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1. 18 YR o] E min{f(z) |z € X} HAP X 2—1TL%.
2. ZMARBICLILIB)IER min{f(x)|Az =b(or > b), x € X}

3. min — max [a] g min max{®(z,y) = 01 (z) — y! Az — 03(y)}
reX ye)y

4. BN min{b,(x) +0:(y)|[ Az +By=b,z € X,y €Y}

5. ZERA] o E L min{> ", _, 0:(z;)| >0, Aizi = b,x; € X}
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1 Optimization problem and VI

1.1 Differential convex optimization in Form of VI

Let {2 C K", we consider the convex minimization problem

min{ f(x) | z € Q}. (1.1)

What is the first-order optimal condition ? '

¥ € Q) & z* € ()and any feasible direction is not a descent one.

Optimal condition in variational inequality form '

o Sy(z*) ={s e R" | sTVf(z*) <0} = Setofthe descent directions.

o Si(x*) ={seR" | s=x—2a* z €} = Setoffeasible directions.

*eQ* & 2*eQ and S¢(z*)NSy(z*) = 0.

FEFIELLFE LT ENZ: FrERTHREESABE EAGE



The optimal condition can be presented in a variational inequality (VI) form:
e Q, (x—z)'F(z*) >0, Vreq, (1.2)

where F'(x) = V f(x). Forgeneral VI, F'is an operator from R into itself.

/ x € € The dash vectors are
infeasible directions

Fig. 1.1 Differential Convex Optimization and VI

Since f(x) is a convex function, we have

fly) > f(z)+Vf(x)' (y—z) andthus (z—y)" (Vf(x)—Vf(y)) > 0.

We say the gradient Vf of the convex function f is a monotone operator.
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min{f(z)|lr € X}, z* € X, O(x) —6(z*) >0, Vo e X;

min{f(z)|lz € X}, z*c X, (z—2")'Vf(z*)>0, VzcAX.

FEAOMEEREFRGREERN, SE—ERE THRS[FE:

Lemma1 Let X C R" be a closed convex set, 0(x) and f(x) be convex function-
s and f(x) is differentiable. Assume that the solution set of the minimization problem
min{6(x) + f(x)|x € X'} is nonempty. Then,

r" € argmin{f(z) + f(z) |z € X} (1.3a)

if and only if

tf e X, 0(x)—0x")+ (xr—2") ' Vf(z*) >0, Vo e X. (1.3b)

XA, BATRABMAL )RR (1.30), 4 T E 2 AFR (1.3b).
31521 SR REMA, IERARAIEN, TS AAAETHRE 3 FAO3I32 1.1 REGER.




1.2 Linear constrained convex optimization and VI

We consider the linearly constrained convex

optimization problem
min{f(z) | Ax=b, z € X}. (1.4)
The Lagrangian function of the problem (1.4) is

L(z,\) =0(z) — X' (Az —b), (1.5)

which is defined on X x R™.

A pair of (™, A\*) € X x R™ is called a saddle point of the Lagrange function, if
Lyewrm (27, ) < Lz, \") < Lyex(xz, \¥).
An equivalent expression of the saddle point is the following variational inequality:

* e X, O(x)—0(x*)+ (x—2") (A" \*) >0, VreX,
\FeR™, (A =X (Az* —b) >0, VIER™.



The optimal condition can be characterized as a monotone variational inequality:
w* € Q, O(z)—0(z*) + (w—w)'Fw*) >0, Ywe, (1.6

where

AT
w:<x>, F(w):( AA) and Q=X x R, (1.7)
A Ax — b

Note that the operator F' is monotone. Especially, because

wenmsan- (323 (4050

B (x—:?:)T< 0 —AT>(x—5:>
A — )\ A 0 A —\

(w — @) {F(w)—F(w)} = 0. (1.8)

we have



Convex optimization problem with two separable objective functions '

Some convex optimization problems have the following separable structure:
min{6;(x) + 02(y) | Ax+ By =b, x € X,y € V}.
The Lagrangian function of this problem is
L®(x,y,\) = 01(x) + 02(y) — M (Ax + By — b). (1.9)
The saddle point ((2*, y*), \*) of L®(x, y, \) is a solution of the following VI:

w* € Q, Ou) —0(u*) + (w—w)'F(w*) >0, Ywe,

where
x . —AT)\
w=| vy |, u= , F(w) = — BT\ ,
A Y Az + By — b
and

O(u) = 01(x) + 02(y), Q=X xY xR™.



Convex optimization problem with three separable objective functions '

min{f;(x) +02(y)+05(2) | Ar+ By+Cz=b,x € X,y € Y,z € Z}.

lts Lagrangian function is
LO(x,y,2,\) = 01(x) + 02(y) + 03(2) — AN (Ax + By + Cz —b).
The saddle point ((*, y*, 2*), \*) of L®(x, y, z, \) is a solution of the VI:

w* € Q, Ou) —0u*) + (w—w)'F(w*) >0, YweQ,

where
/ L \ T ( — AT\ \
_ Yy _ o o —BT)\
w = - y U= Y ; (w) = _ 0T, ;
\)‘) & \A:IH—By—FC’z—b)
and

O(u) = 01(x) + 02(y) + 03(2), ND=XxYxZxR™



1.3 Proximal point algorithms for convex optimization

Lemma 2 Let the vectors a,b € R™, H € R"*" be a positive definite matrix.
if bI'H(a — b) > 0, then we have

loll7r < llallF — lla — b7 (1.10)

The assertion follows from ||a||%; = [0+ (a —)||% > ||bl|% + ||la — b||%;.
Convex Optimization ' Now, let us consider the simple convex optimization

min{f(x) + f(x) | x € X'}, (1.11)

where 6(x) and f(x) are convex but () is not necessary smooth, X is a
closed convex set.

For solving (1.11), the k-th iteration of the proximal point algorithm (abbreviated to
PPA) [18, 21] begins with a given ", offers the new iterate "1 via the recursion

2F 1 = Argmin{6(z) + f(x) + gHaz — ¥ |z e A (1.12)



Since "1 is the optimal solution of (1.12), it follows from Lemma 1 that

0(z)—0(z" )+ (x — " THTH{VF () +r(a" —2F))} >0, Vo e X.
(1.13)
Setting x = x* in the above inequality, it follows that

($k+1—x*)TT(xk—ZCk+l) Z 9(xk+1)—0(w*)+(xk+l—:U*)TVf(:ck“).

