMEEN w, RS v EH

9(u*) . 9(uk+1) + (w* . wk—l—l)TF(wk—i—l)

« _  k+1\T /4T « _k+1\T/s8TE ¢ k+1 _ K
+ 7, wk:—i—l B T B(y® —yFth 4 [ Y, yk:+1 1 yk—|—1 yk = 0.
yo o=y B AT — A 0 BIm A — A

2, 33
k+1 _ .+« \T/ 3BT B 0 k _ k41 sBTB 0
y y v -y = I _
(n ) (7 ) mme e () e ()7

pktl g \ T (AT k k41l k41 * ktl T k1
> k+1 I} BT B(y" —y )—}—\[O(UJ ) —0(u") + (w —w" )" F(w )]/ (8.5)

y —y*

v
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fiR4n (8.5) N A ImIED, IEPFARE AR L5ER T. AT

0(u Y — 0(u*) + (W — wH T F(w* ) = (Pt — o(u") + (w

—w*)TF(w*) > 0.

(8.5) A Im FRIZLERSTIESA. EEILEM (8.5) 15 E

k+1 x\T k k+1 ghtt — o ' AT k k+1
(57 =) H(v" —v™ ") 2 e B Bly"—y ). (88

Yy )

EEE] (8.6) NHIMImER L, M AIRAITIEELIE B

k+1 o« \ T AT
(xk_‘_l ; ) 6<BT>B(yk_yk+1):(yk_yk-l—l)TBTB(A,B)(

Y —y"

$k+1 _p* )
kE+1
y +

= (" —y"THTBTB (A" + Byt — (Az" + By*))  HMMA(Az* + By* =)

_ (yk: _ yk+1)BTB(Axk:+1 4 ByFt! — b)

— (" — BT R AR,

FEHNEIERR (v*° — v*THBT(AF — AFHL) > 0.
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02(y) — 02(y" )+ (y—y"THT{-BTA*T'} > o0, Vvye,

M OB baw) = 06+ (w—yT{-BTA} > 0, ¥yey.
BHEE y 5 ) O2(y") — O2(y* )+ (= yPTHT{-BTAM} >
( Ay Ayt 02(y"1) — (") + W —yHT{-BTA} >0

FLEBREM B (7 -y THBTO AT >0 (enRAHER

WERR T (8.7) NG umIES, HMIFE] 8.6) NAumIES. Fild
Wt — T H" —o* T > 0. (8.8)
Lemma 2 FHIFFHA:
b'H(a—b) >0 = |[]bll3 <llall3 — lla—bl|7. (8.9)

EEYHEa = (vF —ov*) b= (vFT1 — v*) IRIE 6.8 MEBBHHI X BAZR

2 k k412
[T — 0¥ | F < o = ot = 0" = T

k+1 2 . k_k+1)12 _
B [[of —oF | < [lof — ot |3 — 0T =0t % 8 LmP, [lvF — Rt % = o.
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8.2 How to choose the parameter (3.
The efficiency of ADMM is heavily dependent on the parameter (3 in (8.3). We discuss how
to choose a suitable 3 in the practical computation.
Note thatif BATB(y* — y*T1) = 0, thenitfollows from (8.4)
T
- o — kTl _ AT \k+1
O(u) —O(u""") + >0, V(z,y) € X x ).
Yy — yk—|—1 _ BT )\k+1

In this case, if additionally Aghkt? + By}""'|'1 — b = 0, then we have
01 () (") + (x — 2" T (=ATAN ) >0, VeeX

— 91 xr
¢ Oa(y) — (v + (y =y THT(=BTA*) >0, Vyey
\ (A = XNOT Az + ByFtt —b) >0, VAeR™

(

and consequently ("1, y* 11 A**1) is a solution of the VI (8.2).

(xk—l—l k—i—l’)\k—i—l)

In other words, is not a solution of (8.2) because

Y
BATB(y* —¢" ") £0  andlor  Az"T 4+ Byt —b £ 0.
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We call

IBATB(y* — y*™)|| and  ||Az*T' + Byt —b|

the primal-residual and the dual-residual, respectively. It seems that we should balance the

primal and the dual residuals dynamically. If
plBAT B(y" —y" )|l < [|Az™ + By™ —b|| witha p>1,

it means that the dual residual is too large and thus we should enlarge the parameter (3 in
the augmented Lagrangian function. Otherwise, we should reduce the parameter 5. A
simple scheme that often works well is (see, e.g., [14]):

( )
B x7, it pl|BATB" —y*tY)| < ||Az*t + Byt — b)|;
Bryr1 =19 Br/7, it |BATBWF — ") > pl|AzFT + ByFtt —b||;
L Bk, otherwise.

where . > 1, 7 > 1 are parameters. Typical choices might be n = 10 and 7 = 2. The
idea behind this penalty parameter update is to try to keep the primal and dual residual
norms within a factor of ;& of one another as they both converge to zero. This self adaptive

adjusting rule has been used by S. Boyd’s group [1] and in their Optimization Solver [5].



