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1 Mathematical Background

1.1 Optimization problem and VI

Let Ω ⊂ <n, we consider the convex minimization problem

min{f(x) | x ∈ Ω}. (1.1)

What is the first-order optimal condition ?

x∗ ∈ Ω∗ ⇔ x∗ ∈ Ω and any feasible direction is not a descent one.

Optimal condition in variational inequality form

• Sd(x∗) = {s ∈ <n | sT∇f(x∗) < 0} = Set of the descent directions.

• Sf (x∗) = {s ∈ <n | s = x− x∗, x ∈ Ω} = Set of feasible directions.

x∗ ∈ Ω∗ ⇔ x∗ ∈ Ω and Sf (x∗) ∩ Sd(x∗) = ∅.

\f÷ì�½ìº�OK´:¤k�1��ÑØ2´þ,��
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The optimal condition can be presented in a variational inequality (VI) form:

x∗ ∈ Ω, (x− x∗)TF (x∗) ≥ 0, ∀x ∈ Ω, (1.2)

where F (x) = ∇f(x).'
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Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

f(y) ≥ f(x)+∇f(x)T (y−x) and thus (x−y)T (∇f(x)−∇f(y)) ≥ 0.

We say the gradient∇f of the convex function f is a monotone operator.
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min{θ(x)|x ∈ X}, x∗ ∈ X , θ(x)− θ(x∗) ≥ 0, ∀x ∈ X ;

min{f(x)|x ∈ X}, x∗ ∈ X , (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X .

þ¡�à`z�`5^�´�Ä��,Ü3�åÒ´e¡�Ún:

Lemma 1 LetX ⊂ <n be a closed convex set, θ(x) and f(x) be convex func-

tions and f(x) is differentiable. Assume that the solution set of the minimization

problem min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (1.3a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.3b)
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2 ADMM with wider application & easy extensions
Let us consider the general separable convex optimization model

min
{
θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y

}
. (2.1)

The augmented Lagrangian function is

Lβ(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +
β

2
‖Ax+By − b‖2

2.1 From ALM to ADMM

Augmented Lagrangian Method for (2.1). From λk to λk+1: (xk+1, yk+1) ∈ arg min{Lβ(x, y, λk) |x ∈ X , y ∈ Y},

λk+1 = λk − β(Axk+1 +Byk+1 − b).
(2.2)
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ADMM for (2.1) From (yk, λk) to (yk+1, λk+1)
xk+1 ∈ arg min{Lβ(x, yk, λk) |x ∈ X},

yk+1 ∈ arg min{Lβ(xk+1, y, λk) | y ∈ Y},

λk+1 = λk − β(Axk+1 +Byk+1 − b).

(2.3)

From (2.2) to (2.3), ADMM is a relaxed ALM.

ADMM is designed for equality constraints problems.

The direct extension of ADMM is not necessarily convergent !
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Ignoring some constant terms in the objective functions of the corresponding

subproblems, we can rewrite the ADMM (2.3) as

xk+1 ∈ argmin
{
θ1(x)− xTATλk+ 1

2 + β
2
‖A(x− xk)‖2 | x ∈ X

}
,

yk+1 ∈ argmin

{
θ2(y)− yTBTλk+ 1

2 +

β
2
‖A(xk+1 − xk) +B(y − yk)‖2

∣∣∣∣ y ∈ Y
}
,

λk+1 = λk−β
(
Axk+1 +Byk+1 − b

)
(2.4)

where

λk+ 1
2 := λk − β(Axk +Byk − b).

The λ update form can be also denoted by

λk+1 = P<m

[
λk−β

(
Axk+1 +Byk+1 − b

)]
.

�
`²·��¡JÑ��{Ú ADMM�'X,

·�r²;� ADMMU�¤�d� (2.4).
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2.2 ADMM with wider applications

Let us consider the general two-block separable convex optimization model

min
{
θ1(x) + θ2(y) | Ax+By = b (or ≥ b), x ∈ X , y ∈ Y

}
. (2.5)

The linear constraints can be a system of linear equations or linear inequalities.

We define

Λ =

 <
m, if Ax+By = b,

<m+ , if Ax+By ≥ b.

The projection on Λ is denoted by PΛ[·].

For such special Λ, the projection on Λ is clear !

