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1 Optimization problem and VI

1.1 Differential convex optimization in Form of VI

Let {2 C K", we consider the convex minimization problem

min{ f(x) | z € Q}. (1.1)

What is the first-order optimal condition ? '

¥ € Q) & z* € ()and any feasible direction is not a descent one.

Optimal condition in variational inequality form '

o Sy(z*) ={s e R" | sTVf(z*) <0} = Setofthe descent directions.

o Si(x*) ={seR" | s=x—2a* z €} = Setoffeasible directions.

*eQ* & 2*eQ and S¢(z*)NSy(z*) = 0.

FEFIELLFE LT ENZ: FrERTHREESABE EAGE



The optimal condition can be presented in a variational inequality (VI) form:
e Q, (x—2)'Vf(x*)>0, VreQ. (1.2)

Substituting V f () with an operator F' (from J" into itself), we get a classical VI.

/ x € () The dash vectors are
infeasible directions

Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

fly) > f@) + Vf(x) (y — x)
f@) > fly) + V() (z—vy)

We say the gradient Vf of the convex function f is a monotone operator.

thus (z —y)* (Vf(z) — Vf(y)) > 0.



BRENEZAENAEZRFE FEEETHRIEN—15IE

z* € argmin{f(z)|lr € X} & z" € X, O(x) —0(z*) >0, VxedX;

r* € argmin{f(z)lr € X} & z* € X, (z—2*)'Vf(z*)>0, Vrc X.

FEMNOMEEREFGREEERR, BERGE—ENE TERSIE:

EHE1 Let ¥ C R" be a closed convex set, 0(x) and f(x) be convex func-
tions and f(x) is differentiable. Assume that the solution set of the minimization
problem min{f(x) + f(x) |x € X'} is nonempty. Then,

r* € argmin{f(z) + f(x) |x € X'} (1.3a)
if and only if Lt &M FHEIE
v e X, O(x) —0(z*) + (xv — ") ' Vf(z*) >0, Yo € X. (1.3Db)

EIE 1L L a)dR (1.3a) 5k T 25 AFK (1.3b).



1.2 Linear constrained convex optimization and VI

We consider the linearly constrained convex

optimization problem
min{f(u) | Au=5b, u e U}. (1.4)
The Lagrangian function of the problem (1.4) is

L(u,\) = 0(u) — X' (Au —b), (1.5)

which is defined on U X R

A pair of (u*, \*) is called a saddle point of the Lagrange function (1.5), if
(u*, \*) e U x R™, and

L(u, \*) > L(u*,\*) > L(u*, A), Y(u,\) €U x ®™.



The above inequalities can be written as

uw* €U, Lu,\*)—Lu*\)>0, VYuel, (1.6a)
A eR™ L(u*,\")— L(u",A\) >0, VAXeR™. (1.6b)

According to the definition of L(u, )\) (see(1.5)), it follows from (1.6a) that
w e, O(u) —0u*) + (u—u)'(=ATN) >0, Yueld. (1.7)
Similarly, for (1.6b), we have
MeR™ (A= )T (Au* —b) >0, Ve R (1.8)
Writing (1.7) and (1.8) together, we get the following variational inequality:

w* e, O(u) —0(u*)+ (u—u)(—ATX*) >0, Vuel,
A e R™ A= 2X)T(Au* —b) >0, V€ R™

Using a more compact form, the saddle-point can be characterized as the solution



of the following VI:
w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, Ywe, (1.9a)

where

T
w:(u), F(w):( A)\) and Q=UXxR". (1.9b)
Au — b

Setting w = (u, A*) and w = (u*, \) in (1.9), we get (1.7) and (1.8),

respectively. Because F' is an affine operator and

e - (55 (3) - ()

The matrix is skew-symmetric, we have

HMELRAVCIALIE)RE (1.4), 3 T REZDAF (1.9).




Two block separable convex optimization I

We consider the following structured separable convex optimization
min{6,(z) + 02(y) | Ar+ By =b, x € X,y € V}. (1.10)

This is a special problem of (1.4) with

"= <m> U=XxY, A=(A B).
y

The Lagrangian function of the problem (5.5) is
L) (z,y,A) = 61(x) + 02(y) — A" (Az + By — b).
The same analysis tells us that the saddle point is a solution of the following VI:

w' € Q, O(u) —(u) + (w—w) Flw) >0, YweQ. (.11
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x
T
u( ), Ou) =01(z)+02(y), w=1 vy |, (1.12a)
Y A
— AT\
F(w) = —BT )\ , and Q=X x)Y x R™. (1.12b)
Axz + By — b

The affine operator F'(w) has the form

0 0 —-AT T 0
Flw)=0 0 —-BT y | =10
A B 0 A b

Again, due to the skew-symmetry, we have (w — @) (F(w) — F(w)) = 0.
A DB &M AR OMLERR (5.5), FRK TEHAFN (1.11)-(1.12).
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Convex optimization problem with three separable functions

min{f(x) +602(y) +03(z) | Ax+By+Cz=b,z € X,y )Y,z € Z},

is a special problem of (1.4) with three blocks. The Lagrangian function is
L& (x,y,2,\) = 01(x) + 02(y) + 05(2) — \T(Ax + By + Cz — b).
The same analysis tells us that the saddle point is a solution of the following VI:
w* € Q, Ou) —0(u*) + (w—w)'Fw*) >0, Ywe Q.

where 0(u) = 01 (x) + 02(y) + 03(2),

. . [ —a™x )
J —BY )\
w = > ) U = Yy ) F(w)_ —CT)\ )
A < \A:c—i—By—FCz—b)
and Q=X xIYxZxR".

REMELAROAURAREA H R AEE =, #RAE R T NIV E D A FR.




2 Proximal point algorithms and its Beyond

5|3 1 Let the vectors a,b € R", H € R"*"™ be a positive definite matrix. If

bI'H(a — b) > 0, then we have |z||2 = 2Tz, |@||2, = 2THz.
1617 < llallz — lla = bl%- (2.1)
The assertion follows from ||a||%; = [|b+ (a — b)||% > ||b|% + ||a — b||%;-

2.1 Preliminaries of PPA for Variational Inequalities

The optimal condition of the linearly constrained convex optimization is
characterized as a mixed monotone variational inequality:

w* € Q, O(u)—0u*)+ (w—w)'F(w*) >0, YweN. (22

Kt
il

, AEw = (u,\) BE2BTE u MTETE A\

UREXEE )=

12
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Definition: PPA for VI (2.2) in -norm

For given w* and H > 0, find w**! such that

wh T e Q) O(u) — (U ) + (w — wTHT F (Wt WL R EE

> (w — wHTH(wk — w1, Vw e Q, (2.3)

k+1

w is called the proximal point of the k-th iteration for the problem (2.2).

"4 w”T! is the solution of (2.2) if and only if w* = w#Tt K

(2.3) ®KAEVI(22) WPPABARENX. H AJLAZHERE
B, AT A& SRV ERAEME, SR H e B =X FRAERE.
FE2EXRENGFHARXEZAMEMERN AL,

Setting w = w™ in (2.3), we obtain

(wk—l—l_w*)TH(wk_wk—l—l) > H(ukﬂ)—@(u*)—l—(wkﬂ—w*)TF(wkH).



Note that (see the structure of F'(w) in (1.9b))
(wk—l—l . w*)TF(wk—l—l) _ (wk—l—l . ’U}*)TF(’U}*),
and consequently (by using (2.2)) we obtain

(Wt —w*) T Hw" —w* ™) > 0 ) —0(u*) + (0" —w*)T F(w*) > 0.

Thus, we have
(wh T — w)T H(w" — w1 > 0. (2.4)

By setting @ = w® — w* and b = w*t! — w*,
the inequality (2.4) means that b1 H (a — b) > 0.

By using Lemma 1, we obtain

[ — w3 < flw” — w7 — [lw® —w" . (@29

We get the nice convergence property of Proximal Point Algorithm.

14



2.2 Variants of PPA for Variational Inequalities

Let v be a sub-vector of w which contains a part of the elements of the vector w.

In some algorithms, the k-th iteration only needs v” to start. viZIDEE

PPA for VI (2.2) in H{-norm For given v* and H > 0, find w**1,

wh Tt e Q) O(u) — (W) + (w — wTHT P (Wt
> (v — " THTH (P — oY) vw e Q, (2.6)

k+1

w is called the proximal point of the k-th iteration for the problem (2.2).

4 w®T! is the solution of (2.2) if and only if v* = v*T1

In this case, v is called the essential variables of w. In addition, we define
V* = {v" is a subvector of w* |w* € Q*}.
Setting w = w™ in (2.6), we obtain

(,Uk—l—l_,U*)TH(Uk_,Uk—l—l) Z 9(uk+1)—9(u*)+(wk+l—w*)TF(wkH).

