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1. Q:¯K minx∈X maxy∈Y{Φ(x, y) = θ1(x)− yTAx− θ2(y)}

2. �5�å�à`z¯K min{θ(x)|Ax = b (or ≥ b), x ∈ X}

3. (�.à`z min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y}

4. õ¬�©là`z min{∑p
i=1 θi(xi)|

∑p
i=1Aixi = b, xi ∈ Xi}
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1 Optimization problem and VI

1.1 Differential convex optimization in Form of VI

Let Ω ⊂ <n, we consider the convex minimization problem

min{f(x) | x ∈ Ω}. (1.1)

What is the first-order optimal condition ?

x∗ ∈ Ω∗ ⇔ x∗ ∈ Ω and any feasible direction is not a descent one.

Optimal condition in variational inequality form

• Sd(x∗) = {s ∈ <n | sT∇f(x∗) < 0} = Set of the descent directions.

• Sf (x∗) = {s ∈ <n | s = x− x∗, x ∈ Ω} = Set of feasible directions.

x∗ ∈ Ω∗ ⇔ x∗ ∈ Ω and Sf (x∗) ∩ Sd(x∗) = ∅.

\f÷ì�½ìº�OK´:¤k�1��ÑØ2´þ,��
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The optimal condition can be presented in a variational inequality (VI) form:

x∗ ∈ Ω, (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ Ω. (1.2)

Substituting∇f(x) with an operator F (from<n into itself), we get a classical VI.'
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Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

f(y) ≥ f(x) +∇f(x)T (y − x)

f(x) ≥ f(y) +∇f(y)T (x− y)
thus (x− y)T (∇f(x)−∇f(y)) ≥ 0.

We say the gradient∇f of the convex function f is a monotone operator.
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Ï�·�I�^���ÆêÆ Ì�´Äu�È©Æ���Ún

x∗ ∈ argmin{θ(x)|x ∈ X} ⇔ x∗ ∈ X , θ(x)− θ(x∗) ≥ 0, ∀x ∈ X ;

x∗ ∈ argmin{f(x)|x ∈ X} ⇔ x∗ ∈ X , (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X .

þ¡�à`z�`5^�´�Ä��,wå5Ü3�åÒ´e¡�Ún:

½½½nnn 1 Let X ⊂ <n be a closed convex set, θ(x) and f(x) be convex func-

tions and f(x) is differentiable. Assume that the solution set of the minimization

problem min{θ(x) + f(x) |x ∈ X} is nonempty. Then,

x∗ ∈ arg min{θ(x) + f(x) |x ∈ X} (1.3a)

if and only if

x∗ ∈ X , θ(x)− θ(x∗) + (x− x∗)T∇f(x∗) ≥ 0, ∀x ∈ X . (1.3b)

½n1r`z¯K (1.3a)=�¤
C©Ø�ª (1.3b).

à`z�`5^�½n
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1.2 Linear constrained convex optimization and VI

We consider the linearly constrained convex

optimization problem

min{θ(u) | Au = b, u ∈ U}. (1.4)

The Lagrangian function of the problem (1.4) is

L(u, λ) = θ(u)− λT (Au− b), (1.5)

which is defined on U × <m.

A pair of (u∗, λ∗) is called a saddle point of the Lagrange function (1.5), if

(u∗, λ∗) ∈ U × <m, and

L(u, λ∗) ≥ L(u∗, λ∗) ≥ L(u∗, λ), ∀(u, λ) ∈ U × <m.
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The above inequalities can be written as
{
u∗ ∈ U , L(u, λ∗)− L(u∗, λ∗) ≥ 0, ∀u ∈ U , (1.6a)

λ∗ ∈ <m, L(u∗, λ∗)− L(u∗, λ) ≥ 0, ∀ λ ∈ <m. (1.6b)

According to the definition of L(u, λ) (see(1.5)), it follows from (1.6a) that

u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U . (1.7)

Similarly, for (1.6b), we have

λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m. (1.8)

Writing (1.7) and (1.8) together, we get the following variational inequality:

{
u∗ ∈ U , θ(u)− θ(u∗) + (u− u∗)T (−ATλ∗) ≥ 0, ∀u ∈ U ,
λ∗ ∈ <m, (λ− λ∗)T (Au∗ − b) ≥ 0, ∀ λ ∈ <m.

Using a more compact form, the saddle-point can be characterized as the solution
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of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (1.9a)

where

w =

(
u

λ

)
, F (w) =

(
−ATλ
Au− b

)
and Ω = U × <m. (1.9b)

Setting w = (u, λ∗) and w = (u∗, λ) in (1.9), we get (1.7) and (1.8),

respectively. Because F is an affine operator and

F (w) =

(
0 −AT
A 0

)(
u

λ

)
−
(

0

b

)
.

The matrix is skew-symmetric, we have

(w − w̃)T (F (w)− F (w̃)) ≡ 0.

�5�å�à`z¯K (1.4),=�¤
·ÜC©Ø�ª (1.9).
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Two block separable convex optimization

We consider the following structured separable convex optimization

min{θ1(x) + θ2(y) | Ax+By = b, x ∈ X , y ∈ Y}. (1.10)

This is a special problem of (1.4) with

u =

(
x

y

)
, U = X × Y, A = (A,B).

The Lagrangian function of the problem (5.5) is

L(2)(x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b).

The same analysis tells us that the saddle point is a solution of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (1.11)
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where

u =

(
x

y

)
, θ(u) = θ1(x) + θ2(y), w =




x
y

λ


 , (1.12a)

F (w) =




−ATλ
−BTλ

Ax+By − b


 , and Ω = X × Y × <m. (1.12b)

The affine operator F (w) has the form

F (w) =




0 0 −AT
0 0 −BT
A B 0






x

y

λ


−




0

0

b


 .

Again, due to the skew-symmetry, we have (w − w̃)T(F (w)− F (w̃)) ≡ 0.

�©l�5�åà`z¯K (5.5),=�¤
C©Ø�ª (1.11)–(1.12).
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Convex optimization problem with three separable functions

min{θ1(x) + θ2(y) + θ3(z) |Ax+By+Cz = b, x ∈ X , y ∈ Y, z ∈ Z},

is a special problem of (1.4) with three blocks. The Lagrangian function is

L(3)(x, y, z, λ) = θ1(x) + θ2(y) + θ3(z)− λT (Ax+By + Cz − b).
The same analysis tells us that the saddle point is a solution of the following VI:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

where θ(u) = θ1(x) + θ2(y) + θ3(z),

w =


x
y

z

λ

 , u =


x

y

z

 , F (w) =


−ATλ
−BTλ
−CTλ

Ax+By + Cz − b

 ,

and Ω = X × Y × Z × <m.

¦�5�åà`z.�KF¼ê�Q:,Ñ=�¤
�A�C©Ø�ª.
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2 Proximal point algorithms and its Beyond

ÚÚÚnnn 1 Let the vectors a, b ∈ <n, H ∈ <n×n be a positive definite matrix. If

bTH(a− b) ≥ 0, then we have ‖x‖2 = xTx, ‖x‖2H = xTHx.

‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H . (2.1)

The assertion follows from ‖a‖2H = ‖b+ (a− b)‖2H ≥ ‖b‖2H + ‖a− b‖2H .

2.1 Preliminaries of PPA for Variational Inequalities

The optimal condition of the linearly constrained convex optimization is

characterized as a mixed monotone variational inequality:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (2.2)

u  �gCþ, �þw = (u, λ)�¹gCþ uÚéóCþ λ.
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Definition: PPA for VI (2.2) in H-norm

For given wk and H � 0, find wk+1 such that

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1) �C:�{

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω, (2.3)

wk+1 is called the proximal point of the k-th iteration for the problem (2.2).

z wk+1 is the solution of (2.2) if and only if wk = wk+1 z

(2.3)´¦)VI (2.2)�PPA�{�½Â. H�±´êþÝ


,��±´·��©¬Ý
,�,HÄk�´é¡Ý
.

�¡¬k�þ�~f`²ùN´^�E5��{¢y"

Setting w = w∗ in (2.3), we obtain

(wk+1−w∗)TH(wk−wk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (wk+1).
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Note that (see the structure of F (w) in (1.9b))

(wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),

and consequently (by using (2.2)) we obtain

(wk+1−w∗)TH(wk−wk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (w∗) ≥ 0.

Thus, we have

(wk+1 − w∗)TH(wk − wk+1) ≥ 0. (2.4)

By setting a = wk − w∗ and b = wk+1 − w∗,

the inequality (2.4) means that bTH(a− b) ≥ 0.

By using Lemma 1, we obtain

‖wk+1 − w∗‖2H ≤ ‖w
k − w∗‖2H − ‖w

k − wk+1‖2H . (2.5)

We get the nice convergence property of Proximal Point Algorithm.
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2.2 Variants of PPA for Variational Inequalities

Let v be a sub-vector of w which contains a part of the elements of the vector w.

In some algorithms, the k-th iteration only needs vk to start. vØ%Cþ

PPA for VI (2.2) in H-norm For given vk and H � 0, find wk+1,

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω, (2.6)

wk+1 is called the proximal point of the k-th iteration for the problem (2.2).

z wk+1 is the solution of (2.2) if and only if vk = vk+1 z

In this case, v is called the essential variables of w. In addition, we define

V∗ = {v∗ is a subvector of w∗ |w∗ ∈ Ω∗}.

Setting w = w∗ in (2.6), we obtain

(vk+1−v∗)TH(vk−vk+1) ≥ θ(uk+1)−θ(u∗)+(wk+1−w∗)TF (wk+1).
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Note that (see the structure of F (w) in (1.9b))

(wk+1 − w∗)TF (wk+1) = (wk+1 − w∗)TF (w∗),

and consequently (by using (2.2)) we obtain

(vk+1 − v∗)TH(vk − vk+1) ≥ θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0.

Thus, we have

(vk+1 − v∗)TH(vk − vk+1) ≥ 0. (2.7)

By using Lemma 1, we obtain

‖vk+1 − v∗‖2H ≤ ‖v
k − v∗‖2H − ‖v

k − vk+1‖2H . (2.8)

We get the nice convergence property of Proximal Point Algorithm.