(1.14)
Since

(2" =) V(") = (@ = 2TV (7)),

it follows that the right hand side of (1.14) is nonnegative. And consequently,

(F 1 — 2T (2% — 2T > 0. (1.15)
Let @ = ¥ — 2* and b = 2*T! — 2* and using Lemma 2, we obtain
JeF T — 2|2 < fla® — 2|2 — |la* — 2, (1.16)

which is the nice convergence property of Proximal Point Algorithm.



We write the problem (1.11) and its PPA (1.12) in VI form

The equivalent variational inequality form of the optimization problem (1.11) is

v e X, 0(x) —0(x*)+ (z —2")'Vf(z*) >0, Ve e X. (1.17a)

For solving the problem (1.11), the variational inequality form of the k-th iteration of
the PPA (see (1.13)) is:

Pl e X, 0(x) — 0(aF ) + (2 — 2FH) TV f(2k 1)

> (v — o) Tp(ak — 28, Vo e X,

(1.17b)

P PA reaches the solution of (1.17a) via solving a series of subproblems (1.17b).
KRANRL LT AERREE, F2FLI2FT!

Using (1.17), we study PPA for VI arising from the constrained optimization

13



1.4 Preliminaries of PPA for Variational Inequalities

The optimal condition of the problem (1.4) is characterized as a mixed monotone

variational inequality:

w* € Q, O(z) —0(z*) + (w—w)'F(w*) >0, YweQ. (1.18)

PPA for VI in Euclidean-norm ' For given wk and r > 0, find whktl

whktt e Q, 0(x) — (2" 4+ (w — whTH T F(whtl)

> (w — wFH)Tr(wk — whtl), Vw € Q.

(1.19)

w1 is called the proximal point of the k-th iteration for the problem (1.18).
3« w"” is the solution of (1.18) if and only if w" = w*t! L
Setting w = w™ in (1.19), we obtain

(wkH—w*)TT(wk—wkH) Z 9(:13’““)—9(:5*)—#(10’““—fw*)TF(wkH)

14
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Note that (see the structure of F'(w) in (1.7))
(,wk—l—l . w*)TF<,wk—|—1) — (,wk—|—1 . w*)TF(w*),
and consequently (by using (1.18)) we obtain

(wk+1—w*)TT(wk—wk+1) > 9(3}k+1)—9(m*)+(wk+1—w*)TF(w*) > 0,

and thus
(w* Tt — w*) T (wh — w1 > 0. (1.20)

k k+1

Now, by setting a = w” — w* and b = w — w™ in the inequality (1.20), it

is b1’ (a — b) > 0. Using Lemma2, we obtain
W —w** <l — W = flw” - Wt (1.21)

We get the nice convergence property of Proximal Point Algorithm:

The sequence {wk} generated by PPA is Fejér monotone.



PPA for monotone mixed VI in H-norm '

For given wk, find the proximal point w®*T1in H-norm which satisfies

whtt e Q, 0(z) — 0(x"1) + (w — wFTH)T F(wht!) 1.22)
> (w — wFHYTH(wF —wh ), Vw € Q, |

where H is a symmetric positive definite matrix.

Y4 Again, w” is the solution of (1.18) if and only if w* = w®+1

Convergence Property of Proximal Point Algorithm in //-norm I

Hwk+1

—wffr < [lw* —wE — w® =W (1.23)

The sequence {wk} is Fejér monotone in H -norm. In customized PPA, via
choosing a proper positive definite matrix H, the solution of the subproblem

(1.22) has a closed form. An iterative algorithm is called the contraction method, if

k41

its generated sequence {w”} satisfies  ||w* Tt — w*||%, < [[w® — w*||%;.

16



2 MRIE-MERSHEZRBIRTEFNBEST A

We consider the min — max problem (e. g. B4t 12 #) ROF Model [22])

min, max,{®(z,y) = 61 (x) —y Az — 02(y) |z € X,y € V}. (2.1)

Let (™, y™) be the solution of (2.1), then we have RIBERBIE X

e X, Plx,y") —®(z",y") >0, Vo e X, (2.2a)
y ey, o, y")—®(x",y) >0, Vye). (2.2b)
Using the notation of ®(x, ), it can be written as
{ * e X, 60i(x)—01(z")+ (z— )T (=ATy*) >0, VzeX,
y e, Oa(y) —0a(y") + (y—y* ) (Az*) >0, Vyel.

Furthermore, it can be written as a variational inequality in the compact form:

uweQ, 0w —0u)+(u—u) Fu") >0, VueQ, (2.3)

17
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2.1 kfEsmSol@p JRie-XHER & 8 E & PDHG [23]
For given (z, y*), PDHG [23] produces a pair of ("1, y/*T1). First,

" = argmin{®(z,y") + g“:c — 2"’ |z € X}, (2.4a)

and then we obtain ka via

S
y* ! = argmax{®(z" ", y) — Sy — y°1I? |y € V}. (2.4b)
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Ignoring the constant term in the objective function, the subproblems (3.5) are reduced to
" = argmin{0; (z) — 2" ATy" + ng — "7 |z € &), (2.5a)
y* ! = argmin{0x(y) +y A 4 Clly — NP ly € VY 25b)
According to Lemma 1, the optimality condition of (3.6a) is "t € X and

01(z)—01(z" )+ (x—2"THT{—=ATy " +r(@"T =2} >0, Vo € X. (2)

Similarly, from (3.6b) we get y € ) and
O2(y) = 02(y" )+ (y—y" ) {Az" T + 5" =)} 20, Vy e V. 27)
Combining (3.7) and (3.8), we have (z" 1, ¢*1) € X x ),

k+1 _ATyk—i—l

O(u) = 0(u™") + k+1 Akl
x



The compact form is u* 1 € Q,

u Tt e, 0(u) — W + (u — W THT P

> (u — ukH)TQ(uk — uk+1), Vu € (. (2.8)
where
Q = rl, A is not symmetric
0 sl,, .

It does not be the PPA form (1.22), and we can not expect its convergence.