15



Note that (see the structure of F'(w) in (1.9b))
k+1 T k+1 k+1 T
(T —w*)T F(w™) = (W' —w)T F(w”),
and consequently (by using (2.2)) we obtain

W —oTH@" —o" ) > 0 — 0(u*) + (" — w*)T F(w*) > 0.

Thus, we have
(V* Tt — )T H (W — o*Th) > 0. (2.7)

By using Lemma 1, we obtain

" —o*|l7y < Nlv* — o™l — v =" @9

We get the nice convergence property of Proximal Point Algorithm.

The residue sequence {||v* — v**1|| 7} is also monotonically no-increasing.

,Uk—l—l

Sequence {|[v" — | }is non-icreasing.  ||v* —v* |3 < |l T =R

16



2.3 The relaxed PPA (ZEHRI4PESEE)

We shall maintain our focus on the monotone variational inequality (2.2), namely,

w* € Q, Ou) —0u*) + (w—w)'Fw*) >0, Ywe .

The PPA form (2.6) reads as

Le, 9(u) — 0™ + (w — w"™HT Fwhth)

> (v — " THTH@WF — o), Vw e Q.

~k

Set the output of the above VI as w™, we have

FeQ, 0(u) - 0(a") + (w—w")" F(d")
> (v — )T H@W" — %), Yw e Q.

Setting w = w™ in (2.1), we obtain

(% — T H @R — %) > 0(a") — 0(u*) + (0" — w*)T F(a).

(2.1)

17
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Applying (see (1.9b)) the identity

(0* — w*)T F(@%) = (@* — w*)T F(w*)
to (2.2), we obtain

(" —v)TH®W" - o) > 0(@") — 0(u*) + (@" — w*)" F(w").
Because RHS of the above inequality is , we have
(% — v TH((WF — %) > 0.

We write it as

{@" =) = (0" = ")} H(" — %) >0
and thus

(vF — v TH @R — %) > ||of — %%, Yo e V. (2.3)



The inequality (2.3) means that (v* — ©%) is the ascent direction of the unknown

distance function %Hv —v* HZ at the point v*.

(V (3]0 =o]13)

The task of the algorithm is to produce a decreasing sequence {||v* — v*[|%}.
Set

W =) > |oF = oHfF, Ve eV

v=uvk

P a) = vF — a(v — o) (2.4)
which is an « dependent new iterate. It is clear we want to maximize
I(a) = [[o" —o*||F — 0" (a) — " |13 (2.5)
Note that
Ia) = [oF = F = (" =) —a(® = ")}
= 200" —v)TH@W" —o%) — ?||vF = 3%||3,  (2.6)

IS a quadratic function of «.

19



We can not directly maximize 19(04) in (2.6) because the coefficient of the linear

term 2(v® — v*)T H(v* — ©*) contains the unknown solution v*.

Using (2.3), from (2.6) we get
I(a) > 2a||v® — 0|3 — a?|jv® — %% (2.7)

Set
g(a) = 2a — a?)|Jo" — 3"||3, (2.8)

which is a quadratic lower-bound function of 1¥(«). The quadratic function ¢ ()

reaches its maximum at o™ =
k k ko o~k
v =0t — (0" = 7), v €(0,2) (2.9)
The generated sequence {v"*} satisfies

[ — ot < lo* — ot = (2 = )t = 07 (2.10)

20
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3 MERE-MERSHEAIIRTEFNBIEATE R

We consider the min — max problem (e. g. E{#& 41257 ROF Model [4, 30])

min, max,{®(z,y) = 61(z) —y Az — 02(y) |z € X,y € V}. (3.1)
Let (™, y™) be the solution of (6.4), then we have
rreX, ®(z,y")—-P(z",y") >0, VoelX, (3.2a)
{ y ey, d",y")—P(x",y) >0, Vye. (3.2b)
Using the notation of ®(x, ), it can be written as
t* € X, O1(x) —01(z*) + (x — 2" (=ATy*) >0, VzxeX,
{y* €Y, O2(y) —02(y") + (y—y) (Az") 20, Vyel.

Furthermore, it can be written as a variational inequality in the compact form:

weQ, 0w —0u)+ (u—u)'Fu*) >0, VueQ, (3.3)

22
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3.1 K& =mEER [Rin-XHER &#6E A PDHG [32]
For given (2, y*), PDHG [32] produces a pair of ("1, y*T1). First,

" = argmin{®(z,y") + gHa: — 2"’ |z € X}, (3.4a)

and then we obtain ka via

S
y* ! = argmax{®(z" ", y) — Sy — y°1I? |y € V}. (3.4b)



Ignoring the constant term in the objective function, the subproblems (6.6) are reduced to

" = argmin{0:(z) — 2" AT y" + ol — )7 |z e XY, (3.5a)
y" T = argmin{fa(y) +y" A" + 5y P ly € V) (@5)

According to Lemma 1, the optimality condition of (3.5a) is T € X and

01(z)— 01 (" T+ (x—2" T {—ATy 4r(@"T —2")} >0, Vz € X. (3.6)
Similarly, from (3.5b) we get y € ) and

O2(y) —02(y" )+ (y—y" ) {Az" T + 5" ")} 20, Vy e V. 67)
Combining (3.6) and (3.7), we have ©u* 1! = (2" 11 ¢* 1) ¢ X x YQ,

W e, 0(w) — (W + (uw — TR

> (u—u"™HTQW" — v, YueQ. (3.8)
where
Q = rl, AT is not symmetric
0 sln '

It does not be the PPA form (2.3), and we can not expect its convergence.

24



Note that its Lagrange function is

L(z,y) =c z—y"' (Az —b) (3.9)

which defined on ﬂ%i x R & = [(1)] and y* = 1. is the unique saddle point of the
Lagrange function.

For solving the min-max problem (3.9), by using (6.6), the iterative formula is

r
"t = argmin{c’z — 2" ATy"* + ||z — 2*|*|z > 0}

= argmin{ 7 |lz—[z"+ 7 (A"y" —o)]|*|> > 0}
q = Ppy [2"+ 1 (ATy" —0)]
= max{[z"+7(A"y" —c)], 0},

T

yk—l—l — yk . %(AQTIH_l . b)

We use (23, 25; %) = (0, 0;0) as the start point. For this example, the method is not

convergent.

25



- A
A
7 * 4
ul o U U9 (1,0:1) o U
§)
u’ ¢ (0.00) U Dud

Fig. 2.1 The sequence generated by
PDHG Method withr = s =1

u’ = (0,0;0)
ul = (0,0;1)
u? = (0,0;2)
u? = (1,0;2)
ut = (2,0;1)
u® = (2,0;0)
u® = (1,0;0)
u” = (0,0;1)
6 — ok
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* solution poit * solution point
B initial iterate B initial iterate
final iterate final iterate

2.00
1.75
1.50
1.25
1.00
0.75
0.50
0.25
0.00

% solution poir % solution point
B initial iterate B initial iterate
final iterate final iterate

2.00
1.75
1.50
1.25
1.00
0.75
0.50
0.25
0.00

75
2.00 0.0000

For r = s =1, 2, 5, 10, PDHG methods are not convergent



3.2 Customized Proximal Point Algorithm-Classical Version
BE, JNMEXMERNBIESEEZRA “RREEHNMLSEZE" .

If we change the non-symmetric matrix () to a symmetric matrix A such that

0 rl, AT H rl, AT
— p— — ,

then the variational inequality (6.7) will become the following desirable form:

O(u) —O(u* ™) + (u—u* T F () + H(uP T —u®)) >0, vu e Q.

For this purpose, we need only to change (3.7) in PDHG, namely,

O2(y) — 02(y" ) + (y — ") {Ax" + s(y" T =)} >0, Vy e V.
to

O2(y) — O2(y" 1) + (y — " T {AZ T AT — 2F)
+s(yT —y")) >0, Vye .

28



Thus, for given (x*, y*), producing a proximal point (z**1, 3y/**1) via (6.6a)
and (3.10) can be summarized as:

gt = argmin{CI)(a:,yk) + gHCIT — :r;kHQ ’:1: € X}. (3.11a)

R+l = argmax{CD([Q:z;k+1 — a;k],y) — gHy — kaQ} (3.11b)

By ignoring the constant term in the objective function, getting k1 from (3.11a)
is equivalent to obtaining z* 11 from

il = argmin{ 61 (x) + gHaﬁ - [:Ck + %ATyk] H2 ‘ e X}
The solution of (3.11b) is given by

y" 1 = argmin{ s (y) + gHy — [y" + %A(QJ;I‘CH — )] H2 ly e Y}

According to the assumption, there is no difficulty to solve (3.11a)-(3.11b).