The residue sequence {‖vk − vk+1‖H} is also monotonically no-increasing.

Sequence {‖vk − vk+1‖H} is non-icreasing. ‖vk−vk+1‖2H ≤ ‖vk−1−vk‖2H .
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2.3 The relaxed PPA£££òòò���������CCC:::���{{{¤¤¤

We shall maintain our focus on the monotone variational inequality (2.2), namely,

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

The PPA form (2.6) reads as

wk+1 ∈ Ω, θ(u)− θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (v − vk+1)TH(vk − vk+1), ∀w ∈ Ω.

Set the output of the above VI as w̃k, we have

w̃k ∈ Ω, θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ (v − ṽk)TH(vk − ṽk), ∀w ∈ Ω. (2.1)

Setting w = w∗ in (2.1), we obtain

(ṽk − v∗)TH(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k). (2.2)
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Applying (see (1.9b)) the identity

(w̃k − w∗)TF (w̃k) ≡ (w̃k − w∗)TF (w∗)

to (2.2), we obtain

(ṽk − v∗)TH(vk − ṽk) ≥ θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w∗).

Because RHS of the above inequality is , we have

(ṽk − v∗)TH(vk − ṽk) ≥ 0.

We write it as

{(vk − v∗)− (vk − ṽk)}TH(vk − ṽk) ≥ 0

and thus

(vk − v∗)TH(vk − ṽk) ≥ ‖vk − ṽk‖2H , ∀v∗ ∈ V∗. (2.3)
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The inequality (2.3) means that (vk − ṽk) is the ascent direction of the unknown

distance function 1
2

∥∥v − v∗
∥∥2
H

at the point vk.

〈
∇
(
1
2

∥∥v − v∗
∥∥2
H

)∣∣∣
v=vk

, (vk − ṽk)
〉
≥ ‖vk − ṽk‖2H , ∀ v∗ ∈ V∗.

The task of the algorithm is to produce a decreasing sequence {‖vk − v∗‖2H}.
Set

vk+1(α) = vk − α(vk − ṽk) (2.4)

which is an α dependent new iterate. It is clear we want to maximize

ϑ(α) = ‖vk − v∗‖2H − ‖vk+1(α)− v∗‖2H . (2.5)

Note that

ϑ(α) = ‖vk − v∗‖2H − ‖(vk − v∗)− α(vk − ṽk)‖2H
= 2α(vk − v∗)TH(vk − ṽk)− α2‖vk − ṽk‖2H (2.6)

is a quadratic function of α.
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We can not directly maximize ϑ(α) in (2.6) because the coefficient of the linear

term 2(vk − v∗)TH(vk − ṽk) contains the unknown solution v∗.

Using (2.3), from (2.6) we get

ϑ(α) ≥ 2α‖vk − ṽk‖2H − α2‖vk − ṽk‖2H (2.7)

Set

q(α) = (2α− α2)‖vk − ṽk‖2H , (2.8)

which is a quadratic lower-bound function of ϑ(α). The quadratic function q(α)

reaches its maximum at α∗ ≡ 1.

vk+1 = vk − γ(vk − ṽk), γ ∈ (0, 2) (2.9)

The generated sequence {vk} satisfies

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − γ(2− γ)‖vk − ṽk‖2H . (2.10)



21

O α* γα*

q(α)

ϑ(α)

α

� γ ∈ [1, 2)�«¿ã

±þ�ý��£. �¦Öön)£½ö´k«@¤`z¯K.�KF¼ê�

Q:ÚC©Ø�ª (VI)):��d�'X,±9PPA�{�½Â9Â 5�.
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3 lll���©©©-éééóóó···ÜÜÜFFFÝÝÝ{{{���UUUIII½½½���������CCC:::���{{{

We consider the min−max problem (e. g. ã�?n¥�ROF Model [4, 30])

minx maxy{Φ(x, y) = θ1(x)− yTAx− θ2(y) |x ∈ X , y ∈ Y}. (3.1)

Let (x∗, y∗) be the solution of (6.4), then we have{
x∗ ∈ X , Φ(x, y∗)− Φ(x∗, y∗) ≥ 0, ∀x ∈ X , (3.2a)

y∗ ∈ Y, Φ(x∗, y∗)− Φ(x∗, y) ≥ 0, ∀ y ∈ Y. (3.2b)

Using the notation of Φ(x, y), it can be written as{
x∗ ∈ X , θ1(x)− θ1(x∗) + (x− x∗)T (−AT y∗) ≥ 0, ∀x ∈ X ,

y∗ ∈ Y, θ2(y)− θ2(y∗) + (y − y∗)T ( Ax∗) ≥ 0, ∀ y ∈ Y.

Furthermore, it can be written as a variational inequality in the compact form:

u∗ ∈ Ω, θ(u)− θ(u∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (3.3)
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where

u =

(
x

y

)
, θ(u) = θ1(x) + θ2(y), F (u) =

(
−AT y
Ax

)
, Ω = X × Y.

Since F (u) =

(
−AT y
Ax

)
=

(
0 −AT

A 0

)(
x

y

)
, we have

(u− v)T (F (u)− F (v)) ≡ 0.

3.1 ¦¦¦)))QQQ:::¯̄̄KKK��� ���©©©-éééóóó···ÜÜÜFFFÝÝÝ{{{PDHG [32]

For given (xk, yk), PDHG [32] produces a pair of (xk+1, yk+1). First,

xk+1 = argmin{Φ(x, yk) +
r

2
‖x− xk‖2 |x ∈ X}, (3.4a)

and then we obtain yk+1 via

yk+1 = argmax{Φ(xk+1, y)− s

2
‖y − yk‖2 | y ∈ Y}. (3.4b)
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Ignoring the constant term in the objective function, the subproblems (6.6) are reduced to{
xk+1 = argmin{θ1(x)− xTAT yk + r

2
‖x− xk‖2 |x ∈ X}, (3.5a)

yk+1 = argmin{θ2(y) + yTAxk+1 + s
2
‖y − yk‖2 | y ∈ Y}. (3.5b)

According to Lemma 1, the optimality condition of (3.5a) is xk+1 ∈ X and

θ1(x)−θ1(xk+1)+(x−xk+1)T {−AT yk+r(xk+1−xk)} ≥ 0, ∀x ∈ X . (3.6)

Similarly, from (3.5b) we get y ∈ Y and

θ2(y)− θ2(yk+1) + (y−yk+1)T {Axk+1 + s(yk+1−yk)} ≥ 0, ∀ y ∈ Y. (3.7)

Combining (3.6) and (3.7), we have uk+1 = (xk+1, yk+1) ∈ X × YΩ,

uk+1 ∈ Ω, θ(u)− θ(uk+1) + (u− uk+1)TF (uk+1)

≥ (u− uk+1)TQ(uk − uk+1), ∀u ∈ Ω. (3.8)

where

Q =

(
rIn AT

0 sIm

)
is not symmetric.

It does not be the PPA form (2.3), and we can not expect its convergence.
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Note that its Lagrange function is

L(x, y) = cTx− yT (Ax− b) (3.9)

which defined on <2
+ ×<. x∗ =

[
1
0

]
and y∗ = 1. is the unique saddle point of the

Lagrange function.

For solving the min-max problem (3.9), by using (6.6), the iterative formula is

xk+1 = arg min{cTx− xTAT yk + r
2
‖x− xk‖2|x ≥ 0}

= arg min{ r
2
‖x−[xk+ 1

r
(ATyk−c)]‖2|x ≥ 0}

= P<n
+

[xk+ 1
r
(ATyk−c)]

= max{[xk+ 1
r
(ATyk−c)], 0},

yk+1 = yk − 1
s
(Axk+1 − b).

We use (x0
1, x

0
2; y0) = (0, 0; 0) as the start point. For this example, the method is not

convergent.
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Fig. 2.1 The sequence generated by

PDHG Method with r = s = 1

u0 = (0, 0; 0)

u1 = (0, 0; 1)

u2 = (0, 0; 2)

u3 = (1, 0; 2)

u4 = (2, 0; 1)

u5 = (2, 0; 0)

u6 = (1, 0; 0)

u7 = (0, 0; 1)

uk+6 = uk
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For r = s = 1, 2, 5, 10, PDHG methods are not convergent
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3.2 Customized Proximal Point Algorithm-Classical Version

Ï~,·�rù«n¤��C:�{¡�/UI½���C:�{0.

If we change the non-symmetric matrix Q to a symmetric matrix H such that

Q =

(
rIn AT

0 sIm

)
⇒ H =

(
rIn AT

A sIm

)
,

then the variational inequality (6.7) will become the following desirable form:

θ(u)−θ(uk+1)+(u−uk+1)T {F (uk+1)+H(uk+1 − uk)} ≥ 0, ∀u ∈ Ω.

For this purpose, we need only to change (3.7) in PDHG, namely,

θ2(y)− θ2(yk+1) + (y − yk+1)T {Axk+1 + s(yk+1 − yk)} ≥ 0, ∀ y ∈ Y.
to

θ2(y)− θ2(yk+1) + (y − yk+1)T {Axk+1+A(xk+1 − xk)

+ s(yk+1 − yk)} ≥ 0, ∀ y ∈ Y.

θ2(y)− θ2(yk+1) + (y− yk+1)T {A[2xk+1 − xk] + s(yk+1− yk)} ≥ 0. (3.10)
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Thus, for given (xk, yk), producing a proximal point (xk+1, yk+1) via (6.6a)

and (3.10) can be summarized as:

xk+1 = argmin
{

Φ(x, yk) +
r

2

∥∥x− xk
∥∥2 ∣∣x ∈ X

}
. (3.11a)

yk+1 = argmax
{

Φ
(
[2xk+1 − xk], y

)
− s

2

∥∥y − yk
∥∥2} (3.11b)

By ignoring the constant term in the objective function, getting xk+1 from (3.11a)

is equivalent to obtaining xk+1 from

xk+1 = argmin
{
θ1(x) +

r

2

∥∥x−
[
xk +

1

r
AT yk

]∥∥2 ∣∣x ∈ X
}
.