2.2 Customized Proximal Point Algorithm-Classical Version

If we change the non-symmetric matrix () to a symmetric matrix A such that

0 rl, AT o rl, A%
= = = ,
0 sl A sl

then the variational inequality (3.10) will become the following desirable form:

O(uw) —O(u* ™) + (u — " TH{FWTH + HW ™ —u")} >0, vu e Q.

20



For this purpose, we need only to change (3.8) in PDHG, namely,

O2(y) — 02(y" ") + (y —y" ) {AL"T +s(y" T — ")} >0, Yy e V.

to

O2(y) — O2(y" 1) + (y — " TH T {A2" T AL — )
+s(y" =y} >0, vy e

O2(y) — O2(y" ) + (y — y* T AR — 2F ]+ sy T =)} > 0. (29)

Thus, for given (2%, 4*), producing a proximal point (z*1, y/**1) via (3.5a)
and (2.9) can be summarized as:

pFrl = argmin{q)(a:,yk) -+ gHZC — :UkHQ ’:1: € X}. (2.10a)

R+l = argmax{@([Q:z:]H'1 — xk],y) — gHy — kaQ} (2.10b)

21
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By ignoring the constant term in the objective function, getting 2" from (2.10a) is

equivalent to obtaining " from
r 1
- argmin{ 61 (z) + §Hx — [azk - . ATyk] H2 | € X}
The solution of (2.10b) is given by

y " = argmin{Qg(y) + %Hy — [yk + éA(ZaﬁkJrl — xk)} H2 ‘ Yy € y}.

According to the assumption, there is no difficulty to solve (2.10a)-(2.10b).

In the case that rs > || AT A||, the matrix

rl, AT
H = is positive definite.
A sl

Theorem 1 The sequence {u" = (z*,y*)} generated by the customized PPA (2.10)

satisfies

k+1 k41

L [ e [V A T 3 (2.11)
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2.3 Simplicity recognition
Frame of VI and PPA is recognized by some Researcher in Image Science '

Diagonal preconditioning for first order primal-dual algorithms
in convex optimization™

Thomas Pock Antonin Chambolle
Institute for Computer Graphics and Vision CMAP & CNRS
Graz University of Technology Ecole Polytechnique
pock@icg.tugraz.at antonin.chambollel@cmap.polytechnique. fr

e T. Pock and A. Chambolle, IEEE ICCV, 1762-1769, 2011

e A. Chambolle, T. Pock, A first-order primal-dual algorithms for convex problem
with applications to imaging, J. Math. Imaging Vison, 40, 120-145, 2011.



preconditioned algorithm. In very recent work [10], it has
been shown that the iterates (2) can be written in form of a
proximal point algorithm [14], which greatly simplifies the
convergence analysis.

From the optimality conditions of the iterates (4) and the
convexity of G and F'™* it follows that for any (z,y) € X X
Y the iterates x**! and y* T satisfy

T — T !}'\f + J_ T rli'+ 1 T 'L‘._i_ l i 'L“
s | Fl Cepy M e o ]2,

(5)
where
r phtl B (‘?G(;z:;"*l) e KTykJrl
yk—}—l - 8F*(y"‘+1) - [(Ik—}—l
and . .
. T —K
M= [ Y 6)

It is easy to check, that the variational inequality (5) now
takes the form of a proximal point algorithm [10, 14, 16].

E# C-P i 3
HA189 PPA i
FE F K b 15 1L
T BTS2 HT

AR IRIAN A,
QB (6)
NHIEERE M %
FRIERE, 4 B
8189 PPA 753£.

B, migEA
B TH 45 & /Y 1
T, FAEARA—
TE TSR AY.

FH CP iR RIFERMEEFEM, & 6 = 0, F3 X RERIEULEL.
Xt 0 e (0,1), WEH % BIERR, 4515 ZF— Open Problem.
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[9] L. Ford and D. Fulkerson. Flows in Networks. Princeton
University Press, Princeton, New Jersey, 1962.

[10] B. He and X. Yuan. Convergence analysis of primal-dual
algorithms for total variation image restoration. Technical
report, Nanjing University, China, 2010.

Later, the Reference
[10] is published in
SIAM J. Imaging Sci-

ence [13].

Math. Program., Ser. A
DOI 10.1007/s10107-015-0957-3

@ CrossMark

FULL LENGTH PAPER

On the ergodic convergence rates of a first-order
primal—-dual algorithm

k2,3

Antonin Chambolle!@® - Thomas Poc

The paper
published by
Chambolle and
Pock in Math.

Progr. uses the

VI framework

25



1 Introduction

In this work we revisit a first-order primal—dual algorithm which was introduced in [ 15,
26] and its accelerated variants which were studied in [5]. We derive new estimates
for the rate of convergence. In particular, exploiting a proximal-point interpretation
due to [16], we are able to give a very elementary proof of an ergodic O(1/N) rate
of convergence (where N is the number of iterations), which also generalizes to non-

Algorithm 1: O(1/N) Non-linear primal—dual algorithm

e Input: Operator norm L := || K|, Lipschitz constant L ¢ of V f, and Bregman
distance functions Dy and D,.

e Initialization: Choose (x°, y) e X x Y, t,0 > 0

e Iterations: For each n > 0 let

"Ly = PDL o (x, y?, 26" — Xy (11)

The elegant interpretation in [ 16] shows that by writing the algorithm in this form

& 1ZCHIICHER [16] 214 3R1E SIAM J. Imaging Science E AN E.
B.S. He and X.M. Yuan, Convergence analysis of primal-dual algorithms for a saddle -point

problem: From contraction perspective, SIAM J. Imag. Science 5(2012), 119-149.
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Proximal point form

2017E7H. EA
B XKEFHERD
— i EEEXEH
o). EfESmes—1
FRSWE, B
= AN B He and
Yuan $& B4R =
X (PPF), 2312 &
&Ria)R

WE—EZILT R
RN TE, 3
HREEHEE T —ak
A AX%GH.

XWiREH, REE

L pmEELRSE

B, WARERE.
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University of Colorado Boulder Technical Report, Department of Applied Mathematics

The Chen-Teboulle algorithm is the proximal point algorithm

Stephen Becker *
November 22, 2011; posted August 13, 2019

Abstract

Werevisit thelRecent works such as [HY12] have proposed a very simple yet

on the step-size 1

powerful technique for analyzing optimization methods.

