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·�±�5�ª�å�à`z¯K

min{θ(x) | Ax = b, x ∈ X} (1.1)

�~0�þ(²ï�O2.�KF¦f{.¯K (1.1)� Lagrange¼ê´

L(x, λ) = θ(x)− λT (Ax− b), (x, λ) ∈ X × <m. (1.2)

Saddle Point of the Lagrange Function
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2 OOO222...���KKKFFF¦¦¦fff{{{ (ALM)

·�lO2.�KF¦f{ [6, 9, 10] (ALM)!å"Nõk��{£~X�O
��{ADMM¤å
uALM"^ ALM¦)¯K (1.1), S�úª´

xk+1 ∈ arg min
{
L(x, λk) +

r

2
‖Ax− b‖2

∣∣ x ∈ X}, (2.1a)

λk+1 = argmax{L(xk+1, λ)− 1

2r
‖λ− λk‖2 |λ ∈ <m}. (2.1b)

ALM� x-f¯K (2.1a)¥� r > 0´�ª�åAx− b = 0�vëê"rf

¯K8I¼êp�~ê��K, ALM�±ÏL xk+1 ∈ argmin
{
θ(x) +

r

2

∥∥Ax− [b+
1

r
λk
]∥∥2 ∣∣x ∈ X}, (2.2a)

λk+1 = λk − r(Axk+1 − b), (2.2b)

¢y"ALM� x-f¯K (2.2a)¥�/X
r

2
‖Ax− pk‖2 ��g�Ú�¯K�

8I¼ê\3�å, ¬�¦)�5�½�(J"ALMÏL (2.2b)�#éóC

þ λk+1%�~{ü�

ùÒ´·��Äþ(²ï ALM�Ñu:.
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3 UUUIII½½½���������CCC:::���{{{ (CP-PPA)

¦) (1.1)��©–éóS��{¥, {z x-f¯K��{kUI½�� PPA

�{ [1, 2, 4], ·�¡§� CP-PPA�{"ù��{k´d Chambolle and

Pock3©z [1]¥JÑ, ¦�3£��´3¤H{¿Âey²
Âñ5"·

�3©z [4]¥^C©Ø�ª�C:�{�*:y²
T�{:�¿Âe�

Âñ5"Chambolle and Pock3¦��5uL3 MP�©Ù [2]¥`�, ¦�

��UïÄ´¿©|^
·�3©z [4]¥JÑ� PPA)º"CP-PPA�S

�úª´µ
xk+1 = argmin

{
L(x, λk) +

r

2
‖x− xk‖2

∣∣ x ∈ X}, (3.1a)

λk+1 = argmax{L([2xk+1 − xk], λ)− s

2
‖λ− λk‖2}. (3.1b)

ùp� r, s > 0,´½¦#� xk+1Ú λk+1©Ol�5� xkÚ λkØ���.

�Ñ~ê�,S�úª�±{z¤
xk+1 = argmin

{
θ(x) +

r

2

∥∥x− [xk +
1

r
ATλk

]∥∥2 ∣∣x ∈ X}, (3.2a)

λk+1 = λk − 1

s

(
A[2xk+1 − xk]− b

)
. (3.2b)
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CP-PPA�{¥ x-f¯K (3.2a)��g��
r

2
‖x− qk‖2,'å (2.2a)¥��

g�
r

2
‖Ax− pk‖2{ü, Ïd x-f¯K�¦)�'�N´",
,�
�

yÂñ,�¦ëê

rs > ‖ATA‖. (3.3)

l (3.1)�±wÑ, L�� rÚ s,©O½¦ xk+1l xk , λk+1l λkéC,��

uS�¥Ú�É�,K��NÂñ�Ý"CP-PPA�{3ã�?n¥�(�

�
'�Ð��J, ´�ÃuÙ¥^���C�Ý
� ‖ATA‖ ≤ 8"

lS�úª (3.1)�±wÑ, CP-PPA�áu�©–éó·ÜFÝ{ PDHG"

4 þþþ(((²²²ïïï���OOO222...���KKKFFF¦¦¦fff{{{ (Balanced ALM)

þ(²ï�O2.�KF¦f{— (Balanced ALM)´r ALM� x-f¯K

(2.2a){z¤ CP-PPA� x-f¯K (3.2a)Ó��/ª, 
#�éóCþ λk+1
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�¼��ÏL¦)���5�§|¢y"Balanced ALM�S�úª´
xk+1 = arg min

{
L(x, λk) +

r

2
‖x− xk‖2

∣∣ x ∈ X}, (4.1a)