29



In the case that rs > || AT A||, the matrix

rl, AT
H = is positive definite.
A sl,,

EH 2 The sequence {u”* = (z* y*)} generated by the customized PPA
(3.11) satisfies

Huk+1 k+1

—ulf < Jlu® =g = - WP (3.12)

For the minimization problem  min{f(x) | Az = b,z € X'},

the iterative scheme is

gl = argmin{@(w) + g”:c — [a:k + %ATyk} H2 ’a: - X}. (3.13a)

1
gt =y — —JAQ22" T — 2¥) —b]. (3.13b)

30



% solution point
initial iterate
final iterate

%  solution pt
B initial itere [ ]

final iterat

L1.75
-1.50
+1.25
+1.00 y
-0.75
-0.50

*  solution pc * solution point
B initial itere B initial iterate

final iterat final iterate
L 2.00
. r1.75
M- r1.50
L r1.25

-1 +1.00 ¥

rC r0.75
+C r0.50
r0 r0.25
Lo r0.00

0.0 0.04

0.02 0.02
0.00
—0.02%2

000 0.25 g 50 ¢ 5

5 1.00 1.25
x1

Forr =s =1,2,5, 10, C-PPA are convergent. Sk K, T8 R<T, LSS

1.50 1,75

31
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3.3 Simplicity recognition
Frame of VI is recognized by some Researcher in Image Science I

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization*

Thomas Pock Antonin Chambolle
Institute for Computer Graphics and Vision CMAP & CNRS
Graz University of Technology Ecole Polytechnique
pock@icg.tugraz.at antonin.chambolle@cmap.polytechnique.fr

e T. Pock and A. Chambolle, IEEE ICCV, 1762-1769, 2011

e A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem
with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.



preconditioned algorithm. In very recent work [10], it has
been shown that the iterates (2) can be written in form of a
proximal point algorithm [14], which greatly simplifies the
convergence analysis.

From the optimality conditions of the iterates (4) and the
convexity of G and F'™* it follows that for any (z,y) € X X
Y the iterates x**! and y* T satisfy

x — gt pEFL Skl _ ok
e cammn O SRR MY o >0 .
i gkt S mr ST L.k SR

(5)
where
7 J:k—&—l B (‘)G(J?k—i_l) JrK’Tyk—l—l
yk—}—l - 8F*(y"‘+1) - [(Ik—}—l
and . .
. T —K

It is easy to check, that the variational inequality (5) now
takes the form of a proximal point algorithm [10, 14, 16].

5% C-P 7 &
A8 PPA fi2
FE AR K Hb 5 1k
T UL S 1

AR IRIAN A,
QB (6)
NHIEERE M %
FRIERE, 4 B
8189 PPA 753£.

B, migEA
B TH 45 & /Y 1
T, FAEARA—
TE TSR AY.

HH CP HIAEFSRIVFEME M (FBE T IR H), Z 0 = 0, FIANBEARIEIEL
Xt 6 e (0,1), sz BUERR, 42— Open Problem.
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[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
University Press, Princeton, New Jersey, 1962.

[10] B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation image restoration. Technical
report, Nanjing University, China, 2010.

Later, the Reference
[10] is published in
SIAM J. Imaging Sci-

ence [19].

Math. Program., Ser. A
DOI 10.1007/s10107-015-0957-3
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1 Introduction

In this work we revisit a first-order primal—dual algorithm which was introduced in [ 15,
26] and its accelerated variants which were studied in [5]. We derive new estimates
for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N) rate
of convergence (where N is the number of iterations), which also generalizes to non-

Algorithm 1: O(1/N) Non-linear primal—dual algorithm

e Input: Operator norm L := || K|, Lipschitz constant L ¢ of V f, and Bregman
distance functions Dy and D,.

e Initialization: Choose (x°, y) e X x Y, t,0 > 0

e Iterations: For each n > 0 let

"Ly = PDL o (x, y?, 26" — Xy (11)

The elegant interpretation in [ 16] shows that by writing the algorithm in this form

& 1ZCHIICHER [16] 214 3R1E SIAM J. Imaging Science E AN E.
B.S. He and X.M. Yuan, Convergence analysis of primal-dual algorithms for a saddle -point

problem: From contraction perspective, SIAM J. Imag. Science 5(2012), 119-149.
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Proximal point form

BAARRER TERMNOIME EBRE
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University of Colorado Boulder Technical Report, Department of Applied Mathematics

The Chen-Teboulle algorithm is the proximal point algorithm

Stephen Becker *
November 22, 2011; posted August 13, 2019

Abstract

Werevisit the|Recent works such as [HY12] have proposed a very simple yet

on the step-size

powerful technique for analyzing optimization methods.

1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product (x,y) on H x H*. Instead of defining the norm to be the induced norm, we define the primal
norm as follows (and this induces the dual norm)

2y =z v, il = llyllv-: = Vg, V1) = V. y)y -

for any Hermitian positive definite V € B(H,H): we write this condition as V > 0. For finite dimensional
spaces ‘H. this means that V' is a positive definite matrix.

Jelly =
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4 BRpyEIEEFEHPERER

RIFBFIZIEE R WIEPPARE. FHIARFILAE[12] R &R

The convex optimization problem,
min{f(x) | Ax =b, z € X}
is translated to the equivalent variational inequality :
w* € Q, O(z)—0(z*) + (w—w)TFw*) >0, YuecQ,
where

x — AT\
w = , F(w) = and =X x R™.
A Az —b

(4.1a)

(4.1b)
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4.1 PPA in Primal-Dual Order

Relaxed PPA for the variational inequality (4.1) : Find W* € Q, such that

0(z) —0(2") + (w— ") F(@") > (w—a")" Hw" —a"), Yw € Q, (4.2a)

where
BATA + 61, AT
H = 1 . (4.2b)
A HIm
s
The concrete formula of (4.2) is The underline part is ("), because
BTRIZNE S RE F (o) _ AT
F(w) =
) Ax — b

0(z) — 0(F*) + (x — )T
4 {—ATXN + (BAT A + 6I1,) (2% — ")+ AT(OF — X))} >0,
(AzF —b)  +A@EF -2 + /8N =XF)=o0.

(4.3)
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0 (4.3) FHY “BUNE” THAFAEE—T, FE2:

{ 0(z) — 0(z") + (z — ") T{—ATN* + (BAT A+ 61,,) (7" — 2¥)} > 0,
(A[2z" — 2" —b) + (1/B)(\" = \F) =0.

How to implement the prediction? ' To get w* which satisfies (4.3),

we need only use the following procedure: (Primal-Dual)

i

k= Argmin{ 1 (z) k—xinAk Lo |TE X},
< +3B8l Al —2)|17 4 50l — 27| (4.4)
\ A= Nk — B(A[2z% — %] — b).
Then, we use the form
wh Tt = wk — a(w® — %), o€ (0,2)

to update the new iterate w**1.

(44 TR BARR B H, BEAIFE MR 0(2x), X
BIEF LA R BB, B2 G KT RA /)R X




4.2 & (35 E ME)AFYALM (Balanced ALM) [22]

T2 B ALM, AR =L (4.4) FEY 2 F i) AY B A7 R B R B IE L 14 R
BO(z) MEFLZREH L ||x — 287, OIS EEEBEITE \NIKIE.

PPA for the variational inequality (4.1) :  Find w* € Q, such that

0(z) — 0(i*) + (w — W*)TF (@) > (w — )T Hw* — a"), vw € Q,
(4.5a)

rl, AT
H = is positive definite. (4.5b)
A TAAT 461,

where

Then, we use the form

k+1 k

W' = w" — a(w” —0%), a€(0,2)

to update the new iterate w** 1.
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BTRIZHBATHE F(0F) The underline part is F'(w"):

_ AT
The concrete form of (4.5) is Az — b

0(z) — 0(2*) + (x — #)T{=AT XN + rI, (8" — zF) + AT\ — \F)} >0,
(AzF —b) + A" —2%) + (LAAT 4+ 6L,.) O\ — M) =0.

It can written as

" e X, 0(x)—0(&") 4+ (x — )T {—ATN 4 (3" — 2F)} >0,
A[(23% — 2F) — b] + (LAAT 4+ 61,) (V" — \F) = 0.