1 Background

Recent works such as [HY12] have proposed a very simple yet powerful technique for analyzing optimization
methods. The idea consists simply of working with a different norm in the product Hilbert space. We fix an
inner product {z,y) on H x H*. Instead of defining the norm to be the induced norm, we define the primal
norm as follows (and this induces the dual norm)

lzllvy =V {Va,2) = Ve, ayv, Nyl = lyllv-1 = V@ V1Y) = Vv y)v -

for any Hermitian positive definite V € B(H, H): we write this condition as V' > 0. For finite dimensional
spaces H, this means that V' is a positive definite matrix.

28
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3 The unified framework and its convergence

\E: w*eQ, Ou)—0u")+ (w—w) Fw*)>0, YweQ. (3.1)

[T 88 k-HIER MG BRI DT R oF FHA, RTINS oF, &5

o* € Q, 0(uw)—0(@")+(w—™)T F(oF) > (v=F)TQ(*F—5%), Vw e Q, 3.2)

AL e QT + Q RIEER. HATHR Q FTRNIAERE
[BZ1E]. MRIBBFUNSEIR oF, BEZOTE o IENER ST HARA

oL = oF — M (R — o). (3.3)
BAIR M ARIEFERE. v AZILEE, v IR w, AR w7 E

WS = X ECEMEZR PRI TUNEERE Q FIRIEXERE M, BB
H-=0 18 HM=Q. (3.4a)
Itk 7h, BE BB 4R IE

G=QT"+Q—-MTHM - 0. (3.4b)

29
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Taking the output of Original PDHG algorithm [23] as predictor
For given (x*, y*), PDHG [23] produces a pair of (", j*). First,

#* = argmin{®(z, y*) + ng — 2" |z € XY, (3.5a)

and then we obtain §* via

§" = argmax{®(&",y) — Slly — "I’ |y € V). (3.5)

Ignoring the constant term in the objective function, the subproblems (3.5) are reduced to
" = argmin{0;(z) —z” ATy" + ng — "7 |z € &), (3.6a)
§" = argmin{ba(y) +y A" + Zlly - y*|* |y € V). (3.60)

According to the basic lemma, the optimality condition of (3.6a) is * € X and

01(z) — 01(Z°) + (x — &) {-ATy"  +r@* -2} >0, Vz e X. (37

30



Similarly, from (3.6b) we get §* € ) and
O2(y) — 02(7°) + (y — §°) {AZ" +5(5" —¢")} 20, Vye Y.  (38)

Combining (3.7) and (3.8), we have

T

~k T ~k

~k K T —T —A"y
u €, O(u)—0(u")+

R (y—@’“) {< A)

~k  _k T(~k _, k
+ (T(x z")+4 (;Z g{ﬂ ) >0, V(x,y) € Q. (3.9)
s(g" —y")

Lemma 3 The compact form is i* € (,
0(v) — 0(@") + (u — @) F(@") > (u—a")" Q" — @"), Vu e Q, (3.10a)

where

rl, AT
— i 3.10b
0 (O Slm) (3.100)

Proof. Using the notation of (2.3), it follows from (3.9) directly. [

31



Because

orl, AY
QT+Q:< A 2581, )7
the matrix Q" + @ is positive definite if and only if rs > 1 ]| A" A|.
X F X AR, FATLARTE [BELA & SRR IE IR IEE =R !
u T =uf — MWt —a") (3.11)

RIE. B M BN =AM RN T =/A%ER, BREAEXBEWEESZH (3.4)

e 1H -0 8 HM = Q.
e G=Q"+Q-M"HM - 0.

—. KIEXEME M AR T =A% Hoph K 27 ERY.

M= I, O m Ml — In 0 |
K I, -K I,



HEHE (), BNESZ—IERTHRSTRKEXMKWEFER. AT H=QM 'EE,

BRI FRAY. B

on-1 rl, AT I, 0 rl, — ATK AT
H: M_ = —
0 sl —-K In —sK sl

WP R, HES

I, 0 rl, + 1ATA AT
M = . , H= .

SEZM r, s > 0, 55 H 21IEER.

X A (i),
G = QI+Q-M'HM=Q"+Q-Q"M

o 2rl, AT _(rn 0 [ rl, AT
B A 281, 0 sl,,)] \ A sly, )’

FHEME GIERE, WIE rs > || AT A||.

ES]liel
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A PDHG T, B4 R = SRS E, BE s > ||AT Al

—. RIEFEE M AR =A%

EiF, iy K 2R ER.

I, K .
M = | M —
0 Im

XM (), RINESGZ—ERTHESTKEXIMNKWEFER. BT H=QM ' EE,

BRW XS FRAY. B

H = M- rl, AT
0 slm

WIS ER, HES

rK = AT,

ES]liel

1 AT
M:<[n7A

0o I,
SEZ=RY r,s > 0, 56fF H 21IEER.

). H

In _K
o I, |

rl, —-rK4+ AT
0 sl
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T X5 845 (i),
G = Q'+Q-M'HM=Q"+Q-Q"M

orl, AT\ _(rI, 0 \(I, AT
A 28]m A SIm O I’)’TL
(rln 0 )
0 shm— tAAT )

EHEME GIERE, B rs > || AT A|.

SKF PDHG FiUll, BB E = AFERERRIE, BE rs > || AT A]|.

A BERIEUSH AT PDHG FUABUSE A T USRI 77 7%

KA PDHG, LIS S EE], BRRERSER rs > 1||ATA|.
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BRG—HEZR[4, 5, 14| UM IERRAE B B 82, W IR E A B B S E X (6]

Assuming the conditions (3.4) in the unified framework are satisfied, we prove some

convergence properties.