The solution of (3.11b) is given by

yk+1 = argmin
{
θ2(y) +

s

2

∥∥y −
[
yk +

1

s
A(2xk+1 − xk)

]∥∥2 ∣∣ y ∈ Y
}
.

According to the assumption, there is no difficulty to solve (3.11a)-(3.11b).
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In the case that rs > ‖ATA‖, the matrix

H =


 rIn AT

A sIm


 is positive definite.

½½½nnn 2 The sequence {uk = (xk, yk)} generated by the customized PPA

(3.11) satisfies

‖uk+1 − u∗‖2H ≤ ‖uk − u∗‖2H − ‖uk − uk+1‖2H . (3.12)

For the minimization problem min{θ(x) |Ax = b, x ∈ X},
the iterative scheme is

xk+1 = argmin
{
θ(x) +

r

2

∥∥x−
[
xk +

1

r
AT yk

]∥∥2 ∣∣x ∈ X
}
. (3.13a)

yk+1 = yk − 1

s

[
A(2xk+1 − xk)− b

]
. (3.13b)
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3.3 Simplicity recognition

Frame of VI is recognized by some Researcher in Image Science

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization∗

Thomas Pock
Institute for Computer Graphics and Vision

Graz University of Technology
pock@icg.tugraz.at

Antonin Chambolle
CMAP & CNRS

École Polytechnique
antonin.chambolle@cmap.polytechnique.fr

Abstract

In this paper we study preconditioning techniques for
the first-order primal-dual algorithm proposed in [5]. In
particular, we propose simple and easy to compute diago-
nal preconditioners for which convergence of the algorithm
is guaranteed without the need to compute any step size
parameters. As a by-product, we show that for a certain
instance of the preconditioning, the proposed algorithm is
equivalent to the old and widely unknown alternating step
method for monotropic programming [7]. We show numer-
ical results on general linear programming problems and
a few standard computer vision problems. In all examples,
the preconditioned algorithm significantly outperforms the
algorithm of [5].

1. Introduction
In [5, 8, 13] first-order primal-dual algorithms are stud-

ied to solve a certain class of convex optimization problems
with known saddle-point structure.

min
x∈X

max
y∈Y
〈Kx, y〉+G(x)− F ∗(y) , (1)

where X and Y are finite-dimensional vector spaces
equipped with standard inner products 〈·, ·〉. K : X → Y
is a linear operator and G : X → R ∪ {∞} and F ∗ : Y →
R ∪ {∞} are convex functions with known structure.

The iterates of the algorithm studied in [5] to solve (1)
are very simple:
{
xk+1 =(I + τ∂G)−1(xk − τKT yk)

yk+1 =(I + σ∂F ∗)−1(yk + σK(xk+1 + θ(xk+1 − xk)))

(2)
They basically consist of alternating a gradient ascend in
the dual variable and a gradient descend in the primal

∗The first author acknowledges support from the Austrian Science Fund
(FWF) under the grant P22492-N23.

Figure 1. On problems with irregular structure, the proposed pre-
conditioned algorithm (P-PD) converges significantly faster than
the algorithm of [5] (PD).

variable. Additionally, the algorithm performs an over-
relaxation step in the primal variable. A fundamental as-
sumption of the algorithm is that the functions F ∗ and G
are of simple structure, meaning that the so-called proxim-
ity or resolvent operators (I + σ∂F ∗)−1 and (I + τ∂G)−1

have closed-form solutions or can be efficiently computed
with a high precision. Their exact definitions will be given
in Section 1.1. The parameters τ, σ > 0 are the primal and
dual step sizes and θ ∈ [0, 1] controls the amount of over-
relaxation in x. It is shown in [5] that the algorithm con-
verges as long as θ = 1 and the primal and dual step sizes
τ and σ are chosen such that τσL2 < 1, where L = ‖K‖
is the operator norm of K. It is further shown that a suit-
ably defined partial primal-dual gap of the average of the
sequence ((x0, y0), ..., (xk, yk)) vanishes with rate O(1/k)
for the complete class of problems covered by (1). For
problems with more regularity, the authors propose acceler-
ation schemes based on non-empirical choices on τ , σ and
θ. In particular they show that they can achieveO(1/k2) for
problems where G of F ∗ is uniformly convex and O(ωk),
ω < 1 for problems where both G and F ∗ are uniformly
convex. See [5] for more details.

A common feature of all numerical examples in [5] is
that the involved linear operators K have a simple struc-
ture which makes it very easy to estimate L. We observed
that for problems where the operator K has a more compli-

1

• T. Pock and A. Chambolle, IEEE ICCV, 1762-1769, 2011

• A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem

with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.
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dual variables into a vector y and all linear operators into a
global linear operator K. Then, applying the precondition-
ing techniques proposed in this paper leads to an algorithm
that is guaranteed to converge to the optimal solution with-
out the need to solve any inner optimization problems.

Figure 3 shows some results of standard minimal parti-
tioning and segmentation problems. We compared the orig-
inal approach solving inner optimization problems and us-
ing PD to P-PD applied to (27). We first precomputed the
optimal solution using a large number of iterations and then
recorded the time until the error is below a threshold of tol.
The timings are presented in Table 4. In all cases, the pro-
posed algorithm clearly outperforms the original approach
of [5].

PD P-PD Speedup
Synthetic (3 phases) 221.71s 75.65s 2.9
Synthetic (4 phases) 1392.02s 538.83s 2.6

Natural (8 phases) 592.85s 113.76s 5.2
Table 4. Comparison of the proposed algorithm on partitioning
problems.

4. Conclusion

In this paper we have proposed a simple precondition-
ing technique to improve the performance of the first-order
primal-dual algorithm proposed in [13, 5]. The proposed
diagonal preconditioners can be computed efficiently and
guarantee the convergence of the algorithm without the
need to estimate any step size parameters. In several nu-
merical experiments, we have shown that the proposed al-
gorithm significantly outperforms the algorithm in [5]. Fur-
thermore, on large scale linear programming problems, an
unoptimized implementation of the proposed algorithm eas-
ily outperforms a highly optimized interior point solver and
a GPU implementation of the proposed algorithm can eas-
ily compete with specialized combinatorial algorithms for
computing minimum cuts.

We believe that the proposed algorithm can become a
standard algorithm in computer vision since it can be ap-
plied to a large class of convex optimization problems aris-
ing in computer vision and has the potential for parallel
computing. Future work will mainly concentrate on the
development of more sophisticated preconditioners that are
different from diagonal matrices.
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1 Introduction

In thisworkwe revisit a first-order primal–dual algorithmwhichwas introduced in [15,
26] and its accelerated variants which were studied in [5]. We derive new estimates
for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N ) rate
of convergence (where N is the number of iterations), which also generalizes to non-
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Moreover, from the convexity of f and (4) it follows

f (x) ≥ f (x̄) + 〈∇ f (x̄), x − x̄〉 ≥ f (x̂) + 〈∇ f (x̄), x − x̂
〉 − L f

2
‖x̂ − x̄‖2.

Combining this with the previous inequality, we arrive at

f (x) + g(x) + 1
τ

Dx (x, x̄) + L f

2
‖x̂ − x̄‖2

≥ f (x̂) + g(x̂) + 〈
K (x̂ − x), ỹ

〉 + 1
τ

Dx (x̂, x̄) + 1
τ

Dx (x, x̂). (9)

In the same way:

h∗(y) + 1
σ

Dy(y, ȳ) ≥ h∗(ŷ) − 〈
K x̃, ŷ − y

〉 + 1
σ

Dy(ŷ, ȳ) + 1
σ

Dy(y, ŷ). (10)

Summing (9), (10) and rearranging the terms appropriately, we obtain (8) �	.

3 Non-linear primal–dual algorithm

In this section we address the convergence rate of the non-linear primal–dual algorithm
shown in Algorithm 1:

Algorithm 1: O(1/N ) Non-linear primal–dual algorithm

• Input: Operator norm L := ‖K‖, Lipschitz constant L f of ∇ f , and Bregman
distance functions Dx and Dy .

• Initialization: Choose (x0, y0) ∈ X × Y, τ, σ > 0
• Iterations: For each n ≥ 0 let

(xn+1, yn+1) = PDτ,σ (xn, yn, 2xn+1 − xn, yn) (11)

The elegant interpretation in [16] shows that by writing the algorithm in this form
(which “shifts” the updates with respect to [5]), in the Euclidean case, that is ‖·‖x =
‖·‖y = ‖·‖2, and Dx (x, x ′) = 1

2‖x − x ′‖2
2, Dy(y, y′) = 1

2‖y − y′‖2
2, then it is an

instance of the proximal point algorithm [27], up to the explicit term ∇ f (xn), since

(
K ∗ + ∂g

−K + ∂h∗
)

(zn+1) + Mτ,σ (zn+1 − zn) �
(−∇ f (xn)

0

)
,

where the variable z ∈ X ×Y represents the pair (x, y), and the matrix Mτ,σ is given
by

Mτ,σ =
( 1

τ
I −K ∗

−K 1
σ

I

)
, (12)

which is positive-definite as soon as τσ L2 < 1. A proof of convergence is easily
deduced. Moreover, since in our particular setting we never really use the machinery
of monotone operators, and rely only on the fact that we are studying a specific

123

A proof of convergence is easily
deduced.

The elegant interpretation in
in
y writing the algorithm in this form
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The Chen-Teboulle algorithm is the proximal point algorithm

Stephen Becker ∗

November 22, 2011; posted August 13, 2019

Abstract

We revisit the Chen-Teboulle algorithm using recent insights and show that this allows a better bound
on the step-size parameter.

1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product 〈x, y〉 on H×H∗. Instead of defining the norm to be the induced norm, we define the primal
norm as follows (and this induces the dual norm)

‖x‖V =
√
〈V x, x〉 =

√
〈x, x〉V , ‖y‖∗V = ‖y‖V −1 =

√
〈y, V −1y〉 =

√
〈y, y〉V −1

for any Hermitian positive definite V ∈ B(H,H); we write this condition as V � 0. For finite dimensional
spaces H, this means that V is a positive definite matrix.