Thus, the predictor " in balanced ALM (4.5) is implemented by

(

i* =argmin{f(z) — z" AT \* + ng —z"||? |z € X}, (4.6a)

~

N =arg min{)\T (A[2%* — 2" —b) + %HA — ARH?%AAT—HSIm)}. (4.6Db)

\
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Remark. \* in (4.6b) is the solution of the following system of linear equations:

Ho(A — \*) + (A[28" — 2] — b) = 0, (4.7)
where
Hy = 1AAT +61,,. (4.8)
T

Because the matrix H) is positive definite, there are efficient algorithms in
literature for solving such a systems of linear equations.
o BIRIBVIET HIAERA H I FI&, - FIiolR (4.62) P HI RIS FLAY, PR
T Bl SK BRI ME .
o \-TF[0]Hl (4.6b) BKRE— N RBIEMEENLEFIEA. FTEH, £EY
IEREIER, FAMRAEXSREFE Ho (see (4.8)) f—IX Cholesky 73 ##.

o BIEELLI—T (4.20) F1 (4.5b) PIEEFEE H IR RHIER . B4
B AR E— TN EMAE R H 5%



5 MHRAI9ES0)EAY ADMM F1 PPA B4

BN ZE DA F a8
w* e, 0u)—0u")+ (w—w)" Fw*)>0, YweQ, (5.1)

EXT PPARIE, & H AXIRIEEREM, HAR TR PPARIENE L SAEH
Bw"® HE&, RIGHIMER S £

Leq, Q(u)_g(uk—l—l) + (w— wk—i—l)TF(wk-l—l)

> (w—w"™THW" — "), Yweq. (5.2)

Wt BT SAENRCRE (5.1) BN VEEZHR 5.2) PRI w" = v
PPABEHE ERFT {w" ) %2

k+1 k41

|w* T —w* || < |Jw* —w*||H — |[w* —w* T, YuteQ. (53

HE
Jw® —w T < JJw® Tt — " || F. (5.4)

AZFEN (5.3) M (5.4) EPPAEZRIAELEEM X EZAIM .

44



45

5.1 ADMM B ERIEZE MR
ADMM 2 F K fiZ AR A] 53 B a L 1L [a) @

min{6:(z) + 62(y)|Ax + By = b,z € X,y € YV} (5.5)
BMEE. BAHBEIRE (5.5) R ESTTEFR (5.1), H

W — (y)’ u = (:c)’ O(u) = 01(x) + 02(y),
A\ Y

—A" A
F(w) = — BT\ M Q=XxYxR".
Axr+ By — b

o] (5.5) BB RSB H R 2

£, y, X) = 01(x) + 0a(y) — AT (Az + By —b) + 5 || Az + By — b]]°.



-G AR T RIS kRN A R N\ T, @i

)\k—l—l _ )\k o B(A$k+1 + Byk—l—l o b),

KB whtt = (P R AR,

ALM { (", ") = arg min{ﬁ[g] (z,y, \¥) ‘ x e X,y€e YV},

(5.6a)

(5.6b)

FA ALM 7740 F8 8] R (5.5), Fe {138 v = AUz OEE, (2, y) UM EES

X=E.
ADMM 235t T B ALM, kXIERNEER v° = (v*, \F) FFER, Bt
(2" = arg min{ﬁ[;] (x,yk, Ak) } x € X}, (5.7a)
(ADMM) § 4" = argmin{£5 (=", y, \*) | y € V1, (5.7b)
AT =0 — B4z + Byt — ), (5.7¢)
KIG wh = (2P M AR,
F ADMM J33E 4038 )7 (5.5), F AT v = (y, \) B#ZLEE, » AP ETE.

E X, ADMM B2 #A5t T HY ALM.
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BT e ZE AL B) R B R eR B89 = B xS [a] B B #8225 520, ADMM (5.7) SE
Pr_E =il
(R e argmin{6:(z) — z" A" A" + 16||Az + By" —b|* | z € X},

Yyt e argmin{eg(y) —yT' BTN\ + %BHAZEIH_l + By — bl|? | Yy € y},

N\

)\k—l—l — )\k o B(Aﬂfk+1 _|_ Byk—|—1 . b)

\

(5.8)
jzf%wk—i_l _ (ZEk—H,yk—H, )\k—i-l)_
Analysis ' RIBEMMEEIE, (5.8) BY = Ay F o)L 53 Bl 2
e X, Oi(x) = 0" + (@ —2tTHT (5.92)
Ja
{-ATN* + BAT (Az" + By* —b)} >0, Vz e X
AN
k+1 c : 9 . 9 k+1 o k+IN\T
Y Y, O2(y) —02(y"" )+ (y—y") (5.9b)

{(-BT"X\*+ BB (Az" " +By* —b)} > 0, Vy € V.
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L AT = NP — B(Ax" T + Byt —b) RN (5.9) GHEESEN")
A9 B EE

Ml ex, 6 () — 61 (karl) + (x — xk+1)T

AT v k+1 T k k+1 (5.10a)
{A)\ + BA" B(y" — vy )}ZO,VxEX,

A0

ey, 0(y) -0+ (y—y"THT{-BTA} >0, vy e .
(5.10b)

3% (5.10) B EZERMER: ot = (" T e & x ),
B(u) — Oy + (7 P HIN T — AT AR+
g — ot _ BT+

T
+B(AOB> (y* - y’““)} >0, V(z,y) € X X V.

(5.11)
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BELERANEK
kLN T _ AT )\Fk+1 AT B
0(u) — O(u""") + (Zj _ :;k—l—l ) {( _ BT \k+1 ) +5 (BTB> (v" ="

0 0 AR
+( )( >}>0 V(z,y) € X x Y. (5.12)

RfE. FANBWMTRISIEE:

49

SIE 2 BT (v°, \5), & w* T = (" o T A € QRAXEHE
% (5.8) ERAY. FA1A
T — xk—l—l T _ AT )\k+1 AT
O(u)—0(u )+ [y — o+t | 4 _ BTk +8| BT |By"—y"")
A=A\ Az T - Byt — b 0

0 0 yFHL R
+ | BBTB 0 > >0, Yw € Q. (5.13)
Im -




HER 3 (A" + Byt —0) + SN - 0F) = 0FT IS AL

R LB (5.13), SRSB4, O
ATHE FMNEX

SEITERSIE:

SIEE 3 ILREM (y°, N°), Ww ! = (o TN e QO REBREAE
7% (5.8) £ AKRY. FA18

(vk+1—v*)TH<Uk—Uk+1) > (yk_yk—l—l)TBT(Ak:_)\k—i—l), Vw* € QF, (5.14)

Hrp
T
H:<BB B0 ) (5.15)

1
0 Elm
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Proof. Setting w = w™ in (5.13), we get

(Uk—|-1 . ’U*)TH(’Uk . ’Uk+1)

I B T AT
() A Y-
vyt —y B
+0(u" ) — 0(u*) + (W — T F ("), Yw* € QF. (5.16)

Observe the first part of the right hand side of (5.16),

$k+1 . 33* T AT
" . |BBG" =y
y "t — oyt B

k k4+1\T T gt — g
= (y"—y") B B(A B)
yk—l—l_y*

= (y* —¢"THBT(\F =\, (5.17)
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To the second part, since (w* ™t — w*)T F(w* 1) = (w* T — w*)T F(w*) and w*
is the optimal solution, it follows that
e(uk}—l—l)_e(u*) 4+ (wk—l—l . w*)TF<wk—|—1)
= W) —0w*) + W —w)TF(w*) > 0. (5.18)

The assertion (5.16) immediately. []

5138 4 SHATERT (vF, \F), B! = (2", T N € QRARE S
/5 (6.8) EARY. FA1B

(y* —y"tHT"BT (A" =\ > 0. (5.19)

Proof. Because (5.10b) is true for the k-th iteration and the previous iteration, we have
k+1 k+1\T T\ k+1
O2(y) —O2(y" )+ (y—y" ) {-B XN} >0, Vyey, (520

and
02(y) — 02(y") + (y — ") {-B"A\"} >0, Vy e, (5.21)

Setting y = y"C in (5.20) and y = ka in (5.21), respectively, and then adding the two
resulting inequalities, we get the assertion (5.19) immediately. []
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7 (5.19) KA (5.14), F 11152

W — o TH®W" ="t >0, Vo* e V" (5.22)
EE— BB EE: T Ha—b)>0 = bl < lal — [la — bl%.
®a=0"—0v* b=0""" — " METHEHNEIE.

RIB3 SHARH (55, \F), B wtH! = (2 HH ) € Q REBTS
% (5.8) £ FRHG. T

[T — ™ |[Er < Jlo° = 0" ||E — [lo" = 0" &, VoT € V. (529)

o

Btk 5, FAI17E [20] HIERA T ADMM BOIE R F T {v*) B & MR

] [ A [ 9 (5.24)

TR (5.23) F1 (5.24) B T ADMM R 47 14 fiR. 7E—LE{de i ADMM BYHF
R (8], ERAHE] T (5.24) X KR
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Roland Glowinski
(1937-2022)

Eit4g70 FRFHA, I7H
TRRFRXEHMEE HEY
it Algorithm 2. FiskKE T
H X KM 7 H iz

min{ f(z) + g(Mz)}
{138 B iL i pY o)

min  f(x) + g(y),
st Mx — y = 0.