Theorem 2 Let {vk} be the sequence generated by a method for the problem (3.1) and
W" is obtained in the k-th iteration. lka, v*TL and oF satisfy the conditions in the

unified framework, then we have
(@*) + (w — ") F(@")

1 -
(Il =" = Il = o"1I7) + S ll0" =&, Yw € Q. 312)

Proof. Using () = H M (see (3.4a)) and the relation (3.3), the right hand side of (3.2) can
be written as (v — ©%)* H (v" — v*T1) and hence

0(uw) —0(a") + (w—a0" " F(@") > (v—3""HW" =", vw € Q. (3.13)

Applying the identity Q(v* — %) = HM(vF — o%) = H(vP — oFT1),

1 1
(a =) H(c—d) = 2{lla—dlf} — lla —ell3r} + 5 {le = bllF — d = bll3},

36



37

to the right hand side of (3.13) with

a=v, b=0", c=v", and d=0"",
we thus obtain
2w — ") H(v" — o) | mARUFIEIEZR A Beck TE (1] B RAH T
= (o = 0" Mla —llv = v"|[7) + (0" = "7 — "™ = 5"[%).(3.14

For the last term of (3.14), using HM = Q and 2v Qv = v* (Q" + Q)v, we have

Jo* = 51 = 0"+ — 7
S Gl (AR B CAE T
Dot =5 - 0F - ) - Mt - )

20" — THM (" — ") — (v =" MTHM (" — &)
(W = 7)(QT +Q — MTHM)(v" — ")

O ([ % (3.15)

Substituting (3.14), (3.15) in (3.13), the assertion of this theorem is proved. L]



15.3. Convergence Analysis of AD-PMM 429
‘We will use the foll

£ = Xk

3 — g,

j'rk = yk + p(Ax‘Hl +Bz" — c).

Using (15.15), (15.16), the subgradient inequality, and the above notation, we obtain
that for any x € dom(h;) and z € dom(hs).

hy(x) — hy (%5) + <pAT (Aik +Bz" —c+ %yk) + G(EF —xF),x — ik> >0,
ha(z) — ho(2") + <pBT (Aik +BzF —c+ %y"‘) +Q(#F —2F),z - ik> > 0.

Using the definition of §*, the above two inequalities can be rewritten as
hi(x) =l (3F) + (ATY* + G(x* —xF),x - %*) =0,
ha(z) — ha(2") + (BT5* + (pB"B + Q)(z" — 2¥),z - 2*) > 0.
Adding the above two inequalities and using the identity
¥y R = p(ARE £ BEF o),

Hix,z) — HE 7+ ( | 2—2* |, BTy -] ¢ -2% | )20,

y-3) \-axt-Bi*+c) \io*-y)
(15 17)

where C = pBTB +Q. We will use the following identity that holds for any positive
semi i trix P-

Using the above 1dentity, we can conclude that
. = 1 < <
(x = &G — %) = 5 (I = ®*Ig = [Ix = %" + I%° - x"||8)
1 " 1
> Sl - 25 - llx -, (15.15)

as well as
1 1 1

(2~ 8)7C(* — 25 = Sla— 23— 3z~ 213 + Sl I3 (1519)
and

20y — )T (y* —y*)

=y =y* = lly = ¥*I1” + 1F* = y* 1> = I7* — "I

=y —=y*T% = lly — ¥*|* + p°| AX* + B2* — ¢

—lly* + p(AR* + Bzt — o) — y* — p(A%* +BE — o)

= ly —=y* % =y = ¥*II” + 2| AX* + B2* — c|” — p?| B(z* — 2°)||>.
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Theorem 3 Let {v"} be the sequence generated by a method for the problem
(3.1) and W is obtained in the k-th iteration. If v*, v*T1 and W* satisfy the
conditions in the unified framework, then we have

[0 — ot < of = ot — o = MG, YT eVt (3.1)

Proof. Setting w = w™* in (3.12), we get

| e AR

> ot — 1%+ 240(") — 0(u) + (@ — w)TF(@*)}3.17)

Using (1.8) ((@* — w*)T (F(@*) — F(w*)) = 0) and the optimality of w™, we have

0(iF)—0(u* )+ (0" — w*)T F (") = 0(a")—0(u*)+(0* — w*)TF(w*) > 0

and thus from (3.17) get
0% — w17 = " =0 F > (0" - ¥ (3.18)

The assertion (3.16) follows directly. []



RIE " = oF — M(v" — o), BAELE L RS R RIS IERERE M 2

(M 3.2 12 Q QT +Q = 0 (D=0, G0,
< WSS EEHF (3.4) : IRFBFE M RIEK: .. ] Db+a= QT + @,
3H > 0, suchthat HM = Q, M'HM = D,
G=Q"+Q—-M"HM » 0. | HM =0
(D=0, G0, (D-0, G0,
. <D+G=QT+Q, — <D+G=QT+Q,
Q"M = D, M = Q"D
| HM = Q. \ H = QD Q7.

BTN Q, HMUBIRIERKE, EH HM M, EZ#ERMHE (3.4).
MERHGE: BT HUNERE Q, ATLUEE D, FHHEEO <D < Q" +Q.
HM = Q " DISEIMRRIEREMM, WIS BERFBR. DREFES TSR




BTHFNEOWSEM, BT &, BT LAEE M, 5120 | In(3.10), we get

" e Q, 0(u)—0(i")+(u—a") {F@@")+Q(a"—u")} > 0, Vu € Q, (3.19a)

where
rl, AT )
— ) 3.19b

Q ( 0 sl ( )

Because
T 27“]n AT )
+ @ = ,
¢ ¢ ( A 2s1,,

we need only 7s > 1 || A" Al| to ensure the matrix Q" + @ to be positive definite. Since

_ 17 0 )
T rimn

s

for any positive definite matrices D and (G which satisfy
D=0, G0 and D+G=Q" +0,

it is easy to calculate the correction matrix M = Q1 D.

XHFE— P FUNRERE Q, %M D RYIEZETS %, R AR IER A5 % !
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4 Constructing Algorithms for p-block problems

4.1 Motivation from the classical ADMM

Linearly constrained two-blocks separable convex optimization

min {01 (z) + 02(y) | Ax+ By =b,z € X,y € V}. (4.1)

Solving (4.1) by classical ADMM : From (y*, \*) to (y*+1, \k+1)
(zF+1 ¢ argmin{ L2 (z, y*, \F) + gHAx + By* —b||?|x € X},

{ yFtl € arg min{L[Q] (xRt y, AF) + gI\A%’k“ + By —bl|*|y € V}, 42)

\ >\k+1 _ )\k . ,3(A$k+1 4 Byk+1 _ b). 1,12] —01(z)+09(y) —AT(Az+ By —1).

The x-subproblem in ADMM can be written as:

h 1 ¢ arg min{6;(z) — cTATNF gH(A:ck + By® —b) + A(x — 2P)||?|x € X}

a:EX}.