We discuss the canonical proximal point method in a general norm; this generality has been known for a
long time, and the novelty will be our specific choice of norm. This allows us to re-derive the Chen-Teboulle
algorithm [CT94], which, even though it is not widely used, appears to be the first algorithm in a series
of algorithms [ZC08, EZC10, CP10, HY12, Con13, Vũ13]. Among other features, a benefit of these new
algorithms is that they can exploit the situation when a function f can be written as f(x) = h(Ax) for a
linear operator A. In particular, this is useful when the proximity operator [Mor62] of h is easy to compute
but the proximity operator of h ◦ A is not easy (the prox of h ◦ A follows from that of h only in special
conditions on A; see [CP07]).

The benefit of this analysis is that it gives intuition, allows one to construct novel methods, simplifies
convergence analysis, gives sharp bounds on step-sizes, and extends to product-space formulations easily.

1.1 Proximal Point algorithm

All terminology is standard, and we refer to the textbook [BC11] for standard definitions. Let A be a
maximal monotone operator, such as a subdifferential of a proper lower semi-continuous convex function,

and assume zero(A)
def
= {~x : 0 ∈ A~x} is non-empty. The proximal point algorithm is a method for finding

some ~x ∈ zero(A). It makes use of the fundamental fact:

0 ∈ A~x ⇐⇒ τ~x ∈ τ~x+A~x

for any τ > 0. This is equivalent to

~x ∈ (I + τ−1A)−1~x
def
= Jτ−1A(~x)

∗University of Colorado Boulder, USA. Work was also performed 2011–2014 while author was at IBM Research, Yorktown
Heights, NY, USA and at Laboratoire Jacques-Louis Lions, University Paris-6, under a fellowship from the Fondation Sciences
Mathmatiques de Paris (FSMP) and by a public grant overseen by the French National Research Agency (ANR) as part of the
“Investissements d’Avenir” program (reference: ANR-10-LABX-0098)

1

ar
X

iv
:1

90
8.

03
63

3v
1 

 [
m

at
h.

O
C

] 
 9

 A
ug

 2
01

9



38

4 üüü¬¬¬���¯̄̄KKKUUUIII���OOO���CCC:::���{{{

�âý��½Ý
 �EPPA�{. �{�±3 [12]¥��.

The convex optimization problem,

min{θ(x) | Ax = b, x ∈ X}

is translated to the equivalent variational inequality :

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀u ∈ Ω, (4.1a)

where

w =


 x

λ


 , F (w) =


 −ATλ

Ax− b


 and Ω = X × <m. (4.1b)
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4.1 PPA in Primal-Dual Order

Relaxed PPA for the variational inequality (4.1) : Find w̃k ∈ Ω, such that

θ(x)− θ(x̃k) + (w− w̃k)TF (w̃k) ≥ (w− w̃k)TH(wk− w̃k), ∀w ∈ Ω, (4.2a)

where

H =

 βATA+ δIn AT

A
1

β
Im

 . (4.2b)

The concrete formula of (4.2) is

key��Ü©Ò´ F (w̃k)
θ(x)− θ(x̃k) + (x− x̃k)T

{−AT λ̃k + (βATA+ δIn)(x̃
k − xk) +AT (λ̃k − λk)} ≥ 0,

(Ax̃k − b) +A(x̃k − xk) + (1/β)(λ̃k − λk) = 0.

(4.3)

The underline part is F (w̃k), because

F (w) =

(
−ATλ

Ax− b

)
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r (4.3)¥�/��.0C©Ø�ª�n�e,B´µ{
θ(x)− θ(x̃k) + (x− x̃k)T {−ATλk + (βATA+ δIn)(x̃k − xk)} ≥ 0,(

A[2x̃k − xk]− b
)

+ (1/β)(λ̃k − λk) = 0.

How to implement the prediction? To get w̃k which satisfies (4.3),

we need only use the following procedure: (Primal-Dual)




x̃k = Argmin

{
θ(x)− xTATλk

+ 1
2β‖A(x− xk)‖2 + 1

2δ‖x− xk‖2
∣∣∣∣x ∈ X

}
,

λ̃k = λk − β
(
A[2x̃k − xk]− b

)
.

(4.4)

Then, we use the form

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2)

to update the new iterate wk+1.

3 (4.4)�xf¯K�8I¼ê¥,Qk��5¼êθ(x),q

k�²���g¼ê,k�¬�¦)�5Ø��(J!
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4.2 þþþ((((þþþ���(((JJJ)���ALM (Balanced ALM) [22]

�o�þ(�ALM,@´4 (4.4)¥�xf¯K�8I¼ê�k��5¼

êθ(x)Ú²���g¼ê r
2
‖x− xk‖2. rÜ©(J=£�Cþλ���.

PPA for the variational inequality (4.1) : Find w̃k ∈ Ω, such that

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TH(wk − w̃k), ∀w ∈ Ω,

(4.5a)

where

H =


 rIn AT

A 1
rAA

T + δIm


 is positive definite. (4.5b)

Then, we use the form

wk+1 = wk − α(wk − w̃k), α ∈ (0, 2)

to update the new iterate wk+1.
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key��Ü©Ò´ F (w̃k)

The concrete form of (4.5) isθ(x)− θ(x̃k) + (x− x̃k)T {−AT λ̃k + rIn(x̃k − xk) +AT (λ̃k − λk)} ≥ 0,

(Ax̃k − b) +A(x̃k − xk) + (1
r
AAT + δIm) (λ̃k − λk) = 0.

It can written asx̃k ∈ X , θ(x)− θ(x̃k) + (x− x̃k)T {−ATλk + r(x̃k − xk)} ≥ 0,

A[(2x̃k − xk)− b] + ( 1
r
AAT + δIm)(λ̃k − λk) = 0.

Thus, the predictor w̃k in balanced ALM (4.5) is implemented by
x̃k=arg min

{
θ(x)− xTATλk +

r

2
‖x− xk‖2

∣∣ x ∈ X}, (4.6a)

λ̃k=arg min
{
λT
(
A[2x̃k − xk]− b

)
+

1

2

∥∥λ− λk∥∥2

( 1
r
AAT +δIm)

}
. (4.6b)

The underline part is F (w̃k):

F (w) =

(
−ATλ

Ax− b

)
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Remark. λ̃k in (4.6b) is the solution of the following system of linear equations:

H0(λ− λk) +
(
A[2x̃k − xk]− b

)
= 0, (4.7)

where

H0 =
1

r
AAT + δIm. (4.8)

Because the matrix H0 is positive definite, there are efficient algorithms in

literature for solving such a systems of linear equations.

• þ(�O2.�KF¦f{, x-f¯K (4.6a)¥��g�ª²��,ü$


¯K¦)�JÝ.

• λ-f¯K (4.6b)�¦)��XêÝ
�½��5�§|.5¿�,3��

S�L§¥,·���éÝ
H0 (see (4.8))��gCholesky©).

• �Öö'��e (4.2b)Ú (4.5b)¥�½Ý
H�ØÓ�E/ª.k,��

Öö�±&¢�eÙ¦�EÝ
H��{.
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5 üüü¬¬¬���©©©lll¯̄̄KKK���ADMMÚÚÚPPA���{{{

·�éC©Ø�ª¯K

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (5.1)

½Â
PPA�{,�H�é¡�½Ý
, H-�e�PPA�{�1kÚl®�

�wkÑu,¦��#S�:wk+1¦�

wk+1 ∈ Ω, θ(u)−θ(uk+1) + (w − wk+1)TF (wk+1)

≥ (w − wk+1)TH(wk − wk+1), ∀w ∈ Ω. (5.2)

wk+1´C©Ø�ª¯K (5.1)�)�¿©7�^�´ (5.2)¥�wk = wk+1.

PPA�{�)�S�S�{wk}÷v

‖wk+1 − w∗‖2H ≤ ‖wk − w∗‖2H − ‖wk − wk+1‖2H , ∀w∗ ∈ Ω∗. (5.3)

¿k

‖wk − wk+1‖2H ≤ ‖wk−1 − wk‖2H . (5.4)

Ø�ª (5.3)Ú (5.4)´PPA�{�ü^­�
q¤��5�.
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5.1 ADMM���{{{���ÌÌÌ���555���

ADMM´^5¦)ü¬�©là`z¯K

min{θ1(x) + θ2(y)|Ax+By = b, x ∈ X , y ∈ Y} (5.5)

�k��{.·�r¯K (5.5)=�¤C©Ø�ª (5.1),Ù¥

w =

 x

y

λ

 , u =

 x

y

 , θ(u) = θ1(x) + θ2(y),

F (w) =


−ATλ

−BTλ

Ax+By − b

 Ú Ω = X × Y × <m.

¯K (5.5)�O2.�KF¼ê´

L[2]
β (x, y, λ) = θ1(x) + θ2(y)− λT (Ax+By − b) +

β

2
‖Ax+By − b‖2.
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O2.�KF¦f{�1kgS�l�½�λkm©,ÏL

(ALM)

 (xk+1, yk+1) = arg min
{
L[2]
β (x, y, λk)

∣∣ x ∈ X , y ∈ Y}, (5.6a)

λk+1 = λk − β(Axk+1 +Byk+1 − b), (5.6b)

¦� wk+1 = (xk+1, yk+1, λk+1).

^ALM�{?n¯K (5.5),·�rv = λ��Ø%Cþ, (x, y)��¥mCþ.

ADMM´tµ
�ALM, kgS�l�½�vk = (yk, λk)m©,ÏL

(ADMM)


xk+1 = arg min

{
L[2]
β (x, yk, λk)

∣∣ x ∈ X}, (5.7a)

yk+1 = arg min
{
L[2]
β (xk+1, y, λk)

∣∣ y ∈ Y}, (5.7b)

λk+1 = λk − β(Axk+1 +Byk+1 − b), (5.7c)

¦� wk+1 = (xk+1, yk+1, λk+1).