32 75 [RE K

F A0 Glowinski M 1998 S FF iR T A 3T 1E [25]
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B+ %4E ADMM 7535188 T IE 22 HEM |
BT RAE, BT RO THE, SEibH, thaE A

FA1xF ADMM BV TAE, ZEA L E LSRR E D HIA TR

£=n

LEAXHESATEERFXS

o 202147A9B-118 @)l « A L
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2021 f£7 A, FZEEEXBFES AL RBFRSERE B I
ERAFERFERMERBRERSBIFGREFIRE T HATIE,
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B A Brief History of ADMM

A -
i

Bingsheng He Stanley Osher Wotao Yin Stephen Boyd

Split Bregman

S. Boyd, N. Parikh, E. Chu, B. Peleato, and J. Eckstein. Distributed optimization ard statistical learning via the
alternating direction method of multipliers. Foundations and Trends® in Machine learning, 3(1):1-122, 2011.

R AR K EF 2015 R —UHRBUI N FSE, R E L AR LB A FIEM
T, BERR LA GRET —KBRES T,

ADMM R LUK SEFRIR B [a] 1, = $RAY ] s us 1 75 R0 E T |
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24T K Iel e RY PPA B3K

5.2
SKERFAN ] B R E) R (5.5) BRI 2 AF (1.11)-(1.12).
R#E PPA BUARVESK, Wit A MR EE A H MFRIERE. v = w
B340 PPA & T AR
O(u) — O(a") + (w — ") F(o®) > (w — o) H(w" — %), Yw € 9,
(5.1a)
where
BATA +61,, 0 AT
H = 0 BBTB +41,, BT (5.1b)
A B %Im

The both matrices

BATA 461, AL 8B'B +6I,, Bt
~ 0, )

1
A Elm



— A"
Because F'(w) = —BT)\ , the concrete form of (5.1) is
Az + By — b

y

01(x) — Hl(f’“) + (x — :’ék)T

{(—ATX* + (BAT A + 61,,) (3" — zF)+AT (N =A%)} > 0,
02(y) — 62(5") + (y — §°)"

{=B")\ + (BB"B + 61,.,) (7" — y*)+B" (A" = X¥)} > 0,
| (42" + Bi* —b)+A@E* —a")+B@* — ") + (2/8) (AF =) =o0.

After simple organization, we obtain

N\

[ 01(x) — 01 (F%) + (& — F)T{—ATN + (BATA + 61,,,)(&" — 2F)} > 0

- Y

Y 02(y) = 02(5°) + (y = §°) {=B X" + (BB" B+ 61n,)(§" — y")} 2 0,

| [2(AZ* + Bg* — b) — (Az* + By* —b)] + (2/B8)(A" = \*) = 0.
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In fact, the prediction can be arranged by

(

T ATk
ijk:argmin{ ) Hl(w)k 332 AlA o :L’E?C} (5.2a)
+35B||A(xz — x%)||* + 56|z — 2"
1 . 0, (y) — yT BT\
0 :argmm{ . 2(y)k y2 ) - ‘yey} (5.2b)
+58| By —y)|I° + 36|ly — ||
L\ =2 = 1p[2(47" + B§® —b) — (A2" + By" —b)] (5.2c)

i*=argmin{6i(z) — " A" N + L(x — 2*)" (BATA + 0L, ) (z — 2¥)|x € X'}

~

{ gF=argmin{:(y) —y" BN + 3(y — ") (BB"B + 61.,)(y — y")ly € V}

| A= — 18[2(A%" + By —b) — (Az" + By* —b)]

wh Tt = wh — a(w® — %),  ae(0,2).

N

FETHRNER (V) FILRiE S E % (PPA), B B Bihi% i ADMM 9 IR E &




6 Wi HWAEFE LG —HESR
ENBERATASAER (V) IBSEEALT, IBEMARMOMARIRIFE A
THRHTETF:

w e, 0w —0u")+ (w—w)" Fw*)>0, YVweQ.  6.1)

Algorithms in a unified framework

A unified Algorithmic Framework for (6.1) R —HEZR R TIUN - KL IE A SR o3 4B X

[Prediction Step.] M ERI v° &, KBTS ©° € Q FEHFHE
0(u) — 0(7") + (w — ") F(@") > (v — )T QMW" — %), Yw € Q, (6.2a)

Hp QA—EMN#HR BERE QT + Q EE.
[Correction Step.] Za— N EEHIEFT FFEME M, H TN EFIER =

" = oF — MW" — ). (6.2b)

Q 70 M 43 5\ I {8 5500 %E B A 1E ZB
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Convergence Conditions
M EEHELR (6.2) FRITUNAERE Q FIFIIEFERE M, FEIEERERE H, £15

HM = Q, (6.3a)
#H
G=Q"+Q—- MTHM = 0. (6.3b)
-2 IE 75 SRR 451
We consider the min — max problem
min, max,{®(z,y) = 61(z) —y Az — 02(y) |z € X,y € V}. (6.4)

Furthermore, it can be written as a variational inequality in the compact form:

weQ, 0w —0u")+ u—u)"Fu*) >0, Yueq, (6.5)

u:(f’f> O(u) = 61 (z) + 02(y), F@):(‘ﬁy), Q=X x ).
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The output of Original PDHG algorithm [32] as predictor
For given (2, y*), PDHG [32] produces a pair of (Z", §*). First,

i = argmin{®(z,y") + 7 [z - 2"|* |z € X},

and then we obtain §* via

~

- S
§" = argmax{®(z",y) — Slly = y°||I* |y € V}.

The output 4* € €,

O(u) — 0(a") + (u — @) T{F (@) + Q@ — ")} >0, Vu € Q,

rl, AT
@= ( 0 sl )
ST IXHERI TN, T 18 FEEL AR B R IR LE

u T =uF - MWt —a")

where

(6.6a)

(6.6b)

(6.7a)

(6.7b)
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RIE. Hp M AR =AM R T =A%, Pt &Y 6.3)
e H >0 and HM = Q.
e G=Q"+Q—-M"HM > 0.

AT LA B BT HY
(i) H>=0 and H=QM .
i G=Q"+Q—-Q"M = 0.
—. RIEFERE M AR T =AM Hehf) K 2.

M= I, O m Ml — In 0 |

XM (), RINESZ—ERTHESTKEXMKWEFER. BT H=QM 'EE,
BRI FRAY. B

oM rl, AT I, 0 rl, — ATK AT
H — M_ f— =
0 sl —-K Im —sK sl



WIS FR, HES

I, O rl, + tATA AT
M = X , H= .
_EA Im A SIm

SHEEM r,s > 0, $6fF H 2 IEER.

ES]liel

X A (i),
G = QI+Q-M'HM=Q"+Q-Q"M

o 2rl, AT B rl, 0 I, 0 )
A 251, A sl —%A Im,
. 2rl, AT _(rn 0 [ rl, AT
B A 281, 0 sl,,)] \ A sly, )’

E5EME G IEE, B rs > ||AT A

XA PDHG T, BTIA AL F=AFEMERIE, & rs > ||AT Al SR HHE.
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EtE, Hhp) K 2FEH.

—. RIEXERE M RBRA E=fAREE

M = m M= .
0 Inm 0 I,

MEE (), BNEZ—ERTHES TRKEXINMKWEKERX BTH=QM ' EE,
B R IERTREY. B

o QM_l rl, AT I, —-K rl, —rK+4+ AT
0 sl 0 Im 0 slm

WIRXTFR, HETS
1
rK =AT, = K=-AT
T
ESYlie

SHEER r,s > 0, $6fF H 2 IEER.



T X5 & 45 (i),
G = Q'+Q-M'HM=Q"+Q-Q"M

_ (2rl, AT\ (rl, 0 \[(I. =+AT
A 251, A sl 0 Im,
. (27“In AT > B <7“In AT>
A 251, A sl
_ (frln 0 )
0 sl —+AAT )

FiEME G IEE, B rs > ||AT A

X FA PDHG 7, RNA L E = FAIERERIIE, & rs > ||AT A, SE R T

FUN-FIIE RV G —HESR, FEAREPRIEUSL ) PDHG 73 A BUE R | SR 75 7%

O RIS FBD, 752 WR M (6.3) B TN-12 1IE & 3E (6.2) BY WS M iE
FHIEE R 5. MRMEFEELHENE L3, 15, 16]55 G —1E
28 (6.2) PR FUN-# IE & 3%, SR TE A (6.3) B Y R SR U S5 Mt SR 1 5 36 4E, SERP

AT B B E—. M, AP XEELFE[10) 72 T RENFIT.
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6.1 Convergence proof in the unified framework

In this stage, assuming the conditions (6.3) in the unified framework are satisfied, we prove
some convergence properties.