. 01(x) — xTAT[NF — B(Ax* + ByF — b)]
= arg min 5 s
+5 1Az —z%)]
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Similarly, the y-subproblem in ADMM is equivalent to
ka € arg min{eg(y) — yTBT)\k’ + gnAxk—i-l i By . b||2 }y c y}

| { 02(y) — y"BT[\F — B(Az® + By* — b)] ' }
— arg min yedy.
+ S| A(zFT — 2F) + B(y — y*)|?

Thus, ADMM scheme can be written as

( AFF3 — Ak _ B(AzF 4+ By* — b)

2P+ € argmingex {61 (x) — 2TATA 2 4 2| Az — 2¥)||2},

y* 1 € argmingey {02(y) — yTBTATE 4 S| A(AH — 2*) + B(y — v¥)|?},

A+l — )\k—B(Axk‘H + Byktl — b). EERTERNEEEN AN G EHERER
(4.3)

\

1
We can also write the form A*1T2 = \* — 8(Az* + By* — b) as
1
ANt3 = Py [A\F — B(Ax® + By* —b)], where A =R™,
and P denotes the projection on A. For equality and inequality constraints, we need the different

A=RM and A:%T.

Fora € R™, Pypm(a)=a and [var (a)]; = max{a;,0}.
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4.2 Prediction-Correction method for p-block problem

We consider the p-block separable convex optimization

min{i 91(371> ‘ iAZCBZ =b (or > b), xT; € Xz} (4.4)
1=1 1=1

The Lagrangian function is

p p
L(lea s 737]97)‘) — 262(55%) o AT(Z Az — b)7
1=1 1=1

which is definedon Q =]7_, Ai X A, where

(
§Rm, if Zle Azaﬁz = b,
A=<

T, if Z?:l Aq,LEZ 2 b.

E?ﬁf:M—ﬁﬂ%¢ﬂﬁ%ﬂ'

\

SEEE : 8aFAMAFAAR
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Let (z7,...,2,, A") € () be a saddle point of the Lagrangian function, then
Lxea(xy,...,2p5,N) < L(x7,...,2p, A") < La,ex, (T1,...,Tp, A").
The optimality condition of (4.4) can be written as the following VI:
w* e Q, 0(z)—0z")+ (w—w) Fw*)>0, YweqQ, (4.5a)

where

& [ ATy )

L1
w = : , T = |, F(w) = : , (4.5b)
Tp —ALN
\ A N \ S A b
and
0(x) :i6i<$i), Q:ﬁXi x A.
i=1 i=1

Again, we denote by 2™ the solution set of the VI (4.5).
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Prediction ' FUU AR 5 EEN AT (4.3) ALz &b
From (A2, Agah, - ,Apx];, M) o = (2F, 35, - ,53];, A
Prediction Step. With given (Alcc’f, Aok . ,Apx];, )\k), find W% € Q:

(&% € argmin{01(z1) — 2T ATN* + Z|| Ay (21 — 2F)[12 | 21 € X1}

ik € argmin{0a(z2) — 2 ATA* + §||A1(5:]f — o) + Ag(zo — 25)||? | 22 € X2 };
{ #F €argming, cx, {0i(xi) — sl ATNF + S| 3020 Ay (3% — 2b) + Ai(2s — 2B) |12}

- : 1 _
a:]; = argmmwpeggp{Gp(acp)— :L'Z;Ag)\k + gH Z?:lAJ(CE? — x?)—kAp(xp — :1:’5)”2};

| AP = Pa[MF =B (300, Az —b)]. | EEHSTIADMM AT (4.3) Rt HAMERE

(4.6)

A A

T XS ] 53 B RV IR 4 TRl R B — 3% Fr K 8. AR Gauss JHZEJATERIIHTT.




| Correction MASRAOTASEREEL #—SREN
Correction Step .
Produce (Alzck+1 Agxl;"H, . ,Apa:];+1, )\I‘H'l) for the next iteration:

Generate the new iterate (Ala;k"H A xk+1, fe Apacp+1 ALy with v € (0, 1) by
(Alx’l‘“rl\ [Arzh) (VI —vInm O - 0 \ (Alx’f—Alas’f\
A2$§+1 Agxg 0 I, AQ.’ES—Ang

B - —vlym 0
Apxlg"'l Apxlg 0 e O vl O pr]; _Apilg
K \k+1 ) \ \k / \_ngm 0o ... 0 [m)\ Ak _ Sk )
(4.7)

RIEXFIRIR IR L EIRIEF L L. AW Gauss IHEEZFIERFEIK
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REFFER TEEHRR)D. ERELRNTHARERZ:

(Alxlf—i_l\ (Aliljlf (Im _Im O O \ /Alxlf T Alilf\

Agah ™! Agxh o I, . 0 Aga§ — A
= — v
: _I.

\Apszrl) KApx];) \ 0 “e 0 In ) \Apl’l; - Apjlpf)

(
ML= AP [rB(Ara} — AiEY) + (A = AN
= N4 uB(Azh — Azh). (4.9)

4.8)

XANFUN-FIEREIEREZIEER. BXE— DTl RIENZMHE—RY!
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5 Analysis for the prediction step (4.6)

For the analysis, we need only the basic analytical property which is described in Lemma 1

x* € argmin{f(xz) + f(z)|z € X} ©.

Szt e X, 0xz)—0(x*)+ (z— )TV (z*) >0, Vo € X.

Analysis for the Prediction

:'i:f € arg min{@i(acz-) —azq;TAzT)\k +

HA1%EE (4.6) B« FO)ER

1—1
1" A5 @) —2f) + As(i — 2f)|Ples € 4}
=1

p
2

RIBRHMIIE BRMEHE 5 c X, A

1

91(331) — QZ(if) —+ (a:z — f?)T{—A?)\k + ﬁAZT(Z Aj(f?? — :Céc))} >0, Vx; € X;.

j=1

EAILIKER ¢ € X, MXMFIEN =z, € X; #E

0;(w;) —0:(7) + (2 =) T{=ATN + BAT (D A;(&F — 7)) +AT(A" =A%)} > 0.

j=1
(5.1a)
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laray
v

TS A = Pa[MF — B(X7_, A;7% — b)), S
AP = argmin{H)\ — [)\k — B( ?ZlAj:Eé‘? —b)] H2 | A€ A}
mINERGE

Noe A, A =MT{(ZP_ 4580 —b) + 5(WF =A%)} >0, VA€ A (B1b)

(5.1a) 1 (5.1b) P IXIZEER D eHEE—EFZ F(w), BT AT AT L B E A2 K

Summating (5.1a) and (5.1b), for the predictor 1" generated by (4.6), we have WF € €,

0(x) — 0(z") + (w — D) TF (") > (w — *)TQ(w” — w¥), Yw e Q, (5.2a)

where
[ BAT Ay 0 e 0 AT )
BATA, pATA, . f AT
Q= . 0 : (5.2b)
BATA; BATAy .- pATA, AT

\ 0 0 o 0 LI )
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5.1 TEN#EHTFMXERE
The optimization problem (4.4) has been translated to VI (4.5), namely,

w* € Q, O(x) —0(x*) + (w—w)'Fw*) >0, Ywe .