λk+1 = argmax
{
L([2xk+1 − xk], λ)− 1

2
‖λ− λk‖2( 1

r
AAT+δIm)

}
. (4.1b)

ùp� r > 0Ú δ > 0´?¿�,Ù¥� δ > 0�´�
�y,«�½5"Ï

d, Ò� ALM�{��, Balanced ALM¥�k��ëê rI��âäN¯K


ÀJ" Balanced ALM�{S�úª��d/ª´
xk+1 = argmin

{
θ(x) +

r

2

∥∥x− [xk +
1

r
ATλk

]∥∥2 ∣∣x ∈ X}. (4.2a)

λk+1 = arg min
{1

2
‖λ− λk‖2( 1

r
AAT+δIm) + λT

(
A[2xk+1 − xk]− b

)}
. (4.2b)

ùp� x-f¯K (4.2a)Ú CP-PPA� x-f¯K (3.2a)/ª����"(4.2b)

¥� λk+1´�5�§|(1

r
AAT + δIm

)
(λ− λk) +

(
A[2xk+1 − xk]− b

)
= 0 (4.3)
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�).5¿�þã�5�§|�XêÝ
´é¡�½�,3��S�L§¥

·�����g�½Ý
 (1

r
AAT + δIm

)
� Cholesky©)"Ý
O� [3]pk�~¤Ù��{¦)ùa�5�§|"

�5�§| (4.3)w�·�,éóCþ��#æ^�´ Levenberg-Marquardt

�{ [7, 8]" Levenberg-Marquardt�{�`:�`zO��Ñ´é�Ù�"

l (4.1b) Ú (3.1b)��O�±wÑ,duæ^
 Levenberg-Marquardt��,

(4.1)®²Ø2áu�©-éó·ÜFÝ{"

­.þvk���{´é¤k�¯K�Ð�.

Balanced ALM�`�5�´w
´��.

k,��Öö�±ë�·�3 arXivþ�©Ù [5] .

½öw�¡ §5�©ÛÚ §6�y²,Ñ��{á.
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5 Mathematical Background for Convergence

5.1 Variational Inequality Formulation

Recall the Lagrangian function of the problem (1.1)

L(x, λ) = θ(x)− λT (Ax− b), (x, λ) ∈ X × <m. (5.1)

A pair of (x∗, λ∗) ∈ X × <m is called a saddle point of the Lagrangian function, if

Lλ∈<m(x∗, λ) ≤ L(x∗, λ∗) ≤ Lx∈X (x, λ∗).

The above inequalities can be written as{
x∗ ∈ X , L(x, λ∗)− L(x∗, λ∗) ≥ 0, ∀x ∈ X , (5.2a)

λ∗ ∈ <m, L(x∗, λ∗)− L(x∗, λ) ≥ 0, ∀ λ ∈ <m. (5.2b)

According to the definition of L(x, λ) (see(5.1)),

L(x, λ∗)− L(x∗, λ∗) = θ(x)− θ(x∗) + (x− x∗)T (−ATλ∗),

it follows from (5.2a) that

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X . (5.3)
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Similarly, for (5.2b), since

L(x∗, λ∗)− L(x∗, λ) = (λ− λ∗)T (Ax∗ − b),

we have

λ∗ ∈ <m, (λ− λ∗)T (Ax∗ − b) ≥ 0, ∀ λ ∈ <m. (5.4)

Notice that the above expression is equivalent to Ax∗ = b.

Writing (5.3) and (5.4) together, we get the following variational inequality:{
x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T (−ATλ∗) ≥ 0, ∀x ∈ X ,

λ∗ ∈ <m, (λ− λ∗)T (Ax∗ − b) ≥ 0, ∀ λ ∈ <m.

A more compact form of the saddle-points is the following variational inequality:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (5.5a)

where

w =

(
x

λ

)
, F (w) =

( −ATλ
Ax− b

)
and Ω = X × <m. (5.5b)
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Because F is a affine operator and

F (w) =

(
0 −AT
A 0

)(
x

λ

)
−
(

0

b

)
,

the matrix is skew-symmetric, we have

(w − w̃)T (F (w)− F (w̃)) ≡ 0.

·�r�5�å�à`z¯K (1.1),=�¤
·ÜC©Ø�ª (5.5).

Lemma 1 Let X ⊂ <n be a closed convex set, θ(x) and f(x) be convex functions. If f

is differentiable and the solution set of the minimization problem

min{θ(x) + f(x) |x ∈ X}

is nonempty, then it holds that

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (5.6a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (5.6b)
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5.2 PPA for Variational Inequalities

The variational inequality:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (5.7)

PPA for VI (5.7) in H-norm For given wk and H � 0, find wk+1,

wk+1 ∈ Ω, θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1)

≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω. (5.8)

wk+1 is called the proximal point of the k-th iteration for the problem (5.7).