EH 1 Let {vk} be the sequence generated by a method for the problem (6.1) and Nk

k41

obtained in the k-th iteration. If ’Uk, v and " satisfy the conditions in the unified

framework, then we have

0(u) — 0(a") + (w — w*)" F(a")
1

5(“’0 —

1 -
e = Nl = o) + 51" -l Yw e Q. @9

Proof. Using () = H M (see (6.3a)) and the relation (6.2b), the right hand side of (6.3a)

,Uk:—l—l)

can be written as (v — %)% H (v* and hence

0(uw) —O0(@") + (w—a"TF(@") > (v—")" H@" =", Yw € Q. (6.10)

Applying the identity Q(vF — %) = HM(v® — o) = H(w® — oFTh).

(a—b)" H(c~ )Z—{Ha dl| s —lla—cllz}+5 {HC bl —lld—0ll%}, (©.11)
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to the right hand side of (6.10) with

~k k k+1
a=v, b=0", ¢=v", and d=0v""",

we thus obtain
2(v — ") H(v" —o*Th

k k ko ~k
THE =Nl =" 1E) + (" = 2% [F = llv

k+1

= (lv—w — *%).(6.12)

For the last term of (6.12), using HM = Q and 2v' Qv = v* (Q" + Q)v, we have

Jo* = 51 = 0"+ — 7
k ~k 12 k ~k k k
S Gl e [CaR ) B AT
St = 5 = 0" - 5 - MeE - )

= 20* — ) THMOW" — %) — (v* — )T MTHM (" — )
= (" =NTQT +Q - MTHM)" — ")

= |10 - 58|12 (6.13)

Substituting (6.12), (6.13) in (6.10), the assertion of this theorem is proved. L]
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15.3. Convergence Analysis of AD-PMM 429

We will use the foll

I
-

= xFH

— g,

[]]
-

7* = y* + p(AxFH + BZF —c).

Using (15.15), (15.16), the subgradient inequality, and the above notation, we obtain
that for any x € dom(h;) and z € dom(hz).

hy(x) — hy (XF) + <pAT (Af(k +BzF —c+ %yk) + G(xF —xF),x — i:k> >0,
ha(z) — ho(2*) + <pBT (Aik +BzF —c+ %y"‘) +Q(zF —2*),z - ik> > 0.
Using the definition of ¥, the above two inequalities can be rewritten as
hy(x) — (%) + (ATF* + G(E* - x"),x - %*) =0,
ha(z) — ha(2") + (BT§* + (pB"B + Q)(z" — 2¥),2 — 7*) > 0.

Adding the above two inequalities and using the identity
v —y* = p(A%F + BZ* - ),

H(x,2) —HE 7+ ( | z-3" |, BTy* - | ¢ -3 >0,

(15 17)

where C = pBTB+Q. We will use the following identity that holds for any positive
semi i trix P-

L
(@=b)"Plc—d) =5 (la—dlp —lla—clp+[b—clp —[b-d|p).

Using the above 1dentity, we can conclude that
. = 1 < <
(x =) TG(x" — %) = 5 (Ix — %I — Ix = x*[i& + 1% - x"||g)
1 N 1
> Sl = %% - gl - |, (15.18)

as well as
1 1 1

(2 = 2)7C(a* — ) = Sla— 23— glle— I3 + Sk~ #|E  (1519)
and

20y — 79T (y* —y*)

=y =" P =y = y* I + 175 = ¥*IF = 1I9* = y* )

=y =" = lly — ¥*I* + P*| A% + B2* —¢?

—[ly* + p(AZ* + Bz* —c) —y* — p(AZKF + BZ" — )|

=y —y*'IF =y — ¥*I* + P A%F + B2* —c||* — || B(z* — 29)|%.
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Strict contraction {||v* — v*||%} ™ T

EH 2 Let {fuk} be the sequence generated by a method for the problem (6.1) and W s

k+1

obtained in the k-th iteration. If v* , U and " satisfy the conditions in the unified

framework, then we have

[0 — o | < 0" =0t | = 0 =0 )E, Yot e v (6.14)

Proof. Setting w — w™ in (6.9), we get

| [ [ [

> lof — %1% 4 2{0(@") — 0(u*) + (" — w) T F(@")}.  (6.15)
By using the optimality of w™ and the monotonicity of F'(w), we have

0(a") —0(u*) + (" —w*)T F(@") > 0(a") — 0(u*) + (0" —w™) F(w*) >0

and thus

L e [ [V T v P (6.16)

The assertion (6.14) follows directly. []
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Monotonicity of the series {||v* — v**1||3;} BFFHE

FEIR 3 For solving the variational inequality (6.1), let {w"}, {w"} be the sequence
generated by (6.2). If the conditions (6.3) are satisfied, then we have

[0 — "2 < lo® =" (6.17)

Proof Note that for any w € {2, we have
0(u) — 0(@") + (w — )T F(@®) > (v — )T Q" — &%),
and
O(u) — 0(@ 1) + (w — FFHTF(@F+Y) > (v — FTHT Qo+ — k1),

k1 and wF, respectively, we get

Set the vector w in the above two inequalities by w
e(ak—H) B e(ak) 4 (wk—l—l B Qbk)TF(QDk) > (@k+1 B {)k)TQ(vk _ 17’“)

and

H(Qk) B e(ﬂk—l—l) 4 (wk _ wk+1)TF(wk+1) > ({)k B {)k—kl)TQ(Uk—l—l B {)k—i—l).

Adding the above two inequalities, it follows that

(@ — " THTQL(W" — 5%)— (v* ! — 5FT ) > 0.
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Then, adding {(vF — o%) — (vF+1 — GFFINTQ{(vF — %) — (vFFT1 — 55T 1)) to the

both sides of the inequality | (3% — " ™HTQ{(v® — &%) —(v* T — *T1)1 > 0| we get

(0" =" T Q{0 =" — (" T ="} > (0" ") = (" T =" [fgr 1)

and thus FMAQ=HM, R M" — %) = (vF —oFTh),

(WP =M TH{ (0P =0T = (0T =P T2)} > 1|0k —5%) = (P —a* ) 12 -
(6.18)
Finally, by using ||al|%, — [|b]|%; = 2a’ H(a — b) — |ja — b||%, and (6.18), we get

L [ [ [

= 200" — " THTH{W" — o) — (" — T2

—[I(W" = ") = (" ="

'V
S

ko ~k k+1  ~k+1y(2 k k+1
—07) = (T =0 )|[(gryg) — (0T —vTT) =
kK ~k k+1  ~k+1y(2
—0") — (v -0 ) (QT+Q—MT HM)

kE /&,k) o (Uk—l—l o @rkj—l—l) 2G

k+1 k+2 2
(v —v )|

<
= I

— (fU

c

This is the equivalent form of (6.17) and the proof is complete. []



6.2 How to construct the correction matrix M

REZ—HEZRATN (6.2a) FRITUNEERE Q 7 &

QT +Q -0,
HRATEAT LB
0<G=<Q"+Q.
2 =arat
D=(Q"+Q) -G,
M Ds0.%
MYHM = D.
e SRR RS
HM=Q, HM=Q, H=QD'Q",
<~ <~
MTHM=D. QTM=D. M=Q TD.

AT 2 B S SR R ORI IEREFE M.
KPR E S, AR ERIERERE M.

(6.19)
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H G R 2RI SIS A.

BaiEiE, R
Q' +Q 0.
AT ATLLUERNEEREE D -~ 0F G = 0, 15

D>=0, G0, HBEH D+G=Q"+0Q.

XERUARS ZHIERE! | 1F (6.20) PHIRIEREFE M EUK

M=Q 'D

%14 (6.3) BRTHAE.

BIEZAT (6.20) Bl

Gt ol
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6.3 FM-KIEMT X PPAR A

KIBEZ D AF (5.1) KA BNULKKIEREHER, IR 23

" € Q, 0(w)—0(@") +(w—-—a"TF@") > (v-")T Q" —o*

FEFUNERE QHE QT +Q - 0, BHIF Q' + Q IR
D=0, G=0 M D+G=0Q"+0,
B
M=Q "D ® H=0QD 'Q".
M B B AL S KARIE

vk—l—l _ ’Uk . M(’Uk . 77k)

FPEERFTRIE R FS ("} # 2

0" — vt F < 0F = vt || - | = 3F|E, Yot e VT

), Yw € €,

(6.20)

(6.21)

(6.22)

(6.23)

(6.24)
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MRBAVRA—F 4558 D M G, £15
D=G=3Q" +Q),

A2, (6.24) FRZERL T

0" =" < o =" [E — 0" = "D, Vot e V" (6.25)
SHEER D, 1R1E (6.22), &

MYHM = D,

Eitt, (6.25) AR T

[0 — o[ < 0" — 0" = [M (" =) |[E, VT e VT
BAA M" — %) =oF =" (I (6.23)), ERFT

Hvk—|—1 k+1

— 0¥ H < || =05 = 0" =" T H, Yot e VE (6.26)

S, XTFG—IERPBEE S KIGE (WX —H R EE 8) BUERR T

Hvk-l—l . vk—|—2||%{ S H'U k—l—lHH (6.27)
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BN LR D ERE L T EHAVEE.