The only differenceµ P<m(λ) = λ, P<m+ (λ) = max{λ, 0}.
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2.2.1 Primal-dual extension of ADMM with wider application

A Primal-Dual Extension of the ADMM for (2.5).

From (Axk, Byk, λk) to (Axk+1, Byk+1, λk+1):

1. (Prediction Step) With given (Axk, Byk, λk), find w̃k = (x̃k, ỹk, λ̃k) via
x̃k ∈ argmin

{
θ1(x)− xTATλk + 1

2
β‖A(x− xk)‖2 | x ∈ X

}
,

ỹk ∈ argmin
{
θ2(y)− yTBTλk + 1

2
β‖A(x̃k − xk) +B(y − yk)‖2 | y ∈ Y

}
,

λ̃k = PΛ

[
λk − β

(
Ax̃k +Bỹk − b

)]
.

(2.6a)

2. (Correction Step) Generate the new iterate (Axk+1, Byk+1, λk+1) with ν ∈ (0, 1) by
Axk+1

Byk+1

λk+1

 =


Axk

Byk

λk

−

νIm −νIm 0

0 νIm 0

−νβIm 0 Im



Axk −Ax̃k

Byk −Bỹk

λk − λ̃k

 . (2.6b)

ù´�aýÿ–���{.I��	���,���s¤é��

ýÿk� PrimalÜ©,2� DualÜ©,^S��±�L5.
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2.2.2 Dual-Primal extension of ADMM with wider application

A Dual-Primal Extension of the ADMM for (2.5).

From (Axk, Byk, λk) to (Axk+1, Byk+1, λk+1):

1. (Prediction Step) With given (Axk, Byk, λk), find w̃k = (x̃k, ỹk, λ̃k) via
λ̃k = PΛ

[
λk − β

(
Axk +Byk − b

)]
,

x̃k ∈ argmin
{
θ1(x)− xTAT λ̃k + 1

2
β‖A(x− xk)‖2 | x ∈ X

}
,

ỹk ∈ argmin
{
θ2(y)− yTBT λ̃k + 1

2
β‖A(x̃k − xk) +B(y − yk)‖2 | y ∈ Y

}
.

(2.7a)

2. (Correction Step) Generate the new iterate (Axk+1, Byk+1, λk+1) with ν ∈ (0, 1) by
Axk+1

Byk+1

λk+1

 =


Axk

Byk

λk

−

νIm −νIm 0

0 νIm 0

−βIm −βIm Im



Axk −Ax̃k

Byk −Bỹk

λk − λ̃k

 . (2.7b)

ýÿæ^ØÓ^S,��úª�ÑkØÓ.��Ó�´s¤é��.

ÃØ´ primal-dual,�´ dual-primal�{,Ñ�±�õ¬¯K��í2.
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3 p-block separable convex optimization problems

In the following we consider the multiple-block convex optimization:

min
{ p∑
i=1

θi(xi)
∣∣ p∑
i=1

Aixi = b (or ≥ b), xi ∈ Xi
}
. (3.1)

The Lagrangian function is

L(x1, . . . , xp, λ) =

p∑
i=1

θi(xi)− λT (

p∑
i=1

Aixi − b),

which is defined on Ω =
∏p
i=1 Xi × Λ, where

Λ =

 <
m, if

∑p
i=1Aixi = b,

<m+ , if
∑p
i=1Aixi ≥ b.
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Let (x∗1, . . . , x
∗
p, λ
∗) ∈ Ω be a saddle point of the Lagrangian function, then

Lλ∈Λ(x∗1, . . . , x
∗
p, λ) ≤ L(x∗1, . . . , x

∗
p, λ
∗) ≤ Lxi∈Xi

(x1, . . . , xp, λ
∗).

The optimality condition of (3.1) can be written as the following VI:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (3.2a)

where

w =


x1

...

xp

λ

 , x =


x1

...

xp

 , F (w) =


−AT1 λ

...

−ATp λ∑p
i=1Aixi − b

 , (3.2b)

and

θ(x) =

p∑
i=1

θi(xi), Ω =

p∏
i=1

Xi × Λ.

Again, we denote by Ω∗ the solution set of the VI (3.2).
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3.1 Primal-dual extension of the ADMM for p-block Problems

A Primal-Dual Extension of the ADMM for (3.1) Prediction Step .