For the easy analysis, we need to denote the following notations:

(\/BAl 0 0 \ /\/BANH\
0 +VBAz E VBAzzo
P= , z=Pw=
g VBA, 0 VBApTp
Lo o 0 AR \ IAVB)X

Accordingly, we define
Z={z|z=Puw}

and
Z* = {z* | z* = Pw*, w* € Q*}.



Using the notation P in (5.3), for the matrix () in (5.2b), we have

( I, 0 -+ 0 Ip)
Im Im o In
Q=P'OP, where Q= 0 : (5.4)
Iy I, -+ In, In
\ 0 0 - 0 In)
Thus, for the right hand side of (5.2a), we have
(w— ") Q(w" —&") = (w—a")"P"QPw" — ")
= (z—2"T9(z" — 7).
Then, it follows from (5.2) that we have the following VI for the P-D prediction:
w* e Q, 0(z)—0(z") + (w— ") F(ao")
> (z— 2970z — %), vwe Q. (5.5)

where Q is given in (5.4).
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52 TER|MTHFEZAG—HELR

Prediction-Correction Framework for VI (4.5).

1. (Prediction Step) With given w* and z* = Pw*, find w* € Q such that

with @ € REPFmMX(P+1)m anq the matrix Q7 + Q is positive definite.

2. (Correction Step) With the predictor 0" by (5.6) and ¥ = Pw*, the new
iterate z* 11 is updated by

L= 2R MR - 2R, (5.7)

where M € REHDMX(P+1)m i5 5 non-singular matrix.
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Theorem 4 For the matrices Q (5.6) and M in (5.7), if there is a positive definite matrix
H e REPFIMXP+Lm o 0p that

HM = Q (5.8a)
and
G:=0"+9 - M"HM =0, (5.8)
then we have
1257 =21y <NI2° =27y — 12" = 2°1G, V2 e 2. (59

Proof. Setting w in (5.6) as any fixed w™ € ¥, and using
(" — wHTF(@") = (0" — w*) F(w),
we get
(2" — 29T 9(z" — 2F) > 0(@") — 0(u*) + (WF —w*) T F(w*), Yw* € Q.
The right-hand side of the last inequality is non-negative. Thus, we have

(ZF—2T9(F —z") >0 =M (FF-2)THMGET - >0

-~

Lk L k+1
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and thus
(2" = 2"THTH(EF —2*) >0, Vz* ez (5.10)

Applying the identity
2(a—b)" H(c—d) = (la—d|x — Ib—d||z) = (lla — ¢l — b —cll&)

1

to (5.10) witha = 2%, b= 2" ¢ = 2" and d = z*, we get

k+1 k+1

k * 112 * 112 k ~k 2 ~k 2
12" =271y = 12" =271y =2 2" =271y — =7 — 27|y (B11)

Then, by simple manipulations, we obtain

k ~ky2 k+1 k2 k <k 2 k kK =k ~k |2
12" = 2003y = 12" = 25 = Nl2" = 2713 = l[le" = M(2" = 27)] = 27|

(5.7) E ~k k sk k _ sk
= 2" =25y - 1" = 2 - M =20y
= 20" — ) THM(® - 25) — IM(* - )3
L (P - MTUQT + Q) - MTHM| (P - ) = || - 2.
G
The assertion of this theorem is proved. L]

The inequality (5.9) is the key for the convergence proofs, for details, see [11]



anqa] 25 s IS M 5515 (5.8) UK L

(3 (5.6)1—HQ: QT + Q- 0 Dy, Gso
: W&t (5.8) 1 &M BIER — D+G=9"+0,
dH = 0, suchthat HM = Q, MHM =D,
G=0"+Q- M"HM 0. | HM =<
(D=0, G0 (D>0, G0
¢:><D+Q:QT+@ ¢:><D+QZQT+@
o' M =D, M =09 Tp,
| HM = Q. . H=9D'Q".

BT TUNIER O, SATLUE LMD, EHHFEE0<D < Q" + Q.
RRIEFERE M = Q' DRBEBISEI, WEIE K HHE, HIERTFATE.




6 How to choose the correction matrix in (5.7)

SR IERERE M VA EHA ! IR O SME R HEHLRIEERZM.

In order to simplify the notations to be used, we define the following p X p block matrices:

( I, 0 - 0 \ ( I, 0 - 0 \
L= I Im . I = _ I . (6.1)

\];n I ]m} \0 .0 ]m)

We also define the 1 X p block matrix

5=(Im I .. 1m>. (6.2)

The matrix Q in (5.4) has the form

L Er T T+&te &
Q = andthus Q° + O =
o I, E 21,
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To further analyze the correction steps associated with the correction matrix M,
let us take a closer look at the matrix Q_T.

According to the prediction (4.6), the matrix Q in (5.4), we have

L0 LT 0
ol = . QT= . (6.3)
E I, &Lt 1.,

and in detail, [FIE ££71 = (I;n,0,...,0)

(I, ~I, O© 0 )
B P 0 I,
S =\ Lepr ] ~Im 0
0 .-~ 0 I, 0
T O - 0 I

The calculaton M = Q1D is essentially very easy for different D |
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Since

oT - 0 T+eEre &
g or,, |

it can be decomposed as

T _(VvD O (1—-v)Z+ETE 5T)
R S G ")

The both matrices in the right hand side are positive definite. If we chose

_ T T
D:(VI O) and thus Q:<<1 I+ EE & )
0o I, E I,

Indeed,

_ LT 0 v 0 v~ T 0
M p— TD p— p— .
< (—5/:—T Im) ( 0 Im> <—u5£—T I, )



| (VI 0
0 0 I,

>:

(I, —Im O 0 )
0 Inm '
M = e
0 0  Im
\~Im 0 0 In )
. ——

Conversely, we can also choose

o~

1-)T+ETe &7

Im) and Q:(VOI

£

and thus get the another correction method.

vi,

0
—vim
0 vi,
0

)
I,

There are many positive definite decompositions of QT + Q. For example,

Q' +9=

(1—-v)Z
0

v+ ETE

E

gT
(1+v)ln

Y
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we can set

D((l—y)I 0 ) andQ(VI—i_ng 7 )
0 (1-u)In £ (14 ) m

or vice versa.