EH 4 BAFUNRIEREKBZE S AF (5.1), W FUN (6.20) A FUNE
PEQHEEQ +Q >~ 0.&S

D=iQ"+Q), ®M M=Q 'D
MR RREAR
VP =0 — QT D" — ) (6.28)
FERFRIARK S BB MR (6.26)F1(6.27), Hep
H=Q3@Q +Q)'Q".

KRBESAER (5.1), BRI ERFETIEG MR (6.26) F1 (6.27) U5 E, i
AN PPAT .. EXLFITED, RNHATEREREH H HWRIER.



7 pRAGELEKEIEN G —ERE A K
RS BO LT

min{i 6;(xi)

The Lagrangian function is

iArLCEZ =b (or > b), XT; € XZ}
1=1

p p
L(z1,...,2p,A) = Oi(zi) = N () Az —b),
1=1 1=1

which is definedon Q = [[/_, X3 X A, where

p
%m, if Zle A;x; = b,
A = |

T, if Zle Aziﬁz Z b.

\

(7.1)
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Let (z7,...,2,, A") € () be a saddle point of the Lagrangian function, then
Lxea(xy,...,2p5,N) < L(x7,...,2p, A") < La,ex, (T1,...,Tp, A").
The optimality condition of (7.1) can be written as the following VI:
w* e Q, 0(z)—0z")+ (w—w) Fw*)>0, YweqQ, (7.2a)

where

& [ -4l )

Z1
w = : , T = |, F(w) = : , (7.2b)
Tp —ALN
\ A N \ S A b
and
0(x) :i6i<$i), Q:ﬁXi x A.
i=1 i=1

Again, we denote by 2 the solution set of the VI (7.2).
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% 3R 6]5% (7.2) B PRIMAL-DUAL B HER, B 1TTM Prediction

}AQA E,J <A1$13A2x27' T 7prg7>\k> §|Ji\"ﬁ5)n\u,'{—:_'\ /II} (Zi'lf,llflgc, ° ,f%];,)\k):
Prediction Step. With given (Alxlf, Aok . ,Apx];, )\k), find 0" € Q:

( #h € argmin{01(z1) — T AT + B Ay(z1 — b)) | 21 € A1 )5

Tk € argmin{0a(z2) — 2 ATA* + §||A1(£1 — o) + Ag(zo — 25)||? | 22 € Xa};
{ #F € argming, e, {0i(xi) — aT ATNF + 5| 32020 Ay (3% — 2b) + Ai(2s — 2B) |12}

: —1 ~
€ arg ming,, e x, {0p(zp) — o] ATNE + || 5021 A (&% — 2¥)+ Ap (2 — o) 17}

| A= Py [\F - B( i Aj:E? —b)].

(7.3)

TN REBXE. XA BENREIETE TR —IigF kit




7.1 SEFH Primal-Dual 5131 B4 75 500 %6 f4&

Analysis for the P-D Prediction | F{{15c& (7.3) = FIo]#a

ik ¢ arg min{0;(z;) — el AT NP 4 §|| Z A;j (:Tc;€ — x?) + A (xg —xP)||? |z € X}
RIBSMMESIIE RMMFER 2F e 4 F

97,(337,) — Qz(ff) —I— (CBZ — Zf?f)T{—A;r)\k BAT ZA (:B — :E )} > 0 V:C@ - X
EAILINERK ¥ € X; MMETEM x; € X; BB

0i(x:) — 05 () + (ws — &) T{—ATN + BAT ( ZA zh—af))+ AT ="} >0
71=1

FMETHERS 3F = PA[MF — B(SP_, A58 —b)], Bt

71=1

(7.4a)

~

A = argmin{||A — [\ — B(T0_, A% — b)][|* | X € A}
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&R E

Nee A, A=XOT{(Zh_1A;3% —b) +

P (AF = 2B >0, VA€ A. (7.4b)

1
B

Summating (7.4a) and (7.4b), for the predictor wk generated by (7.3), we have ok € Q,

0(z) — 0(i") + (w — ®)TF (") > (w — ®)TQ (W — &%), Yw e Q, (7.59)

where
([ BAT Ay 0 e 0 AT
BATA, pBATA, . f AT
_ . . : , 7.50
Q : . 0 : (7.5b)
BATA, BATA, ... pATA, AT

\ 0 0 . 0 %Ln)
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7.2 TENRTANFERE
The optimization problem (7.1) has been translated to VI (7.2), namely,

w* € Q, O(x) —0(x*) + (w—w)'Fw*) >0, Ywe .

For the easy analysis, we need to denote the following notations:

(\/BAl 0 0 \ /\/BANH\
0 +VBAz E VBAzzo
P= , z=Pw=
g VBA, 0 VBApTp
Lo o 0 AR \ IAVB)X

Accordingly, we define
Z={z|z=Pw, weQ},

and
Z* = {z* | z* = Pw*, w* € Q*}.



Using the notation P in (7.6), for the matrix () in (7.5b), we have

( I, 0 -+ 0 Ip)
Im Im o In
Q= pt QP, where Q= 0 : (7.7)
Iy I, -+ In, In
\ 0 0 - 0 In)
Thus, for the right hand side of (7.5a), we have
(w— ") Q(w" —&") = (w—a")"P"QPw" — ")
= (z—2"T9(z" — 7).
Then, it follows from (7.5) that we have the following VI for the P-D prediction:
w* e Q, 0(z)—0(z") + (w— ") F(ao")
> (z— 2970z — %), vwe Q. (7.8)

where Q is given in (7.7).
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7.3 TEBFB®THI XPPAFE
MR E R AR ZIRAT S B OB, X5 ARSE k- P& KNG E
B (A, ..., Apre, \¥) &, E TN = @F i 2

0(z) —0(2") + (w— ") F(@") > (w—a")" Q(w" —&"), Ywe Q. 7.9

w")
ERERITN, BEdhpyiEfiEQl + QEFR R AR EIEER. FIA E—i#Y
T4 FOFN (7.9) LB B wF € Q,

0(z) — 0(Z") + (w — ") F(o") > (z — 2%)TQ(zF — 7%), Yw e Q, (7.10)

HpQ =P op,
Q" +2>0 (7.11)

= IEEREME. £ QIAEXIFRE (7.11) i @ RIBHR, AITRHLERIE. FHA12
AILUER N ERED G, (£15

D=0, G0, 1 D+G=0"+0. (7.12)
RIFEFT— RS, BNBUOTHEE.
BT 5 WIS 25 R EE (7.10), HP QT + Q RIEEF M. tARBAANIE
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EFFEDIG, €15 (7.12) BRAL.
M=9 "D
A2, FIBFERF (7.13) K IE
=28 - M2 - 25,
PR B E
125 =215 < N2 = 275 — 2" = 2lg, V2T e E
HA%5EREH = 0D ' 0",

INSR ik ,
D=g=-(Q"+9Q)

B, (715) BT

12570 = 275 < 12" = 21— 127 = 2|, Ve e 2

IHEEHI D, #RIED = MTHM, HFIA (7.14), LXK T

12570 = 25 < l2" = 27 (15 — 12" = 2", v e 2T

(7.13)

(7.14)

(7.15)

(7.16)

(7.17)
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THEIEFASIMEN B —REEMR: K {||2" — 2" | n ) RBEIARIER.
mﬂsm%ﬁM§%%E%ﬁwﬂnmszﬁHHMFEM%M%ﬁ
k:—|—1 *E
125 — 25215, < 120 - 24 (7.18)
AR (7.17)F1(7.18) HER, TERBE I X PPAEEEMH E &N PPAEE
BYME R (5.3) %A (5.4).

£ M4k 5 E % (Generalized PPA)Hh, #1E 2B BF M 2 H (7.10) R AYFRNIEE
fE O ME—HfERY. AR5 (7.10) P RY O XTFREY, IRIBHEKAIE X, K IEFEFE S

M=3I+Q"'Q) & M=3(Z+9"9), (7.19)

MR ARERE. FRATFRER M FIFRAIER, ERFIIN AR (5.3)-(5.4) X
KMEREE AT XEREE.

74 RETFH—KIEHT X PPAE L
BI—TO N B AE, FUN~ER QO ER— IR SRS ERES—1 T Xk




—REFERYAN. T TX X AR SR BUTUN, AT XABIE R B AR IEEAR.