From (A1xk1 , A2xk2 , · · · , Apxkp , λk) to (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1):

With given (A1xk1 , A2xk2 , · · · , Apxkp , λk), find w̃k ∈ Ω via

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λk + β

2
‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ arg minxp∈Xp

{
θp(xp)− xTp ATp λk + β

2
‖
∑p−1
j=1Aj(x̃

k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
.

(3.3)

ýÿk�©2éó.é�©l��©Cþf¯KÅ�US¦).
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A Primal-Dual Extension of the ADMM for (3.1) Correction Step .

From (A1xk1 , A2xk2 , · · · , Apxkp , λk) to (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1):

Generate the new iterate (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1) with ν ∈ (0, 1) by

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1xk1

A2xk2

...

Apxkp

λk


−



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−νβIm 0 · · · 0 Im





A1xk1−A1x̃k1

A2xk2−A2x̃k2

...

Apxkp−Apx̃kp

λk − λ̃k


.

(3.4)

éì�eÒ�±uy, §3.1¥��{,Ò´ §2.2.1�{���í2.
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Axk+1
i , i = 1, . . . , p



A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p


=



A1x
k
1

A2x
k
2

...

Apx
k
p


−



νIm −νIm 0 0

0 νIm
. . . 0

...
. . .

. . . −νIm

0 · · · 0 νIm





A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp


,

(3.5)
λk+1

λk+1 = λ̃k + νβ(A1x
k
1 −A1x̃

k
1). (3.6)

�U`��Ø{ü�?
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3.2 Dual-primal extension of the ADMM for (3.1)

A Dual-Primal Extension of the ADMM for (3.1) Prediction Step .

From (A1xk1 , A2xk2 , · · · , Apxkp , λk) to (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1):

With given (A1xk1 , A2xk2 , · · · , Apxkp , λk), find w̃k ∈ Ω via

λ̃k = PΛ

[
λk − β

(∑p
j=1 Ajx

k
j − b

)]
x̃k1 ∈ arg min

{
θ1(x1)− xT1 AT1 λ̃k + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λ̃k + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λ̃k + β

2
‖
∑i−1
j=1 Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ argminxp∈Xp

{
θp(xp)− xTp ATp λ̃k + β

2
‖
∑p−1
j=1Aj(x̃

k
j − xkj ) +Ap(xp − xkp)‖2

}
.

(3.7)

ýÿkéó2�©.é�©l��©Cþf¯KÅ�US¦).
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A Dual-Primal Extension of the ADMM for (3.1) Correction Step .

From (A1xk1 , A2xk2 , · · · , Apxkp , λk) to (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1):

Generate the new iterate (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1) with ν ∈ (0, 1) by

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1xk1

A2xk2

...

Apxkp

λk


−



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−βIm −βIm · · · −βIm Im





A1xk1 −A1x̃k1

A2xk2 −A2x̃k2

...

Apxkp −Apx̃kp

λk − λ̃k


.

(3.8)

éì�eÒ�±uy, §3.2¥��{,Ò´ §2.2.2�{���í2.

��ó�þé�.r��úª©m5�Ò´µ
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Axk+1
i (i = 1, . . . , p) The correction form of the primal parts are equal.



A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p


=



A1x
k
1

A2x
k
2

...

Apx
k
p


−



νIm −νIm 0 0

0 νIm
. . . 0

...
. . .

. . . −νIm

0 · · · 0 νIm





A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp


,

(3.9)

λk+1 The correction form of the dual parts are slightly different.

λk+1 = λ̃k + β

p∑
i=1

(Aix
k
i −Aix̃ki ). (3.10)

ü«ØÓ�{�

λk+1 = λ̃k + νβ(A1x
k
1 −A1x̃

k
1) ⇒ λk+1 = λ̃k + β

∑p
i=1(Aix

k
i −Aix̃ki ).
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4 Convergence

The optimization problem (3.1) has been translated to VI (3.2), namely,

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

For the easy analysis, we need to denote the following notations:

P =



√
βA1 0 · · · · · · 0

0
√
βA2

. . .
...

...
. . .

. . .
. . .

...

...
. . .

√
βAp 0

0 · · · · · · 0 (1/
√
β)Im


, ξ=Pw=



√
βA1x1

√
βA2x2

...

√
βApxp

(1/
√
β)λ


.

