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• {ü�å¯K min{f(x) | x ∈ X} Ù¥ X ´��à8.

• min-max¯K min
x∈X

max
y∈Y
{L(x, y) = θ1(x)− yTAx− θ2(y)}

• �5�å�à`z¯K min{θ(x)|Ax = b (or ≥ b), x ∈ X}

• (�.à`z min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y}

• n��f�à`z
min{θ1(x)+θ2(y)+θ3(z)|Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z}

^/\f÷ì0�½�`, �/ÚÚ�E0���`.

C©Ø�ª (VI)´\f÷ì�½ìº�êÆL�/ª

�C:�{ (PPA)´ÚÚ�E ­S­��¦)�{
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Outline

• Preliminaries: Optimization problem and VI

• PPA for monotone variational inequality and its beyond

• P-C Methods with parameters requirements in the prediction

• P-C Methods without parameters requirements in the prediction

• Applications for linearly constrained convex optimization.

• Applications for linearly constrained separable convex

optimization.

P-C Method is the abbreviation of Prediction-Correction Method
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1 Preliminaries: Optimization problem and VI

1.1 Differential convex optimization in Form of VI

Let Ω ⊂ <n, we consider the convex minimization problem

min{f(x) | x ∈ Ω}. (1.1)

What is the first-order optimal condition ?

x∗ ∈ Ω∗ ⇔ x ∈ Ω and any feasible direction is not descent direction.

Optimal condition in variational inequality form

• Sd(x∗) = {s ∈ <n | sT∇f(x∗) < 0} = Set of the descent directions.

• Sf (x∗) = {s ∈ <n | s = x− x∗, x ∈ Ω} = Set of feasible directions.

x∗ ∈ Ω∗ ⇔ x∗ ∈ Ω and Sf (x∗) ∩ Sd(x∗) = ∅.

\f÷ì�½ìº�OK´:¤k�1��ÑØ2´þ,��
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The optimal condition can be presented in a variational inequality (VI) form:

x∗ ∈ Ω, (x− x∗)TF (x∗) ≥ 0, ∀x ∈ Ω, (1.2)

where F (x) = ∇f(x).'
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Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

f(y) ≥ f(x)+∇f(x)T (y−x) and thus (x−y)T (∇f(x)−∇f(y)) ≥ 0.

We say the gradient∇f of the convex function f is a monotone operator.
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ÏÏÏ���···���III���^̂̂���������ÆÆÆêêêÆÆÆ ÌÌÌ���´́́ÄÄÄuuu���ÈÈÈ©©©ÆÆÆ���������ÚÚÚnnn

min{θ(x)|x ∈ X}, x∗ ∈ X , θ(x)− θ(x∗) ≥ 0, ∀x ∈ X ;

min{f(x)|x ∈ X}, x∗ ∈ X , (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X .

þ¡�à`z�`5^�´�Ä��,Ü3�åÒ´e¡�Ún:

Lemma 1.1 Let X ⊂ <n be a closed convex set, θ(x) and f(x) be convex

functions and f(x) is differentiable. Assume that the solution set of the mini-

mization problem min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (1.3a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.3b)



7

1.2 Linearly constrained Optimization in form of VI

We consider the linearly constrained convex optimization problem

min{θ(u) | Au = b, u ∈ U}. (1.4)

The Lagrange function of (1.4) is

L(u, λ) = θ(u)− λT (Au− b), (u, λ) ∈ U × <m. (1.5)
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A pair of (u∗, λ∗) is called a saddle point if

Lλ∈<m(u∗, λ) ≤ L(u∗, λ∗) ≤ Lu∈U (u, λ∗).

The above inequalities can be written as{
u∗ ∈ U , L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U , (1.6a)

λ∗ ∈ Λ, L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀ λ ∈ Λ. (1.6b)

According to the definition of L(u, λ) (see(1.5)),

L(u, λ∗)−L(u∗, λ∗) = [θ(u)− (λ∗)T (Au− b)]−[θ(u∗)−(λ∗)T (Au∗−b)],

it follows from (1.6a) that

u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U . (1.7)

Similarly, for (1.6b), since

L(u∗, λ∗)−L(u∗, λ) = [θ(u∗)− (λ∗)T (Au∗ − b)]−[θ(u∗)−(λ)T (Au∗−b)],
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we have

λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m. (1.8)

An equivalent expression of the saddle point is the following variational inequality:{
u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U ,
λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m.