In the right hand side of (5.8), it can be v = w = (x, λ), it is also possible that v = λ.

Theorem 1 Let wk+1 be generated by (5.8) with given wk . Then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀w∗ ∈ Ω∗, (5.9)

Proof. Setting w = w∗ in (5.8), we obtain

(vk+1 − v∗)TH(vk − vk+1) ≥ θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (wk+1).
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By using (wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗) and

θ(xk+1)− θ(x∗) + (wk+1 − w∗)TF (w∗) ≥ 0,

we get

(vk+1 − v∗)TH(vk − vk+1) ≥ 0. (5.10)

Applying the identity

2bTH(a− b) =
(
‖a‖2H − ‖b‖2H

)
− ‖a− b‖2H

to the left-hand side of (5.10) with a = wk − w∗ and b = wk+1 − w∗, we thus obtain

2(vk+1 − v∗)TH(vk − vk+1)

=
(
‖vk − v∗‖2H − ‖vk+1 − v∗‖2H

)
− ‖vk − vk+1‖2H .

Thus, from (5.10) and the above identity, we obtain

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H .

We get the nice convergence property of Proximal Point Algorithm. �
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6 Convergence analysis for different methods
The convergence proof of the various methods is regarded as the PPA for

variational inequalities as in Section 5.2.

6.1 Convergence Analysis for ALM

The iterative scheme of the classical ALM is xk+1 ∈ argmin
{
θ(x) +

r

2

∥∥Ax− [b+
1

r
λk
]∥∥2 ∣∣x ∈ X}. (6.1a)

λk+1 = λk − r(Axk+1 − b). (6.1b)

Lemma 2 For given λk , let wk+1 = (xk+1, λk+1) be generated by (6.1), then we

have

wk+1 ∈ Ω, θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1)

≥ (λ− λk+1)T
1

r
(λk − λk+1), ∀w ∈ Ω. (6.2)

Proofs. According to Lemma 1, the solution xk+1 of the subproblem (6.1a) satisfies

xk+1 ∈ X , θ(x)−θ(xk+1)+(x−xk+1)T
{
AT [r(Axk+1−b)−λk]

}
≥ 0, ∀x ∈ X .
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By using (6.1b),

xk+1 ∈ X , θ(x)− θ(xk+1) + (x− xk+1)T
{
−ATλk+1} ≥ 0, ∀x ∈ X . (6.3)

The equation (6.1b) can be written as

(λ− λk+1)T(Axk+1 − b) ≥ (λ− λk+1)T
1

r
(λk − λk+1), ∀λ ∈ <m. (6.4)

Combining (6.3) and (6.4), we get

wk+1 ∈ Ω, θ(x)− θ(xk+1) +

(
x− xk+1

λ− λk+1

)T(
−ATλk+1

Axk+1 − b

)

≥ (λ− λk+1)T
(1

r

)
(λk − λk+1), ∀w ∈ Ω. (6.5)

Using the notation of (5.5), the assertion of this lemma is proved. �

v = λ. H = 1
r
Im. Thus, ALM is a PPA method ! Sincr r is a scalar, we have

‖λk+1 − λ∗‖2 ≤ ‖λk − λ∗‖2 − ‖λk − λk+1‖2. (6.6)

Ún 2`²O2.�KF¦f{ (6.1)´éóCþ λ� PPA�{.
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6.2 Convergence Analysis for CP-PPA

The iterative scheme of the CP-PPA is
xk+1 = argmin

{
θ(x) +

r

2

∥∥x− [xk +
1

r
ATλk

]∥∥2 ∣∣x ∈ X}, (6.7a)

λk+1 = λk − 1

s

(
A[2xk+1 − xk]− b

)
. (6.7b)

Lemma 3 For given wk , let wk+1 be generated by (6.7), then we have

wk+1 ∈ Ω, θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω. (6.8a)

where

H =

(
rIn AT

A sIm

)
. (6.8b)

Proof. According to Lemma 1, the solution xk+1 of the subproblem (6.7a) satisfies

xk+1 ∈ X , θ(x)−θ(xk+1)+(x−xk+1)T
{
r(xk+1−xk)−ATλk]

}
≥ 0, ∀x ∈ X .
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It can be rewritten as

xk+1 ∈ X , θ(x)− θ(xk+1) + (x− xk+1)T (−ATλk+1)