(4.1)Accordingly, we define

Ξ =
{
ξ | ξ = Pw, w ∈ Ω

}
,

and

Ξ∗ =
{
ξ∗ | ξ∗ = Pw∗, w∗ ∈ Ω∗

}
.
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We will prove that both the primal-dual algorithm (3.3)-(3.4) and the dual-primal

algorithm (3.7)-(3.8) belong to the following prototypical algorithmic framework.

A Prototypical Algorithmic Framework for VI (3.2).

1. (Prediction Step) With given wk and ξk = Pwk, find w̃k ∈ Ω such that

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (ξ − ξ̃k)TQ(ξk − ξ̃k), ∀w ∈ Ω, (4.2a)

withQ ∈ <(p+1)m×(p+1)m, and the matrixQT +Q is positive definite.

2. (Correction Step) With the predictor w̃k by (4.2a) and ξ̃k = Pw̃k, the new

iterate ξk+1 is updated by

ξk+1 = ξk −M(ξk − ξ̃k), (4.2b)

whereM∈ <(p+1)m×(p+1)m is a non-singular matrix.
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Theorem 1 For the matricesQ andM in the algorithm (4.2), if there is a

positive definite matrixH ∈ <(p+1)m×(p+1)m such that

HM = Q (4.3a)

and

G := QT +Q−MTHM � 0, (4.3b)

then we have

‖ξk+1 − ξ∗‖2H ≤ ‖ξ
k − ξ∗‖2H − ‖ξ

k − ξ̃k‖2G , ∀ ξ
∗ ∈ Ξ∗. (4.4)

Proof. Setting w in (4.2a) as any fixed w∗ ∈ Ω∗, and using

(w̃k − w∗)TF (w̃k) ≡ (w̃k − w∗)TF (w∗),

we get

(ξ̃k−ξ∗)TQ(ξk− ξ̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗), ∀w∗ ∈ Ω∗.
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The right-hand side of the last inequality is non-negative. Thus, we have

(ξk − ξ∗)TQ(ξk − ξ̃k) ≥ (ξk − ξ̃k)TQ(ξk − ξ̃k), ∀ ξ∗ ∈ Ξ∗. (4.5)

Then, by simple manipulations, we obtain

‖ξk − ξ∗‖2H − ‖ξ
k+1 − ξ∗‖2H

(4.2b)
= ‖ξk − ξ∗‖2H − ‖(ξ

k − ξ∗)−M(ξk − ξ̃k)‖2H
(4.3a)
= 2(ξk − ξ∗)TQ(ξk − ξ̃k)− ‖M(ξk − ξ̃k)‖2H

(4.5)

≥ 2(ξk − ξ̃k)TQ(ξk − ξ̃k)− ‖M(ξk − ξ̃k)‖2H
= (ξk − ξ̃k)T [(QT +Q)−MTHM](ξk − ξ̃k)

(4.3b)
= ‖ξk − ξ̃k‖2G .

The assertion of this theorem is proved. �

We call (4.3) the convergence conditions for the algorithm framework (4.2).

The inequality (4.4) is the key for the convergence proofs, for details, see [5]
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5 Convergence of the Primal-Dual Algorithm in §3.1
In order to prove the convergence of the algorithm (3.3)-(3.4), we need only to show that it

belongs to the algorithmic framework (4.2) and to verify the convergence conditions (4.3)

5.1 The algorithm (3.3)-(3.4) belongs to the framework (4.2)

Prediction First, for the primal part of the predictor,

x̃ki ∈ arg min
{
θi(xi)−xTi ATi λk+

β

2
‖
i−1∑
j=1

Aj(x̃
k
j−xkj )+Ai(xi−xki )‖2|xi ∈ Xi

}
.

According to Lemma 1, the optimal condition is x̃ki ∈ Xi and

θi(xi)− θi(x̃ki ) + (xi − x̃ki )T {−ATi λk + βATi
( i∑
j=1

Aj(x̃
k
j − xkj )

)
} ≥ 0,

for all xi ∈ Xi. It can be written as x̃ki ∈ Xi and

θi(xi)−θi(x̃ki )+(xi−x̃ki )T {−ATi λ̃k+βATi
( i∑
j=1

Aj(x̃
k
j−xkj )

)
+ATi (λ̃

k−λk)} ≥ 0,

(5.1a)
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for all xi ∈ Xi. The dual part of the predictor, λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
,

λ̃k = arg min
{∥∥λ− [λk − β(∑p

j=1Aj x̃
k
j − b

)]∥∥2 ∣∣λ ∈ Λ
}
.