Thus, the saddle-point can be characterized as the solution of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.9)

where

w =

(
u

λ

)
, F (w) =

( −ATλ
Au− b

)
and Ω = U × <m. (1.10)

F (w) =

(
0 −AT
A 0

)(
u

λ

)
−
(

0

b

)
⇒ (w − w̃)T (F (w)− F (w̃)) ≡ 0.

Since (w − w̃)T (F (w)− F (w̃)) ≥ 0 is satisfied, we say F is monotone.
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Convex optimization problem with two separable functions

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (1.11)

The Lagrangian function is

L2(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b).

The same analysis tells us that the saddle point is a solution of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.12)

where

w =

 x
y

λ

 , u =

 x

y

 , F (w) =

 −ATλ
−BTλ

Ax+By − b

 , (1.13a)

and

θ(u) = θ1(x) + θ2(y), Ω = X × Y × <m. (1.13b)

The variational inequality (1.12)-(1.13) has the same form as (1.9)-(1.10).
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Convex optimization problem with three separable functions

min{θ1(x) + θ2(y) + θ3(z) |Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z}.

The Lagrangian function is

L3(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b).

The same analysis tells us that the saddle point is a solution of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.14)

where

w =


x
y

z

λ

, u =


x

y

z

, F (w) =


−ATλ
−BTλ
−CTλ

Ax+By + Cz − b

 , (1.15a)

θ(u) = θ1(x) + θ2(y) + θ3(z), Ω = X × Y × Z × <m. (1.15b)

The variational inequality (1.14)-(1.15) has the same form as (1.9)-(1.10).
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2 Proximal point algorithms and its Beyond

2.1 Proximal point algorithms for convex optimization

Convex Optimization Now, let us consider the simple convex optimization

min{θ(x) + f(x) | x ∈ X}, (2.1)

where θ(x) and f(x) are convex but θ(x) is not necessary smooth, X is a

closed convex set. For solving (2.1), the k-th iteration of the proximal point

algorithm (abbreviated to PPA) [13, 16] begins with a given xk, offers the new

iterate xk+1 via the recursion

xk+1 = Argmin{θ(x) + f(x) +
r

2
‖x− xk‖2 | x ∈ X}. (2.2)

Since xk+1 is the optimal solution of (2.2), it follows from Lemma 1.1 that

θ(x)−θ(xk+1)+(x−xk+1)T {∇f(xk+1)+r(xk+1−xk)} ≥ 0, ∀x ∈ X . (2.3)
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Setting x = x∗ in (2.3), it follows that

(xk+1 − x∗)T (xk − xk+1) ≥ θ(xk+1)− θ(x∗) + (xk+1 − x∗)T∇f(xk+1).

Since (xk+1− x∗)T∇f(xk+1) ≥ (xk+1− x∗)T∇f(x∗) ≥ 0, it follows that

(xk+1 − x∗)T (xk − xk+1) ≥ 0. (2.4)

Note that if bT (a− b) ≥ 0, then

‖a‖2 = ‖b+ (a− b)‖2 ≥ ‖b‖2 + ‖a− b‖2.

and thus

‖b‖2 ≤ ‖a‖2 − ‖a− b‖2. (2.5)

Setting a = xk − x∗ and b = xk+1 − x∗ in (2.4) and using (2.5), we obtain

‖xk+1 − x∗‖2 ≤ ‖xk − x∗‖2 − ‖xk − xk+1‖2, (2.6)

which is the nice convergence property of Proximal Point Algorithm.

In other words, The sequence {xk} generated by PPA is Fejér monotone.
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The residue sequence {‖xk − xk+1‖} is also monotonically no-increasing.

Proof. Replacing k + 1 in (2.3) with k, we get

θ(x)− θ(xk) + (x− xk)T {∇f(xk) + r(xk − xk−1)} ≥ 0, ∀x ∈ X .

