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min{0(z) | Az = b, z € X}
AFIN R E &G K& BA H 1%, @)@ (1.1) BY Lagrange BB ¥ =
L(z,\) = 0(z) — X\ (Az —b), (x,\) € X x R
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Saddle Point of the Lagrange Function
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HEEADMM) #2iIETALM. B ALM KEZ[EIER (1.1), ERARE
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#* € argmin{L(z, \¥) + gHAa: —b|? |z e xl, (2.1a)

M = aremax{L(z" 1, \) — %H)\ AFIZ A EeR™. (@)

\

ALM B z-F[a]§ (2.1a) FHY r > 0 BFRNAR Ar — b =0 5158 BF
o)l HFReR M BB HINEE, ALM AT LA

{ "t e argmin{ 6(z) + gHAzc — [b+ %Ak} H2 ‘ x e X}, (2.2a)
AT = \F (AT — b)), (2.2b)
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3 IREEFINESIESEF A (CP-PPA)

KEE (1.1) NRIE-XHBER G ED, B - FRIBA G EBIREETIR PPA
F3E 1, 2, 4], A IFRE A CP-PPA HiL. XANFFASFL&H Chambolle and
Pock 7E3CHA [1] PieE, 117E (WRZEE) EHEX TIER TULESM.
NFESHR [4] PARE A FA B SF AR M =IERA Ti2HEZRFE N T
L& . Chambolle and Pock ZEMB{{1/5 3R & F=7E MP BN E [2] it E!, 4]
HRHMREFT P FIA T IRNEHE [4] FIEHAY PPA #i#FE. CP-PPA HUIE
KAXZE:

(

A argmin{ L(z, )+ gl\x — 2|7 |z e X}, (3.1a)

AP = argmax{L([22°! — 2F], \) — §||A PLIEY (3.1b)

\

XEBEH r, s > 0, BIBEHN T F N SRIBERE 2F 71\ FELKIE.
ZEEEEIN, XX AR AT AR LR

y

: 1
"t = argmin {9(:13) + ng — [azk + ;AT)\]“} H2 ‘ S X}, (3.2a)

\ Aot = \F é(A[ZQ:kH —z*] — b). (3.2b)



CP-PPA 575 z-FIa]f (3.2a) B = XIN A ng — qu2, Ebide (2.2a) Y
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TEEE, ERS 8

rs > [|[AT A|. (3.3)
M (3.1) AILLEY, KM » 0 s, S8 FE 21 55 2~ N\ B " Rif, Y
Fistrh KR, SR RUSIERE . CP-PPA 7535 7E B {40 T8 ch A A AN
BTHHRFHNEE, 2ESTHRRAZIMNSTEHERN || ATA|| < 8.
MIER AT (3.1) ATLLE Y, CP-PPA 18 T /B 14-3HEBE &4 3£ PDHG.
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(2 = argmin{L(z, \") + ng — ") | w e X}, (4.1a)

A = argmax{ L([22" 1" — "], )——H)\ AF ||( AAT 451, ) (4.1b)
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( A argmin{@(m) -+ ng — [:I:k -+ %AT)\k} H2 }:I: € X}. (4.2a)

ool
Nt — arg mln{in\ — )‘k||?%AAT—|—6Im) + )\T(A[Qa:kJrl —zF] - b)}. (4.2b)

\

X B - FIo]R (4.2a) #1 CP-PPA By x-FIa]Rk (3.2a) XN TE—HE. (4.2b)
Ry N RS TEE

(%AAT 0L ) (A = A) + (Al22H = 2]~ b) = 0 (4.3)
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KM HIEE (4.3) HIFFEA], BT = EFHIFHBIZ Levenberg-Marquardt
5757, 8]. Levenberg-Marquardt 75 2BV 2 LA ITERIER 2R B R
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5 Mathematical Background for Convergence
5.1 Variational Inequality Formulation

Recall the Lagrangian function of the problem (1.1)

L(z,\) =0(zx) = X' (Az —b), (z,)) € X x R, (5.1)
A pair of (™, A\*) € X x R™ is called a saddle point of the Lagrangian function, if

Lyepm (2", \) < L(z",\") < Lyex(x, \7).