^ADMM�{?n¯K (5.5),·�rv = (y, λ)´Ø%Cþ, x��¥mCþ.

w,, ADMMÒ´tµ
�ALM.
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duUC`z¯K¥8I¼ê�~ê�é¯K�)vkK�, ADMM (5.7)¢
Sþ´ÏL

xk+1 ∈ arg min
{
θ1(x)− xTATλk + 1

2
β‖Ax+Byk − b‖2

∣∣ x ∈ X},
yk+1 ∈ arg min

{
θ2(y)− yTBTλk + 1

2
β‖Axk+1 +By − b‖2

∣∣ y ∈ Y},
λk+1 = λk − β(Axk+1 +Byk+1 − b)

(5.8)

¦�wk+1 = (xk+1, yk+1, λk+1).

Analysis �â�`5½n, (5.8)�xÚyf¯K©O÷v

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T{
−ATλk + βAT

(
Axk+1 +Byk − b

)}
≥ 0, ∀x ∈ X

(5.9a)

Ú

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T{
−BTλk+βBT

(
Axk+1+Byk+1−b

)}
≥ 0, ∀ y ∈ Y.

(5.9b)
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± λk+1 = λk − β(Axk+1 +Byk+1 − b) �\ (5.9)£��Ù¥�λk¤,

·�©O��

xk+1 ∈ X , θ1(x)− θ1(xk+1) + (x− xk+1)T{
−ATλk+1 + βATB(yk − yk+1)

}
≥ 0, ∀x ∈ X ,

(5.10a)

Ú

yk+1 ∈ Y, θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y.

(5.10b)

ò (5.10)�¤;n�/ªµuk+1 = (xk+1, yk+1) ∈ X × Y ,

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T{( −ATλk+1

−BTλk+1

)

+β

(
ATB

0

)(
yk − yk+1)} ≥ 0, ∀(x, y) ∈ X × Y.

(5.11)
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2rþªU�¤

θ(u)− θ(uk+1) +

(
x− xk+1

y − yk+1

)T{( −ATλk+1

−BTλk+1

)
+β

(
ATB

BTB

)(
yk − yk+1)

+

(
0 0

0 βBTB

)(
xk+1 − xk

yk+1 − yk

)}
≥ 0, ∀ (x, y) ∈ X × Y. (5.12)

,�,·�kXe�Ún:

ÚÚÚnnn 2 é�½� (yk, λk),�wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�O��

{ (5.8))¤�.·�k

θ(u)−θ(uk+1)+

x− xk+1

y − yk+1

λ− λk+1


T
 −ATλk+1

−BTλk+1

Axk+1+Byk+1− b

+β

ATBT
0

B(yk−yk+1)

+

 0 0

βBTB 0

0 1
β
Im


 yk+1 − yk

λk+1 − λk


 ≥ 0, ∀w ∈ Ω. (5.13)
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yyy²²² �ª (Axk+1 +Byk+1 − b) + 1
β

(λk+1 − λk) = 0�±U�¤

λk+1 ∈ <m, (λ−λk+1)T {(Axk+1+Byk+1−b)+ 1
β

(λk+1−λk)} ≥ 0, ∀λ ∈ <m.

òþª\� (5.13),Ò��Ún�(Ø. �

�
�B,·�½Â

v =

(
y

λ

)
and V∗ = {(y∗, λ∗) | (x∗, y∗, λ∗) ∈ Ω∗},

��e¡�Únµ

ÚÚÚnnn 3 é�½� (yk, λk),�wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�O��

{ (5.8))¤�.·�k

(vk+1−v∗)TH(vk−vk+1) ≥ (yk−yk+1)TBT (λk−λk+1), ∀w∗ ∈ Ω∗, (5.14)

Ù¥

H =

(
βBTB 0

0 1
β
Im

)
. (5.15)
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Proof. Setting w = w∗ in (5.13), we get

(vk+1 − v∗)TH(vk − vk+1)

≥

(
xk+1 − x∗

yk+1 − y∗

)T(
AT

BT

)
βB(yk − yk+1)

+θ(uk+1)− θ(u∗) + (wk+1 − w∗)TF (wk+1), ∀w∗ ∈ Ω∗. (5.16)

Observe the first part of the right hand side of (5.16),(
xk+1 − x∗

yk+1 − y∗

)T(
AT

BT

)
βB(yk − yk+1)

= (yk − yk+1)TBTβ
(
A,B

)( xk+1 − x∗

yk+1 − y∗

)
= (yk − yk+1)TBTβ

(
Axk+1 +Byk+1 − (Ax∗ +By∗)

)
= (yk − yk+1)BTβ

(
Axk+1 +Byk+1 − b

)
= (yk − yk+1)BT (λk − λk+1). (5.17)
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To the second part, since (wk+1 −w∗)TF (wk+1) = (wk+1 −w∗)TF (w∗) and w∗

is the optimal solution, it follows that

θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (wk+1)

= θ(uk+1)−θ(u∗) + (wk+1 − w∗)TF (w∗) ≥ 0. (5.18)

The assertion (5.16) immediately. �

ÚÚÚnnn 4 é�½� (yk, λk),�wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�O��

{ (5.8))¤�.·�k

(yk − yk+1)TBT (λk − λk+1) ≥ 0. (5.19)

Proof. Because (5.10b) is true for the k-th iteration and the previous iteration, we have

θ2(y)− θ2(yk+1) + (y − yk+1)T
{
−BTλk+1} ≥ 0, ∀ y ∈ Y, (5.20)

and

θ2(y)− θ2(yk) + (y − yk)T
{
−BTλk} ≥ 0, ∀ y ∈ Y, (5.21)

Setting y = yk in (5.20) and y = yk+1 in (5.21), respectively, and then adding the two

resulting inequalities, we get the assertion (5.19) immediately. �
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ò (5.19)�\ (5.14),·���

(vk+1 − v∗)TH(vk − vk+1) ≥ 0, ∀ v∗ ∈ V∗. (5.22)

3þ�ù¥·�®²`²µbTH(a− b) ≥ 0 ⇒ ‖b‖2H ≤ ‖a‖2H − ‖a− b‖2H .
� a = vk − v∗, b = vk+1 − v∗,Òke¡�½n.

½½½nnn 3 é�½� (yk, λk),�wk+1 = (xk+1, yk+1, λk+1) ∈ Ω´d�O��

{ (5.8))¤�.·�k

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀ v∗ ∈ V∗. (5.23)

Ød�	,·�3 [20]¥y²
ADMM�S�S�{vk}ä�5�

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (5.24)

Ø�ª (5.23)Ú (5.24)Ð«
ADMMéÐ�5�.3�
¯�ADMM�ï

Ä [8]¥,Ñ^�
 (5.24)ù^5�.
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Roland Glowinski
(1937-2022)

þ­V70 c�¥Ï, JÑ


¦f�O��{,���

� Algorithm 2.^5¦)e

¡ùa�©�§¯K

min{f(x) + g(Mx)}

¦�r§=�¤¯K
{

min f(x) + g(y),

s.t Mx− y = 0.

^�O��{¦)"

·�ÚGlowinski l 1998cm©Òk� [25]
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·�3�ù�©Ù�"v¿��eéØ�. �

´Glowinski �{áµdÚ�É¿�·��ÙP�.
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L��õc, ADMM �{��
�~2��­À�

duÝ\@,·��
Ø�ó�,knØ�,�k�{�.

·�'uADMM�ó�,3IS�®²���5�õ�@�
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2021c7�,1n3�I�êâ�<ó�U�Æ�¬3¤Ñðm.

�®�Æ�UÆ��»��Ç3�¬���w¥J�
·�ó�"
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H��E�Æ2015?�� ·�L�Æ),@�®²3ÜS�Ï�ÆÖa

¬,w�ì¡þk·,`¯ì
�Üì¡D�
·"

ADMM�±¦)ü¬�¯K,n¬�¯KÒ7L,��{
!
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5.2 ²²²111¦¦¦)))fff¯̄̄KKK���PPA���{{{

¦)ü��©l¬¯K (5.5)�A�C©Ø�ª (1.11)-(1.12).

�â PPA�{��¦,�O�màÝ
�Hé¡�½. v = w

bXPPA�O¤

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TH(wk − w̃k), ∀w ∈ Ω,

(5.1a)

where

H =




βATA+ δIn1
0 AT

0 βBTB + δIn2
BT

A B 2
β Im


 . (5.1b)

The both matrices

 βATA+ δIn1

AT

A 1
β Im


 � 0,


 βBTB + δIn2

BT

B 1
β Im


 � 0.
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Because F (w) =

 −ATλ
−BTλ

Ax+By − b

, the concrete form of (5.1) is



θ1(x)− θ1(x̃k) + (x− x̃k)T

{−AT λ̃k + (βATA+ δIn1)(x̃
k − xk)+AT (λ̃k − λk)} ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T

{−BT λ̃k + (βBTB + δIn2)(ỹ
k − yk)+BT (λ̃k − λk)} ≥ 0,

(Ax̃k +Bỹk − b)+A(x̃k − xk)+B(ỹk − yk) + (2/β) (λ̃k − λk) = 0.