The optimal condition is

λ̃k ∈ Λ, (λ− λ̃k)T
{(∑p

j=1Aj x̃
k
j − b

)
+ 1

β
(λ̃k−λk)

}
≥ 0, ∀λ ∈ Λ. (5.1b)

Summating (5.1a) and (5.1b), for the predictor w̃k generated by (3.3), we have w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQPD (wk − w̃k), ∀w ∈ Ω,

(5.2a)

where

QPD =



βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2

. . .
... AT2

...
. . . 0

...

βATpA1 βATpA2 · · · βATpAp ATp

0 0 · · · 0 1
β
Im


. (5.2b)



25

Using the notation P in (4.1), for the the matrix QPD in (5.2b), we have

QPD =PTQPDP, where QPD =



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im


. (5.3)

Thus, for the right hand side of (5.2a), we have

(w − w̃k)TQPD (wk − w̃k) = (w − w̃k)TPTQPDP (wk − w̃k)

= (ξ − ξ̃k)TQPD (ξk − ξ̃k).

Then, it follows from (5.2) that we have the following inequality:

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (ξ − ξ̃k)TQPD (ξk − ξ̃k), ∀w ∈ Ω. (5.4)

whereQPD is given in (5.3).
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Correction Left-multiplying the matrix diag(
√
βIm, . . . ,

√
βIm,

1√
β
Im) to both

sides of the correction step of the primal-dual algorithm, (3.4), we get

√
βA1x

k+1
1

√
βA2x

k+1
2

...
√
βApx

k+1
p

(1/
√
β)λk+1


=



√
βA1x

k
1

√
βA2x

k
2

...
√
βApx

k
p

(1/
√
β)λk



−



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−νIm 0 · · · 0 Im





√
β(A1x

k
1 −A1x̃

k
1)

√
β(A2x

k
2 −A2x̃

k
2)

...
√
β(Apx

k
p −Apx̃kp)

(1/
√
β)(λk − λ̃k)


.
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Recall the definitions of the matrix P and Pw = ξ (see(4.1)).

The correction step of the primal-dual algorithm, (3.4), can be written as

ξk+1 = ξk −MPD (ξk − ξ̃k), (5.5a)

where

MPD =



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−νIm 0 · · · 0 Im


. (5.5b)
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5.2 Verifying the convergence conditions of the algorithm

In the algorithm (5.4)-(5.5), the matricesQ andM have the following forms:

QPD =



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im


, MPD =



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−νIm 0 · · · 0 Im


.

In order to simplify the notations to be used, we define the following p× p block matrices:

L =


Im 0 · · · 0

Im Im
. . .

...
...

. . . 0

Im Im · · · Im

 , I =


Im 0 · · · 0

0 Im
. . .

...
...

. . .
. . . 0

0 · · · 0 Im

 . (5.6)

We also define the 1× p block matrix

E =
(
Im Im · · · Im

)
. (5.7)
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Recall the respective definitions L and E in (5.6) and (5.7). We have

Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im


= L−T

and (
Im 0 · · · 0

)
= EL−T .

Thus, see (5.3) and (5.5b), we have

QPD =

 L ET

0 Im

 and MPD =

 νL−T 0

−νEL−T Im

 (5.8)

For the above matricesQPD andMPD , the remaining tasks is to find a positive

definite matrixHPD , such that the convergence conditions (4.3)are satisfied.
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Lemma 2 For the matricesQPD andMPD given by (5.3) and (5.5b),

respectively, the matrix

HPD =

 1
νLL

T + ETE ET

E Im

 with ν ∈ (0, 1) (5.9)

is positive definite, and it satisfiesHPDMPD = QPD .

Proof. It is easy to check the positive definiteness ofH. In addition, for the block

matrixQ in (5.3), we have

HPDMPD =

 1
νLL

T + ETE ET

E Im

 νL−T 0

−νEL−T Im


=

 L ET

0 Im

 = QPD .

The assertions of this lemma are proved. �
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Lemma 3 LetQPD ,MPD andHPD be defined in (5.3), (5.5b) and (5.9), respectively.

Then the matrix

GPD := (QTPD +QPD )−MT
PDHPDMPD (5.10)

is positive definite.