The above inequalities can be written as

e X, L(z,\*)—L(x",\")>0, Vze X, (5.2a)

{ A eR™) L(x™,\°) — L(xz™,\) >0, VieR™. (5.2b)
According to the definition of L(x, \) (see(5.1)),
L(z,\) = L(z*,\*) = 0(z) — 0(z™) + (z — ) (—A" ),

it follows from (5.2a) that

t* e X, 0(z)—0(z")+ (z—z") (=A"X) >0, Yz eX. (53



Similarly, for (5.2b), since
L(z*,\*) = L(z*,\) = (A = 29" (Az"™ —b),
we have
A eR”, A=A (Az" —b) >0, Ve R™. (5.4)

Notice that the above expression is equivalent to Ax™ = b.
Writing (5.3) and (5.4) together, we get the following variational inequality:

r*c X, 0(z)—0(xz*)+ (x—x*)'(-A"X*) >0, Vzedk,

A e R™, (A= A)T(Az* —b) >0, VIeR™.

A more compact form of the saddle-points is the following variational inequality:

w* €, Oz)—0(z")+ (w—w)" Fw*)>0, YweQ, (5.5a)
where
x — AT\ -
w:( ), F(w):( ) and Q=X xR". (5.5b)
A Az —b



Because F'is a affine operator and

o= (3 0)(5)-()

the matrix is skew-symmetric, we have

(w— )" (F(w) — F(w)) = 0.

BA MR LR RAIEE (1.1),

AR T IRBT I AFLN (5.5).

Lemma1 Let X C R" be a closed convex set, 0(x) and f(x) be convex functions. If f

is differentiable and the solution set of the minimization problem

min{6(x)

is nonempty, then it holds that

if and only if

e X, 6(x)

" € argmin{f(z) +

—0(x

)+ (x—2") Vi

+ f(x) |z € X}

flx) |z e X}

)>0, VzelX.

(5.6a)

(5.6b)
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5.2 PPA for Variational Inequalities

The variational inequality:

w*eQ, 0x)—0z")+(w—w)"Fw*)>0, VweQ (57

PPA for VI (5.7) in [1-norm For given w” and H > 0, find w**1,

w* e Q, 0(x) — 0" + (w — W"THTF(w* T
> (v —v*"™HTH®W" =", Yw e Q. (5.8)

k+

w1 is called the proximal point of the k-th iteration for the problem (5.7).

In the right hand side of (5.8), it can be v = w = (x, ), it is also possible that v = A.

Theorem 1 Letw” ™! be generated by (5.8) with given w”. Then we have

0"t — ™| H < |[0" —v™ |3 — ||v* = ", Yot e QF, (5.9

Proof. Setting w = w™ in (5.8), we obtain

(’Uk+1 . ’U*)TH(’Uk L Uk—l—l) Z H(xk—l—l) o 9(1;*) + (wk—l—l . w*)TF(wIH_l).

11
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By using (w* ! — w*)T F(w* ™) = (v — w*)T F(w*) and
0(z"t) — 0(z*) + (w* ! — w*) F(w*) >0,

we get

W — o TH@" — ot > 0. (5.10)
Applying the identity
20" H(a —b) = (|lallz — IblIE) — lla — bl|&

k+1

to the left-hand side of (5.10) with a = w® — w* and b = w — w™, we thus obtain

2<’Uk+1 . U*)TH(vk o Uk—l—l)

= (V" = v |7 = 0" =0 (7)) = [[0" =" TR
Thus, from (5.10) and the above identity, we obtain
[ — o [E < 0" — 0" = 0" =" R

We get the nice convergence property of Proximal Point Algorithm. []



6 Convergence analysis for different methods

The convergence proof of the various methods is regarded as the PPA for
variational inequalities as in Section 5.2.

6.1 Convergence Analysis for ALM

The iterative scheme of the classical ALM is
1
"t e argmin{6(z) + gHA:B — b+ ;)\k} H2 |z e X} (6.1a)

A=\ — (AT —b). (6.1b)

Lemma 2 For given A, let w*T! = (:1:’““, )\k“) be generated by (6.1), then we

have
w e Q, 0(z) — 02" + (w — W F (W)

> (X — A"““)Tl(kk — N vw e Q. (6.2)

r

k+

Proofs. According to Lemma 1, the solution 1 of the subproblem (6.1a) satisfies

2" e x, 0(x)-0(" )+ (-2 AT [r (AT =)= A"} >0, V2 € X

13



By using (6.1b),

2" e x, 0(x) — 0" + (2 —2"THT{-ATNTY >0, Ve e X, (6.3)

The equation (6.1b) can be written as

A= XNTHT(AL T —b) > (A — )\’““)Tl()\’“ — AT Ve R

r
Combining (6.3) and (6.4), we get

o k+\T _ AT \k+1
Wt e, 0) -0+ (T
A= XN\ ARt —p

1
r

> (A—)\’““)T( )(A’“—Ak“), Y € Q.