After simple organization, we obtain
θ1(x)− θ1(x̃k) + (x− x̃k)T {−ATλk + (βATA+ δIn1)(x̃k − xk)} ≥ 0,

θ2(y)− θ2(ỹk) + (y − ỹk)T {−BTλk + (βBTB + δIn2)(ỹk − yk)} ≥ 0,

[2(Ax̃k +Bỹk − b)− (Axk +Byk − b)] + (2/β)(λ̃k − λk) = 0.
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In fact, the prediction can be arranged by

x̃k = arg min

{
θ1(x)− xTATλk

+ 1
2
β‖A(x− xk)‖2 + 1

2
δ‖x− xk‖2

∣∣∣∣x ∈ X} (5.2a)

ỹk = arg min

{
θ2(y)− yTBTλk

+ 1
2
β‖B(y − yk)‖2 + 1

2
δ‖y − yk‖2

∣∣∣∣ y ∈ Y} (5.2b)

λ̃k = λk − 1
2
β
[
2(Ax̃k +Bỹk − b)− (Axk +Byk − b)

]
(5.2c)

x̃k= arg min
{
θ1(x)− xTATλk + 1

2
(x− xk)T (βATA+ δIn1)(x− xk)|x ∈ X

}
ỹk= arg min

{
θ2(y)− yTBTλk + 1

2
(y − yk)T (βBTB + δIn2)(y − yk)|y ∈ Y

}
λ̃k= λk − 1

2
β
[
2(Ax̃k +Bỹk − b)− (Axk +Byk − b)

]
wk+1 = wk − α(wk − w̃k), α ∈ (0, 2).

|^C©Ø�ª (VI)Ú�C:�{ (PPA),�gd/�OADMMa©�Â �{
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6 ààà`̀̀zzz©©©���ÂÂÂ   ���{{{���ÚÚÚ���µµµeee

·�o´^C©Ø�ª (VI)���{�O,r�5�å�à`z¯K8(�

e¡�C©Ø�ª:

w∗ ∈ Ω, θ(u)− θ(u∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω. (6.1)

Algorithms in a unified framework

A unified Algorithmic Framework for (6.1) Ú�µedýÿ-��üÜ©|¤

[Prediction Step.]l�½�vkÑu,¦�ýÿ: w̃k ∈ Ω¦Ù÷v

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk), ∀w ∈ Ω, (6.2a)

Ù¥QØ�½é¡,�´QT +Q�½.

[Correction Step.]���Ü·��ÛÉÝ
M ,deª(½#�S�:

vk+1 = vk −M(vk − ṽk). (6.2b)

QÚM©O��ýÿÝ
Ú��Ý
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Convergence Conditions

é�{µe (6.2)¥�ýÿÝ
QÚ��Ý
M ,�3�½Ý
H ,¦�

HM = Q, (6.3a)

¿�

G = QT +Q−MTHM � 0. (6.3b)

ýýýÿÿÿ-���������{{{���~~~fff

We consider the min−max problem

minx maxy{Φ(x, y) = θ1(x)− yTAx− θ2(y) |x ∈ X , y ∈ Y}. (6.4)

Furthermore, it can be written as a variational inequality in the compact form:

u ∈ Ω, θ(u)− θ(u∗) + (u− u∗)TF (u∗) ≥ 0, ∀u ∈ Ω, (6.5)

where

u =

(
x
y

)
, θ(u) = θ1(x) + θ2(y), F (u) =

(
−AT y
Ax

)
, Ω = X × Y.
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The output of Original PDHG algorithm [32] as predictor

For given (xk, yk), PDHG [32] produces a pair of (x̃k, ỹk). First,

x̃k = argmin{Φ(x, yk) +
r

2
‖x− xk‖2 |x ∈ X}, (6.6a)

and then we obtain ỹk via

ỹk = argmax{Φ(x̃k, y)− s

2
‖y − yk‖2 | y ∈ Y}. (6.6b)

The output ũk ∈ Ω,

θ(u)− θ(ũk) + (u− ũk)T {F (ũk) +Q(ũk − uk)} ≥ 0, ∀u ∈ Ω, (6.7a)

where

Q =

(
rIn AT

0 sIm

)
. (6.7b)

éuù��ýÿ,·��Ä'�{ü���

uk+1 = uk −M(uk − ũk) (6.8)
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��.Ù¥M�ü þn�Ý
½ü en�Ý
.Âñ5^� (6.3)

• H � 0 and HM = Q.

• G = QT +Q−MTHM � 0.

�±U�¤�d�

( i ) H � 0 and H = QM−1.

(ii) G = QT +Q−QTM � 0.

�. ��Ý
M�ü en�Ý
 Ù¥�K´�½�.

M =

 In 0

K Im

 K M−1 =

 In 0

−K Im

 .

é^� (i), ·�3Ú�µee��e¦Ñù�K�äN/ª.duH = QM−1�½,

Äk7L´é¡�.d

H = QM−1 =

 rIn AT

0 sIm

 In 0

−K Im

 =

 rIn −ATK AT

−sK sIm





66

7Lé¡,í�

−sK = A, ⇒ K = −1

s
A.

Ïd,

M =

 In 0

− 1
s
A Im

 , H =

 rIn + 1
s
ATA AT

A sIm

 .

é?¿� r, s > 0,Ý
H´�½�.

é^� (ii),

G = QT +Q−MTHM = QT +Q−QTM

=

(
2rIn AT

A 2sIm

)
−
(
rIn 0

A sIm

)(
In 0

− 1
s
A Im

)

=

(
2rIn AT

A 2sIm

)
−
(
rIn 0

0 sIm

)
=

(
rIn AT

A sIm

)
.

�Ý
 G�½,7Lk rs > ‖ATA‖.

æ^PDHGýÿ,cãü en�Ý
��,� rs > ‖ATA‖,Âñ5^�÷v.
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�. ��Ý
M�ü þn�Ý
 Ó�,Ù¥�K´�½�.

M =

 In K

0 Im

 K M−1 =

 In −K
0 Im

 .

é^� (i), ·�3Ú�µee��e¦Ñù�K�äN/ª.duH = QM−1�½,

Äk7L´é¡�.d

H = QM−1 =

 rIn AT

0 sIm

 In −K
0 Im

 =

 rIn −rK +AT

0 sIm


7Lé¡,í�

rK = AT , ⇒ K =
1

r
AT .

Ïd,

M =

 In
1
r
AT

0 Im

 , H =

 rIn 0

0 sIm

 .

é?¿� r, s > 0,Ý
H´�½�.
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é^� (ii),

G = QT +Q−MTHM = QT +Q−QTM

=

(
2rIn AT

A 2sIm

)
−
(
rIn 0

A sIm

)(
In

1
r
AT

0 Im

)

=

(
2rIn AT

A 2sIm

)
−
(
rIn AT

A sIm

)

=

(
rIn 0

0 sIm − 1
r
AAT

)
.

�Ý
 G�½,7Lk rs > ‖ATA‖.

æ^PDHGýÿ,cãü þn�Ý
��,� rs > ‖ATA‖,Âñ5^�÷v.

ýÿ-���Ú�µe,rØU�yÂñ�PDHG�{UE¤
Âñ��{.

êþ·�Ò¬w�, ÷vÂ^� (6.3)�ýÿ-���{ (6.2)�Âñ5y

²�~N´. XJ�¿òk
(½��{ [13, 15, 16]=�¤Ú�µ

e (6.2)¥�ýÿ-���{,,�^ (6.3)¥�ü^Âñ5^���y,y²

ÒAO{üÚ�.éd,·�3¥©nã©Ù [10]¥Þ
�þ�~f.
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6.1 Convergence proof in the unified framework

In this stage, assuming the conditions (6.3) in the unified framework are satisfied, we prove

some convergence properties.

½½½nnn 1 Let {vk} be the sequence generated by a method for the problem (6.1) and w̃k is

obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the unified

framework, then we have

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k)

≥ 1

2

(
‖v − vk+1‖2H − ‖v − vk‖2H

)
+

1

2
‖vk − ṽk‖2G, ∀w ∈ Ω. (6.9)

Proof. Using Q = HM (see (6.3a)) and the relation (6.2b), the right hand side of (6.3a)

can be written as (v − ṽk)TH(vk − vk+1) and hence

θ(u)−θ(ũk)+(w− w̃k)TF (w̃k) ≥ (v− ṽk)TH(vk − vk+1), ∀w ∈ Ω. (6.10)

Applying the identity Q(vk − ṽk) = HM(vk − ṽk) = H(vk − vk+1).

(a−b)TH(c−d) =
1

2
{‖a−d‖2H−‖a−c‖2H}+

1

2
{‖c−b‖2H−‖d−b‖2H}, (6.11)



70

to the right hand side of (6.10) with

a = v, b = ṽk, c = vk, and d = vk+1,

we thus obtain

2(v − ṽk)TH(vk − vk+1)

=
(
‖v − vk+1‖2H−‖v − vk‖2H

)
+(‖vk − ṽk‖2H−‖vk+1 − ṽk‖2H).(6.12)

For the last term of (6.12), using HM = Q and 2vTQv = vT (QT +Q)v, we have

‖vk − ṽk‖2H − ‖vk+1 − ṽk‖2H
= ‖vk − ṽk‖2H − ‖(vk − ṽk)− (vk − vk+1)‖2H

(6.3a)
= ‖vk − ṽk‖2H − ‖(vk − ṽk)−M(vk − ṽk)‖2H
= 2(vk − ṽk)THM(vk − ṽk)− (vk − ṽk)TMTHM(vk − ṽk)

= (vk − ṽk)T (QT +Q−MTHM)(vk − ṽk)
(6.3b)
= ‖vk − ṽk‖2G. (6.13)

Substituting (6.12), (6.13) in (6.10), the assertion of this theorem is proved. �
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r ÈzÚ��ð�ª (6.11)´�~k^

�. ù�;Í��öAmir Beckë�
·�

�ÈzÚ��y²§ª,¿3c����5

�
`².
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Strict contraction {‖vk − v∗‖2H} îîî���eeeüüü

½½½nnn 2 Let {vk} be the sequence generated by a method for the problem (6.1) and w̃k is

obtained in the k-th iteration. If vk , vk+1 and w̃k satisfy the conditions in the unified

framework, then we have

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (6.14)

Proof. Setting w = w∗ in (6.9), we get

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H
≥ ‖vk − ṽk‖2G + 2{θ(ũk)− θ(u∗) + (w̃k − w∗)TF (w̃k)}. (6.15)

By using the optimality of w∗ and the monotonicity of F (w), we have

θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w̃k) ≥ θ(ũk)−θ(u∗)+(w̃k−w∗)TF (w∗) ≥ 0

and thus

‖vk − v∗‖2H − ‖vk+1 − v∗‖2H ≥ ‖vk − ṽk‖2G. (6.16)

The assertion (6.14) follows directly. �
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Monotonicity of the series {‖vk − vk+1‖2H} üüüNNNØØØOOO

½½½nnn 3 For solving the variational inequality (6.1), let {wk}, {w̃k} be the sequence

generated by (6.2). If the conditions (6.3) are satisfied, then we have

‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (6.17)

Proof Note that for any w ∈ Ω, we have

θ(u)− θ(ũk) + (w − w̃k)TF (w̃k) ≥ (v − ṽk)TQ(vk − ṽk),

and

θ(u)− θ(ũk+1) + (w − w̃k+1)TF (w̃k+1) ≥ (v − ṽk+1)TQ(vk+1 − ṽk+1).