TN = Primal-Dual Tl 45 Y, I A1182IF24 (7.10) WS AEFER, HE

MRS

0 I
-,
.
Im Im
0 I/

(7.20)



i 7]

L &
Q= . (7.21)
T £—T 0
mo o= .
T I, &=t 1.,

STIRHE (7.12) TR D, KRIEFEEM = O " DHEEZITEM. §57it, &
_ - T
= 2(Q + Q),

Mpps = 5Q77(Q" + Q)
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il
)|
R
e

Mppa =

N | —

0

0 0 In
I, S
\~Im O

Im
In)
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(7.22)

FHBI—TIREE iR, SR H (7.22) PHYFERE M ppa FURRIE (7.14) ATAE BSF T HY

[Ara )

k+1

k+1
Apx,

Sy

(Ala;']f\

AQZEIQf

k
p

L)

0
5| 0 0 I,
I I
\—BIm 0

0 )

0
1

3 1m
I

/

/Aliblf — Aliilf

AQQ?S — Agfig

k ~k

SRR

(7.23)




HIN-REFESE—: FRBREN (A2l Agah, -

(Al
A2x§+1

k41
Apxy

\ Xk:PA[Ak_B(

(Ayzh)

k
Asxs

Apzh

p
j=1

A TR R TR TR (A o+ Agakt! .

! iF carg ming, ¢ x, {GZ(SUZ) — a:,LTA,LT)\k + gH >

Ak —b)].

[ Inm —Im O

ey

Lp
k

\ A

0
0 0 In
Im Im
\~BLm 0O

[ #F c argmin{6; (x1) — 2T AT Xk 4 §||A1(x1 — a2 |21 € A1)

Apay, NF) FEATTRM:

Tk € argmin{6z(z2) — 2T ATNF + gHAl(ﬁ:’f — k) + Ax(zo — z)||? | 22 € X}
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i—1 AJ({E;{: — ZC?) + Az(azz — CB,?)HQ},

J=1

9\

(

\

Alx’f

k
Asxs

Apa:’]j
)\k

L Apri Tl AR T TRRIE

~k

~k

. —1 ~
€ argming, e x, {0p(zp) — o ATNF + 5[ 32821 A (@ — 2b) + Ap(zp — o) |17}
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8 Conclusions

At 2ERNERERC T EME T —LHEH B X BRAGH TIER?

B TONMNERMMIESEZZRINEET R, FM—ARXTFEENILHB, &%
EEITRETHTER (V)), WA ESZRNEN BRI SE X (PPA), RELMARNMML
o) @ R A% B H e 7% (ALM) 23T A\ B PPARE.

o FANIBEMARMMLCIBMEERBE— N FNHNEHR L RATIAFER, RFEIR
A ART D AZERM PPAEE, 118 T PPA BRI S k.

o THAFXNWPPAR KA E—F, SAFAET S ELEW, i —LL &Rt
DAEFN, KRBIXLNHT 5 AFN, A LUEE Sk R R A L o) @ sc .

o EXRBANNETET VIHIFUN-FIEFZERNG—HESS, BEA] LA ERIGIEE R
S, XA E “BRERIT” KRB0 KRB EE, XMEHRNS AN
[EIRYIZ4E.

o FAINMiZIRIEFEIERSLAX, BlE 2 ADMM, EH 25 THIALM, EXFFEF A
K9 PPA B 3%, EIRT AT LASRE, SRR AR ER, ALM 2N E=F T
7%

BNV UAREERSEERLRNY R, SRS, AXTaEHITHELE.




95

References

[1] S. Becker, The Chen-Teboulle algorithm is the proximal point algorithm, manuscript,
2011, arXiv: 1908.03633[math.OC].

[2] S. Boyd, N. Parikh, E. Chu, B. Peleato and J. Eckstein, Distributed Optimization and
Statistical Learning via the Alternating Direction Method of Multipliers, Foundations
and Trends in Machine Learning Vol. 3, No. 1 (2010) 1 - 122.

[38] X.J. Cai, G.Y. Gu, B.S. He and X.M. Yuan, A proximal point algorithms revisit on the
alternating direction method of multipliers, Science China Mathematics, 56 (2013),
2179-2186.

[4] A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem with
applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.

[5] A. Chambolle and T Pock, On the ergodic convergence rates of a first-order
primal — dual algorithm, Math. Program., A 159 (2016) 253-287.

[6] R. Fletcher, Practical mathods of Optimization, Second Edition, JOHN WILEY &
SONS, 1987.

[7] G.Y. Gu, B.S. He and X.M. Yuan, Customized proximal point algorithms for linearly
constrained convex minimization and saddle-point problems: a unified approach,
Comput. Optim. Appl., 59(2014), 135-161.



96

[8] T. Goldstein, B. O’ Donoghue, S. Setzer and R. Baraniuk, Fast Alternating Direction
Optimization Methods, SIAM J. Imaging Science, Vol. 7, No. 3, pp. 1588 — 1623,
2014.

[9] 1‘Ikﬁ’$ MNERF A ERNRHZWHBE LB D R GEE L, SFFRITER
23R 38 (2016), 74-96.

[10] 1‘Ik|'ﬁ'$ HAFTFRXEHFEIE205E, EEFEFHkR 22 (2018), 1-31.

[11] B. S. He, A%, (MU A RIAT D AFNWGEE LN E—ELR, FEFRIZE 48
(2018), 255-272, doi: 10.1360/N012017-00034

[12] {T4R4E, FIAZ—IER IO ERN R GEE L SFFERITEHFEER, 2022,
44: 1-35.

[13] B. S. He, H. Liu, Z. R. Wang and X. M. Yuan, A strictly Peaceman-Rachford splitting
method for convex programming, SIAM J. Optim. 24 (2014), 1011-1040.

[14] {4, BREE, SK AR MK R 80 i A1 S 2 A PPA B T B SRR, chEl R 3
2012, 42(5): 515 - 525, doi: 10.1360/012011-1049

[15] B. S. He, M. Tao and X. M. Yuan, Alternating direction method with Gaussian back
substitution for separable convex programming, SIAM Journal on Optimization, 22
(2012), 313-340.

[16] B. S. He, M. Tao and X. M. Yuan, A splitting method for separable convex
programming, IMA Journal of Numerical Analysis, 31 (2015), 394-426.



97

[17] B. S. He, S. J. Xu and X. M. Yuan, Extensions of ADMM for separable convex
optimization problems with linear equality or inequality constraints,
arXiv:2107.01897v2[math.OC].

[18] B. S. He and X. M. Yuan, On the O(1/n) convergence rate of the alternating
direction method, SIAM J. Numerical Analysis, 50 (2012), 700-709.

[19] B. S. He and X. M. Yuan, Convergence analysis of primal-dual algorithms for a
saddle-point problem: From contraction perspective, SIAM Journal on Imaging
Science, 5 (2012) 119-149.

[20] B. S. He and X. M. Yuan, On non-ergodic convergence rate of Douglas-Rachford
alternating directions method of multipliers, Numerische Mathematik, 130 (2015),
567-577.

[21] B. S. He and X. M. Yuan, A class of ADMM-based algorithms for three-block
separable convex programming, Comput. Optim. Appl. 70 (2018), 791-826.

[22] B. S. He and X. M. Yuan, Balanced Augmented Lagrangian Method for Convex
Programming, arXiv 2108.08554 [math.OC]

[23] B. S. He and X. M. Yuan, On construction of splitting contraction algorithms in a
prediction- correction framework for separable convex optimization, arXiv
2204.11522 [math.OC]

[24] B.S. He, X.M. Yuan and W.X. Zhang, A customized proximal point algorithm for
convex minimization with linear constraints, Comput. Optim. Appl., 56(2013), 559-572.



[25] B.S. He and J. Zhou A Modified Alternating Direction Methodfor Convex Minimization
Problems, Applied Mathematics Letters 13 (2000) 123-130.

[26] M. R. Hestenes, Multiplier and gradient methods, JOTA 4, 303-320, 1969.

[27] B. Martinet, Regularisation, d'inéquations variationelles par approximations
succesives, Rev. Francaise d’Inform. Recherche Oper., 4, 154-159, 1970.

[28] M. J. D. Powell, A method for nonlinear constraints in minimization problems, in
Optimization, R. Fletcher, ed., Academic Press, New York, NY, pp. 283-298, 19609.

[29] R.T. Rockafellar, Monotone operators and the proximal point algorithm, SIAM J. Cont.
Optim., 14, 877-898, 1976.

[30] L. Rudin, S. Osher, and E. Fatemi, Nonlinear total variation based noise removal
algorithms, Phys. D, 60 (1992), pp. 227 — 238

[831] Shengjie Xu, A dual-primal balanced augmented Lagrangian method for linearly
constrained convex programming, manusript, 2021. arXiv:2109.02106 [math.OC]

[32] M. Zhu and T. F. Chan, An Efficient Primal-Dual Hybrid Gradient Algorithm for Total
Variation Image Restoration, CAM Report 08-34, UCLA, Los Angeles, CA, 2008.

98