Let x = xk+1 in the above inequality, it follows that

θ(xk+1)− θ(xk) + (xk+1 − xk)T {∇f(xk) + r(xk − xk−1)} ≥ 0. (2.7)

Setting x = xk in (2.3), we become

θ(xk)− θ(xk+1) + (xk − xk+1)T {∇f(xk+1) + r(xk+1 − xk)} ≥ 0. (2.8)

Adding (2.7) and (2.8) and using (xk − xk+1)T [∇f(xk)−∇f(xk+1)] ≥ 0,

(xk − xk+1)T {(xk−1 − xk)− (xk − xk+1)} ≥ 0. (2.9)

Setting a = xk−1 − xk and b = xk − xk+1 in (2.9) and using (2.5), we obtain

‖xk−xk+1‖2 ≤ ‖xk−1−xk‖2−‖(xk−1−xk)−(xk−xk+1)‖2. (2.10)
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We write the problem (2.1) and its PPA (2.2) in VI form

The equivalent variational inequality form of the optimization problem (2.1) is

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (2.11a)

For solving the problem (2.1), the variational inequality form of the k-th iteration of

the PPA (see (2.3)) is:

xk+1 ∈ Ω, θ(x)− θ(xk+1) + (x− xk+1)T∇f(xk+1)

≥ (x− xk+1)T r(xk − xk+1), ∀x ∈ X .
(2.11b)

PPAÏL¦)�X�� (2.2),¦� (2.1)�),æ^�´ÚÚ�E�üÑ.

Using (2.11), we consider the PPA for the variational inequality (1.9)
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2.2 Preliminaries of PPA for Variational Inequalities

The optimal condition of the linearly constrained convex optimization is

characterized as a mixed monotone variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (2.12)

PPA for VI (2.12) in Euclidean-norm For given wk and r > 0, find wk+1,

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)T r(wk − wk+1), ∀w ∈ Ω.
(2.13)

wk+1 is called the proximal point of the k-th iteration for the problem (2.12).

z wk is the solution of (2.12) if and only if wk = wk+1 z

Setting w = w∗ in (2.13), we obtain

(wk+1−w∗)T r(wk−wk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (wk+1)
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Note that (see the structure of F (w) in (1.10))

(wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),

and consequently (by using (2.12)) we obtain

(wk+1−w∗)T r(wk −wk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1−w∗)TF (w∗) ≥ 0.

Thus, we have

(wk+1 − w∗)T (wk − wk+1) ≥ 0. (2.14)

By setting a = wk − w∗ and b = wk+1 − w∗, the inequality (2.14)

means that bT (a− b) ≥ 0. Similarly as in §2.1, we obtain

‖wk+1 − w∗‖2 ≤ ‖wk − w∗‖2 − ‖wk − wk+1‖2. (2.15)

We get the nice convergence property of Proximal Point Algorithm.

The sequence {wk} generated by PPA is Fejér monotone. As in (2.10),
the residue sequence {‖wk −wk+1‖} is also monotonically no-increasing.

‖wk − wk+1‖2 ≤ ‖wk−1− wk‖2−‖(wk−1− wk)−(wk − wk+1)‖2.
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PPA for monotone mixed VI in H-norm

For given wk, find the proximal point wk+1 in H-norm which satisfies

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀ w ∈ Ω,
(2.16)

where H is a symmetric positive definite matrix.

z Again, wk is the solution of (2.12) if and only if wk = wk+1 z

Convergence Property of Proximal Point Algorithm in H-norm

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H . (2.17)

The sequence {wk} is Fejér monotone in H-norm. In primal-dual algorithm [5],

via choosing a proper positive definite matrix H , the solution of the subproblem

(2.16) has a closed form. In addition, for the residue sequence, we have

‖wk −wk+1‖2H ≤ ‖wk−1 −wk‖2H − ‖(wk−1 −wk)− (wk −wk+1)‖2H .
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2.3 Splitting Methods in a Unified Framework [11, 17]

We study the algorithms using the guidance of variational inequality.

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (2.18)

Algorithms in a unified framework

[Prediction Step.] With given vk, find a vector w̃k ∈ Ω such that

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω,

(2.19a)

where the matrixQ is not necessary symmetric, butQT +Q is positive definite.

[Correction Step.] The new iterate vk+1 by

vk+1 = vk − αM(vk − ṽk). (2.19b)

Ú�µe�{¥� uÚ v,�±´ w��,��±´ w�Ü©©þ.
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• XJ (2.19a)¥�Qé¡�½,ò ṽkÚQ©Ow¤ (2.16)¥� wk+1ÚH ,

Ò´��IO�H �e� PPA�{.