Another example,
Q"+ 90=a(Q"+ Q)+ (1-a)(Q" +Q), ac(01).

we can choose D = Q" + Q). Thus

o T 0 -t 0><£ 5T>}

0

—T T ]

_ a(QI LTHE ) T _ :
—& I, 0

Im

HEABT L7 =(In,0,...,0), M ELTET = I,




7 Conclusions

o HHIREFEAW—IMEHER “WEDMMB D HIAEE E- FLF VI F1 PPA AKX
FEE, BEMETOAERENTHPPAE L, CEE L FRAESIAM J. Imaging
Science[13]. ER X T —LE A A MG TN FE B 1T B 3T FR IE EZEBERY /77 [2, 3],
BIEHA 2021 FA IR H A FE FERET KB H TR FIE [16]. BRIFENIEFRX
FEBY 535 IR E E IR PPA - (Customized PPA).

o XTIMEERE Q AIEXFRAITUN-BIIE F7 7%, IR S —IEZRNERERRYCEE, &4
H IR F A= BERA (Xiaoming Yuan) 2012 £ SIAM #{E S #TRYSCE [12] F, R E AT
ERHI—LIPIC[8, 9, 15], HAXNERIEFALEME. LUGRIREVA% A% —ESE, K
M T A TR X FRR &5 /Y PPT .

o F—REERHMMBIREXNG—HELR, BT 2016 F (SRITEHZFR) Y
?ﬂzH’JEPﬁUZEM] . 2018 FHRA(EEFZFM) WEEXE “FFFIXE S
52057 (5] hig ), A RII G EER A LA X MEZRIE S & 2 RIS, &=
XM E R H NG —HEZR A R IR FIREEEA 2018 F-7£ COAP RIS E [14].

o N2018F 48, HABCHMEFILX (6] F, KB HAF—IEREFWERAEER
AR 8] B 1Y JR NS SR 25 %7 . ANl iR 1 E RO FIUIRE B Q 2= Hi 7 iR MK
SFRHHIRIIERERE M. (VT 48 N — TR LA B f Rl L 5.
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o SFVEAREIMK. PRXFEMML LIRS, IWAIRE—LLE)@, HEHEK, (&
ERE—LHMNEEL REALERRETEER TENM ST REZ.

o HNMMFUNIEREHETE QT +Q - 0%, RIBEHHM = Q, &KA1B
H=QM™1'.

E H Z2IEERERE, B A EXXEER, H ENERT Q, BELAEITEE
FQT, PER—NFFER” EEHEMR. HANGXANEEEMER DL NEAF

H=QD 'Q".
teix EmAE, HA188 M~ = D~ 1Q7T, Hitt
M=Q TD.

EANFRATABAE 10 FRTRLANE. HAHMEEZ RIERER D MiZ2 MR A ER.
o Elit, HAVEANFIERER D AFFARM A HE—TUWSEFAFEI MTHM,
MY"HM = (DQ™ 1Y) (QD~'Q")(Q~'D) = D.
EXEL LA 2018 WIZ A IMRH N F, RERRIHE—F.
e FIFRERXFG=0QT +Q - MTHM > 0, IMFERIEEIER D AFEHE
0<D=<Q"+Q (ER<G=QT+Q—-D)
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MALLT . AR —5%, 5T 9 2022 F LUK RaliK, FfnAlhRIARI—L#H
BE, BIEFARNEE, FEULHENRAR.

o TEIRTHE LIRFHRE D LG, IRIBHAER Q F1 D, I ARFIFERE H 1 M £15
HM=Q ® MT'HM =D,
EMNBERNAMIKE T

o XHFRY M F0H: AJLURIE KHF T BRI S T2E S .

HM = Q, HM = Q, H = QD1'QT,
{MTHM = D. = {QTM = D. = {M = Q~T'D.
o IEFAFMHEFMUIIEM D (XIEEEZ), MBENENWKRESE B,
D=alQ" +Q], a€(0,1).

o RERVEE 4.275, F—MRE ML ROHILIEIRE, KA primal-dual T, F[a] B AY K 7
2 ADMM KB ZEANEE]. BHMNFEN QT HERIEEE L. 21, EFEH
SNV IE. AT ERE, RIEE SRR, X455l E 5K !

o FAFAIHER “FUN-RIE", LTEZAFAMR/NRIRIE. EHZIZHRIRK, 125 7L
RRIE. BB PN, BT R, £ REBAKE, 817 17U .
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TR IE 73 7R B AT LA Sk AR SN A SR A9 im) R, AT AR SRR R SR 29 5R B ]
. &N —REIEE SRR A o &inRl, FIRE MM IERRT 2% —.

E&RSEET NEEST TR ? XEH ADMM BRI AIRAI 2 EHAFNEY
RELALIEEE, FATAE 42 TIRBIMHEREMRZE FEEEKE SM_ LA
£ ADMM KABLEES, B FEIL R RAY.

Question A. In the prediction step, how to arrange a “good” prediction matrix whose matrix Q
satisfies

oT + o+ 17T.

Question B For the given prediction matrix O, what are the criteria for choosing matrix D
which satisfies

0<D <07+ 0.
LM AR SR B LERE, RE T # Gauss iIHEZRIEARIZR, FLAT LA
EERGMIITE—RIgs 575 TEFRNFEFEE “E BB FZE, &2
MEX—R AP — 50, AR EERB—IER, TEZE5MEmE, RE
RNERF”  RERTE, EFHNEREFRAENTEA L REFLNIIEBF.

XM REEFESEHE (1] F1[17].

BN ARESEREA RN R, f5xat mIiEH e IE.
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