Set the vector w in the above two inequalities by w̃k+1 and w̃k , respectively, we get

θ(ũk+1)− θ(ũk) + (w̃k+1 − w̃k)TF (w̃k) ≥ (ṽk+1 − ṽk)TQ(vk − ṽk)

and

θ(ũk)− θ(ũk+1) + (w̃k − w̃k+1)TF (w̃k+1) ≥ (ṽk − ṽk+1)TQ(vk+1 − ṽk+1).

Adding the above two inequalities, it follows that

(ṽk − ṽk+1)TQ{(vk − ṽk)−(vk+1 − ṽk+1)} ≥ 0.
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Then, adding {(vk − ṽk)−(vk+1 − ṽk+1)}TQ{(vk − ṽk)−(vk+1 − ṽk+1)} to the

both sides of the inequality (ṽk − ṽk+1)TQ{(vk − ṽk)−(vk+1 − ṽk+1)} ≥ 0 , we get

(vk−vk+1)TQ{(vk−ṽk)−(vk+1−ṽk+1)} ≥ 1
2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2(QT +Q),

and thus |^Q = HM ,,� M(vk − ṽk) = (vk − vk+1).

(vk−vk+1)TH{(vk−vk+1)−(vk+1−vk+2)} ≥ 1
2
‖(vk−ṽk)−(vk+1−ṽk+1)‖2

(QT +Q)
.

(6.18)

Finally, by using ‖a‖2H − ‖b‖2H = 2aTH(a− b)− ‖a− b‖2H and (6.18), we get

‖vk − vk+1‖2H − ‖vk+1 − vk+2‖2H
= 2(vk − vk+1)TH{(vk − vk+1)− (vk+1 − vk+2)}

−‖(vk − vk+1)− (vk+1 − vk+2)‖2H
≥ ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q) − ‖(v

k − vk+1)− (vk+1 − vk+2)‖2H
= ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2(QT +Q−MTHM)

= ‖(vk − ṽk)− (vk+1 − ṽk+1)‖2G.

This is the equivalent form of (6.17) and the proof is complete. �
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6.2 How to construct the correction matrix M

��Ú�µe�ýÿ (6.2a)¥�ýÿÝ
Q÷v

QT +Q � 0,

·�o�±�

0 ≺ G ≺ QT +Q.

,�P

D = (QT +Q)−G,

K D � 0.-

MTHM = D.

dÝ
�§|)� HM=Q,

MTHM=D.
⇔

 HM=Q,

QTM=D.
⇔

 H=QD−1QT ,

M=Q−TD.
(6.19)

Ò��÷vÂñ^����Ý
M .

¢SO�¥,·�����Ý
M .
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H ÚG�´^5�yÂñ^��.

�é{`,��

QT +Q � 0.

·�Ò�±Àü��½Ý
D � 0ÚG � 0,¦�

D � 0, G � 0, ¿�k D +G = QT +Q.

ùp�±kÃ¡õ�ÀJ! ò (6.2b)¥���Ý
 M�¤

M = Q−TD

^� (6.3)g,÷v.

��úª (6.2b)Ò´

vk+1 = vk −Q−TD(vk − ṽk).

�±ÏL

QT (vk+1 − vk) = D(ṽk − vk) 5¢y.
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6.3 ýýýÿÿÿ-���������222ÂÂÂPPA���{{{

¦)C©Ø�ª (5.1)æ^ü Ú�����ÿ,XJýÿúª

w̃k ∈ Ω, θ(u)−θ(ũk)+(w−w̃k)TF (w̃k) ≥ (v− ṽk)TQ(vk− ṽk), ∀w ∈ Ω,

(6.20)

¥�ýÿÝ
Q÷vQT +Q � 0,eòQT +Q©
¤

D � 0, G � 0 Ú D +G = QT +Q, (6.21)

2-

M = Q−TD Ú H = QD−1QT . (6.22)

Kdü Ú���

vk+1 = vk −M(vk − ṽk) (6.23)

�)�#�S�S�{vk}÷v

‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2G, ∀v∗ ∈ V∗. (6.24)
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XJ·�æ^�éAÏ�DÚG,¦�

D = G = 1
2
(QT +Q),

@o, (6.24)ÒC¤


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − ṽk‖2D, ∀v∗ ∈ V∗. (6.25)

éÀ½�D,�â (6.22),ok

MTHM = D,

Ïd, (6.25)Ò¤


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖M(vk − ṽk)‖2H , ∀v∗ ∈ V∗.

2|^M(vk − ṽk) = vk − vk+1 (� (6.23)),þªÒ


‖vk+1 − v∗‖2H ≤ ‖vk − v∗‖2H − ‖vk − vk+1‖2H , ∀v∗ ∈ V∗. (6.26)

d	,'uÚ�µe¥¤k�½Ú���{ (�ù�ù�½n3)Ñy²


‖vk+1 − vk+2‖2H ≤ ‖vk − vk+1‖2H . (6.27)
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·�rþã©Û(J�¤e¡�½n.

½½½nnn 4 ^ýÿ���{¦)C©Ø�ª (5.1),�ýÿ (6.20)¥�ýÿÝ


Q÷vQT +Q � 0.e-

D = 1
2
(QT +Q), Ú M = Q−TD

Kdü Ú���úª

vk+1 = vk −Q−TD(vk − ṽk) (6.28)

�)�#�S�:äk5� (6.26)Ú (6.27),Ù¥

H = Q[ 1
2
(QT +Q)]−1QT .

¦)C©Ø�ª (5.1),·�rS�S�äk5� (6.26)Ú (6.27)��{,¡

�2ÂPPA�{.3¢SO�¥,·�¿Ø�¦wª�ÑH�L�ª.
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7 p-¬¬¬���©©©lllààà`̀̀zzz¯̄̄KKKÚÚÚÚÚÚ���µµµeee���{{{¦¦¦)))

p-¬�©là`z¯K

min
{ p∑
i=1

θi(xi)
∣∣ p∑
i=1

Aixi = b (or ≥ b), xi ∈ Xi
}
. (7.1)

The Lagrangian function is

L(x1, . . . , xp, λ) =

p∑
i=1

θi(xi)− λT (

p∑
i=1

Aixi − b),

which is defined on Ω =
∏p
i=1 Xi × Λ, where

Λ =


<m, if

∑p
i=1 Aixi = b,

<m+ , if
∑p
i=1 Aixi ≥ b.
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Let (x∗1, . . . , x
∗
p, λ
∗) ∈ Ω be a saddle point of the Lagrangian function, then

Lλ∈Λ(x∗1, . . . , x
∗
p, λ) ≤ L(x∗1, . . . , x

∗
p, λ
∗) ≤ Lxi∈Xi(x1, . . . , xp, λ

∗).

The optimality condition of (7.1) can be written as the following VI:

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω, (7.2a)

where

w =


x1

...

xp

λ

 , x =


x1

...

xp

 , F (w) =


−AT1 λ

...

−ATp λ∑p
i=1 Aixi − b

 , (7.2b)

and

θ(x) =

p∑
i=1

θi(xi), Ω =

p∏
i=1

Xi × Λ.

Again, we denote by Ω∗ the solution set of the VI (7.2).
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õõõ¬¬¬¯̄̄KKK (7.2)���PRIMAL-DUAL444íííªªªGGG111ýýýÿÿÿ Prediction

l�½� (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk) �ýÿ: w̃k = (x̃k1 , x̃

k
2 , · · · , x̃kp, λ̃k):

Prediction Step. With given (A1x
k
1 , A2x

k
2 , · · · , Apxkp, λk), find w̃k ∈ Ω:

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λk + β

2
‖∑i−1

j=1 Aj(x̃
k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ arg minxp∈Xp

{
θp(xp)− xTp ATp λk + β

2
‖∑p−1

j=1Aj(x̃
k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
.

(7.3)

ýÿk�©2éó.é�©l��©Cþf¯KÅ�US¦).
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7.1 æææ^̂̂Primal-Dualýýýÿÿÿ���ýýýÿÿÿÝÝÝ




Analysis for the P-D Prediction ·�kw (7.3)¥xf¯K

x̃ki ∈ arg min
{
θi(xi)− xTi ATi λk +

β

2
‖
i−1∑
j=1

Aj(x̃
k
j − xkj ) +Ai(xi− xki )‖2|xi ∈ Xi

}
.

�â�`5Ún,�`5^�´ x̃ki ∈ XiÚ

θi(xi)− θi(x̃ki ) + (xi − x̃ki )T
{
−ATi λk + βATi

( i∑
j=1

Aj(x̃
k
j − xkj )

)}
≥ 0, ∀xi ∈ Xi.

§�±U�¤ x̃ki ∈ XiÚé¤k� xi ∈ Xi Ñk

θi(xi)−θi(x̃ki )+(xi− x̃ki )T {−ATi λ̃k+βATi
( i∑
j=1

Aj(x̃
k
j −xkj )

)
+ATi (λ̃k−λk)} ≥ 0.

(7.4a)

ýÿ�éóÜ© λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
, �d/ª

λ̃k = arg min
{∥∥λ− [λk − β(∑p

j=1Aj x̃
k
j − b

)]∥∥2 ∣∣λ ∈ Λ
}
.
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�`5^�´

λ̃k ∈ Λ, (λ− λ̃k)T
{(∑p

j=1Aj x̃
k
j − b

)
+ 1
β

(λ̃k − λk)
}
≥ 0, ∀λ ∈ Λ. (7.4b)

Summating (7.4a) and (7.4b), for the predictor w̃k generated by (7.3), we have w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k) ≥ (w − w̃k)TQ(wk − w̃k), ∀w ∈ Ω, (7.5a)

where

Q =



βAT1 A1 0 · · · 0 AT1

βAT2 A1 βAT2 A2

. . .
... AT2

...
. . . 0

...