• y3Ø�¦Qé¡,�I�QT +Q�½. ·��±r (2.19a)�)�:�

ýÿ:,ÏL(2.19b)����#�S�:.

Convergence Conditions

For the matrices Q and M in (4.3), there is a positive definite matrix H such that

HM = Q. (2.20a)

Moreover, the matrix

G = QT +Q− αMTHM (2.20b)

is positive semi-definite.

The Key Identity in the convergence proofs is

(a− b)TH(c− d) = 1
2
(‖a− d‖2H − ‖a− c‖2H) + 1

2
(‖c− b‖2H − ‖d− b‖2H).
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Convergence of the algorithms £££yyy²²²������ [11, 17]¤¤¤

Theorem 2.1 Let {vk} be the sequence generated by a method for the problem

(2.18) and w̃k is obtained in the k-th iteration. If vk, vk+1 and w̃k satisfy the

conditions in the unified framework, then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (2.21)

þª´� (2.17)aq�Â Ø�ª,¤±`ùa�{´ PPA Like�{.

'''uuuÚÚÚ���µµµeeeeee���{{{999ÙÙÙÂÂÂñññ555yyy²²²���±±±ëëë���eee¡¡¡���©©©ÙÙÙµµµ

• B.S. He, and X. M. Yuan, A class of ADMM-based algorithms for three-block

separable convex programming. Comput. Optim. Appl. 70 (2018), 791õ826.

• Û]),·Ú¦f�O��{ 20c,5$ÊÆÆ�622ò11Ï, pp. 1-31,

2018.

PPAa�{ÚÚ�E,­S­�¶":´g��Å,K��Ý�°Ý.
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3 Prediction-Correction Methods I

Our objective is to solve the variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (3.1)

For this purpose, we suggest two kinds of prediction-correction methods.

3.1 Algorithms I

[Prediction Step.] With given vk, find a vector w̃k ∈ Ω such that

θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v−ṽk)TH(vk−ṽk), ∀w ∈ Ω, (3.2a)

where the matrix H is symmetric and positive definite.

[Correction Step.] The new iterate vk+1 by

vk+1 = vk − α(vk − ṽk), α ∈ (0, 2) (3.2b)

H is a symmetric positive definite matrix. ýýýÿÿÿ      éééëëëêêêkkk���¦¦¦
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3.2 Convergence of the prediction-correction method I

Lemma 3.1 For given vk, let the predictor w̃k be generated by (3.2a), then we

have

(vk − v∗)TH(vk − ṽk) ≥ ‖vk − ṽk‖2H , (3.3)

where H is the positive definite matrix in the right hand side of (3.2a).

Proof. Set w = w∗ in (3.2a), we get

(ṽk − v∗)TH(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k). (3.4)

Because

(w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗)

and

θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0,

the right hand side of (3.4) is non-negative. Thus, we have

{(vk − v∗)− (vk − ṽk)}TH(vk − ṽk) ≥ 0.

Consequently, we get (3.3). The lemma is proved. 2
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Convergence in a strictly contraction sense

Theorem 3.1 For given vk, let the predictor w̃k be generated by (3.2a). If the

new iterate vk+1 is given by

vk+1(α) = vk − α(vk − ṽk), α ∈ (0, 2), (3.5)

then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − q I

k (α), ∀v∗ ∈ V∗, (3.6)

where

qI

k(α) = α(2− α)‖vk − ṽk‖2H . (3.7)

Proof. First, we define the profit function by

ϑ I

k (α) = ‖vk − v∗‖2H − ‖vk+1(α)− v∗‖2H . (3.8)
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Thus, it follows from (3.5) that

ϑ I

k (α) = ‖vk − v∗‖2H − ‖(vk − v∗)− α(vk − ṽk)‖2H
= 2α(vk − v∗)TH(vk − ṽk)− α2‖vk − ṽk‖2H .

By using (3.3) and (3.7), we get

ϑ I

k (α) ≥ 2α‖vk − ṽk‖2H − α2‖vk − ṽk‖2H
= α(2− α)‖vk − ṽk‖2H = q I

k (α). 2

According to (3.6) and (3.7), the sequence {vk} generated by the prediction-

correction method (3.2) satisfies

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − α(2− α)‖vk − ṽk‖2H . ∀v∗ ∈ V∗.