Using the notation of (5.5), the assertion of this lemma is proved.

v=\ H = %Im. Thus, ALM is a PPA method ! Sincr r is a scalar, we have

INEE = XF[12 <IN = 12 = A = AR

5132 2 IR RRET R EA H3kT74 (6.1) =3 HAEE N B PPARA.

—

6.5)

(6.6)
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6.2 Convergence Analysis for CP-PPA

The iterative scheme of the CP-PPA is

y

15

k+1 _ . r A N AN ATE
< x —argmm{ﬁ(x)—l—iH:c— E: —i—;A A }H ‘a:EX}, (6.7a)
1
AP = AR — = (A2 — 2" - b). (6.7b)
\ S
Lemma 3 For given wk, letw* T be generated by (6.7), then we have
w* Tt e Q, 0(z) — 02" + (w — W F(w"T)
> (w—w" T THW" —w*™), Ywe Q. (6.8a)
where
rl, Al
H = . (6.8b)
A sl

Proof. According to Lemma 1, the solution gFtt

of the subproblem (6.7a) satisfies

2" e &) 0(2) 0"+ (x—2"TH T {r(a" =) - AT N} >0, vz e X,



It can be rewritten as
e x, 0(x) — 0"t + (x — 2THT(=AT N
> (z— 2" TH r@® — 2" TH + A0 = A*TH}, vz e X. (6.9
The equation (6.7b) can be written as
AT eR™ A= XD (A" —b)
> =XNTHH A — 25T s = A" THY v eR™. (6.10)

Combining (6.9) and (6.10), we get

_ RN\ AT R
Wt e Q. 0(x) — () + (”3 ! ) < )

A= XN\ Aghtt — b
k+1\T 7 k k+1
T —x x’ —x
> rln A , Yw € Q. (6.11)
A= XL\ A sl )\ NP — AT
In the case that s > || A A||, the matrix H is positive definite. O

5|38 3 iiRA CP-PPA 53% (6.7) E%F 2 w Y PPA B %
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6.3 Convergence Analysis for Balanced ALM

The iterative scheme of the Balanced ALM is

(2" = argmin{L(z, \") + ng — ") |z e aY, (6.12a)

)\kz—l—l

1

\

Lemma 4 For givenw” = (2, \¥), letu*1 be generated by (6.12), then we have

w* e Q, 0(z) — 0" + (w — W THT P

> (w—w T H@W" —w*™), Yw e Q. (6.13a)
where
rin AT
H = 1 . (6.13b)
A —AA 4901y
r

Proof. According to Lemma 1, 11 offered by (6.12a) satisfies

"t e x, 9(x)—9(:1:k+1)—I—(:c—ka)T{—AT)\k—I—r(ka—xk)} >0, Ve e X.

17



18

Then, for any unknown )\k+1, we have

Ik_'_l c X, 9(1‘) . H(Ik+l) _1_ (x . Ik+1)T(—AT>\k+1>
> (z — ka)T{r(gBk — " £ AT - )\k+1)}, Vr € X (6.14)

Similarly, according to Lemma 1, N1 offered by (6.12b) is characterized by the

variational inequality

1
VKHINT k+1 ki LT k+1l_yky Lo~
A=A TL (At b)+(TAA +30n ) A0} >0, Ve A,
It can be rewritten as
ANl e A, (A= X HT (A" —b)
> (A= MY LAY — ") + (lAAT + 51m)(x’f — AL (6.15)
r

forall A € ]R™. Combining (6.14) and (6.15), and using the notation in (5.5), we get
(6.13). The assertion of Lemma 4 is proved. []

5138 4 1A Balanced ALM J57% (6.12) 3= w BY PPA BJE.
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