βATp A1 βATp A2 · · · βATp Ap ATp

0 0 · · · 0 1
β
Im


. (7.5b)
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7.2 CCCþþþ������eee���ýýýÿÿÿÝÝÝ




The optimization problem (7.1) has been translated to VI (7.2), namely,

w∗ ∈ Ω, θ(x)− θ(x∗) + (w − w∗)TF (w∗) ≥ 0, ∀w ∈ Ω.

For the easy analysis, we need to denote the following notations:

P =



√
βA1 0 · · · · · · 0

0
√
βA2

. . .
...

...
. . .

. . .
. . .

...

...
. . .

√
βAp 0

0 · · · · · · 0 (1/
√
β)Im


, z=Pw=



√
βA1x1

√
βA2x2

...

√
βApxp

(1/
√
β)λ


.

(7.6)
Accordingly, we define

Z =
{
z | z = Pw, w ∈ Ω

}
,

and

Z∗ =
{
z∗ | z∗ = Pw∗, w∗ ∈ Ω∗

}
.



86

Using the notation P in (7.6), for the matrix Q in (7.5b), we have

Q=PTQP, where Q=



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im


. (7.7)

Thus, for the right hand side of (7.5a), we have

(w − w̃k)TQ(wk − w̃k) = (w − w̃k)TPTQP (wk − w̃k)

= (z − z̃k)TQ(zk − z̃k).

Then, it follows from (7.5) that we have the following VI for the P-D prediction:

w̃k ∈ Ω, θ(x)− θ(x̃k) + (w − w̃k)TF (w̃k)

≥ (z − z̃k)TQ(zk − z̃k), ∀w ∈ Ω. (7.8)

whereQ is given in (7.7).
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7.3 CCCþþþOOO���eee���222ÂÂÂPPA���{{{

E,�Ä�5�å�õ¬�©là`z¯K.ù
�{�1k-ÚS�l�½

� (A1x
k
1 , . . . , Apx

k
p, λ

k)Ñu,)¤ýÿ: w̃k÷v

θ(x)− θ(x̃k) + (w− w̃k)TF (w̃k) ≥ (w− w̃k)TQ(wk− w̃k), ∀ w ∈ Ω. (7.9)

��Ü��ýÿ,Ù¥�Ý
QT +Q  �´��þ�½�.|^þ�ù�

C�,rýÿ (7.9)U�¤ w̃k ∈ Ω,

θ(x)− θ(x̃k) + (w− w̃k)TF (w̃k) ≥ (z − z̃k)TQ(zk − z̃k), ∀ w ∈ Ω, (7.10)

Ù¥Q = PTQP ,

QT +Q � 0 (7.11)

´�½Ý
.3Q�é¡� (7.11)÷v��ÿ,7Læ^7����.·�o

�±Àü�Ý
DÚG,¦�

D � 0, G � 0, Ú D + G = QT +Q. (7.12)

�âc�!�©Û,·�kXe�½n.

½½½nnn 5 �ýÿ: z̃k÷v^� (7.10),Ù¥QT +Q´�½Ý
.XJdü��



88

½Ý
DÚG,¦� (7.12)¤á.

M = Q−TD (7.13)

@o,|^Ý
 (7.13)��

zk+1 = zk −M(zk − z̃k), (7.14)

�)�zk+1÷v

‖zk+1 − z∗‖2H ≤ ‖zk − z∗‖2H − ‖zk − z̃k‖2G , ∀ z∗ ∈ Ξ∗, (7.15)

Ù¥Ý
H = QD−1QT .

XJÀ

D = G =
1

2
(QT +Q) (7.16)

@o, (7.15)ÒC¤


‖zk+1 − z∗‖2H ≤ ‖zk − z∗‖2H − ‖zk − z̃k‖2D, ∀z∗ ∈ Z∗.

éÀ½�D,�âD =MTHM,¿|^ (7.14),þªÒ¤


‖zk+1 − z∗‖2H ≤ ‖zk − z∗‖2H − ‖zk − zk+1‖2H, ∀z∗ ∈ Z∗. (7.17)
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e¡y²Âñ5�,�^­�5�:S�{‖zk − zk+1‖H}´üNØO�.

½½½nnn 6 XJýÿ: z̃k÷v^� (7.10),@o,d�� (7.14)�)�#�S�

:zk+1÷v

‖zk+1 − zk+2‖2H ≤ ‖zk − zk+1‖2H. (7.18)

Ø�ª (7.17)Ú (7.18)`²,CþO�e�2ÂPPA�{Ó�ä�ÚPPA�{

�5� (5.3)Ú (5.4).

32Â�C:�{(Generalized PPA)¥,��Ý
M´d (7.10)¥�ýÿÝ


Q��(½�.XJ (7.10)¥�Q´é¡�,�â�'�½Â,��Ý
�

M = 1
2
(I +Q−TQ) ½ M = 1

2

(
I +Q−TQ

)
, (7.19)

Ò´ü Ý
.·�ò��Ý
¿�ü Ý
,S�S�qä� (5.3)-(5.4)ù

a5���{,¡�2Â�C:�{.

7.4 ÄÄÄuuu���������������222ÂÂÂPPA���{{{

c�!0���{,ýÿ�)�QÝ
´��N´¦_�Ý
���2Â�
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�Ý
�Ú.·�éù��G.ýÿ,�Ñ2Â�C:�{���úª.

�ýÿ´dPrimal-Dualýÿ�Ñ�,·���/X (7.10)�C©Ø�ª,Ù¥

Q =



Im 0 · · · 0 Im

Im Im
. . .

... Im
...

. . . 0
...

Im Im · · · Im Im

0 0 · · · 0 Im


. (7.20)

|^PÒ

L =


Im 0 · · · 0

Im Im
. . .

...
...

. . . 0

Im Im · · · Im

 , E =


Im

Im
...

Im


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@ok

Q =

L E

0 Im

 . (7.21)

du

QT =

 LT 0

ET Im

 Ú Q−T =

 L−T 0

−ETL−T Im

 .

é�â (7.12)ÀJ�D,��Ý
M = Q−TDÑ´N´O��.AO/,�

D =
1

2

(
QT +Q

)
,

MPPA =
1

2
Q−T

(
QT +Q

)
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����

MPPA =
1

2



Im −Im 0 · · · 0

0
. . .

. . .
. . .

...

0 0 Im −Im 0

Im · · · Im 2Im Im

−Im 0 · · · 0 Im


. (7.22)

|^c�!�C�,æ^ (7.22)¥�Ý
MPPA��� (7.14)�±�¤�d�

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1x
k
1

A2x
k
2

...

Apx
k
p

λk


−1

2



Im −Im 0 · · · 0

0
. . .

. . .
. . .

...

0 0 Im −Im 0

Im · · · Im 2Im
1
β
Im

−βIm 0 · · · 0 Im





A1x
k
1 −A1x̃

k
1

A2x
k
2 −A2x̃

k
2

...

Apx
k
p −Apx̃kp
λk − λ̃k


(7.23)
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rýÿ-���{�3�åµk�âJø� (A1xk1 , A2xk2 , · · · , Apxkp , λk)?1ýýýÿÿÿ:

x̃k1 ∈ arg min
{
θ1(x1)− xT1 AT1 λk + β

2
‖A1(x1 − xk1)‖2 | x1 ∈ X1

}
;

x̃k2 ∈ arg min
{
θ2(x2)− xT2 AT2 λk + β

2
‖A1(x̃k1 − xk1) +A2(x2 − xk2)‖2 | x2 ∈ X2

}
;

...

x̃ki ∈ arg minxi∈Xi

{
θi(xi)− xTi ATi λk + β

2
‖∑i−1

j=1 Aj(x̃
k
j − xkj ) +Ai(xi − xki )‖2

}
;

...

x̃kp ∈ arg minxp∈Xp

{
θp(xp)− xTp ATp λk + β

2
‖∑p−1

j=1Aj(x̃
k
j − xkj )+Ap(xp − xkp)‖2

}
;

λ̃k = PΛ

[
λk − β

(∑p
j=1 Aj x̃

k
j − b

)]
.

2�e�gS�m©�Ñ#� (A1x
k+1
1 , A2x

k+1
2 , · · · , Apxk+1

p , λk+1)
?1������:

A1x
k+1
1

A2x
k+1
2

...

Apx
k+1
p

λk+1


=



A1xk1

A2xk2
...

Apxkp

λk


−1

2



Im −Im 0 · · · 0

0
. . .

. . .
. . .

...

0 0 Im −Im 0

Im · · · Im 2Im
1
β
Im

−βIm 0 · · · 0 Im





A1xk1 −A1x̃k1

A2xk2 −A2x̃k2
...

Apxkp −Apx̃kp
λk − λ̃k


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8 Conclusions

��o`·�3ê�`z�¡�Ñ
�
¹kAÚqg¤XÚ�ó�Qº

Äk,C©Ø�ªÚ�C:�{´·��Ì�óä.?Û��'uê�`z�Ö,Ñv

k;�J9C©Ø�ª (VI),�Ø¬�¿0��C:�{ (PPA),¦+�5�å�à`z
¯K�O2.�KF¦f{ (ALM)´¦fλ�PPA�{.

• ·�r�5�å�à`z¯K=�¤���d�(�.üNC©Ø�ª§,�`
²�o´C©Ø�ª�PPA�{,?Ø
PPA�{�Âñ5�.

• C©Ø�ª�PPA�{S��z�Ú,Ñ|^Ù�©l(�,©)¤�
{ü�C

©Ø�ª,¦)ù
��C©Ø�ª,q�±ÏL¦)�A�à`z¯K¢y.

• �5·�qk
ÄuVI�ýÿ-���{�Ú�µe,Q�±^§5�y�{�Â

ñ5,q�±^§/UI�O0¦)�©là`z¯K��{,ùÒ´·��¯Ø

Ó�Ü6.

• ·�qAT�±�2�ÞM,=¦´ADMM,§�´tµ
�ALM,´'u¦f�

�PPA�{.Ó���±rN,¦)�5�åà`z¯K, ALM´�k¿�å�Ð
�{.

F"� ±�¦��Ý"À·�*:,é�Ò�&,Øé��1µ��.
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