The above inequality is the Key for convergence analysis !

þª´Ú (2.17)aq�Ø�ª.Ïd,�{äk PPA LikeÂñ5�.
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4 Prediction-Correction Methods II

Recall our objective is to solve the variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (4.1)

This section presents the second kind of prediction-correction method.

4.1 Algorithms II

[Prediction Step.] With given vk, find a vector w̃k ∈ Ω such that

θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v−ṽk)TQ(vk−ṽk), ∀w ∈ Ω, (4.2a)

where

Q = D +K, (4.2b)

D is a block diagonal positive definite matrix
K is skew-symmetric (���ééé¡¡¡) QT +Q = 2D
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[Correction Step.] For the diagonal matrix D � 0 in (4.2b), the new iterate vk+1

is given by

vk+1 = vk − γα∗kM(vk − ṽk), (4.3a)

where

M = D−1Q, γ ∈ (0, 2),

and the optimal step size is given by

α∗k =
‖vk − ṽk‖2D
‖M(vk − ṽk)‖2D

. (4.3b)

Since MTDM = MTQ, we have

‖M(vk − ṽk)‖2D =
[
M(vk − ṽk)

]T [
Q(vk − ṽk)

]
and thus

α∗k =
‖vk−ṽk‖2D

[M(vk−ṽk)]T [Q(vk−ṽk)]
. êâà�,O�¿Ø(J
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4.2 Convergence of the prediction-correction method II

Lemma 4.1 For given vk, let the predictor w̃k be generated by (4.2a), then we

have

(vk − v∗)TQ(vk − ṽk) ≥ ‖vk − ṽk‖2D, (4.4)

where Q is given in the right hand side of (4.2a) and D is given in (4.2b).

Proof. Set w = w∗ in (4.2a), we get

(ṽk − v∗)TQ(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k). (4.5)

Because

(w̃k − w∗)TF (w̃k) = (w̃k − w∗)TF (w∗)

and

θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗) ≥ 0,

the right hand side of (4.5) is non-negative. Thus, we have

{(vk − v∗)− (vk − ṽk)}TQ(vk − ṽk) ≥ 0
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and

(vk − v∗)TQ(vk − ṽk) ≥ (vk − ṽk)TQ(vk − ṽk). (4.6)

For the right hand side of the above inequality, by using Q = D +K and the

skew-symmetry of K , we obtain

(vk − ṽk)TQ(vk − ṽk) = (vk − ṽk)T (D +K)(vk − ṽk)

= ‖vk − ṽk‖2D.

The lemma is proved. 2

Theorem 4.1 For given vk, let the predictor w̃k be generated by (4.2a). If the

new iterate vk+1 is given by

vk+1(α) = vk − αM(vk − ṽk), γ ∈ (0, 2), (4.7)

then we have

‖vk+1 − v∗‖2D ≤ ‖vk − v∗‖2D − qII

k (α), ∀v∗ ∈ V∗, (4.8)
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where

qII

k (α) = 2α‖wk − w̃k‖2D − α2‖M(wk − w̃k)‖2D. (4.9)

Proof. First, we define the profit function by

ϑII

k (α) = ‖vk − v∗‖2D − ‖vk+1(α)− v∗‖2D. (4.10)

Thus, it follows from (4.7) that

ϑII

k (α) = ‖vk − v∗‖2D − ‖(vk − v∗)− αM(vk − ṽk)‖2D
= 2α(vk − v∗)TDM(vk − ṽk)− α2‖M(vk − ṽk)‖2D.

By using DM = Q and (4.4), we get

ϑII

k (α) ≥ 2α‖vk − ṽk‖2D − α2‖M(vk − ṽk)‖2D = qII

k (α). 2

qII
k (α) reaches its maximum atα∗

k which is given by (4.3b).
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O α* γα*

q(α)

ϑ(α)

α

� γ ∈ [1, 2)�«¿ã

Since we take α = γα∗k, it follows from (4.9) that

qII

k (α) = 2γα∗k‖vk − ṽk‖2D − γ2(α∗k)2‖M(vk − ṽk)‖2D. (4.11)
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By using (4.3b), we get

(α∗k)2‖M(vk − ṽk)‖2D = α∗k
‖vk − ṽk‖2D
‖M(vk − ṽk)‖2D

‖M(vk − ṽk)‖2D

= α∗k‖vk − ṽk‖2D.