Proof. By elementary matrix multiplications, we know that

MT
PDHPDMPD = QTPDMPD =

LT 0

E Im


 νL−T 0

−νEL−T Im

 =

νI 0

0 Im

 .

Then, it follows from LT + L = I + ET E (see (5.6)-(5.7) ) that

GPD = (QTPD +QPD )−MT
PDHPDMPD

=

 LT + L ET

E 2Im

−
 νI 0

0 Im

 =

 (1− ν)I + ET E ET

E Im

 .

Thus, the matrix GPD is positive definite for any ν ∈ (0, 1). �

Lemma 2 and Lemma 3 have verified the convergence conditions (4.3) and thus the key

convergence inequality (4.4) holds. The primal-dual algorithm (3.3)-(3.4) is convergent.
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6 Convergence of the Dual-Primal Algorithm in §3.2
In order to prove the convergence of the algorithm (3.7)-(3.8), we need only to show that it

belongs to the algorithmic framework (4.2) and to verify the convergence conditions (4.3).

6.1 The algorithm (3.7)-(3.8) belongs to the framework (4.2)

Prediction For the dual part of the predictor, λ̃k = PΛ

[
λk − β

(∑p
j=1 Ajx

k
j − b

)]
,

λ̃k = arg min
{∥∥λ− [λk − β(∑p

j=1Ajx
k
j − b

)]∥∥2 ∣∣λ ∈ Λ
}
.

The optimal condition is

λ̃k ∈ Λ, (λ− λ̃k)T
{(∑p

j=1Ajx
k
j − b

)
+ 1

β
(λ̃k − λk)

}
≥ 0, ∀λ ∈ Λ.

It can be rewritten as

λ̃k ∈ Λ, (λ− λ̃k)T
{(∑p

j=1Aj x̃
k
j − b

)
−
∑p
j=1Aj(x̃

k
j − xkj

)
+ 1

β
(λ̃k − λk)

}
≥ 0, ∀λ ∈ Λ.(6.1a)

The primal part of the predictor, x̃ki is given by

x̃ki ∈ arg min
{
θi(xi)−xTi ATi λ̃k+β

2
‖
∑i−1
j=1Aj(x̃

k
j − xkj ) +Ai(xi − xki )‖2|xi ∈ Xi

}
.
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According to Lemma 1, the optimal condition is x̃ki ∈ Xi and

θi(xi)−θi(x̃ki )+(xi− x̃ki )T {−ATi λ̃k+βATi
(∑i

j=1Aj(x̃
k
j −xkj )

)
} ≥ 0, (6.1b)

for all xi ∈ Xi.

Summating (6.1b) and (6.1a), for the predictor w̃k generated by (3.7), we have w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQDP (wk − w̃k), ∀w ∈ Ω,

(6.2a)

where

QDP =



βAT1 A1 0 · · · 0 0

βAT2 A1 βAT2 A2

. . .
... 0

...
. . . 0

...

βATpA1 βATpA2 · · · βATpAp 0

−A1 −A2 · · · −Ap 1
β
Im


. (6.2b)
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Using the notation P in (4.1), for the matrix QDP in (6.2b), we have

QDP =PTQDP P, where QDP =



Im 0 · · · 0 0

Im Im
. . .

... 0
...

. . . 0
...

Im Im · · · Im 0

−Im −Im · · · −Im Im


. (6.3)

Thus, for the right hand side of (6.2a), we have

(w − w̃k)TQDP (wk − w̃k) = (w − w̃k)TPTQDP P (wk − w̃k)

= (ξ − ξ̃k)TQDP (ξk − ξ̃k).

Then, it follows from (6.2) that we have the following inequality:

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (ξ − ξ̃k)TQPD (ξk − ξ̃k), ∀w ∈ Ω. (6.4)

whereQPD is given in (6.3).
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Correction Left-multiplying the matrix diag(
√
βIm, . . . ,

√
βIm, (1/

√
β)Im) to both

sides of the correction step of the dual-primal algorithm, (3.8), we get

√
βA1x

k+1
1

√
βA2x

k+1
2

...
√
βApx

k+1
p

(1/
√
β)λk+1


=



√
βA1x

k
1

√
βA2x

k
2

...
√
βApx

k
p

(1/
√
β)λk



−



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−Im −Im · · · −Im Im





√
β(A1x

k
1 −A1x̃

k
1)

√
β(A2x

k
2 −A2x̃

k
2)

...
√
β(Apx

k
p −Apx̃kp)

(1/
√
β)(λk − λ̃k)


.
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Recall the definitions of the matrix P and Pw = ξ (see(4.1)).