≥ (x− xk+1)T {r(xk − xk+1) +A(λk − λk+1)}, ∀x ∈ X . (6.9)

The equation (6.7b) can be written as

λk+1 ∈<m, (λ− λk+1)T (Axk+1 − b)

≥(λ−λk+1)T{A(xk − xk+1) + s(λk − λk+1)}, ∀λ ∈<m. (6.10)

Combining (6.9) and (6.10), we get

wk+1 ∈ Ω, θ(x)− θ(xk+1) +

(
x− xk+1

λ− λk+1

)T(
−ATλk+1

Axk+1 − b

)

≥

(
x− xk+1

λ− λk+1

)T(
rIn AT

A sIm

)(
xk − xk+1

λk − λk+1

)
, ∀w ∈ Ω. (6.11)

In the case that rs > ‖ATA‖, the matrix H is positive definite. �

Ún 3`² CP-PPA�{ (6.7)´Cþ w� PPA�{.
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6.3 Convergence Analysis for Balanced ALM

The iterative scheme of the Balanced ALM is
xk+1 = arg min

{
L(x, λk) +

r

2
‖x− xk‖2

∣∣ x ∈ X}, (6.12a)

λk+1 = argmax
{
L([2xk+1 − xk], λ)− 1

2
‖λ− λk‖2( 1

r
AAT+δIm)

}
. (6.12b)

Lemma 4 For given wk = (xk, λk), let uk+1 be generated by (6.12), then we have

wk+1 ∈ Ω, θ(x)− θ(xk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω. (6.13a)

where

H =

(
rIn AT

A
1

r
AAT + δIm

)
. (6.13b)

Proof. According to Lemma 1, xk+1 offered by (6.12a) satisfies

xk+1 ∈ X , θ(x)−θ(xk+1)+(x−xk+1)T
{
−ATλk+r(xk+1−xk)

}
≥ 0, ∀x ∈ X .
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Then, for any unknown λk+1, we have

xk+1 ∈ X , θ(x)− θ(xk+1) + (x− xk+1)T (−ATλk+1)

≥(x− xk+1)T
{
r(xk − xk+1) +AT(λk − λk+1)

}
, ∀x ∈ X .(6.14)

Similarly, according to Lemma 1, λk+1 offered by (6.12b) is characterized by the

variational inequality

(λ−λk+1)T
{(
A[2xk+1−xk]−b

)
+
(1

r
AAT+δIm

)
(λk+1−λk)

}
≥ 0, ∀λ ∈ Λ.

It can be rewritten as

λk+1 ∈ Λ, (λ− λk+1)T (Axk+1 − b)

≥ (λ− λk+1)T
{
(A(xk− xk+1) +

(1

r
AAT + δIm

)
(λk− λk+1)

}
, (6.15)

for all λ ∈ <m. Combining (6.14) and (6.15), and using the notation in (5.5), we get

(6.13). The assertion of Lemma 4 is proved. �

Ún 4`² Balanced ALM�{ (6.12)´Cþ w� PPA�{.



19
References

[1] A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem with applications

to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.

[2] A. Chambolle and T Pock, On the ergodic convergence rates of a first-order primal-dual

algorithm, Math. Program., A 159 (2016) 253-287.

[3] G. Golub and C. F. Van Loan, Matrix Computations, The Johns Hopkins University Press, The

Fourth Edition, 2013.

[4] B.S. He and X.M. Yuan, Convergence analysis of primal-dual algorithms for a saddle-point

problem: From contraction perspective, SIAM J. Imag. Science 5(2012), 119-149.

[5] B.S. He and X.M. Yuan, Balanced Augmented Lagrangian Method for Convex Optimization.

manusript, 2021. arXiv:2108.08554

[6] M. R. Hestenes, Multiplier and gradient methods, J. Optim. Theory Appli, 4 (1969), pp. 303-320.

[7] K. Levenberg, A method for the solution of certain nonlinear problems in least squares, Quart.

Appl. Math., 2 (1944) 164-168.

[8] D. W. Marquardt, An algorithm for least squares estimation of nonlinear parameters, SIAM J.

Appl. Math., 11 (1963) 431-441.

[9] B. Martinet, Regularisation, d’inéquations variationelles par approximations succesives, Rev.

Francaise d’Inform. Recherche Oper., 4 (1970), pp. 154-159.

[10] M. J. D. Powell, A method for nonlinear constraints in minimization problems, In Optimization

edited by R. Fletcher, pp. 283-298, Academic Press, New York, 1969.



20

Thank you very much for reading !