Substituting it in (4.11) we get

qII

k (α) ≥ γ(2− γ)α∗k‖vk − ṽk‖2D. (4.12)

According to (4.8) and (4.12), the sequence {vk} generated by the prediction-

correction Algorithm II satisfies

‖vk+1 − v∗‖2D ≤ ‖vk − v∗‖2D − γ(2− γ)α∗k‖vk − ṽk‖2D. ∀v∗ ∈ V∗.

þª´� (2.17)aq�Ø�ª,ýÿ-���{Ñäk PPA LikeÂñ5�.

¤±,ù��w¥¤`��{,Ñ´a�C: (PPA Like)�{.
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5 Methods for Linearly Constrained Problems

This section presents various applications of the proposed algorithms for the

convex optimization (1.4), namely

min{θ(u) |Au = b, u ∈ U}. (5.1)

5.1 Augmented Lagrangian Method

Its augmented Lagrangian function is

Lβ(u, λ) = θ(u)− λT (Au− b) +
β

2
‖Au− b‖2,

The k-th iteration of the Augmented Lagrangian Method [12, 15] begins with a

given λk, obtain wk+1 = (uk+1, λk+1) via

(ALM)

{
ũk = arg min

{
Lβ(u, λk)

∣∣ u ∈ U}, (5.2a)

λ̃k = λk − β(Aũk − b). (5.2b)
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In (5.2), ũk is only a computational result of (5.2a) from given λk, it is called the

intermediate variable. In order to start the k-th iteration of ALM, we need only to

have λk and thus we call it as the essential variable.

The mathematical form of the subproblem (5.2a) is

min{θ(u) +
β

2
‖Au− (b+

1

β
λk)‖2 |u ∈ U} (5.3)

Assumption: The solution of problem (5.3) has closed-form solution or can be

efficiently computed with a high precision.

The optimal condition of (5.2) (k-th iteration of ALM) can be written as w̃k ∈ Ω,θ(u)− θ(ũk) + (u− ũk)T {−ATλk + βAT (Aũk − b)} ≥ 0, ∀u ∈ U ,

(λ− λ̃k)T {(Aũk − b) + 1
β
(λ̃k − λk)} ≥ 0, ∀λ ∈ <m.
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The above relations can be written as

θ(u)− θ(ũk) +

u− ũk

λ− λ̃k

T−AT λ̃k
Aũk − b

 ≥ (λ− λ̃k)T
1

β
(λk − λ̃k), ∀w ∈ Ω. (5.4)

Setting v = λ in (5.4), it can be written as (3.2a),

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω,

with
H = 1

β
I.

Correction λk+1 = λk − α(λk − λ̃k), α ∈ (0, 2).

O2.�KF¦f{(ALM) [13, 15]�±w��{ I�A~

O2.�KF¦f{´Ð�{,XJ¦)f¯K (5.2a),

min{θ(u) + β
2 ‖Au− (b+ 1

βλ
k)‖2 |u ∈ U}N´¢y�{.

ÄK,Ò��Ä�5z��{, Primal- Dual�af¯K{ü��{.
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5.2 C-P Algorithm and Customized PPA

Recall the convex optimization problem (1.4), namely,

min{θ(u) | Au = b, u ∈ U}.

The related variational inequality of the saddle point of the Lagrangian function is

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

where

w =

 u

λ

 , F (w) =

 −ATλ
Au− b

 and Ω = U × <m.

For given vk = wk = (uk, λk), the predictor is given by

(CPPA)


ũk = arg min

{
L(u, λk) +

r

2
‖u− uk‖2

∣∣ u ∈ U}, (5.5a)

λ̃k = arg max
{
L
(
[2ũk − uk], λ

)
− s

2
‖λ− λk‖2

}
(5.5b)
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The output w̃k ∈ Ω of the iteration (5.5) satisfies

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TH(wk − w̃k), ∀w ∈ Ω.

It is a form of (3.2a) where

H =

(
rI AT

A sI

)
is symmetric

Assumption: To ensure the positiveness of the matrix Q, we have to set rs >

‖ATA‖. d�,XÓ(3.2b),^ wk+1 = wk − α(wk − w̃k)�) wk+1.

z¦)¯K (5.1),XJ §5.1¥�f¯KØJ,Ø�^ §5.2�{´�{.