The correction step of the dual-primal algorithm, (3.8), can be written as

ξk+1 = ξk −MDP (ξk − ξ̃k), (6.5a)

where

MDP =



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−Im −Im · · · −Im Im


. (6.5b)
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6.2 Verify the convergence conditions of the D-P algorithm

In the algorithm (4.2), the matricesQ andM have the following forms:

QDP =



Im 0 · · · 0 0

Im Im
. . .

...
...

...
. . . 0

...

Im Im · · · Im 0

−Im −Im · · · −Im Im


, MDP =



νIm −νIm 0 · · · 0

0 νIm
. . .

. . .
...

...
. . .

. . . −νIm 0

0 · · · 0 νIm 0

−Im −Im · · · −Im Im


.

Recall the respective definition L in (5.6). We have
Im −Im 0 0

0 Im
. . . 0

...
. . .

. . . −Im
0 · · · 0 Im

 = L−T .

Thus, we have (see E in (5.7))

QDP =

(
L 0

−E Im

)
and MDP =

(
νL−T 0

−E Im

)
(6.6)
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Lemma 4 For the matricesQDP andMDP given by (6.3) and (6.5b),

respectively, the matrix

HDP =

 1
νLL

T 0

0 Im

 with ν ∈ (0, 1) (6.7)

is positive definite, and it satisfiesHDPMDP = QDP .

Proof. It is easy to check the positive definiteness ofH. In addition, for the block

matrixQ in (6.3), we have

HDPMDP =

 1
νLL

T 0

0 Im

 νL−T 0

−E Im


=

 L 0

−E Im

 = QDP .

The assertions of this lemma are proved. �
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Lemma 5 LetQDP ,MDP andHDP be defined in (6.3), (6.5b) and (6.7), respectively.

Then the matrix

GDP := (QTDP +QDP )−MT
DPHDPMDP (6.8)

is positive definite.

Proof. By elementary matrix multiplications, we know that

MT
DPHDPMDP = QTDPMDP =

LT −ET
0 Im

νL−T 0

−E Im

 =

νI + ET E −ET

−E Im

 .

Then, it follows from LT + L = I + ET E (see (5.6)-(5.7)) that

GDP = (QTDP +QDP )−MT
DPHDPMDP

=

LT + L −ET

−E 2Im

−
νI + ET E −ET

−E Im

 =

 (1− ν)I 0

0 Im

 .

Thus, the matrix GDP is positive definite for any ν ∈ (0, 1). �

Lemma 4 and Lemma 5 have verified the convergence conditions (4.3) and thus the key

convergence inequality (4.4) holds. The dual-primal algorithm (3.7)-(3.8) is convergent.
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7 Conclusions
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ÙÂñ5Ã{�y.

• ù�©Ùp�Ñ�üa�O��{,Ø+´ primal-dual,�´

dual-primal,Ñ�±í2�?¿�ê¬�©là`z¯K�¦).

´�,§I��	���.�U�´,��AO{ü�

• ·�AOíÂ“ýÿ-��”,cÙ´@«�dé����.)ÅÇÇ

�Jä,?}Ò´��.�¬£n�´�«����OUSýÿ,

ü$
¯KJÝ;�Û�N��,rº
Âñ��.



41

• �����O��{Q�±^5¦)�ª�å�¯K,q�±^

5¦)Ø�ª�å�¯K.·^l�¬�?¿õ¬��©l¯K,

�{(�ÚÂñ5y²��Ú�.

• ·^��2��{¬Ø¬K��Çºé²; ADMMò��ü¬

�©l��ª�åà`z¯K,·��^�©J�������

O��{ (2.6)Ú(2.7)�¦),��þ¦<Jø� ADMM�è'

�,uyù«ú%´õ{�.

• 3ù��w¥,·��y²
Âñ�'�Ø�ª(4.4)

‖ξk+1 − ξ∗‖2H ≤ ‖ξ
k − ξ∗‖2H − ‖ξ

k − ξ̃k‖2G , ∀ ξ
∗ ∈ Ξ∗.

'uÂñ5�?�Ú�[!�±ë�©z [5].
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Thank you very much for reading ! !