Chambolle-Pock [3], (CPPA) [5]�±w��{ I�A~

¦) min
u∈U
{θ(u) + r

2‖u− b
k‖2}�éN´.� rs > ‖ATA‖¬K��Ý
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5.3 The method does not need rs > ‖ATA‖ [9]

Recall the convex optimization problem (1.4), namely,

min{θ(u) | Au = b, u ∈ U}.

The related variational inequality of the saddle point of the Lagrangian function is

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

where

w =

 u

λ

 , F (w) =

 −ATλ
Au− b

 and Ω = U × <m.

For given vk = wk = (uk, λk), the predictor is given by

(Prediction)


ũk = arg min

{
L(u, λk) +

r

2
‖u− uk‖2

∣∣ u ∈ U}, (5.6a)

λ̃k = arg max
{
L
(
uk, λ

)
− s

2
‖λ− λk‖2

}
(5.6b)



39

The output w̃k ∈ Ω of the iteration (5.6) satisfies

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω.

It is a form of (4.2a) where

Q =

(
rI AT

−A sI

)
. (5.7)

Indeed,

Q = D +K =

(
rI 0

0 sI

)
+

(
0 AT

−A 0

)
.

f¯K min
u∈U
{θ(u) + r

2‖u− b
k‖2}a.ØC. ýÿ�I� r, s > 0.

ù´�{ II,^�� (4.3)�)#�S�:.d{3 [9]¥®²k0�.

zé¯K (5.1),XJÝ
 ATA�^�êØ�,Ò�±^ §5.2��{.
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6 Applications for separable problems

This section presents various applications of the proposed algorithms for the

separable convex optimization problem

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (6.1)

Its VI-form is

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (6.2)

where

w =

 x
y

λ

 , u =

 x

y

 , F (w) =

 −ATλ
−BTλ

Ax+By − b

 , (6.3a)

and

θ(u) = θ1(x) + θ2(y), Ω = X × Y × <m. (6.3b)
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The augmented Lagrangian Function of the problem (6.1) is

Lβ(x, y, λ) = θ1(x)+θ2(y)−λT (Ax+By−b)+β

2
‖Ax+By−b‖2. (6.4)

Solving the problem (6.1) by using ADMM, the k-th iteration begins with given

(yk, λk), it offers the new iterate (yk+1, λk+1) via

(ADMM)


xk+1 = arg min

{
Lβ(x, yk, λk)

∣∣ x ∈ X}, (6.5a)

yk+1 = arg min
{
Lβ(xk+1, y, λk)

∣∣ y ∈ Y}, (6.5b)

λk+1 = λk − β(Axk+1 +Byk+1 − b). (6.5c)

Let

v =

 y

λ

 , H =

βBTB 0

0 1
β Im


and

V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗},
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The sequence {vk} generated by ADMM has the similar contractive property:

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H . (6.6)

This is similar as the contractive property (2.6) of PPA for the “simple” optimization

problem (2.1) in §2.1 .

Ïd,�O��{��þ´'u�þ (By, λ)��C:�{.

The residue sequence {‖vk − vk+1‖H} generated by ADMM is also mono-

tonically no-increasing. In practical, we have

‖vk − vk+1‖2H ≤ ‖vk−1 − vk‖2H − ‖(vk−1 − vk)− (vk − vk+1)‖2H .

z For a simple proof, please see [10]: B.S. He and X.M. Yuan, On non-ergodic

convergence rate of Douglas-Rachford alternating directions method of

multipliers, Numerische Mathematik, 130 (2015) 567-577.
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k�Ä�â�{ I��¦ �Oýÿúª��{.

6.1 ADMM in PPA-sense

In order to solve the separable convex optimization problem (6.1), we construct a

method whose prediction-step is

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω,

(6.7a)

where

H =

 (1 + δ)βBTB −BT

−B 1
β Im

 , (a small δ > 0, say δ = 0.05).

(6.7b)

Since H is positive definite, we can use the update form of Algorithm I to produce

the new iterate vk+1 = (yk+1, λk+1). (In the algorithm [2], we took δ = 0).



44

The concrete form of (6.7) is

θ1(x)− θ1(x̃k) + (x− x̃k)T

(−AT λ̃k) ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + (1 + δ)βBTB(ỹk − yk)−BT (λ̃k − λk)} ≥ 0,

(Ax̃k +Bỹk − b) −B(ỹk − yk) + (1/β)(λ̃k − λk) = 0.

Let λ̃k = λk − β(Ax̃k +Byk − b), the prediction can be implemented by

x̃k = Argmin{Lβ(x, yk, λk) |x ∈ X}, (6.8a)

λ̃k = λk − β(Ax̃k +Byk − b), (6.8b)

ỹk = Argmin

 θ2(y)− [2λ̃k − λk]TBy

+ 1+δ
2 β‖B(y − yk)‖2

∣∣∣∣ y ∈ Y
 . (6.8c)

ù�ýÿ�²;��O��{ (6.5)����,æ^(3.2b)��,¬\¯�Ý.
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6.2 Linearized ADMM-Like Method

�f¯K (6.8c)¦)k(J�,^ s
2‖y − y

k‖2�O 1+δ
2 β‖B(y − yk)‖2.

By using the linearized version of (6.8), the prediction step becomes

θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v−ṽk)TH(vk−ṽk), ∀w ∈ Ω, (6.9)

where

H =

 sI −BT

−B 1
β
Im

 , �O (6.7)¥�

 (1 + δ)βBTB −BT

−B 1
β
Im

 . (6.10)

The concrete formula of (6.9) is

θ1(x)− θ1(x̃k) + (x− x̃k)T

(−AT λ̃k) ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + s(ỹk − yk)−BT (λ̃k − λk)} ≥ 0,

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0.

(6.11)
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Then, we use the form

vk+1 = vk − α(vk − ṽk), α ∈ (0, 2)

to update the new iterate vk+1.

How to implement the prediction? To get w̃k which satisfies (6.11),

we need only use the following procedure:
x̃k = Argmin{Lβ(x, yk, λk) |x ∈ X},

λ̃k = λk − β(Ax̃k +Byk − b),

ỹk = Argmin{θ2(y)− [2λ̃k − λk]TBy +
s

2
‖y − yk‖2 | y ∈ Y}.

^ s
2‖y − y

k‖2�O 1+δ
2 β‖B(y − yk)‖2,��yÂñ,I� s > β‖BTB‖.

é�½� β > 0,�¦ s > β‖BTB‖,��� s¬K�Âñ�Ý
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6.3 Method without s > β‖BTB‖

�Ý
 BTB�^�ØÐ,q7L�5z,ÒUì�{II?1ýÿ

For solving the same problem, we give the following prediction:

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω,

(6.12a)

where

Q =

 sI BT

−B 1
β Im

 = D +K. (6.12b)

Because

D =

 sI 0

0 1
β Im

 and K =

 0 BT

−B 0

 ,

�âù��ýÿ,�±^�{ II���úª (4.3)�)#�S�:.
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How to implement the prediction? The concrete formula of (6.12) is

θ1(x)− θ1(x̃k) + (x− x̃k)T

(−AT λ̃k) ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + s(ỹk − yk) +BT (λ̃k − λk)} ≥ 0,

(Ax̃k +Bỹk − b)−B(ỹk − yk) + (1/β)(λ̃k − λk) = 0.

This can be implemented by
x̃k = Argmin{Lβ(x, yk, λk) |x ∈ X},

λ̃k = λk − β(Ax̃k +Byk − b),

ỹk = Argmin{θ2(y)− (λk)TBy +
s

2
‖y − yk‖2 | y ∈ Y}.

The y-subproblem is easy.é�½� β > 0,�±�?¿� s > 0.
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o(µéüa¯K,·�©O3 §5Ú §6¥JÑn«ýÿ-���{

• XJf¯K¥¦)L§¥,�g�Ø�5?Û(J��ÿ,ïÆ

©Oæ^ §5.1Ú §6.1¥��{.

• XJf¯K¥¦)¥,7Lé��f¯K¥��g��5z,¿

�Ý
^�Ð��ÿ,ïÆ©Oæ^ §5.2Ú §6.2¥��{.

• XJ7L�5z,Ý
^�qØÐ��ÿ,ïÆ©Oæ^ §5.3Ú

§6.3¥��{.

F"ù
µeU��é¢S¯K�O�{Jø�Ï.
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